Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 1, 155-178.

Curvature Properties of g-natural Contact Metric Structures on Unit Tangent Sphere Bundles

M. T. K. Abbassi G. Calvaruso^∗

Département des Mathématiques, Faculté des Sciences Dhar El Mahraz Université Sidi Mohamed Ben Abdallah, B. P. 1796, Fès-Atlas, Fès, Morocco e-mail: mtk abbassi@yahoo.fr

Dipartimento di Matematica “E. De Giorgi” Università del Salento, Lecce, Italy e-mail: giovanni.calvaruso@unile.it

Abstract. We study some curvature properties of a three-parameter family of contact metric structures on T_1M introduced in [1]. The results we obtain generalize classical theorems on the standard contact metric structure of T_1M.

MSC 2000: 53C15, 53C25, 53D10 Keywords: unit tangent sphere bundle, g-natural metric, curvature tensor, contact metric geometry

1. Introduction and main results

The study of the geometry of a Riemannian manifold (M, g) through the properties of its unit tangent sphere bundle T_1M represents a well known and interesting research field in Riemannian geometry. Traditionally, T_1M has been equipped with one of the following Riemannian metrics:

• either the Sasaki metric ~g_S, induced by the Sasaki metric g_S of the tangent bundle T M (or the metric ḡ =^1_4 g_S of the standard contact metric structure (η, ḡ) of T_1M), or

∗Corresponding author. Author supported by funds of the University of Lecce.

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

156 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

• the metric �g_{CG}, induced by the Cheeger-Gromoll metric g_{CG} on T M. Since ḡ is homothetic to ~g_S, these Riemannian metrics share essentially the same curvature properties. As concerns (T_1M, �g_{CG}), it is isometric to the tangent sphere bundle T_rM, with radius r =^{1√}_2 , equipped with the metric induced by the Sasaki metric of T M, the isometry being explicitly given by Φ : T_1M → T 1_{√2} M: (x, u) →

(x, u/ √ 2). Several curvature properties on T_1M, equipped with one of the metrics above, turn out to correspond to very rigid properties for the base manifold M. We can refer to [12] for a survey on the geometry of (T_1M, ~g_S). A survey on the contact metric geometry of (T_1M, η, ḡ) was made by the second author in [13].

In [4], the first author and M. Sarih investigated geometric properties of the tangent bundle T M, equipped with the most general “g-natural” metric. On unit tangent sphere bundles, the restrictions of g-natural metrics possess a simpler form. Precisely, it was proved in [3] that for every Riemannian metric G̃ on T_1M induced by a Riemannian g-natural metric G on T M, there exist four constants a, b, c and d, with

a > 0, α := a(a + c) − b^2 > 0, and ϕ := a(a + c + d) − b^2 > 0, (1.1)

such that G̃ = a. ~g^s + b. ~g^h + c. ~g^v + d. ~k^v, where

∗ k is the natural F -metric on M defined by

k(u; X, Y ) = g(u, X)g(u, Y ), for all (u, X, Y ) ∈ T M ⊕ T M ⊕ T M,

∗ ~g^s, ~g^h, ~g^v and ~k^s are the metrics on T_1M induced by the three lifts g^s, g^h, g^v and k^v, respectively (we refer to Section 2 for the definitions of F -metrics and their lifts).

In this paper, using curvature expressions for (T_1M, G̃) obtained in [2], we will study contact metric conditions, expressible in terms of the curvature tensor, of the g-natural contact metric structures (η̃, G̃) on T_1M we introduced in [1]. Throughout the paper, we shall assume that (M, g) is a Riemannian manifold of dimension ≥ 3. We report here the main results we obtained. They generalize classical theorems on the standard contact metric structure of T_1M, which may be found in Section 9.2 of [7]. Preliminary information about contact metric manifolds and g-natural contact metric structures will be given at the beginning of Section 4.

Theorem 1. Let G̃ be a Riemannian g-natural metric on T_1M. (T_1M, η̃, G̃) has constant ξ-sectional curvature ~K if and only if the base manifold (M, g) has constant sectional curvature c̄ either equal to^d_a or to^{a+c}_a > 0.

Theorem 2. Let G̃ be a Riemannian g-natural metric on T_1M. If (T_1M, η̃, G̃) has constant φ-sectional curvature, then the base manifold (M, g) is locally isometric to a two-point homogeneous space.

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 157

Theorem 3. Let (M, g) be a Riemannian manifold of constant sectional curvature c̄ and dim M ≥ 3, and G̃ a Riemannian g-natural metric on T_1M. (T_1M, η̃, G̃) has constant φ-sectional curvature ~K if and only one of the following cases occurs:

(i) c̄ = 0, b = ± � (a + c)(a −^1_8 ) and d = −^{a+c}_2 . In this case, ~K = 5.

(ii) c̄ ≠ 0, a =^1_4 , b = d = 0 and c = −^1_4 −^{2±√5}_4 c̄. In this case, ~K = (2 ± √ 5)^2.

Theorem 4. Let G̃ be a Riemannian g-natural metric on T_1M. (T_1M, η̃, G̃) is a (k, μ)-space if and only if (M, g) has constant sectional curvature c̄. In this case, if (T_1M, η̃, G̃) is not Sasakian, then k = 1 16α^2 � −a^2c̄^2 + 2(α − b^2)c̄ + d(2(a + c) + d) � , μ = 1 2α (d − ac̄). (1.2)

Theorem 5. A g-natural contact metric structure (η̃, G̃) on T_1M is locally symmetric if and only if (η̃, G̃) = (η̄, ḡ) is the standard contact metric structure of T_1M and (M, g) is flat.

The paper is organized in the following way. In Section 2 we shall recall the definition and properties of g-natural metrics on T M. Section 3 will be devoted to Riemannian g-natural metrics on T_1M and their curvature tensor. Finally, Theorems 1–5 and further curvature results will be proved in Section 4.

2. Basic formulae on tangent bundles

Let (M, g) be an n-dimensional Riemannian manifold and ∇ its Levi-Civita connection. At any point (x, u) of its tangent bundle T M, the tangent space of T M splits into the horizontal and vertical subspaces with respect to ∇:

(T M)_{(x,u)} = H_{(x,u)} ⊕ V_{(x,u)}.

For any vector X ∈ M_x, there exists a unique vector X^h ∈ H_{(x,u)} (the horizontal lift of X to (x, u) ∈ T M), such that π_∗X^h = X, where π : T M → M is the natural projection. The vertical lift of a vector X ∈ M_x to (x, u) ∈ T M is a vector X^v ∈ V_{(x,u)} such that X^v(df) = Xf, for all functions f on M. Here we consider 1-forms df on M as functions on T M (i.e., (df)(x, u) = uf). The map X → X^h is an isomorphism between the vector spaces M_x and H_{(x,u)}. Similarly, the map X → X^v is an isomorphism between M_x and V_{(x,u)}. Each tangent vector Z̃ ∈ (T M)_{(x,u)} can be written in the form Z̃ = Xh + Y v, where X, Y ∈ M_x are uniquely determined vectors. Horizontal and vertical lifts of vector fields on M can be defined in an obvious way and are uniquely defined vector fields on T M.

The Sasaki metric g^s has been the most investigated among all possible Riemannian metrics on T M. However, in many different contexts such metric showed a very “rigid” behaviour. Moreover, g^s represents only one possible choice inside a wide family of Riemannian metrics on T M, known as Riemannian gnatural metrics, which depend on several independent smooth functions from

158 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

R^+ to R. As their name suggests, those metrics arise from a very “natural” construction starting from a Riemannian metric g over M. The introduction of g-natural metrics moves from the description of all first order natural operators D : S^2_+T^∗ ⇝ (S^2T^∗)T , transforming Riemannian metrics on manifolds into metrics on their tangent bundles, where S^2_+T^∗ and S^2T^∗ denote the bundle functors of all Riemannian metrics and all symmetric (0, 2)-tensors over n-manifolds respectively. For more details about the concept of naturality and related notions, we can refer to [16].

We shall call g-natural metric a metric G on T M, coming from g by a first order natural operator S^2_+T^∗ ⇝ (S^2T^∗)T [4]. Given an arbitrary g-natural metric G on the tangent bundle T M of a Riemannian manifold (M, g), there are six smooth functions α_i, β_i : R^+ → R, i = 1, 2, 3, such that for every u, X, Y ∈ M_x, we have

G_{(x,u)}(X^h, Y^h) = (α_1 + α_3)(r^2)g_x(X, Y ) + (β_1 + β_3)(r^2)g_x(X, u)g_x(Y, u), G_{(x,u)}(X^h, Y^v) = α_2(r^2)g_x(X, Y ) + β_2(r^2)g_x(X, u)g_x(Y, u), G_{(x,u)}(X^v, Y^h) = α_2(r^2)g_x(X, Y ) + β_2(r^2)g_x(X, u)g_x(Y, u), G_{(x,u)}(X^v, Y^v) = α_1(r^2)g_x(X, Y ) + β_1(r^2)g_x(X, u)g_x(Y, u),

� � � (2.1) where r^2 = g_x(u, u). For n = 1, the same holds with β_i = 0, i = 1, 2, 3. Put • ϕ_i(t) = α_i(t) + tβ_i(t), • α(t) = α_1(t)(α_1 + α_3)(t) − α^2(t), • ϕ(t) = ϕ_1(t)(ϕ_1 + ϕ_3)(t) − ϕ^2(t), for all t ∈ R^+. Then, a g-natural metric G on T M is Riemannian if and only if the following inequalities hold:

α_1(t) > 0, ϕ_1(t) > 0, α(t) > 0, ϕ(t) > 0, (2.2)

for all t ∈ R^+. (For n = 1, system (2.2) reduces to α_1(t) > 0 and α(t) > 0, for all t ∈ R^+.)

Convention 1. a) In the sequel, when we consider an arbitrary Riemannian g-natural metric G on T M, we implicitly suppose that it is defined by the functions α_i, β_i : R^+ → R, i = 1, 2, 3, satisfying (2.1)–(2.2).

b) Unless otherwise stated, all real functions α_i, β_i, ϕ_i, α and ϕ and their derivatives are evaluated at r^2 := g_x(u, u).

c) We shall denote respectively by R and Q the curvature tensor and the Ricci operator of a Riemannian manifold (M, g). The tensor R is taken with the sign convention

R(X, Y )Z = ∇_X ∇_Y Z − ∇_Y ∇_X Z − ∇_{[X,Y ]}Z,

for all vector fields X, Y, Z on M.

Next, as it is well known, the tangent sphere bundle of radius ρ > 0 over a Riemannian manifold (M, g) is the hypersurface T_ρM = {(x, u) ∈ T M|g_x(u, u) = ρ^2}. The tangent space of T_ρM, at a point (x, u) ∈ T_ρM, is given by

(T_ρM)_{(x,u)} = {X^h + Y^v/X ∈ M_x, Y ∈ {u}^⊥ ⊂ M_x}. (2.3)

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 159

When ρ = 1, T_1M is called the unit tangent (sphere) bundle.

Let G = a.g^s + b.g^h + c.g^v + β.k^v be a Riemannian g-natural metric on T M and G̃ the metric on T_1M induced by G. Then, G̃ only depends on a, b, c and d := β(1), and these coefficients satisfy (1.1) (see also [3]).

Using the Schmidt’s orthonormalization process, a simple calculation shows that the vector field on T M defined by

N^G_{(x,u)} =^1√_{(a+c+d)ϕ} [−b.u^h + (a + c + d).u^v], (2.4)

for all (x, u) ∈ T M, is normal to T_1M and unitary at any point of T_1M. Here ϕ is, by definition, the quantity ϕ(1) = a(a + c + d) − b^2.

Now, we define the “tangential lift” X^{tG} – with respect to G – of a vector X ∈ M_x to (x, u) ∈ T_1M as the tangential projection of the vertical lift of X to (x, u) – with respect to N^G –, that is,

X^{tG} = X^v − G_{(x,u)}(X^v, N^G_{(x,u)}) N^G_{(x,u)} = X^v −

�_ϕ

a+c+d gx(X, u) N G (x,u). (2.5)

If X ∈ M_x is orthogonal to u, then X^{tG} = X^v.

The tangent space (T_1M)_{(x,u)} of T_1M at (x, u) is spanned by vectors of the form X^h and Y^{tG} , where X, Y ∈ M_x. Hence, the Riemannian metric G̃ on T_1M, induced from G, is completely determined by the identities

G̃_{(x,u)}(Xh, Y h) = (a + c)g_x(X, Y ) + dg_x(X, u)g_x(Y, u), G̃_{(x,u)}(Xh, Y tG ) = bg_x(X, Y ), G̃_{(x,u)}(XtG , Y tG ) = ag_x(X, Y ) −^ϕ_{a+c+d} g_x(X, u)g_x(Y, u), � � � (2.6)

for all (x, u) ∈ T_1M and X, Y ∈ M_x. It should be noted that, by (3.4), horizontal and vertical lifts are orthogonal with respect to G̃ if and only if b = 0.

Convention 2. For any (x, u) ∈ T_1M, the tangential lift to (x, u) of the vector u is given by u^{tG} =^b_{a+c+d} u^h, that is, it is a horizontal vector. Hence, the tangent space (T_1M)_{(x,u)} coincides with the set

{X^h + Y^{tG} /X ∈ M_x, Y ∈ {u}^⊥ ⊂ M_x}. (2.7)

Then, the operation of tangential lift from M_x to a point (x, u) ∈ T_1M will be always applied only to vectors of M_x which are orthogonal to u.

The Levi-Civita connection and the curvature tensor of (T_1M, G̃) were respectively calculated by the authors in [1] and [2]. In particular, we have the following

Proposition 1. [2] Let (M, g) be a Riemannian manifold and let G = a.g^s + b.g^h + c.g^v + β.k^v, where a, b and c are constants and β : [0, ∞) → R is a function satisfying (1.1). Denote by ∇ and R the Levi-Civita connection and the Riemannian curvature tensor of (M, g), respectively. If we denote by R̃ the Riemannian curvature tensor of (T_1M, G̃), then:

160 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . (i) R̃(Xh, Y h)Zh = � R(X, Y )Z +^{ab}_{2α} [2(∇_uR)(X, Y )Z − (∇_Z R)(X, Y )u] +^{a2}_{4α} [R(R(Y, Z)u, u)X −R(R(X, Z)u, u)Y − 2R(R(X, Y )u, u)Z] +^{a2b2}_{4α2} [R(X, u)R(Y, u)Z −R(Y, u)R(X, u)Z + R(X, u)R(Z, u)Y − R(Y, u)R(Z, u)X] +^{ad(α−b2)}_{4α2} [g(Z, u)R(X, Y )u + g(Y, u)R(X, u)Z − g(X, u)R(Y, u)Z] +^{ab2}_{2α2} � −^{ad+b2}_{a+c+d} g(R(Y, u)Z, u) +d g(Y, u)g(Z, u)]R_uX −^{ab2}_{2α2} � −^{ad+b2}_{a+c+d} g(R(X, u)Z, u) + d g(X, u)g(Z, u) � R_uY +^d_{4α} � −^{2b2}_{a+c+d} g(R(Y, u)Z, u) + d g(Y, u)g(Z, u) � X −^d_{4α} � −^{2b2}_{a+c+d} g(R(X, u)Z, u) + d g(X, u)g(Z, u) � Y +^d_{4α(a+c+d)} {−4abg((∇_uR)(X, Y )Z, u) + a^2 [g(R(Y, Z)u, R(X, u)u) −g(R(X, Z)u, R(Y, u)u) − 2g(R(X, Y )u, R(Z, u)u)] +^{a2b2}_α [g(R(Y, u)Z +R(Z, u)Y, R(X, u)u) − g(R(X, u)Z + R(Z, u)X, R(Y, u)u)] − �_{ad(b2−α)}

α +^{2b2d(ϕ+2b2)}

ϕ(a+c+d) +

4b^2α ϕ � [g(X, u)g(R(Y, u)Z, u) −g(Y, u)g(R(X, u)Z, u)] − 3a(a + c) g(R(X, Y )Z, u) +(a + c)d [g(X, u)g(Y, Z) − g(Y, u)g(X, Z)]}u}^h + � −^{b2}_α (∇_uR)(X, Y )Z +^{a(a+c)}_{2α} (∇_Z R)(X, Y )u −^{ab}_{4α} [R(R(Y, Z)u, u)X −R(R(X, Z)u, u)Y − 2R(R(X, Y )u, u)Z − R(X, R(Y, u)Z)u −R(X, R(Z, u)Y )u + R(Y, R(X, u)Z)u + R(Y, R(Z, u)X)u] −^{ab3}_{4α2} [R(X, u)R(Y, u)Z − R(Y, u)R(X, u)Z + R(X, u)R(Z, u)Y −R(Y, u)R(Z, u)X] −^{bd(3α−b2)}_{4α2} [g(Z, u)R(X, Y )u + g(Y, u)R(X, u)Z −g(X, u)R(Y, u)Z] +^{b(b2−α)}_{2α2}

�_{ad+b2}

a+c+d g(R(Y, u)Z, u)

−d g(Y, u)g(Z, u)] R_uX −^{b(b2−α)}_{2α2}

�_{ad+b2}

a+c+d g(R(X, u)Z, u) − d g(X, u)g(Z, u) � R_uY +^{(a+c)bd}

2α(a+c+d) [g(R(Y, u)Z, u)X − g(R(X, u)Z, u)Y ]

�_{tG} , (ii)

R̃(Xh, Y tG )Zh = � −^{a2}_{2α} (∇_X R)(Y, u)Z +^{ab}_{2α} [R(X, Y )Z + R(Z, Y )X] +^{a3b}_{4α2} [R(X, u)R(Y, u)Z − R(Y, u)R(X, u)Z − R(Y, u)R(Z, u)X] +^{a2bd}_{4α2} [g(X, u)R(Y, u)Z − g(Z, u)R(X, Y )u] −^{ab}

4α^2(a+c+d) [a(ad + b

2) g(R(Y, u)Z, u) + αd g(Y, Z)]R_uX +^{a2b}_{2α2}

�_{ad+b2}

a+c+d g(R(X, u)Z, u) − d g(X, u)g(Z, u) � R_uY −^{bd}

4α(a+c+d) [a g(R(Y, u)Z, u) + (2(a + c) + d) g(Y, Z)]X

+^b_α � −^{ad+b2}

2(a+c+d) g(R(X, u)Z, u) + d g(X, u)g(Z, u) � Y

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 161

−^{bd}_{2α} g(X, Y )Z +^d_{4α(a+c+d)} � 2a^2 g((∇_XR)(Y, u)Z, u) +^{a3b}_α [g(R(Y, u)Z, R(X, u)u) − g(R(X, u)Z + R(Z, u)X, R(Y, u)u)] +ab � −^{α+ϕ}_α +^d_{a+c+d} � g(X, u)g(R(Y, u)Z, u) −2ab [2g(R(X, Y )Z, u) + g(R(Z, Y )X, u)] +bd � 3 −^d_{a+c+d} � g(X, u)g(Y, Z) + 2 g(Z, u)g(X, Y ) � u �_h + �_{ab}

2α (∇_X R)(Y, u)Z +^{a2}_{4α} R(X, R(Y, u)Z)u −^{a2b2}_{4α2} [R(X, u)R(Y, u)Z −R(Y, u)R(X, u)Z − R(Y, u)R(Z, u)X] −^{b2}_α R(X, Y )Z +^{a(a+c)}_{2α} R(X, Z)Y

+^{ad(α−b2)}_{4α2} [g(X, u)R(Y, u)Z − g(Z, u)R(X, Y )u] −^{α−b2}

4α^2(a+c+d) [a(ad + b

2) g(R(Y, u)Z, u) + αd g(Y, Z)]R_uX

+^{ab2}_{2α2} � −^{ad+b2}_{a+c+d} g(R(X, u)Z, u) + d g(X, u)g(Z, u) � R_uY +^{(a+c)d}

4α(a+c+d) [a g(R(Y, u)Z, u) + (2(a + c) + d) g(Y, Z)]X

+^1_{4α} � 2b^2 � 2 −^d_{a+c+d} � g(R(X, u)Z, u) − d(4(a + c) + d) g(X, u)g(Z, u) ]Y

+^{(a+c)d}_{2α} g(X, Y )Z

�_{tG} , (iii)

R̃(XtG , Y tG )ZtG =^1_{2α(a+c+d)} �a2b [g(Y, Z)R_uX − g(X, Z)R_uY ]

− b(α + ϕ)[g(Y, Z)X − g(X, Z)Y ]

�_h + � −ab^2 [g(Y, Z)R_uX − g(X, Z)R_uY ] +[(a + c)(α + ϕ) + αd] [g(Y, Z)X − g(X, Z)Y ]

�_{tG} � , for all x ∈ M, (x, u) ∈ T_1M and all arbitrary vectors X, Y, Z ∈ M_x satisfying Convention 2, where R_uX = R(X, u)u denotes the Jacobi operator associated to u.

3. Curvature of g-natural contact metric structures

We briefly recall that a contact manifold is a (2n − 1)-dimensional manifold M̄ admitting a global 1-form η (a contact form) such that η ∧(dη)^{n−1} ≠ 0 everywhere on M̄. Given η, there exists a unique vector field ξ, called the characteristic vector field, such that η(ξ) = 1 and dη(ξ, ·) = 0. Furthermore, a Riemannian metric g is said to be an associated metric if there exists a tensor φ, of type (1,1), such that

η = g(ξ, ·) , dη = g(·, φ·) , φ^2 = −I + η ⊗ ξ . (3.1)

(η, g, ξ, φ), or (η, g), is called a contact metric structure and (M̄, η, g) a contact metric manifold.

Sasakian contact metric structures are characterized by the property that the covariant derivative of its tensor φ satisfies

(∇_Z φ)W = ḡ(Z, W )ξ − η(W )Z, (3.2)

for all Z, W vector fields on M̄. A K-contact manifold is a contact metric manifold (M̄, η, ḡ) whose characteristic vector field ξ is a Killing vector field with respect

162 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

to ḡ. Any Sasakian manifold is K-contact and the converse also holds for threedimensional spaces. The tensor h =^1_2 L_ξφ, where L denotes the Lie derivative, plays a very important role in describing the geometry of a contact metric manifold (M̄, η, g). K-contact spaces are characterized by equation h = 0. h is symmetric and satisfies ∇ξ = −φ − φh, hφ = −φh, hξ = 0. (3.3)

In [1], we investigated under which conditions a Riemannian g-natural metric on T_1M may be seen as a Riemannian metric associated to a very “natural” contact form. Given an arbitrary Riemannian g-natural metric G̃ = a. ~g^s+b. ~g^h +c. ~g^v +d. ~k^v over T_1M, the unit vector field N^G_{(x,u)} =^1√_{(a+c+d)ϕ} [−b.u^h + (a + c + d).u^v], for all

(x, u) ∈ T M, is normal to T_1M at any point (cf. Section 2). The tangent space to T_1M at (x, u) splits as

(T_1M)_{(x,u)} = Span(ξ̃) ⊕ {X^h|X ⊥ u} ⊕ {X^{tG} |X ⊥ u},

where we put ξ̃_{(x,u)} = ru^h, (3.4)

r being a positive constant. It should be noted the special role played by u^h in the decomposition of (T_1M)_{(x,u)}, and its geometrical meaning: for any vector u = � i u^i(∂/∂x^i)_x ∈ M_x, we have u^h_{(x,u)} = � i u^i(∂/∂x^i)^h_{(x,u)}, that is, u^h is the geodesic flow on T M. Henceforth, it is a “natural” choice to assume a vector parallel to u^h, as the characteristic vector field of a suitable contact metric structure. We consider the triple (η̃, φ̃, ξ̃), where ξ̃ is defined as in (3.4), η̃ is the 1-form dual to ξ̃ through G̃, and φ̃ is completely determined by G̃(Z, φ̃W ) = (dη̃)(Z, W ), for all Z, W vector fields on T_1M. Then, simply calculations show that

η̃(X^h) =^1_r g(X, u), η̃(X^{tG} ) = brg(X, u) � (3.5) and φ̃(X^h) =^1_{2rα} � −bX^h + (a + c)X^{tG} +^{bd}_{a+c+d} g(X, u)u^h � , φ̃(X^{tG} ) =^1_{2rα} � −aX^h + bX^{tG} +^ϕ_{a+c+d} g(X, u)u^h � , � (3.6)

for all X ∈ M_x. If (and only if) 1 r^2

= 4α = a + c + d (3.7)

holds, then η̃ is well-defined and it is a contact form on T_1M, homothetic – with homothety factor r – to the classical contact form on T_1M (see, for example, [7] for a definition).

From (1.1) and (3.7) it follows d = (a+c)(4a−1)−4b^2. So, among Riemannian g-natural metrics on T_1M, the ones satisfying (3.7) are contact metrics associated to the contact structures described by (3.4)–(3.6). In this way, we have proved the following:

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 163

Theorem 6. [1] The set (G̃, η̃, φ̃, ξ̃), described by (3.4) – (3.7), is a family of contact metric structures over T_1M, depending on three real parameters a, b and c.

More details can be found in [1], where we also proved that the class of g-natural contact metric structures on T_1M is invariant under D-homothetic deformations.

At any point (x, u) of the contact metric manifold (T_1M, η̃, G̃), the tensor h̃ =^1_2 L_{ξ̃}φ̃ is described as follows:

h̃(Xh) =^1_{4α} �−(a + c)(X − g(X, u)u)h + a(R_uX)h − 2b(R_uX)tG � , h̃(XtG ) =^1_{4α} �−2bXh + b �1 +^d_{a+c+d} � g(X, u)uh + (a + c)XtG − a(R_uX)tG � , �

(3.8) for all X ∈ M_x, where R_uX = R(X, u)u denotes the Jacobi operator associated to u.

Remark 1. Some contact metric properties of (T_1M, η̃, G̃) turn out to be related to the base manifold being an Osserman space. We briefly recall here that a Riemannian manifold (M, g) is called globally Osserman if the eigenvalues of the Jacobi operator R_u are independent of both the unit tangent vector u ∈ M_x and the point x ∈ M. The well-known Osserman conjecture states that any globally Osserman manifold is locally isometric to a two-point homogeneous space, that is, either a flat space or a rank-one symmetric space. The complete list of rankone symmetric spaces is formed by RP^n, S^n, CP^n, HP^n, CayP^2 and their noncompact duals. Actually, the Osserman conjecture has been proved to be true for all manifolds of dimension n ≠ 16 ([15], [20], [21]). Moreover, also in dimension 16, if (M, g) is a Riemannian manifold such that R_u admits at most two distinct eigenvalues (besides 0), then it is locally isometric to a two-point homogeneous space [22].

3.1. g-natural contact structures of constant ξ-sectional curvature

Let (M̄, η, ḡ) be a contact metric manifold. The sectional curvature of plane sections containing the characteristic vector field ξ, is called ξ-sectional curvature (see Section 11.1 of [7]). Clearly, if π is a plane section containing ξ, we can determine the sectional curvature of π at a point x ∈ M̄ as K(Z, ξ_x), where Z is a vector of π_x, orthogonal to ξ_x. As it was proved in [19] (see also Theorem 7.2 of [7]), a contact metric manifold is K-contact if and only if it has constant ξ-sectional curvature equal to 1.

Proof of Theorem 1. We first suppose that (T_1M, η̃, G̃) has constant ξ-sectional curvature ~K. Let (x, u) be a point of T_1M and Y a unit vector orthogonal to u. From (i) of Proposition 1, we get

R̃(ξ̃_{(x,u)}, Y h)ξ̃_{(x,u)} = r2 � −^{ab}_{2α} (∇_uR)(Y, u)u +^{3a2}_{4α} R^2_uY − (1 +^{ad}_{2α} )R_uY −^{d2}_{4α} Y

�_h

+r^2

�_{b2−α} 2α (∇_uR)(Y, u)u −^{ab}_R^2_uY +^{bd}_α R_uY

�_{tG} .

164 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

Therefore, taking into account (2.6), the sectional curvature of the plane spanned by ξ̃_{(x,u)} and Y^h is given by

K̃(ξ̃_{(x,u)}, Y h) =^{r2}_{a+c} � bg((∇_uR)(Y, u)u, Y ) +^{a(b2−3α)}_{4α} g(R^2_uY, Y ) + � 1 +^{ad}_{2α} � (a + c) −^{b2d}_α � g(R_uY, Y ) +^{(a+c)d2)}_{4α} � . (3.9)

In the same way, from (ii) of Proposition 1 and taking into account (2.6), we find that the sectional curvature of the plane spanned by ξ̃_{(x,u)} and Y^{tG} is given by

K̃(ξ̃_{(x,u)}, Y tG ) =^{r2}_a

�_{a3} 4α g(R^2_uY, Y ) −^{a2d}_{2α} g(R_uY, Y ) + � d +^{ad2}_{4α} � . (3.10)

Since (T_1M, η̃, G̃) has constant ξ-sectional curvature ~K, from (3.9) and (3.10) we then have

bg((∇_uR)(Y, u)u, Y ) +^{a(b2−3α)}_{4α} g(R^2_uY, Y ) + � 1 +^{ad}_{2α} � (a + c) −^{b2d}_α � ag(R_uY, Y ) +^{(a+c)d2}_{4α} = 4α(a + c) ~K,

a^3

4α g(R^2_uY, Y ) −^{a2d}_{2α} g(R_uY, Y ) + � d +^{ad2}_{4α} � = 4αa ~K,

� � � (3.11)

for all orthogonal unit vectors u and Y . In particular, if Y is an eigenvector for the Jacobi operator R_u, then R_uY = λY and the second equation of (3.11) gives

a^3λ^2 − 2a^2dλ + d(4α + ad) = 16α^2a ~K, (3.12)

from which it follows that R_u has constant eigenvalues, both independent of u and the point x at M. Therefore, (M, g) is a globally Osserman space. Moreover, (3.12) also implies that R_u has at most two distinct eigenvalues and so, (M, g) is locally isometric to a two-point homogeneous space [22]. In particular, (M, g) is locally symmetric. So, from (3.11) we get that the eigenvalues λ of R_u must satisfy

a(b^2 − 3α)λ^2 + 2 [(2α + ad)(a + c) − 4b^2] λ + (a + c)d^2 = 16α^2(a + c) ~K, a^3λ − 2a^2dλ + d(4α + ad) = 16α^2a ~K. �

(3.13) Taking into account (1.1), we can calculate ~K from both equations of (3.13) and compare these two expressions. In this way, we easily find

a^2λ^2 − a(a + c + d)λ + d(a + c) = 0,

which implies that the only possible values for λ are λ_1 =^{a+c}_a and λ_2 =^d_a .

If λ_1 (respectively, λ_2) is the only nontrivial eigenvalue of the Jacobi operator R_u, then (M, g) has constant sectional curvature equal to λ_1 (respectively, λ_2). On the other hand, when R_u admits both eigenvalues λ_1 and λ_2, then for λ =^{a+c}_a , (3.12) gives 4αa ~K = d+^{a(a+c−d)}_{4α} , while for λ =^d_a , (3.12) implies 4αa ~K = d. Since the value of ~K is uniquely determined, we necessarily have a + c − d = 0, that is, d = a + c and so, λ_1 = λ_2 and (M, g) has again constant sectional curvature.

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 165

Conversely, assume that (M, g) has constant sectional curvature equal to^d_a (respectively,^{a+c}_a ). Then, (3.9) and (3.10) imply at once that (T_1M, η̃, G̃) has constant ξ-sectional curvature ~K =^d_{4aα} (respectively, ~K =^d_{4aα} +^{(a+c−d)2}_{16α2} ). □

In [26], D. Perrone investigated three-dimensional contact metric manifolds (M^3, η, ḡ) of constant ξ-sectional curvature. In particular, he characterized such spaces as contact metric manifolds of constant scalar torsion ||τ|| satisfying ∇_ξτ = 0 [26], where the torsion τ := L_ξḡ is the Lie derivative of ḡ in the direction of the characteristic vector field ξ.

It is also interesting to remark that, among three-dimensional contact metric manifolds satisfying ∇_ξτ = 2τφ, K-contact spaces are the only ones having constant ξ-sectional curvature ([26], Corollary 4.6). When M is compact, ∇_ξτ = 2τφ is a necessary and sufficient condition for an associated metric g ∈ A, in order to be a critical point for the functional

L(g) = � M̄ Ric(ξ)dV,

where Ric(ξ) = ϱ(ξ, ξ) and ϱ is the Ricci tensor of M̄ [23]. On any contact metric manifold (M, η, ḡ), the torsion τ is related to the tensor h by the formula τ = 2ḡ(hφ·, ·), from which it follows

∇_ξτ = 2ḡ((∇_ξh)φ·, ·),

and so, equations above can be expressed in terms of the tensor h. g-natural contact metric structures on T_1M satisfying these equations were classified in [1]. Taking into account Theorems 7 and 8 of [1] and Theorem 1 above, the following results follow easily.

Proposition 2. If (T_1M, η̃, G̃) has constant ξ-sectional curvature, then ~∇~_ξh̃ = 0.

Corollary 1. Let G̃ be a Riemannian g-natural metric on T_1M, such that ~∇~_ξh̃ = 2h̃φ̃. Then, (T_1M, η̃, G̃) has constant ξ-sectional curvature if and only if it is Kcontact.

3.2. g-natural contact structures of constant φ-sectional curvature

Let (M̄, η, ḡ, ξ, φ) be a contact metric manifold and Z ∈ ker η. The φ-sectional curvature determined by Z is the sectional curvature K(Z, φZ) along the plane spanned by Z and φZ. The φ-sectional curvature of a Sasakian manifold determines the curvature completely. A Sasakian space form is a Sasakian manifold of constant φ-sectional curvature. We refer to Section 7.3 of [7] for further details and results.

As concerns the standard contact metric structure of the unit tangent sphere bundle, the following result holds:

Theorem 7. [17] If (M, g) has constant sectional curvature c̄ and dim M ≥ 3, the standard contact metric structure of T_1M has constant φ-sectional curvature (equal to (2 ± √ 5)^2) if and only if c̄ = 2 ± √ 5.

166 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

Theorem 7 has been generalized for g-natural contact metric structures by Theorem 3. Before proving Theorems 2 and 3, we need to calculate the φ-sectional curvature of (T_1M, η̃, G̃). Note first that, when X is a tangent vector orthogonal to u, then, by (3.5), both X^h and X^{tG} belong to ker η̃. We have the following

Lemma 1. Let (η̃, G̃) be a g-natural contact metric structure on T_1M, (x, u) a point of T_1M and X a unit vector tangent to M, orthogonal to u. Then,

K(X^h, φ̃X^h) = K(X^{tG} , φ̃X^{tG} ) = − d α � 1 − d 4(a + c + d) � − 1 2α � ad + 2b^2 a + c + d + b^4 α(a + c + d) � g(R_X u, u) + a^3 4α^2 g(R^2_Xu, u) − a^2(ad + b^2) 4α^2(a + c + d)

[g(R_X u, u)]^2 ,

(3.14)

where R_X u = R(u, X)X.

Proof of Lemma 1. Since X is orthogonal to u, from (3.6) we have

φ̃(X^h) =^1_{2rα} � −bX^h + (a + c)X^{tG} � , φ̃(X^{tG} ) =^1_{2rα} � −aX^h + bX^{tG} � . (3.15)

Using (3.15), and taking into account that X is a unit vector, we get

K(X^h, φ̃X^h) = K(X^{tG} , φ̃X^{tG} ) = −^1_αG̃(R̃(X^h, X^{tG} )X^h, X^{tG} ). (3.16)

Since X and u are orthogonal, we get R̃(X^h, X^{tG} )X^h = Y^h + W^{tG} , where we put

Y = − a^2 2α (∇_X R)(X, u)X − a^3b 4α^2

R(X, u)R_X 5u + ab 4α^2(a + c + d)

[a(ad + b^2)g(R_Xu, u) − αd]R_uX − bd 4α(a + c + d)

[ag(R_X u, u) + 2(a + c) + d] X − b(ad + b^2) 2α(a + c + d) g(R_Xu, u)X − bd 2α X + a^2d 4α^2(a + c + d)

[2αg((∇_XR)(X, u)X, u) − abg(R_X u, R_uX)] u,

W = ab 2α (∇_X R)(X, u)X + a^2 4α R(X, R_X u)u (3.17) + ab 4α^2(a + c + d)

[a(ad + b^2)g(R_Xu, u) − αd]R_uX + a^2b^2 4α^2

R(X, u)R_X u + b^2 − α 4α^2(a + c + d) � a(ad + b^2)g(R_X u, u) + αd � R_uX

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 167 − ab^2(ad + b^2) 2α^2(a + c + d) g(R_X u, u)R_uX + (a + c)d 4α(a + c + d)

[ag(R_X u, u) + 2(a + c) + d]X + b^2 2α � 2 − d a + c + d � g(R_X u, u)X +

(a + c)d 2α X. Taking into account (2.6) and Proposition 1, we have

G̃(R̃(X^h, X^tG )X^h, X^tG ) = G̃(Y^h + W^tG , gX^tG ) = bg(Y, X) + ag(W, X).

After some lengthy but very standard calculations, from (3.2) we then obtain

G̃(R̃(X^h, X^tG )X^h, X^tG ) = d � 1 − d 4(a + c + d) �

+ � ad + 2b^2 2(a + c + d) + b^4 2α(a + c + d) � g(R_X u, u) − a^3 4α g(R^2_X u, u) + a^2(ad + b^2) 4α(a + c + d)

[g(R_X u, u)]^2 .

(3.18)

(3.14) now follows at once from (3.16) and (3.18), which completes the proof of Lemma 1. □

Proof of Theorem 2. Suppose that (T_1M, η̃, G̃) has constant φ-sectional curvature ~K. Note that (3.14) holds for any orthogonal unit vectors u and X. We now use (3.14) in the special case when u is an eigenvector of R_X , that is, R_X u = λu. We get d � 1 −^d_{4(a+c+d)} � +^{(ad+2b2)α+b4}

2α(a+c+d) λ + a^2 4(a+c+d) λ

2 = −α ~K

and so, using (3.7),

αa^2λ^2 + 2 � α(ad + b^2) + b^4 � λ + [αd(4a + 4c − 3d) + 4α^2(a + c + d) ~K] = 0. (3.19)

Hence, for any unit vector X tangent to M at a point p, the eigenvalues λ of R_X satisfy the second order equation (3.19), having constant coefficients independent from the point. Therefore, (M, g) is a globally Osserman space. Moreover, the Jacobi operator R_X has at most two (constant) nontrivial eigenvalues and so, (M, g) is locally isometric to a two-point homogeneous space. This completes the proof of Theorem 2. □

Note that the converse of Theorem 2 would provide an interesting characterization of two-point homogeneous spaces in terms of their unit tangent sphere bundles. However, the calculations involved are really hard. A partial result, which anyway extends Theorem 7 to an arbitrary g-natural contact metric structure, is given by Theorem 3.

Proof of Theorem 3. Using the fact that (M, g) has constant sectional curvature c̄, very long calculations lead to conclude that, for an arbitrary unit vector u tangent

168 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

to M at x and an arbitrary unit vector Z = X^h + Y^{tG} of the contact distribution ker η̃ at (x, u) ∈ T_1M, the φ-sectional curvature of the plane generated by Z and φ̃Z, is given by

K(Z, φ̃Z) = 1 (2rα)^2 � A_1[(a + c)g_x(X, X) − 1]g_x(X, X) + A_2g_x(X, Y )^2

+A_3g_x(X, X)g_x(X, Y ) + A_4g_x(X, Y ) + � a^2 4(a + c + d) c̄^2 + 1 a + c + d � ad + 2b^2 + b^4 α � c̄ −d � 1 − d 4(a + c + d) � ,

(3.20)

where

A_1 =^{aα}_{a+c+c}c̄^2 +^1_{2a(a+c+d)} � −8α^2 − 4adα − a^2(a + c)d

+2b^4 � 1 −^{b2}_α � c̄ −^{(a+c)α}_a � 1 +^d_{a+c+d} � , A_2 = a^3 � 1 −^{3b2}_{2α} � c̄^2 + 2a � 2 −^d_{a+c+d} � (b^2 − α)c̄

+(a + c)α � 1 +^d_{a+c+d} � , A_3 =^{2abα}_{a+c+d}c̄^2 −^b_{a(a+c+d)} � 6α^2 + α(a(a + c) + 4ad) + 2^{b6}_α � c̄ −^{2(a+c)bα}_a � 1 +^d_{a+c+d} � , A_4 =^{a2(ad+b2)b}

2(a+c+d)α c̄

2 −^{bϕ}_{a+c+d}c̄.

� � � � � � � � � � � � �

(3.21)

Suppose now that T_1M has constant φ-sectional curvature ~K and so, the value of K(Z, φ̃Z) is the same for all the unit tangent vectors Z = X^h +Y^{tG} . Therefore, in (3.21) we must have A_i = 0 for all i, since they are coefficients of terms depending on X and Y . By (3.21) we then have

2a^2c̄^2 + � −8α^2 − 4adα − a^2(a + c)d + 2b^4 � 1 − b^2 α � c̄ −2(a + c)α (a + c + 2d) = 0,

a^3 � 1 − 3b^2 2α � c̄^2 + 2a � 2 − d a + c + d � (b^2 − α)c̄

+(a + c)α � 1 + d a + c + d � = 0, b � 2a^2αc̄^2 − 2 � 6α^2 + α(a(a + c) + 4ad) + 2 b^6 α � c̄ −4(a + c)α (a + c + 2d) � = 0, bc̄ � a^2(ad + b^2)c̄ − 2αϕ � = 0.

� � � � � � � � � � � � � � � � � � �

(3.22)

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 169

From the last equation in (3.22), it follows that one of the following cases must occur:

a) c̄ = 0. Taking into account a + c > 0 and α > 0, in this case (3.22) reduces to

a + c + 2d = 0.

Hence, we have d = −^{a+c}_2 and, by (3.7), b = ± � (a + c)(a −^1_8 ). Note that there exists a two-parameters family of g-natural contact structures on the unit tangent sphere bundle of a Euclidean space, for which the φ-sectional curvature is a constant ~K. Taking into account d = −^{a+c}_2 and b = ± � (a + c)(a −^1_8 ), it follows directly from (3.20) that ~K = 5.

b) c̄ ≠ 0. Suppose first that b = 0. Then, (3.22) becomes

2a^2c̄^2 + � −8α^2 − 4adα − a^2(a + c)d � c̄ − 2(a + c)α (a + c + 2d) = 0,

a^3 � 1 − 3b^2 2α � c̄^2 − 2aα � 2 − d a + c + d � c̄ +(a + c)α � 1 + d a + c + d � = 0.

� � � � � (3.23)

Since, by (3.7), a + c + d = 4α, we can rewrite (3.23) in the following way: a 4 c̄^2 − � a + c + 5 8 d � c̄ − (a + c)^2 � a + c + 2d 4α � = 0,

a^2c̄^2 − (a + c − d) c̄ − (a + c)^2 � a + c + 2d 4α � = 0.

� � � � � (3.24)

Subtracting the two equations in (3.24), we then get

a(a −^1_4 )c̄^2 −^{13}_8 dc̄ = 0,

that is, since c̄ ≠ 0, either a =^1_4 and d = 0, or c̄ =^{13}_{2a(4a−1)} .

If a =^1_4 and d = 0 (which also includes the case of the standard contact metric structure of T_1M), then, by (3.24) we find ~K = (2 ± √ 5)^2. On the other hand, if a ≠^1_4 , we get a contradiction. In fact, using c̄ =^{13}_{2a(4a−1)} in the first equation of (3.24), we find a = −^{53}_{57} < 0, which can not occur.

Next, we shall assume b ≠ 0. Through some very long calculations, we eventually find that this case does not occur. In fact, the fourth equation in (3.22) implies a^2(ad + b^2)c̄ = 2αϕ. Note that ad + b^2 ≠ 0, because αϕ > 0 by (1.1). Therefore, we obtain c̄ = 2αϕ a^2(ad + b^2)

. (3.25)

170 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

We use (3.25) in the first and third equations of (3.22) and we get

α^2ϕ^2 a^3(ad+b^2)^2 − ϕ 4a^3(ad+b^2) � 8α^2 +4adα+ a^2(a+c)d−2b^4 � 1− b^2 α �

− (a + c)α a � 1 + d 4α � = 0,

α^2ϕ^2 a^3(ad + b^2)^2 − ϕ 4a^3(ad + b^2) � 6α^2 + aα(a + c + 4d)g +

2b^6 α �

− (a + c)α a � 1 + d 4α � = 0,

� � � � � � � � � � �

(3.26)

so that, subtracting the second equation of (3.26) from the first one, we easily obtain ϕ = 2b^2. (3.27) Therefore, taking into account (3.7), (3.25) and (3.26), we find

b^2 =^{4a2(a+c)}_{3+4a} , d =^{(a+c)(12a2 +8a−3)}_{3+4a} , α =^{3a(a+c)}_{3+4a} , c̄ =^{16(a+c)}

(4a+3)(4a^2 +4a−1) .

(3.28)

Next, comparing the first two equations in (3.22), we find � a^2 4 − a^3 +

3a^3b^2 2α � c̄^2 = 1 8α � 8α^2 + 4adα + a^2(a + c)d − 2b^4 � 1 − b^2 α �

+4a (8α − 2d) (b^2 − α) � c̄. (3.29)

Taking into account (3.28), after some calculations (3.29) becomes

a^2 � 2a^2 − a +^1_4 � c̄ =^{a(a+c)}

72(4a+3) (−2176a

3 + 5172a^2 + 1416a − 333) , (3.30)

where we also used the fact that c̄ ≠ 0. Since � 2a^2 − a +^1_4 � ≠ 0, starting from (3.28) and (3.30) we eventually get

−8706a^5 + 11984a^4 + 28528a^3 − 3144a^2 − 1596a + 45 = 0. (3.31)

Next, using (3.28) and (3.31), from the first equation of (3.26) we obtain

22079868576000a^4 + 28745654903552a^3 − 3956388519552a^2 − 1621058224320a − 70597445616 = 0.

(3.32)

Applying the Descartes rule for the sign of the roots of the polynomials in (3.31) and (3.32), we can deduce that the polynomial in (3.31) admits at most three positive roots, while the one in (3.32) admits at most one positive root. We checked that positive solutions of (3.31) belong to ]0,^1_{10} [ ∪ ]^7_{24} ,^1_3 [ ∪ ]2, +∞[, while the positive solution of (3.32) belongs to ]^1_4 ,^7_{24} [. Therefore, (3.31) and (3.32) are never satisfied simultaneously and so, this case can not occur □

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 171

3.3. g-natural contact structures of T_1M whose tensor l annihilates the vertical distribution

The (1, 1)-tensor field l on M̄, defined by l(X) = R(X, ξ, ξ) for all X ∈ X(M), naturally appears in the study of the geometry of (M̄, η, g). For example, Kcontact spaces are characterized by the equation l = −φ^2. If l = 0, then sectional curvatures of all planes containing ξ are equal to zero. We may refer to [24] for these and further results on l. Note that there are many contact metric manifolds satisfying l = 0 ([7], p. 153).

D. Blair [5] proved that T_1M, equipped with its standard contact metric structure (η, ḡ), satisfies lU = 0 for all vertical vector field U on T_1M if and only if the base manifold (M, g) is flat. Moreover, in this case ξ is a nullity vector field, that is, R(Z, W )ξ = 0 for all Z, W ∈ X(T_1M). We extend these results to any g-natural contact metric structure (η̃, G̃) over T_1M, proving the following

Theorem 8. Let G̃ be a Riemannian g-natural metric on T_1M. (T_1M, η̃, G̃) satisfies lU = R̃(U, ξ̃)ξ̃ = 0 for all vertical vector fields U on T_1M if and only if d = 0 and the base manifold (M, g) is flat. Moreover, in this case R̃(Z, W )ξ̃ = 0 for all vector fields Z, W on T_1M.

Proof. Assume first that (T_1M, η̃, G̃) satisfies lU = 0 for all vertical vector fields U on T_1M. Then, in particular,

R̃(Y^tG , ξ̃_{(x,u)})ξ̃_{(x,u)} = 0, (3.33)

for all Y orthogonal to u, at any point (x, u) ∈ T_1M. Using formula (ii) of Proposition 1 to express R̃(Y^{tG} , ξ̃_{(x,u)})ξ̃_{(x,u)}, (3.33) implies � −^{a2}_{2α} (∇_uR)(Y, u)u −^{ab}_{2α} R_uY +^{bd}_{2α} Y

�_h + �_{ab}

2α (∇_uR)(Y, u)u −^{a2}_{4α} R^2_uY +^{ad+2b2}_{2α} R_uY −^{d(4(a+c)+d)}_{4α} Y

�_{tG} = 0.

(3.34)

In (3.34), the tangential part is the tangential lift of a vector Z orthogonal to u. Hence, Z^{tG} = Z^v and the horizontal and vertical parts of (3.34) both vanish. So, we get

−^{a2}_{2α} (∇_uR)(Y, u)u −^{ab}_{2α} R_uY +^{bd}_{2α} Y = 0, ab 2α (∇_uR)(Y, u)u −^{a2}_{4α} R^2_uY +^{ad+2b2}_{2α} R_uY −^{d(4(a+c)+d)}_{4α} Y = 0. � (3.35)

From the first formula in (3.35), taking into account a > 0, we obtain

(∇_uR)(Y, u)u =^{2b}_{a2} (dY − aR_uY ). (3.36)

Using (3.36) in the second formula of (3.35), we easily get

a^3R^2_uY − 2a^2dR_uY + d(ad + 4α)Y = 0, (3.37)

172 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

for all Y orthogonal to u. (3.37) implies at once that R_u has at most two distinct (constant) eigenvalues. Therefore, (M, g) is globally Osserman and, since there are at most two distinct eigenvalues for R_u, (M, g) is locally isometric to a twopoint homogeneous space [22]. In particular, (M, g) is locally symmetric. So, ∇R = 0 and (3.36) implies either b = 0 or R_uY =^d_a Y , for all Y orthogonal to u. We treat these two cases separately.

If R_uY =^d_a Y for all Y orthogonal to u, then (M, g) has constant sectional curvature c̃ =^d_a . From (3.37) we then get at once 4αd = 0. By (1.1), α > 0 and so, d = 0. Moreover, (M, g) has constant sectional curvature c̃ =^d_a = 0, that is, it is flat.

Next, assume b = 0. If (M, g) has constant sectional curvature, we find a special case of the previous one. In fact, we find at once that d = 0 and (M, g) is flat. Thus, in the sequel we assume (M, g) is locally isometric to a two-point homogeneous space of non-constant sectional curvature, and we prove that this case can not occur. Since b = 0, by (1.1) we have α = a(a+c) and (3.37) becomes

a^2R^2_uY − 2adR_uY + d(d + 4(a + c))Y = 0,

for all Y orthogonal to u. Hence, the eigenvalues λ of R_u satisfy

a^2λ^2 − 2adλ + d(d + 4(a + c)) = 0. (3.38)

Since (M, g) is locally isometric to a two-point homogeneous space of non-constant sectional curvature, R_u has two (constant) eigenvalues λ_1, λ_2 with λ_2 = 4λ_1 or conversely [15]. We now calculate the eigenvalues of R_u from (3.38) and we obtain

λ_1 =^{d−2}

√_{−d(a+c)} a , λ_2 =^{d+2}

√_{−d(a+c)} a . (3.39)

Imposing that λ_2 = 4λ_1 or conversely, we easily find that either d = 0 or d = −^{100}_9 (a + c). If d = 0, then (3.39) implies λ_1 = λ_2 = 0, that is, (M, g) is flat, against the assumption that (M, g) has not constant sectional curvature. On the other hand, if d = −^{100}_9 (a + c), then (3.7) gives^1_{r2} = a + c + d = −^{91}_9 (a + c) < 0, which is a contradiction.

Conversely, assume now that d = 0 and (M, g) is flat. Then, (3.34) gives at once that R̃(ξ̃, Y^{tG} )ξ̃ = 0 for all Y orthogonal to u, that is, lU = 0 for any vertical vector U.

Finally, we assume d = 0 and (M, g) is flat and use Proposition 1 to calculate R̃(Z, W )ξ̃ for any vector fields Z, W on T_1M. Because of (3.4), equations (i) and (ii) in Proposition 1 give at once R̃(X^h, Y^h)ξ̃ = R̃(X^h, Y^{tG} )ξ̃ = 0 for all X and Y ∈ X(M) (satisfying Convention 1). Next, by equations (ii) and (iii) in Proposition 1, we find

G̃(R̃(XtG , Y tG )ξ̃, Zh) = −G̃(XtG , R̃(ξ̃, Y tG )Zh) = 0, G̃(R̃(XtG , Y tG )ξ̃, ZtG ) = −G̃(ξ̃, R̃(XtG , Y tG )ZtG ) = 0,

for all X, Y, Z vector fields on T_1M (satisfying Convention 1).

Therefore, R̃(Z, W )ξ̃ = 0 for all Z, W ∈ X(T_1M) □

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 173

3.4. g-natural contact structures for which T_1M is a (k, μ)-space

A (k, μ)-space (M̄, η, ḡ) is a contact metric manifold whose characteristic vector field ξ belongs to the so-called (k, μ)-nullity distribution, that is, satisfies

R(Z, W )ξ = k(η(W )Z − η(Z)W ) + μ(η(W )hZ − η(Z)hW ), (3.40)

for some real constants k and μ and for all vector fields Z, W on M̄. We can refer to [7] for a survey on (k, μ)-spaces. Here we just recall that they generalize Sasakian manifolds, and that non-Sasakian (k, μ)-spaces have been completely classified [9]. Note that on any (k, μ)-space we have k ≤ 1, and k = 1 if and only if (M̄, η, ḡ) is Sasakian. Moreover, any (k, μ)-space is a strongly pseudo-convex CR-manifold [7]. Recall that a strongly pseudo-convex CR-structure on a manifold M̄ is a contact form η together with an integrable complex structure J on the contact subbundle D := ker η (i.e., a bundle map J : D → D such that J^2 = −I), such that the associated Levi form L_η, defined by

L_η(X, Y ) = −dη(X, JY ), X, Y ∈ D,

is definite positive. In this case, (M̄, η, J) is called a strongly pseudo-convex manifold.

The following result was proved in [1]:

Theorem 9. [1] Let G̃ be a Riemannian g-natural metric on T_1M. (T_1M, η̃, G̃) gives rise to a strongly pseudo-convex CR-structure if and only if the base manifold (M, g) has constant sectional curvature.

It was proved in [8] that T_1M, equipped with its standard contact metric structure (η, ḡ), is a (k, μ)-space if and only if the base manifold (M, g) has constant curvature c̄. In this case, k = c̄(2 − c̄) and μ = −2c̄.

Proof of Theorem 4. Assume first that (T_1M, η̃, G̃) is a (k, μ)-space. Then, (T_1M, η̃, G̃) gives rise to a strongly pseudo-convex CR-structure and so, by Theorem 9, the base manifold (M, g) has constant sectional curvature c̄.

To prove the converse, we use Proposition 1 to calculate R̃(X^h, Y^h)ξ̃_{(x,u)}, R̃(Xh, Y tG )ξ̃_{(x,u)} and R̃(XtG , Y tG )ξ̃_{(x,u)} for all (x, u) ∈ T_1M and X, Y ∈ M_x, and we see if there exist some values of k and μ for which (3.40) is satisfied. When both X and Y are orthogonal to u, standard calculations show that R̃(X^h, Y^h)ξ_{(x,u)} = R̃(Xh, Y tG )ξ_{(x,u)} = R̃(XtG , Y tG )ξ_{(x,u)} = 0 and so, (3.40) is trivially satisfied. Since we only need to consider tangential lifts of vectors orthogonal to u (see Convention 2), it will be enough to consider R̃(X^h, ξ̃)ξ̃ and R̃(X^{tG} , ξ̃)ξ̃. Moreover, because of the symmetries of the curvature tensor, we clearly can assume X^h orthogonal to ξ̃_{(x,u)}, that is, X orthogonal to u.

From (i) of Proposition 1, taking into account (3.4) and the fact that (M, g) has constant sectional curvature c̄, we have

R̃(X^h, ξ̃_{(x,u)})ξ̃_{(x,u)} = r^2 4α � −3a^2c̄^2 + (4α + 2ad)c̄ + d^2 � X^h + r^2 α � abc̄^2 − bdc̄ � X^{tG}

(3.41)

174 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

for any vector X orthogonal to u. On the other hand, from (3.8) we get at once

k[η̃(ξ̃_{(x,u)})X^h − η̃(X^h)ξ̃_{(x,u)}]+μ[η̃(ξ̃_{(x,u)})hX^h − η̃(X^h)hξ̃_{(x,u)}] = � k + ac̄ − (a + c) 4α μ � X^h − bc̄ 2α μX^{tG} .

(3.42)

Comparing (3.41) with (3.42) and taking into account (3.7), we get 1 16α^2 {−3a

2c̄^2 + (4α + 2ad)c̄ + d^2 − 16α^2k − 4α[ac̄ − (a + c)]μ} X^h +^1_{4α2} (abc̄^2 − bdc̄ + 2bc̄μ) X^{tG} = 0.

(3.43)

Since X is orthogonal to u, X^{tG} = X^v and so, the horizontal and vertical parts of (3.43) both vanish, that is,

−3a^2c̄^2 + (4α + 2ad)c̄ + d^2 = 16α^2k + 4α[ac̄ − (a + c)]μ,

5abc̄^2 − bdc̄ = −2αbc̄μ. � . (3.44)

In the same way, from (ii) of Proposition 1 and from (3.8), we respectively get

R̃(X^tG , ξ̃_{(x,u)})ξ̃_{(x,u)} = r^2 α [abc̄ − bd] X^h + r^2 4α � a^2c̄^2 − 2(ad + 2b^2)c̄ + d(4(a + c) + d) � X^{tG}

(3.45)

and k[η̃(ξ̃_{(x,u)})X^{tG} − η̃(X^{tG} )ξ̃_{(x,u)}]+μ[η̃(ξ̃_{(x,u)})hX^{tG} − η̃(X^{tG} )hξ̃_{(x,u)}] = − b 2α μX^h + � k − ac̄ − (a + c) 4α μ � X^{tG} .

(3.46)

Comparing (3.45) and (3.46), taking into account (3.7) we find

abc̄ − bd = −2αbμ, a^2c̄^2 − 2(2b^2 − ad)c̄ + d[4(a + c) + d] = 16α^2k − 4α[ac̄ − (a + c)]μ. � � � (3.47)

Therefore, (T_1M, η̃, G̃) is a (k, μ)-space if both (3.44) and (3.47) hold. The first equation of (3.47) implies that either b = 0 or μ =^1_{2α} (d−ac̄). When μ =^1_{2α} (d−ac̄), from (3.47) we also get

k =^1_{16α2} [−a^2c̄^2 + 2(α − b^2)c̄ + d(2(a + c) + d)]

and so, (1.2) is satisfied. If b = 0, from (3.44) and (3.47) we find again (1.2), unless ac̄ − (a + c) = 0, that is, c̄ =^{a+c}_a . In this last case, k = 1 and μ is undetermined. In fact, by Theorem 2 of [1], we have that b = 0 and c̄ =^{a+c}_a if and only if (T_1M, η̃, G̃) is Sasakian. □

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 175

In [9], E. Boeckx showed that non-Sasakian (k, μ)-spaces are determined, up to isometries, by the value of the invariant

I_{(k,μ)} =

1 − μ/2 √ 1 − k^2 . Using (1.2), we can determine I_{(k,μ)} for all g-natural contact metric structures corresponding to non-Sasakian (k, μ)-spaces. Taking into account Theorem 4, standard calculations lead to the following

Theorem 10. Let (M, g) be a Riemannian manifold of constant sectional curvature c̄, and (k, μ) any real pair with k < 1. There exists a g-natural contact metric structure (η̃, G̃) such that (T_1M, η̃, G̃) is a (k, μ)-space if and only if (i) either I_{(k,μ)} > −1 and (I^2_{(k,μ)} − 1)c̄ > 0, or (ii) I_{(k,μ)} = 1 and c̄ = 0.

In particular, all non-Sasakian (k, μ)-spaces such that I_{(k,μ)} > −1, can be realized as g-natural contact metric structures on a Riemannian manifold (M, g) of (suitable) constant sectional curvature.

3.5. Locally symmetric g-natural contact structures

Locally symmetric spaces are one of the main topics in Riemannian geometry. In the framework of contact metric geometry, local symmetry has been extensively investigated, obtaining many rigidity results. As concerns the unit tangent sphere bundle, Blair proved the following

Theorem 11. [6] (T_1M, η, ḡ) is locally symmetric if and only if either (M, g) is flat or it is a surface of constant sectional curvature 1.

Theorem 11 has been extended by replacing local symmetry by semi-symmetry ([10], [14]). Recently, Boeckx and Cho [11] showed definitively the rigidity of the hypothesis of local symmetry in contact Riemannian geometry, by proving the following

Theorem 12. [11] A locally symmetric contact metric space is either Sasakian and of constant curvature 1, or locally isometric to the unit tangent sphere bundle of a Euclidean space with its standard contact metric structure.

Proof of Theorem 5. Because of Theorem 12, it is enough to show that (T_1M, η̃, G̃) can not be a Sasakian space of constant curvature 1. As the authors proved in [1], (T_1M, η̃, G̃) is Sasakian if and only if b = 0 and (M, g) has constant sectional curvature c̄ =^{a+c}_a > 0. Moreover, (T_1M, η̃, G̃) has now constant sectional curvature 1 and so, R̃(V, W )Z = G̃(W, Z)V − G̃(V, Z)W, (3.48)

for all V, W, Z tangent vectors to T_1M at the same point of T_1M. Consider now a point (x, u) of T_1M and two unit vectors X, Y orthogonal to u and to each other.

176 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

We calculate R̃(X^{tG} , Y^{tG} )Y^{tG} both using (3.48) and formula (iii) of Proposition 1, and we easily obtain

aX^{tG} = R̃(X^{tG} , Y^{tG} )Y^{tG} =

(a + c)(α + ϕ) + αd 2α(a + c + d)

, (3.49)

where we used the fact that b = 0. Taking into account (3.7), from (3.49) we obtain a = 1 and so, again by (3.7), d = 3(c + 1).

Next, from (3.48) and (ii) of Proposition 1 we also get

0 = R̃(X^h, X^{tG} )Y^h = � a^2 4α R(X, R(X, u)Y )u + a(a + c) 2α R(X, Y )X + (a + c)d 2α Y − a^2d 4α(a + c + d) g(R(X, u)Y, u)R_uX + ad(a + c) 4α(a + c + d) g(R(X, u)Y, u)X

�_{tG} . (3.50)

Since (M, g) has constant sectional curvature c̄, (3.50) easily yields

(a + c)(d − a − c) 2α Y^{tG} = 0, (3.51)

for any Y (orthogonal to u and X). Therefore, since a + c > 0, we necessarily have d − a − c = 0, that is, d = a + c = 1 + c. On the other hand, we already found d = 3(c + 1) and so, a + c = 1 + c = 0, which contradicts (1.1). □

D. Perrone [25] proved that a locally symmetric contact metric manifold (M̄, η, g, ξ, φ) satisfies ∇_ξh = 0. g-natural contact metric structures satisfying ~∇~_ξh̃ = 0 have been classified in [1]. Taking into account the proof of Theorem 8 of [1] and Theorem 5 above, we prove the following

Corollary 2. A g-natural contact metric structure (η̃, G̃) on T_1M satisfies ~∇~_ξh̃ = 0 but is not locally symmetric if and only if

• either (M, g) is flat and d = 0 but G̃ ≠ ḡ, or • (M, g) has constant curvature c̄ > 0 and G̃ = a. ~g^s+(c̄−1)a. ~g^v +c̄a(4a−1). ~k^v, or • (M, g) is locally isometric to a compact rank-one symmetric space (of nonconstant sectional curvature and Jacobi eigenvalues (p, 4p) with p > 0), and either G̃ = a. ~g^s + (p − 1)a. ~g^v4pa. ~k^v or G̃ = a. ~g^s + (4p − 1)a. ~g^v + pa. ~k^v.

References

[1] Abbassi, M. T. K.; Calvaruso, G.: g-natural contact metrics on unit tangent sphere bundles. Monatsh. Math. 151 (2006m), 89–109. Zbl 1128.53049 [2] Abbassi, M. T. K.; Calvaruso, G.: The curvature tensor of g-natural metrics on unit tangent sphere bundles. Int. J. Contemp. Math. Sci. 3 (2008), 245– 258. Zbl pre05296224

M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . . 177

[3] Abbassi, M. T. K.; Kowalski, O.: On g-natural metrics on unit tangent sphere bundles of Riemannian manifolds. Preprint, 2005.

[4] Abbassi, M. T. K.; Sarih, M.: On some hereditary properties of Riemannian g-natural metrics on tangent bundles of Riemannian manifolds. Differ. Geom. Appl. 22(1) (2005), 19–47. Zbl 1068.53016 [5] Blair, D. E.: Two remarks on contact metric structures. Tohoku Math. J. (2) 29 (1977), 319–324. Zbl 0376.53021 [6] Blair, D. E.: When is the tangent sphere bundle locally symmetric? In:

Stratopoulos, G. (ed.) et al., Geometry and Topology. World scientific, Singapore 1989, 15–30. Zbl pre00042124 [7] Blair, D. E.: Riemannian geometry of contact and symplectic manifolds. Prog.

Math. 203 (2002). Zbl 1011.53001 [8] Blair, D. E.; Koufogiorgos, Th.; Papantoniou, B. J.: Contact metric manifolds satisfying a nullity condition. Isr. J. Math. 91 (1995), 189–214. Zbl 0837.53038 [9] Boeckx, E.: A full classification of contact metric (k, μ)-spaces. Ill. J. Math.

44 (2000), 212–219. Zbl 0969.53019 [10] Boeckx, E.; Calvaruso, G.: When is the unit tangent sphere bundle semisymmetric? Tohoku Math. J. (2) 56 (2004), 357–366. Zbl 1076.53032 [11] Boeckx, E.; Cho, J. T.: Locally symmetric contact metric manifolds.

Monaths. Math. (to appear).

[12] Boeckx, E.; Vanhecke, L.: Harmonic and minimal vector fields on tangent and unit tangent bundles. Differ. Geom. Appl. 13 (2000), 77–93. Zbl 0973.53053 [13] Calvaruso, G.: Contact metric geometry of the unit tangent sphere bundle.

In: Kowalski, O. (ed.) et al., Complex, Contact and Symmetric manifolds. Progress in Math. 234 (2005), 41–57. Zbl 1079.53045 [14] Calvaruso, G.; Perrone, D.: Semi-symmetric contact metric three-manifolds.

Yokohama Math. J. 49 (2002), 149–161. Zbl 1047.53017 [15] Chi, Q.-S.: A curvature characterization of certain locally rank-one symmetric spaces. J. Differ. Geom. 28 (1988), 187–202. Zbl 0654.53053 [16] Kolář, I.; Michor, P. W.; Slovák, J.: Natural operations in differential geometry. Springer-Verlag, Berlin 1993. Zbl 0782.53013 [17] Koufogiorgos, Th.: Contact Riemannian manifolds with constant φ-sectional curvature. Tokyo J. Math. 20 (1997), 13–22. Zbl 0882.53032 [18] Kowalski, O.; Sekizawa, M.: Natural transformations of Riemannian metrics on manifolds to metrics on tangent bundles – a classification. Bull. Tokyo Gakugei Univ., Sect. IV, Math. Nat. Sci. 40(4) (1988), 1–29. Zbl 0656.53021 [19] Hatakeyama, Y.; Ogawa, Y.; Tanno, S.: Some properties of manifolds with contact metric structure. Tohoku Math. J. (2) 15 (1963), 42–48. Zbl 0196.54902 [20] Nikolayevsky, Y.: Osserman conjecture in dimension n ≠ 8, 16. Math. Ann.

331 (2005), 505–522. Zbl 1075.53016

178 M. T. K. Abbassi, G. Calvaruso: Curvature Properties of g-natural . . .

[21] Nikolayevsky, Y.: Osserman manifolds of dimension 8. Manuscr. Math. 115 (2004), 31–53. Zbl 1065.53034 [22] Nikolayevsky, Y.: On Osserman conjecture in dimension 16. In: Bokan, N.

(ed.) et al., Proceedings of the conference on contemporary geometry and related topics, Belgrade, June 27–July 1, 2005. Zbl 1108.51001 [23] Perrone, D.: Torsion and critical metrics on contact (2n + 1)-manifolds.

Montash. Math. 114 (1992), 245–259. Zbl 0765.58007 [24] Perrone, D.: Contact Riemannian manifolds satisfying R(X, ξ)·R = 0. Yokohama Math. J. 39 (1992), 141–149. Zbl 0777.53046 [25] Perrone, D.: Tangent sphere bundles satisfying ∇_ξτ = 0. J. Geom. 49 (1994), 178–188. Zbl 0794.53030 [26] Perrone, D.: Torsion and conformally Anosov flows in contact Riemannian geometry. J. Geom. 83 (2005), 164–174. Zbl 1085.53073

Received October 26, 2007