Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 1, 219-233.

On Shadow Boundaries of Centrally Symmetric Convex Bodies

Á. G. Horváth

Budapest University of Technology and Economics H-1521 Budapest, Hungary e-mail: ghorvath@math.bme.hu

Abstract. We discuss the concept of the so-called shadow boundary belonging to a given direction x of Euclidean n-space R^n lying in the boundary of a centrally symmetric convex body K. Actually, K can be considered as the unit ball of a finite dimensional normed linear (= Minkowski) space. We introduce the notion of the general parameter spheres of K corresponding to the above direction x and prove that if all of the non-degenerate general parameter spheres are topological manifolds, then the shadow boundary itself becomes a topological manifold as well. Moreover, using the approximation theorem of cell-like maps we obtain that all these parameter spheres are homeomorphic to the (n − 2)-dimensional sphere S^{(n−2)}. We also prove that the bisector (i.e., the equidistant set with respect to the norm) belonging to the direction x is homeomorphic to R^{(n−1)} iff all of the non-degenerate general parameter spheres are (n − 2)-manifolds. This implies that if the bisector is a homeomorphic copy of R^{(n−1)}, then the corresponding shadow boundary is a topological (n − 2)-sphere. MSC 2000: 52A21, 52A10, 46C15 Keywords: bisector, general parameter sphere, shadow boundary, Minkowski spaces, cell-like maps, manifolds

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

220 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

1. Introduction

1.1. Notation and terminology R, R^n, S^n: The real line, the n-dimensional Euclidean space and the n-dimensi-onal unit sphere, respectively.

bd(K), int(K), cl(K): The boundary, interior and closure of the set K, respectively.

dim(K): The topological (covering) dimension of the set K. ANR: Absolute neighbourhood retract. (See Section 2 after Lemma 1. ) concepts without definition: connectivity (arcwise, locally), contractibility (locally), manifold, manifold with boundary, retract, compact metric space, inverse limit of topological spaces, bonding maps, standard hyperplane.

topological hyperplane: A homeomorphic copy H of the space R^{(n−1)} is a topological hyperplane if there is a homeomorphism of R^n onto itself which sends H onto a standard hyperplane of R^n. We recall such a homeomorphism as a standard embedding of H into R^n.

topological n-sphere: is a homeomorphic copy of an n-dimensional Euclidean sphere. The embedding of a topological n-sphere S into the unit (n + 1)-sphere S^{n+1} is standard, if S ⊂ S^{n+1} and there is a homeomorphism of S^{n+1} onto itself which sends S onto an equator n-sphere of S^{n+1}.

cellular set, map: The definition can be seen in the Section 2 after Theorem 1. cell-like set, map: The definition can be seen in the Section 2 before Theorem 1. near homeomorphism: The definition can be seen in the Section 2 before Theorem 1.

S(K, x): The shadow boundary of the body K in direction x (see at the beginning of Section 2).

K^+, K^−: The positive and negative part of bd K, respectively (see in Section 2). P^+, P^−: The positive and negative pole of bd(K), respectively (see in Section 2). longitudinal parameter curve: The two dimensional intersection curve of bd(K) with a plane through the poles (see in Section 2).

λ_0: The smallest value λ for which λK and λK + x are intersecting. γ_λ(K, x): the generalized parameter sphere of K corresponding to the direction x and to the parameter λ ≥ λ_0 (see Definition 2 in Section 3).

H_x: The bisector of the vector x. It is the equidistant set belonging to the starting point and endpoint of the vector x.

p_x: The orthogonal projection mapping of the space R^n onto a hyperplane orthogonal to the vector x.

1.2. Historical remarks and the results If K is a 0-symmetric, bounded, convex body in the Euclidean n-space R^n (with fixed origin O) then it defines a norm whose unit ball is K itself (see [12]). Such a

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 221

space is called Minkowski space or normed linear space of finite dimension. Many results on this topic are collected in the surveys [18], [19] and [16]. In fact, the norm is a continuous function which is considered (in geometric terminology, as in [12]) as a gauge function. The metric (the so-called Minkowski metric), i.e., the distance of two points induced by this norm, is invariant with respect to translations.

The unit ball is said to be strictly convex if its boundary contains no line segment.

In some previous papers on this topic (see [10] and [11]), we examined the boundary related to the unit ball of the norm and gave two theorems (Theorem 2 and Theorem 4) similar to the characterization of the Euclidean norm investigated by H. Mann, A. C. Woods and P. M. Gruber in [15], [25], [6], [7] and [8], respectively. We proved that if the unit ball of a Minkowski space is strictly convex, then every bisector (which is the collection of those points of the embedding Euclidean space which have the same distance, with respect to the norm, to two given points of the space) is a topological hyperplane (Theorem 2). Example 3 in [10] showed that strict convexity does not follow from the fact that all bisectors are topological hyperplanes.

We examined the connection between the shadow boundaries of the unit ball and the bisectors of the Minkowskian space. We were sure that the following statement is true:

A bisector is a topological hyperplane if and only if the corresponding shadow boundary is a topological (n − 2)-dimensional sphere.

However, we proved the conjecture only for the three-dimensional case (Theorem 2 and Theorem 4). We also examined basic properties of the shadow boundary (Section 2) and defined a useful class of sets – the so-called general parameter spheres.

In this paper we discuss some further topological observations on shadow boundaries and general parameter spheres. We prove that the general parameter spheres and the shadow boundary are in general not ANRs (see [4] or [21]), but are still compact metric spaces, containing (n − 2)-dimensional closed, connected subsets separating the boundary of K. We investigate the manifold case and (using the approximation theorem of cell-like mappings) prove that the general parameter spheres and the corresponding shadow boundary are homeomorphic to the (n−2)- dimensional sphere. A consequence of this result (if the bisector is a homeomorphic copy of R^{(n−1)} then the shadow boundary is a topological (n − 2)-sphere) yields the proof of the first direction of the above mentioned conjecture. Two more questions concerning the same conjecture are left: Is the converse statement true? Is it possible that in the manifold case the embeddings of the bisector and of the shadow boundary are not standard ones? In the fourth section we prove that the embedding of the examined sets (in the manifold case) are always standard ones; the first question remains open.

222 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

1.3. Acknowledgment:

The author would like to thank the referee and H. Martini for their patience and for suggestions, which considerably improved the exposition.

2. Once more on the shadow boundary of the unit ball

There are several well-known properties of the shadow boundary of a convex body with respect to a given direction in n-space (see in [16]), but there is no comprehensive list of its topological properties. Of course, shadow boundaries have been considered frequently in convexity theory. Two interesting results in context of Baire categories should be mentioned; see [9] and [24]. In [9] the authors proved that a typical shadow boundary of a convex body under parallel illumination has infinite (n − 2)-dimensional Hausdorff measure, while having Hausdorff dimension (n − 2). In [24] it is shown that, in the sense of Baire categories, most of the n-dimensional convex bodies have infinitely long shadow boundaries if the light vector comes along one of the (n−2)-dimensional subspaces.

Definition 1. Let K be a centrally symmetric, compact, convex body in n-dimen-sional Euclidean space E^n, and let S^{(n−1)} denote the (n − 1)-dimensional unit sphere in E^n. For x ∈ S^{(n−1)} the shadow boundary S(K, x) of K in direction x consists of all those points P in bd(K) for which the line {P + λx : λ ∈ R} supports K, i.e. it meets K but does not meet the interior of K. The shadow boundary S(K, x) is sharp if any of the above supporting lines of K intersects K exactly in the point P . If S(K, x) is not sharp, in general, it may have a sharp point for which the above uniqueness holds.

To make this paper more self-contained, we list and show some topological properties of the shadow boundary. (Of course, some of these are well-known facts.) First we introduce some notation:

K^+ := {y ∈ bd(K)| there is τ > 0 such that y − τ · x ∈ int(K)}, (1) K^− := {y ∈ bd(K)| there is τ > 0 such that y + τ · x ∈ int(K)}.

We call the congruent (thus homeomorphic) sets K^+ and K^− the positive and negative part of bd(K), respectively. The line passing through the origin and parallel to the vector x intersects the boundary of K at the points P^+ ∈ K^+ and P^− ∈ K^− showing that the positive and negative part of bd(K) are not empty, respectively. We call the points P^+ and P^− the positive and negative pole of K, respectively. The intersection of bd(K) with a 2-plane containing the poles is called a longitudinal parameter curve of K.

Statement 1. The shadow boundary decomposes the boundary of K into three disjoint sets: S(K, x), K^+, and K^−. S(K, x) is an at least (n − 2)-dimensional closed (and therefore compact) set in bd(K) which is connected for n ≥ 3, the sets K^+ and K^− are homeomorphic copies of R^{(n−1)} giving two arcwise connected components of their union.

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 223

Proof. The first statement is obvious. Let p_x be the orthogonal projection of the embedding space R^n onto a hyperplane orthogonal to the vector x. Since the orthogonal projection is a contraction then it is continuous (i.e. it is a mapping of the space). p_x(K) is a convex body of the image hyperplane. The interior of p_x(K) is the image of the sets K^+ and K^−, respectively and its boundary is the image of S(K, x). Since p_x restricting for K^+ is a bijection, there exists a homeomorphism on K^+ to R^{(n−1)}. Using the same argument for K^− we proved the validity of the first part of the statement on K^+ and K^−. Of course their union is open therefore the shadow boundary is closed.

Since R^{(n−1)} is arcwise connected the second part of the statement on K^+ follows from the fact that an arc connecting two points of K^+ and K^− should be decomposed into two relative open sets by K^+ and K^−, which is a contradiction. (Arcwise connectivity of a set implies its connectivity, too.) Thus the shadow boundary separates the boundary of K. By a theorem of Alexandrov (Theorem 5.12 in Vol. I of [1]) we get that the topological dimension of S(K, x) is at least (n − 2), as we stated.

We now prove that (for n ≥ 3) the set S(K, x) is connected. Assume that K_1 and K_2 are two closed disjoint subsets of the shadow boundary for which K_1 ∪ K_2 = S(K, x). First we observe that each of the metric segments lying on a longitudinal parameter curve and parallel to x is a connected subset of S(K, x), thus its points (by the “basic lemma of connectivity” see Vol. I, p. 13 in [1]) belong either to the set K_1 or to the set K_2. Let C_1 and C_2 the sets defined by the union of those longitudinal parameter curves which intersect the sets K_1 and K_2. In this case C_1 ∪ C_2 = bd(K) and C_1 ∩ C_2 = {P^+, P^−} hold. The sets C_i are closed in bd(K), meaning that the sets C_i \ {P^+, P^−} give a decomposition of bd(K)c \ {P^+, P^−} into disjoint relative closed subsets, too. Since the latter set is connected it follows that either K_1 or K_2 is empty. □

In general, the dimension of S(K, x) is (n − 2) or (n − 1). We prove that there is an (n − 2)-dimensional closed, connected subset of S(K, x) separating bd(K), too.

Lemma 1. The boundary (frontier) of the closure of the set K^+ (denoted by bd(cl(K^+))) is a closed, connected (n−2) dimensional subset of S(K, x) separating the boundary of K.

Proof. By definition it is closed. Since cl(K^+) ⊃ K^+ and cl(K^+) ∩ K^− = ∅ we have K^+ ⊂ cl(K^+) ⊂ K^+ ∪ S(K, x). On the other hand bd(cl(K^+)) ∩ K^+ = ∅ (K^+ is an open subset of cl(K^+)), thus we get that bd(cl(K^+)) ⊂ S(K, x).

The separating property follows from the fact that the union of the pairwise disjoint sets bd(K) \ cl(K^+), int(cl(K^+)), bd(cl(K^+)) fills the boundary of K and the first two sets are open.

Now the separating property implies (again by the Alexandrov theorem above) the inequality dim(bd(cl(K^+))) ≥ (n − 2). On the other hand a closed connected set of dimension (n − 1) on bd(K) contains an interior point relative to bd(K) (see p. 174 in Vol. I of [1]) which contradicts the definition of bd(cl(K^+)). □

224 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

Before proving the main statement of this section, we consider three examples which clearly show the strange attitude of the sets defined above. In the first example we construct such a centrally symmetric convex body whose shadow boundary is neither locally connected nor locally contractible. This implies that the shadow boundary (in general) is not an absolute neighbourhood retract (ANR) (especially a topological manifold). We recall that the space Y is an ANR if, whenever it is embedded as a closed subset of a separable metric space, then it is a retract of some its neighbourhood in that space. An ANR is always a locally contractible space.

Examples. 1. Consider the following sequence of segments of R^3 (with respect to a fixed orthonormal coordinate system): s_n = {(t,^1_n ,^{√n2−1}_n )| − 1 ≤ t ≤ 1}, n ∈ N, with limit segment s = {(t, 0, 1)| − 1 ≤ t ≤ 1}. Connect the point (1,^1_n ,^{√n2−1}_n )

with the point (−1,^1_{n+1} ,

√_{(n+1)2−1} n+1 ) by an arc, which is the intersection of the 2-plane containing the points and orthogonal to the [x,y]-plane with the cylinder C := {(t, r, s)| − 1 ≤ t ≤ 1, r^2 + s^2 = 1, r, s ≥ 0}. The union of these curves forms a connected, closed set lying on the cylinder C. This set is neither arcwise nor locally connected; moreover, it is not a locally contractible one. It is easy to see that if we add this curve to its reflected images with respect to the plane [x, z], and the resulting union curves we add to its images reflected in the plane [x, y], finally we have a single centrally symmetric closed curve γ belonging to the cylinder {(t, r, s)| − 1 ≤ t ≤ 1, r^2 + s^2 = 1}. The convex hull of γ (similar to the so-called “topologist’s sine curve”) is a centrally symmetric convex body. If the direction of the light is parallel to the x-axis, then we have S(K, x) = bd(cl(K^+)) = bd(cl(K^−)) = γ. Since it is not locally contractible, it can not be an ANR.

Figure 1. Shadow boundary which is not a topological manifold

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 225

2. Secondly we refer to Example 1 in the paper [11], which is a presentation of a shadow boundary as it is shown in Figure 1. This body K is also closed, for which S(K, x) is an ANR, but not a manifold. The sets bd(cl(K^+)) = bd(cl(K^−)) coincide with the same metric circle.

3. In this example the sets bd(cl(K^+)), bd(cl(K^−)) form the common boundary of the sets S(K, x) and K^+, S(K, x) and K^−, respectively. They are homeomorphic to S^1 but S(K, x) is neither a 1-manifold nor 2-manifold with boundary. Consider the regular octahedron as K and let the direction of the light be parallel to an edge of K. The shadow boundary is the polyhedron containing four faces of K that are connected to each other either with a common edge (parallel to x) or with a common vertex. The sharp points of the shadow boundary are these two vertices. Of course, there is no neighbourhood of this points homeomorphic to a segment or a plane.

Now we focus to the cases when the above sets are topological manifolds. We need to recall some useful definitions and theorems on the topic of cell-like mappings. There are several good papers on this important chapter of geometric topology (e.g. [13], [14] or [22]). We follow here the setting up of the paper of W. J. R. Mitchell and D. Repovs [20].

A non-empty compactum K is said to be cell-like if for some embedding of K in an ANR M the following property holds: For every neighbourhood U of K in M, there exists a neighbourhood V such that K ⊂ V ⊂ U and the inclusion i : V −→ U is nullhomotopic. Given a map (by definition it is a continuous function) f : X −→ Y , we say that f is cell-like, if for each y ∈ Y the inverse image f^{−1}(y) is cell-like. We will use the following theorem:

Theorem 1. (Cell-like approximation theorem for manifolds) Let n ≠ 3 be a positive integer. For every cell-like map f : M −→ N between topological nmanifolds and every ε > 0, there is a homeomorphism h : M −→ N such that d(f, h) < ε in the sup-norm metric on the space of all continuous maps (so f is a so-called near homeomorphism).

The long history of this result can be read in [20]. We note that in the 3- dimensional case there is an analogous approximation theorem for a subset of the class of cell-like mappings called the class of cellular maps. A set of the manifold M is called cellular, if it is an intersection of a sequence of closed cells B_i of M with the properties K ⊂ B_i and B_{i+1} ⊂ int(B_i). A map is cellular if the inverse images are cellular sets. Cellularity goes back to the work of M. Brown [2] while the concept of cell-likeness has been introduced by R. C. Lacher in [13]. The concept of cellularity depends on the embedding of the examined metric space K in M; this dependence on embedding was eliminated in the concept of cell-likeness. In fact, (in the manifold case) every cellular map is a cell-like map, since every cellular set is a cell-like one. Conversely, if we consider a wild arc in R^3 which has non-simply-connected complement, it is non-cellular set, while the standard embedding manifestly is cellular in R^3, showing that it will be a cell-like set.

226 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

We also remark that a cellular (or cell-like) map (in a general case) is not a near homeomorphism, since there is a cellular map on S^1 × [0, 1] to S^1 (here [0, 1] means the unit interval of the real line) which is not a near homeomorphism (if we have a near homeomorphism between compact metric spaces, then these two spaces should be homeomorphic to each other).

Now we can prove the main theorem of this section.

Theorem 2. If the shadow boundary S(K, x) is a topological manifold of dimension (n − 2), then it is homeomorphic to the (n − 2)-sphere S^{(n−2)}. If it is an (n−1)-dimensional manifold with boundary, then it is homeomorphic to the cylinder S^{(n−2)} × [0, 1].

Proof. Consider first the projection p_x (which was defined in the proof of Statement 1), and restrict it to the shadow boundary of K parallel to x. It is a cell-like map because the inverse images are points or segments, respectively. In this way, by the approximation theorem above we have for n ≠ 5 that this restricted map is a near homeomorphism on S(K, x) to a homeomorphic copy S̃^{(n−2)} of S^{(n−2)}, implying that they are homeomorphic to each other. On the other hand, this map is also cellular, since the metric segments and points of S(K, x) are cellular sets in S(K, x). To prove this, let s = p^{−1}_x (v) be a segment in S(K, x) for some v ∈ S̃^{(n−2)}. If now Q ∈ s is a point, consider a metric ball B_ϵ(Q) ⊂ bd(K) with center Q and radius ϵ > 0 for which int(B_ϵ(Q))∩S(K, x) is homeomorphic to R^{(n−2)}. Such an ϵ > 0 surely exists. In fact, Q has a neighbourhood N_Q in S(K, x) homeomorphic to R^{(n−2)}. If for every ϵ we can choose a point P_ϵ ∈ B_ϵ(Q)∩S(K, x) which does not belong to N_Q, then we have a sequence of points (P_ϵ) having the same property and tending to Q. Since N_Q is open in S(K, x), this is impossible. Thus there is an ϵ > 0 for which B_ϵ(Q)∩S(K, x) = B_ϵ(Q)∩N_Q. This implies that int(B_ϵ(Q)) ∩ S(K, x) is an open subset of N_Q relative to the topology of S(K, x). Of course, ϵ depends on Q, but s is a compact set. Thus there is a finite number of points Q_i and positive real numbers ϵ_i, such that for the minimal value ϵ^∗ of ϵ_i’s we have ∪ int(B_ϵ∗ (Q_i)) ⊃ s. Here ∪ int(B_ϵ∗ (Q_i)) is the interior of the closed cell ∪(B_ϵ∗ (Q_i)). Since B_ϵ(Q)∩S(K, x) = B_ϵ(Q)∩N_Q also holds for every ϵ^′ which is less or equal to ϵ, we have an infinite sequence of sets of the form ∪(B_ϵ∗ (Q_i)) the property needed to prove the cellularity of s.

Observe now that if S(K, x) is an (n − 1)-manifold with boundary, then its boundary has two connected components which are equal to bd(cl(K^+)) and bd(cl(K^−)), respectively.

First we can see that bd(cl(K^+)) is the set of the common boundary points of cl(K^+) and S(K, x) yielding bd(cl(K^+)) ⊂ bd(S(K, x)). (Analogously we have that bd(cl(K^−)) ⊂ bd(S(K, x)).)

Secondly we note that there is no point of int(cl(K^+)) belonging to S(K, x). Indirectly assume that the point P is in int(cl(K^+)) ∩ S(K, x). Then – either one can find a neighbourhood U of P in S(K, x) which is homeomorphic to the (n − 1)-dimensional half-space and therefore P is a boundary point of cl(K^+) (in U there exists a point Q with a neighbourhood

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 227

V ⊂ S(K, x) homeomorphic to R^{(n−1)} such that Q ∈ V ⊂ U; this means that Q is a point of the complement of cl(K^+)), – or there is a neighbourhood U homeomorphic to the space R^{(n−1)} for which P ∈ U ⊂ S(K, x). In this case P is in the interior of S(K, x) contradicting the assumption that it is a point of int(cl(K^+)).

In this way int(cl(K^+)) = K^+, and then bd(cl(K^+)) = bd(K^+) is the common boundary of K^+ and S(K, x). Applying Lemma 1 we obtain that bd(cl(K^+)) is a connected closed subset of the boundary of S(K, x).

Using the fact that bd(cl(K^−)) is the image of bd(cl(K^+)) by a central projection, we have a similar result for bd(cl(K^−)), too. (It is the common boundary of K^− and S(K, x).) We will prove that the boundary of S(K, x) is the disjoint union of these two sets.

The relation bd(S(K, x)) ⊂ bd(cl(K^−)) ∪ bd(cl(K^+)) is obvious. Consider a point P from the intersection bd(cl(K^−))∩bd(cl(K^+)). Let U be a neighbourhood of P in S(K, x). (It is homeomorphic to a half-space of R^{(n−1)}.) Let B be a metric (n − 1)-ball around P with such a sufficiently small radius ϵ > 0 that the sets B ∩ U and B \ (B ∩ U) serve as topological images of a closed and the complementary open half-space of R^{(n−1)}, respectively. (Similarly as the proof of the cellularity property of a segment goes one can show that such an ϵ > 0 and ball B exist.) Since B contains points from each of the sets K^+ and K^−, we have a contradiction by the separating property of S(K, x). (There is no point of S(K, x) in the complementary domain B \ (B ∩ U).)

This implies that the boundary of S(K, x) has two connected components which are the common boundaries of S(K, x) and K^+, S(K, x) and K^−, respectively. Of course, these sets are also (n−2)-manifolds connected with straight line segments through all their points. So we have that S(K, x) = bd(cl(K^+)) × [0, 1] holds. We still have to prove that in this case bd(cl(K^+)) is homeomorphic to S^{(n−2)}, too. Since p_x on bd(cl(K^+)) into S^{(n−2)} is also a cell-like (and cellular) mapping, bd(cl(K^+)) is an (n − 2)-dimensional manifold, and this restricted map is one to one. The last statement of the theorem follows from Theorem 1, too. □

3. General parameter spheres

We now recall the definition of general parameter spheres (see [11]).

Definition 2. Let λ_0 := sup{t|tK ∩ (tK + x) = ∅}

be the smallest value λ for which λK and λK + x are intersecting. Then the generalized parameter sphere of K corresponding to the direction x and to the parameter λ ≥ λ_0 is the following set:

γ_λ(K, x) := 1 λ (bd(λK) ∩ bd(λ(K) + x)).

In [11] we mentioned that in general the above sets are not topological spheres of dimension (n − 2) and are not homeomorphic to each other. E.g., the dimension

228 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

of γ_{λ0} (K, x) may be 0, 1, . . . , n − 1, while the topological dimension of γ_λ(K, x) is at least (n − 2), because this set divides the surface of K. We remark that the interiors of the given two caps of the boundary are also homeomorphic to each other, as in the case of a shadow boundary. In fact, a central projection from^1_λ x sending the left half of bd(K) onto the left one of^1_{2λ} (bd(λK)+x) is an appropriate homeomorphism. (The latter set is congruent to the right half of bd(K), since the body λK ∩λK +x is a centrally symmetric one.) We also proved that the shadow boundary S(K, x) is the limit of the generalized parameter spheres γ_λ(K, x), with respect to the Haussdorff metric, when λ tends to infinity.

We have shown (in the proof of Lemma 1 in [11]) that the general parameter sphere γ_λ(K, x) is the shadow boundary of the convex body^1_λ (λK ∩ λK + x). Thus the statements of the previous section can be adapted to them.

Before presenting our result, we recall a nice theorem of M. Brown on the projective limit of compact metric spaces and corresponding near homeomorphisms (see [3] or [23]). The concept of the near homeomorphism of topological manifolds can be adapted to the case of compact metric spaces, too. A map from X to Y between compact metric spaces is a near homeomorphism if it is in the closure of the set of all homeomorphisms from X onto Y , with respect to the sup-norm metric on the space C(X, Y ) of all maps from X to Y . Here is the announced theorem.

Theorem 3. (M. Brown) Let (X_n) be an inverse sequence of compact metric spaces with limit X_∞. If all bonding maps X_k −→ X_n are near homeomorphisms, then so are the limit projections X_k −→ X_∞.

The purpose of this section is to examine the manifold case. We prove the following theorem:

Theorem 4. I. The shadow boundary S(K, x) is an (n−2)-dimensional manifold if all of the non-degenerate general parameter spheres γ_λ(K, x) with λ > λ_0 are (n − 2)-dimensional manifolds. Conversely, if S(K, x) is an (n − 2)-dimensional manifold, then all of the general parameter spheres are ANRs. II. The shadow boundary S(K, x) is an (n−1)-dimensional manifold with boundary iff there is a λ for which the general parameter sphere γ_λ(K, x) is an (n − 1)- dimensional manifold with boundary.

Before the proof, we give an example showing that we should distinguish the above two cases.

Example. Consider the union of the six connecting rectangles ±{(r, 1, t)| − 1 ≤ r, t ≤ 1}, ±{(r, s, t)|r+s = 2, 1 ≤ r ≤ 2, −1 ≤ t ≤ 1}, ±{(r, s, t)|r−s = 2, 1 ≤ r ≤ 2, −1 ≤ t ≤ 1} and the segments ±{(r, 0, 2)| −^3_2 ≤ r ≤^3_2 }. The convex hull K of this set is a convex polyhedron. If now the vector x is the position vector directed to the point (4, 0, 0), we have three important values for the parameters of the generalized parameter spheres. For λ_0 = 1 the degenerate sphere γ_{λ0} (K, x) is a segment. For 1 < λ ≤^5_4 the general parameter spheres γ_λ(K, x) are homeomorphic

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 229

to S^1. In the range^5_4 < λ ≤^3_2 the general parameter sphere γ_λ(K, x) is a simplicial complex containing one or two-dimensional simplices, respectively. (This space is an ANR, but it is not a topological manifold.) Finally, in the last parameter domain λ >^3_2 the set γ_λ(K, x) is homeomorphic to the cylinder S^1 × [0, 1]. Since S(K, x) is the union of six quadrangles, parallel to the x-axis it is also a cylinder.

We also remark that if S(K, x) is an (n − 2)-dimensional manifold, then probably all of the non-degenerate parameter spheres are the same, too. Unfortunately we could not prove this statement.

Now we are ready for the proof of Theorem 4.

Proof. First we note that, for every λ_0 < λ^′ < ∞, S(K, x) can be considered as the inverse limit space X_∞ of the metric spaces X_λ := γ_λ(K, x) for λ^′ < λ. In fact, by Lemma 1 in [11], if for λ > λ_0 the intersection of γ_λ(K, x) by a longitudinal parameter curve, say r, is a segment, then r ∩ γ_μ(K, x) with μ > λ is also a segment containing the segment r ∩ γ_λ(K, x). So in this case the union of the sets r∩γ_μ(K, x) is the segment r∩S(K, x). On the other hand we have two possibilities for r ∩ γ_λ(K, x) being a point. First, r ∩ S(K, x) is a point, too, meaning that for all μ > λ, r ∩ γ_λ(K, x) is also a point. If now r ∩ S(K, x) is a segment, then we have a value λ^′ > λ with the property that if μ > λ^′ then r ∩ γ_μ(K, x) is a segment, too. In this latter case r ∩ S(K, x) = ∪_{μ≥λ}′ {r ∩ γ_μ(K, x)}. Define now the left end of a segment parallel to x as the end having the smaller parameter in the usual parametrization with respect to x (meaning that a general point of a line parallel to x is written in the form P +τx where P is a point of this line). Let us define the bonding map p_{λ,μ} for γ_μ(K, x) to γ_λ(K, x) (μ > λ) in the following way:

For a point P of γ_μ(K, x)

p_{λ,μ}(P ) = � � � r ∩ γ_λ(K, x) if r ∩ γ_λ(K, x) is a point P if r ∩ γ_λ(K, x) is a segment and P ∈ r ∩ γ_λ(K, x) the left end of r ∩ γ_λ(K, x) if P ∈ r ∩ γ_μ(K, x) \ r ∩ γ_λ(K, x) .

The continuity of this function (with respect to the relative metric) is obvious and the inverse (projective) limit space X_∞ can be identified with S(K, x) by the limit mappings p_μ (defined in an analogous way from S(K, x) to γ_μ(K, x) as the above functions p_{λ,μ}(P )). (Of course, we have the sufficient equality p_μ′_{,μ}′′ ∘ p_μ′ = p_μ′′ for μ^{′′} > μ^′.)

Using Theorems 1 and 3 above, the proof of the first direction of the first statement is an easy consequence. In fact, if for λ > λ_0 the space γ_λ(K, x) is an (n − 2)-manifold, then (using Theorem 1) we know that the bonding maps p_μ′_{,μ}′′ : γ_μ′′ (K, x) −→ γ_μ′ (K, x) are near homeomorphisms. By Theorem 3 we obtain that the limit projections p_λ are also near homeomorphisms. This implies that the space S(K, x) is also an (n − 2) manifold.

Conversely, if now S(K, x) is an (n − 2)-dimensional manifold then it is locally contractible. By Lemma 1 in [11] this also implies that all general parameter

230 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

spheres are locally contractible manifolds, too. On the other hand, the general parameter spheres can be considered as compact subsets of R^{(n−1)} meaning that they are ANRs (see Theorem 8, p. 117 in [5]).

The proof of both parts of the second statement uses Theorem 2. If first we have a general parameter sphere γ_λ(K, x) which is an (n − 1)-dimensional manifold with boundary, then by Theorem 2 it is a cylinder with boundaries homeomorphic to S^{(n−2)}. In this case the shadow boundary contains this general parameter sphere showing that all point-inverses with respect to p_x are segments (with non-zero lengths). On the other hand, the sets bd(K^+) ∩ S(K, x) and bd(K^+)∩γ_λ(K, x) coincide, showing that S(K, x) is a cylinder based on an (n−2)- manifold homeomorphic to S^{(n−2)}. Since bd(K^−) ∩ S(K, x) is homeomorphic to S^{(n−2)} (by central symmetry) and these two sets are disjoint, we get that S(K, x) is homeomorphic to S^{(n−2)} × [0, 1], as we stated.

Conversely, if S(K, x) is an (n − 1)-manifold with boundary, then it is (by Theorem 2) homeomorphic to S^{(n−2)} × [0, 1]. Since this cylinder is compact, there is a positive value ε less than or equal to the length of any segment intersected by the shadow boundary in a longitudinal parameter curve. This fact implies that there exists a λ < ∞ such that γ_λ(K, x) ⊂ S(K, x). The intersection γ_λ(K, x) ∩ K^+ is the same as the intersection S(K, x) ∩ K^+, which is one of the two components of the boundary of S(K, x) homeomorphic to S^{(n−2)}. For such a λ it is possible to find a trivial point-inverse with respect to the map p_x as we saw it in the example of this section, but for every λ^′ > λ the general parameter sphere γ_λ′ (K, x) is a cylinder. Using now the fact that it is also the shadow boundary of a centrally symmetric convex body whose positive part is the set K^+, we have proved that it is also a manifold with boundary homeomorphic to S^{(n−2)} × [0, 1]. □

4. On the bisector and its embedding

In this section we investigate the bisector H_x (which is the set being equidistant to the starting point and endpoint of the vector x) using the system λγ_λ(K, x) of compact metric spaces. Our goal is to prove the following theorem.

Theorem 5. The set H_x is an (n − 1)-dimensional manifold if and only if the non-degenerate general parameter spheres γ_λ(K, x) are manifolds of dimension (n − 2).

Since the neighbourhoods of the point^1_2 x (with respect to H_x) cannot be homeomorphic to either R^n or a half space, this is the only manifold case for H_x.

Proof. First we prove that if the non-degenerate general parameter spheres γ_λ(K, x) are manifolds of dimension (n−2), then H_x is an (n−1)-dimensional manifold. From Theorem 2 we know that the general parameter spheres are homeomorphic copies of S^{(n−2)}. Let us construct now the bisector H_x as the disjoint union of the sets λγ_λ(K, x) for λ ≥ λ_0. The set H_{x,μ} = {λγ_λ(K, x)|μ ≥ λ ≥ λ_0} is obviously homeomorphic to γ_λ(K, x) ∪ K^+ meaning that it is a homeomorphic copy of the closed (n − 1)-dimensional ball. Thus int(H_{x,μ}) is homeomorphic to R^{(n−1)} for

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 231

each μ ≥ λ_0. Applying now a theorem of M. Brown (see in [23] or [2]) saying that if a topological space is the union of an increasing sequence of open subsets, which are homeomorphic to R^{(n−1)}, resp., then it is also homeomorphic to R^{(n−1)}. Thus we get the required result.

Conversely, if H_x is homeomorphic to R^{(n−1)}, then the projection p_x : H_x −→ R^{(n−1)} is a cellular map between two manifolds of the same dimension. Thus it is a near homeomorphism yielding that its restriction to the compact metric space λγ_λ(K, x) is a near homeomorphism, too. But its image is the boundary of a compact, convex (n − 1)-dimensional body, so we get at once that it is a homeomorphic copy of S^{(n−2)}. Hence the general parameter spheres γ_λ(K, x) are, for λ > λ_0, manifolds of dimension (n − 2), as we stated. □

Corollary. The proof of the first direction of the conjecture follows from Theorems 2, 4 and 5. In fact, if H_x is a topological hyperplane then each of the non-degenerate general parameter spheres is a homeomorphic copy of S^{(n−2)} by Theorem 5 and Theorem 2. So by Theorem 4 we get that the shadow boundary is also a homeomorphic copy of S^{(n−2)}, which is the statement of the mentioned direction of our conjecture.

On the other hand we could only prove in Theorem 4 that if S(K, x) is a homeomorphic copy of S^{(n−2)} then the non-degenerate general parameter spheres are ANRs. Thus the manifold property of the bisector does not immediately follow from our theorems. Furthermore, in the manifold case we prove only that the bisector is a homeomorphic copy of R^{(n−1)} which is a weaker property as the required one. Consequently we have to investigate the question of embedding. In fact, all the examples in geometric topology aiming a non-standard (wild) embedding of a set into R^n are based on the observation that the connectivity properties of the complement (with respect to R^n) of the set can change if we apply a homeomorphism to it. In our case, for example, the complement of the bisector (which is now a homeomorphic copy of R^{(n−1)}) is the disjoint union of homeomorphic copies of R^n. It gives the chance that a homeomorphism on R^n to itself exists sending the bisector to a hyperplane. It is a well-known fact that a manifold homeomorphic to S^{(n−1)} in S^n is unknotted if and only if the closures of the components of its complement are homeomorphic copies of the closed n-cell B^n. This implies that in the manifold case the embedding of the shadow boundary and the general parameter spheres are always standard. From this the existence of a homeomorphism of the boundary of K into itself follows which sends these sets into a standard (n − 1)-dimensional sphere of bd(K). Considering bisectors, we have to carry out the proof in a way which is a bit more sophisticated. Let φ be a homeomorphism sending H_x into R^{(n−1)} (which is now a hyperplane H of R^n). We consider the compactification of the embedding space by an element denoted by ∞. Extend first the map φ to the compact space H_x ∪ {∞} by the condition φ(∞) = ∞. Of course, this extended map gives a homeomorphism between the sets H_x ∪ {∞} and H ∪ {∞}. Since the closure of the components of the complement of H_x ∪ {∞} in R^n ∪ {∞} are closed n-cells, the homeomorphism φ can be extended to a homeomorphism Φ : R^n ∪ {∞} −→ R^n ∪ {∞}. Since by

232 Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies

our method we have that Φ(∞) = φ(∞) = ∞ and Φ(H_x) = H, we get that the bisector is a topological hyperplane as we stated. Thus the following statement has been proved:

Theorem 6. In the manifold case the embeddings of H_x, S(K, x) and γ_λ(K, x) are standard, respectively. This means that if the bisector is homeomorphic to R^{(n−1)}, then it is a topological hyperplane.

Finally we mention the very recent contribution [17] where it is shown that already radial projections of bisectors in Minkowski spaces have sufficiently interesting geometric properties yielding many new results, including characterizations of the Euclidean case.

References

[1] Alexandrov, P. S.: Combinatorial Topology. Graylock Press Rochester, N.Y.

1956. Reprint. Dover Publications (1998) Zbl 0903.55001 [2] Brown, M.: A proof of the generalized Schoenflies theorem. Bull. Am. Math.

Soc. 66 (1960), 74–76. Zbl 0132.20002 [3] Brown, M.: Some applications of an approximation theorem for inverse limits.

Proc. Am. Math. Soc. 11 (1960), 478–483. Zbl 0113.37705 [4] Borsuk, K.: The Theory of Retracts. Polish Scientific Publishers, Warszawa 1967. Zbl 0153.52905 [5] Daverman, R. J.: Decompositions of Manifolds. Academic Press, New York 1986. Zbl 0608.57002 [6] Gruber, P. M.: Über kennzeichnende Eigenschaften von euklidischen Räumen und Ellipsoiden. I. J. Reine Angew. Math. 265 (1974), 61–83. Zbl 0273.52001 [7] Gruber, P. M.: Über kennzeichnende Eigenschaften von euklidischen Räumen und Ellipsoiden. II. J. Reine Angew. Math. 270 (1974), 123–142. Zbl 0291.52004 [8] Gruber, P. M.: Über kennzeichnende Eigenschaften von euklidischen Räumen und Ellipsoiden. III. Monatsh. Math. 78 (1974), 311–340. Zbl 0291.52005 [9] Gruber, P. M.; Sorger, H.: Shadow boundaries of typical convex bodies. Measure properties. Mathematika 36 (1989), 142–152. Zbl 0667.52002 [10] Horváth, Á. G.: On bisectors in Minkowski normed spaces. Acta Math. Hung.

89 (2000), 233–246. Zbl 0973.52001 [11] Horváth, Á. G.: Bisectors in Minkowski 3-space. Beitr. Algebra Geom. 45 (2004), 225–238. Zbl 1054.52003 [12] Gruber, P. M.; Lekkerkerker, C. G.: Geometry of Numbers. North-Holland, Amsterdam 1987. Zbl 0611.10017 [13] Lacher, R. C.: Cell-like mappings. I. Pac. J. Math. 30 (1969), 717–731. Zbl 0182.57601

Á. G. Horváth: On Shadow Boundaries of Centrally Symmetric Convex Bodies 233

[14] Lacher, R. C.: Cell-like mappings II. Pac. J. Math. 35 (1970), 649–660. Zbl 0212.55702 [15] Mann, H.: Untersuchungen über Wabenzellen bei allgemeiner Minkowskischer Metrik. Monatsh. Math. Phys. 42 (1935), 417–424. Zbl 0013.07405 [16] Martini, H.: Shadow-boundaries of convex bodies. Discrete Math. 155 (1996), 161–172. Zbl 0863.52003 [17] Martini, H.; Wu, S.: Radial projections of bisectors in Minkowski spaces.

Extracta Math. 23 (2008), 7–28.

[18] Martini, H.; Swanepoel, K.; Weiss, G.: The geometry of Minkowski spaces – a survey. I. Expo. Math. 19 (2001), 97–142. Zbl 0984.52004 [19] Martini, H.; Swanepoel, K.: The geometry of Minkowski spaces – a survey.

II. Expo. Math. 22 (2004), 93–144. Zbl 1080.52005 [20] Mitchell, W. J. R, Repovš, D.: The topology of cell-like mappings. Proceedings of the conference on Differential Geometry and Topology. Cala Gonone, September 26–30, 1988, 265–300.

[21] Repovš, D.: The recognition problem for topological manifolds: a survey.

Kodai Math. J. 17 (1994), 538–548. Zbl 0859.57023 [22] Semmes, S.: Some topics concerning homeomorphic parametrization. Publ.

Math. Debrecen 45 (2001), 3–67. cf. Publ. Mat., Barc. 45(1) (2001), 3–67. Zbl 1053.57014 [23] Uspenskij, V.: A short proof of a theorem of Morton Brown on chains of cells. arXiv.math. GN/0404372v1, April 20, 2004.

[24] Zamfirescu, T.: Too long shadow boundaries. Proc. Am. Math. Soc. 103 (1988), 587–590. Zbl 0654.52006 [25] Woods, A. C.: A characteristic property of ellipsoids. Duke Math. J. 36 (1969), 1–6. cf. A characterization of ellipsoids, ibidem.g Zbl 0195.51602 [26] Wilder, R. L.: Topology of Manifolds. Colloq. Publ., Am. Math. Soc. 32 (1949). Zbl 0039.39602

Received October 11, 2007