Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 50 (2009), No. 1, 179-193.

Lie Powers of Infinite-Dimensional Modules

R. M. Bryant

School of Mathematics, University of Manchester Manchester M13 9PL, United Kingdom e-mail: roger.bryant@manchester.ac.uk

Abstract. We consider Lie powers of group-modules over fields of prime characteristic and generalise some recent results for finite-dimensional modules to modules of arbitrary dimension. MSC 2000: 17B01, 20C07 Keywords: free Lie algebra, Lie power, Schur algebra

1. Introduction

Let G be a group and F a field. For any F G-module V , let L(V ) be the free Lie algebra on V (the free Lie algebra freely generated by any basis of V ), and regard L(V ) as an F G-module by extending the action of G on V so that G acts on L(V ) by Lie algebra automorphisms. For each positive integer n, the nth homogeneous component L^n(V ) is a submodule of L(V ), called the nth Lie power of V .

In the case where V is finite-dimensional the modules L^n(V ) have been studied in considerable depth: see [3] and the papers cited there. The results are best when F has characteristic 0, but there has recently been substantial progress in the case of prime characteristic p. In [3], a general decomposition theorem was obtained which reduces the study of arbitrary Lie powers of V to the study of Lie powers of the form L^{pi} (B_r), where, for each r, B_r is a certain direct summand of the rth tensor power V^{⊗r}. This is a reduction to Lie powers of p-power degree. Information about the isomorphism types of the modules B_r is given in [4] and [2].

Recently, Marianne Johnson and Ralph Stöhr have studied torsion in certain ‘free central extensions’ of groups and have found that they can make striking use

0138-4821/93 $ 2.50 © 2009 Heldermann Verlag

180 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

of the decomposition theorem of [3] and the results of [4] and [2] provided that these results are available for infinite-dimensional modules V (see [9] and [10]). The purpose of the present paper is to derive such results by utilising the results in the finite-dimensional case and some facts about modules for Schur algebras. One attractive consequence of the arguments here is a reformulation and sharpening of the previous results in terms of idempotents of the group algebras of the symmetric groups. This gives results that are uniform for all fields of the same characteristic.

2. Preliminaries

All modules considered in this paper will be right modules, except for left modules arising from the action of symmetric groups on tensor powers, as explained below. We shall use the Schur algebras associated with the general linear group, as defined in [6]. However, [6] treats only infinite fields and uses left modules. Thus we give a self-contained summary of the basic facts (following the treatment in [3, §2]).

Let F be a field. Let n and r be positive integers, and let I(n, r) be the set of all ordered r-tuples i = (i_1, . . . , i_r), where i_1, . . . , i_r ∈ {1, . . . , n}. Let A_F (n, r) be the homogeneous component of degree r in the polynomial ring over F in n^2 commuting indeterminates c_{ij} (1 � i, j � n). Thus A_F (n, r) has an F -basis consisting of the monomials of degree r. For i, j ∈ I(n, r), where i = (i_1, . . . , i_r) and j = (j_1, . . . , j_r), we write c_{i, j} for the monomial c_{i1j1} · · · c_{irjr} . The c_{i, j} are not distinct (when n, r > 1) but they give a basis (with repetitions) of A_F (n, r).

Let S_F (n, r) = Hom_F (A_F (n, r), F ). Therefore S_F (n, r) has a basis (with repetitions) consisting of the elements ξ_{i, j} (with i, j ∈ I(n, r)), where ξ_{i, j}(c_{i, j}) = 1 and ξ_{i, j}(c_i′_{, j}′ ) = 0 if c_i′_{, j}′ ≠ c_{i, j}. Multiplication in S_F (n, r) may be defined as in [6, §2.3]: for ξ, η ∈ S_F (n, r),

(ξη)(c_{i, j}) = � k∈I(n,r)

ξ(c_{i, k})η(c_{k, j}).

In this way S_F (n, r) becomes an associative F -algebra with identity element. This is the Schur algebra of degree r. If E is an extension field of F then we usually identify E ⊗_F S_F (n, r) with S_E(n, r) in the obvious way.

For g = (a_{ij}) ∈ GL(n, F ), define ζ_g ∈ S_F (n, r) by

ζ_g(c_{i1j1} · · · c_{irjr} ) = a_{i1j1} · · · a_{irjr} ∈ F.

Then (see [6, §2.4]) the map g → ζ_g extends to an algebra homomorphism

F GL(n, F ) −→ S_F (n, r) (2.1)

that is surjective if F is infinite. If U is a (right) S_F (n, r)-module then U may be regarded as a (right) F GL(n, F )-module by means of (2.1), and such F GL(n, F )- modules are called polynomial modules of degree r.

Let V be an n-dimensional F -space (that is, vector space over F ) with basis {x_1, . . . , x_n} and consider the rth tensor power V^{⊗r}. For i ∈ I(n, r), where i = (i_1, . . . , i_r), write x_i = x_{i1} ⊗ · · · ⊗ x_{ir} ∈ V^{⊗r}. Thus the elements x_i form a

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 181

basis of V^{⊗r}. With respect to the basis {x_1, . . . , x_n}, the identity representation GL(n, F ) → GL(n, F ) gives V the structure of an F GL(n, F )-module, called the ‘natural’ module. Hence V^{⊗r} becomes an F GL(n, F )-module under the ‘diagonal’ action of GL(n, F ). It is straightforward to check (see [6, §2.6]) that V^{⊗r} is a polynomial module of degree r. Indeed, for all ξ ∈ S_F (n, r), we have

x_iξ = � j ξ(c_{i, j})x_j. (2.2)

In particular, with r = 1, V is an S_F (n, 1)-module, called the natural module.

We take the symmetric group Σ_r to act on the right on {1, . . . , r}. Then, if V is any F -space (of finite or infinite dimension), V^{⊗r} may be given the structure of a left F Σ_r-module by making Σ_r act on V^{⊗r} by ‘place permutations’; that is, for σ ∈ Σ_r and v_1, . . . , v_r ∈ V , we take

σ(v_1 ⊗ · · · ⊗ v_r) = v_{1σ} ⊗ · · · ⊗ v_{rσ}. (2.3)

It is easily seen that the action of F Σ_r on V^{⊗r} is faithful when dim V � r.

Let V be an F -space with basis {x_i : i ∈ I}, where I is some index set. The free associative algebra freely generated by {x_i : i ∈ I} is denoted by T (V ) and, for each r, the rth homogeneous component is denoted by T^r(V ). However, we shall write products in T (V ) as tensor products so that T (V ) is thought of as the ‘tensor algebra’ on V and T^r(V ) = V^{⊗r}. Let ψ ∈ End_F (V ). Then, since T (V ) is free on {x_i : i ∈ I}, there is a unique algebra endomorphism ψ^∗ of T (V ) such that vψ^∗ = vψ for all v ∈ V . The restriction of ψ^∗ to V^{⊗r} gives ψ^{⊗r} ∈ End_F (V^{⊗r}), and it is easy to verify that ψ^{⊗r} commutes with the action of σ on V^{⊗r} for all σ ∈ Σ_r.

Let G be a group and let V be an F G-module. Then, for each g ∈ G, the action of g on V is given by an (invertible) map ψ_g ∈ End_F (V ). We can make T (V ) into an F G-module by taking the action of g to be the algebra automorphism ψ^∗_g . Thus V^{⊗r} is a submodule on which g acts as ψ^{⊗r}_g . (This is the ‘diagonal’ action we have already met.) Hence the actions of F G and F Σ_r on V^{⊗r} commute; in other words, V^{⊗r} is an (F Σ_r, F G)-bimodule.

In particular, if V is the natural F GL(n, F )-module, we see that V^{⊗r} is an (F Σ_r, F GL(n, F ))-bimodule. Indeed, from (2.2) and (2.3), it is straightforward to verify the stronger fact that V^{⊗r} is an (F Σ_r, S_F (n, r))-bimodule. For u ∈ F Σ_r, the right ideal uF Σ_r of F Σ_r may be regarded as a (right) F Σ_r-module.

Lemma 2.1. Let F be a field and r a positive integer. Let e_1, . . . , e_s, f_1, . . . , f_t be idempotent elements of F Σ_r such that there is an isomorphism

e_1F Σ_r ⊕ · · · ⊕ e_sF Σ_r ∼= f_1F Σ_r ⊕ · · · ⊕ f_tF Σ_r

of F Σ_r-modules. (These are ‘external’ direct sums: we do not assume that the ideals span their direct sums within F Σ_r.) Then, if A is an F -algebra and M is an (F Σ_r, A)-bimodule, there is an isomorphism of A-modules

e_1M ⊕ · · · ⊕ e_sM ∼= f_1M ⊕ · · · ⊕ f_tM.

182 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

Proof. There is an isomorphism of A-modules α : F Σ_r ⊗_{F Σr} M → M given by u ⊗ v → uv for all u ∈ F Σ_r, v ∈ M. Let e be an idempotent of F Σ_r. Since eF Σ_r is a direct summand of F Σ_r, the A-module eF Σ_r ⊗_{F Σr} M may be regarded as a direct summand (and hence submodule) of F Σ_r ⊗_{F Σr} M and α restricts to give an isomorphism eF Σ_r ⊗_{F Σr} M ∼= eM. Thus

e_1M ⊕ · · · ⊕ e_sM ∼= (e_1F Σ_r ⊕ · · · ⊕ e_sF Σ_r) ⊗_{F Σr} M ∼= (f_1F Σ_r ⊕ · · · ⊕ f_tF Σ_r) ⊗_{F Σr} M ∼= f_1M ⊕ · · · ⊕ f_tM,

as required. □

The next lemma is a version of the well-known fact that the Schur functor has a ‘right inverse’: see [6, §6]. However, we have found no reference that gives exactly what is needed here (with F arbitrary and dim V � r), so we sketch a short self-contained proof.

Let F be a field and let n and r be positive integers, where n � r. Let ϕ : F Σ_r → S_F (n, r) be the linear map satisfying σϕ = ξ_{(1,...,r),(1σ,...,rσ)} for all σ ∈ Σ_r, and write ξ_1 = 1ϕ. It can be checked from the definition of multiplication in S_F (n, r) that (στ)ϕ = (σϕ)(τϕ) for all σ, τ ∈ Σ_r. If M is an S_F (n, r)-module then it is easily seen that Mξ_1 is invariant under (F Σ_r)ϕ. Thus Mξ_1 becomes a right F Σ_r-module, denoted by s(M) (where s indicates the Schur functor).

Lemma 2.2. Let F be a field and r a positive integer. Let V be an F -space of finite dimension n, where n � r, and regard V^{⊗r} as an (F Σ_r, S_F (n, r))-bimodule. Then, for any right F Σ_r-module U, we have s(U ⊗_{F Σr} V^{⊗r}) ∼= U.

Proof. Let {x_1, . . . , x_n} be a basis of V and let Z be the subspace of V^{⊗r} spanned by {x_{1σ} ⊗ · · · ⊗ x_{rσ} : σ ∈ Σ_r}. Clearly there is an isomorphism of F -spaces θ : F Σ_r → Z given by σθ = x_{1σ} ⊗ · · ·⊗ x_{rσ} for all σ ∈ Σ_r. It is easily checked that s(V^{⊗r}) = (V^{⊗r})ξ_1 = Z and that θ is an isomorphism of (F Σ_r, F Σ_r)-bimodules.

In particular, Z is injective as a left F Σ_r-module, hence a direct summand of V^{⊗r}. Thus U ⊗_{F Σr} Z is isomorphic to a direct summand W of U ⊗_{F Σr} V^{⊗r}, where W is the subspace of U ⊗_{F Σr} V^{⊗r} spanned by {u ⊗ z : u ∈ U, z ∈ Z}. Also,

s(U ⊗_{F Σr} V^{⊗r}) = (U ⊗_{F Σr} V^{⊗r})ξ_1 = W, (2.4)

since (V^{⊗r})ξ_1 = Z. However, it is easily seen that U ⊗_{F Σr} Z and W are isomorphic as right F Σ_r-modules. Therefore

W ∼= U ⊗_{F Σr} Z ∼= U ⊗_{F Σr} F Σ_r ∼= U.

Thus the result follows from (2.4). □

Corollary 2.3. Let F , r and V be as in Lemma 2.2. Let e_1, . . . , e_s, f_1, . . . , f_t be idempotents of F Σ_r such that there is an isomorphism of S_F (n, r)-modules

e_1V^{⊗r} ⊕ · · · ⊕ e_sV^{⊗r} ∼= f_1V^{⊗r} ⊕ · · · ⊕ f_tV^{⊗r}.

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 183 Then, if A is an F -algebra and M is an (F Σ_r, A)-bimodule, there is an isomorphism of A-modules e_1M ⊕ · · · ⊕ e_sM ∼= f_1M ⊕ · · · ⊕ f_tM.

Proof. Let U_1 = e_1F Σ_r ⊕ · · · ⊕ e_sF Σ_r and U_2 = f_1F Σ_r ⊕ · · · ⊕ f_tF Σ_r. Then, as in the proof of Lemma 2.1,

U_1 ⊗_{F Σr} V^{⊗r} ∼= e_1V^{⊗r} ⊕ · · · ⊕ e_sV^{⊗r} ∼= f_1V ⊗r ⊕ · · · ⊕ f_tV ⊗r ∼= U_2 ⊗_{F Σr} V ⊗r.

Thus, by Lemma 2.2, U_1 ∼= U_2. Hence the result follows by Lemma 2.1. □ Let F be a field and suppose that V is an F -space of finite dimension n. Let r be a positive integer, and regard V^{⊗r} as an (F Σ_r, S_F (n, r))-bimodule. Thus there are maps α : F Σ_r → End_F (V^{⊗r}) and β : S_F (n, r) → End_F (V^{⊗r}), where (F Σ_r)α and S_F (n, r)β are subalgebras of End_F (V^{⊗r}). Let End_{F Σr} (V^{⊗r}) and End_{SF (n,r)}(V^{⊗r}) denote the centralizers in End_F (V^{⊗r}) of (F Σ_r)α and S_F (n, r)β, respectively. We require a version of ‘Schur–Weyl duality’. However, this is usually stated only for infinite fields: see, for example, [11, Theorem 1.2]. Thus we give the simple extra argument needed to deduce the result for an arbitrary field F . Lemma 2.4 (Schur-Weyl duality) In the above notation, End_{SF (n,r)}(V^{⊗r}) = (F Σ_r)α, End_{F Σr} (V^{⊗r}) = S_F (n, r)β.

Proof. Let E be an infinite extension field of F and write V_E = E ⊗_F V . We identify V^{⊗r}_E with E ⊗_F V^{⊗r}. The analogues of α and β over E are α_E : EΣ_r −→ End_E(V^{⊗r}_E ), β_E : S_E(n, r) −→ End_E(V^{⊗r}_E ).

Identifying End_E(V^{⊗r}_E ) with E ⊗_F End_F (V^{⊗r}) we find that

(EΣ_r)α_E = E ⊗_F (F Σ_r)α, S_E(n, r)β_E = E ⊗_F S_F (n, r)β. (2.5) Clearly, (F Σ_r)α ⊆ End_{SF (n,r)}(V^{⊗r}), S_F (n, r)β ⊆ End_{F Σr} (V^{⊗r}). (2.6) However, by [11, Theorem 1.2],

End_{SE(n,r)}(V^{⊗r}_E ) = (EΣ_r)α_E, End_{EΣr} (V^{⊗r}_E ) = S_E(n, r)β_E. (2.7) By (2.7) and (2.5), we have End_{SE (n,r)}(V^{⊗r}_E ) = E ⊗_F (F Σ_r)α. However, End_{SE(n,r)}(V^{⊗r}_E ) ∼= E ⊗_F End_{SF (n,r)}(V^{⊗r}), by [5, (29.5)], since S_E(n, r) may be identified with E ⊗_F S_F (n, r). Hence E ⊗_F End_{SF (n,r)}(V^{⊗r}) ∼= E ⊗_F (F Σ_r)α.

184 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

Therefore, from (2.6) and consideration of dimension, End_{SF (n,r)}(V^{⊗r}) = (F Σ_r)α. A similar argument gives the result for End_{F Σr} (V^{⊗r}). □

We require some background from [3], and for this we follow [3, §2] with only minor variations of notation and terminology.

Let F be a field and recall that, for any F -space V , we write T (V ) for the tensor algebra on V . Let F (∞) denote an F -space with a countably infinite basis {x_1, x_2, . . .} and, for each positive integer n, let F (n) denote the subspace of F (∞) with basis {x_1, . . . , x_n}. Then, with the obvious identifications,

T (F (1)) ⊆ T (F (2)) ⊆ · · · ⊆ T (F (∞)).

For positive integers n_1 and n_2, where n_1 � n_2, define π_{n2,n1} ∈ End_F (F (n_2)) by

x_iπ_{n2,n1} = � x_i for i ∈ {1, . . . , n_1}, 0 for i ∈ {n_1 + 1, . . . , n_2}.

This extends to an endomorphism of T (F (n_2)) with image T (F (n_1)), and the restriction of this to F (n_2)^{⊗r} gives π^{⊗r}_{n2,n1} ∈ End_F (F (n_2)^{⊗r}) with image F (n_1)^{⊗r}.

For each n we regard F (n) as the natural S_F (n, 1)-module, so that F (n)^{⊗r} is an S_F (n, r)-module. Suppose that {W (n) : n ∈ N} is a family of modules such that, for all n, W (n) is an S_F (n, r)-submodule of F (n)^{⊗r} and W (n_2)π^{⊗r}_{n2,n1} = W (n_1) for all n_1 and n_2 with n_1 � n_2. Then we say that the family {W (n) : n ∈ N} is a uniform submodule family of {F (n)^{⊗r} : n ∈ N}.

Lemma 2.5. Suppose that {W (n) : n ∈ N} is a uniform submodule family of {F (n)^{⊗r} : n ∈ N} such that, for some m � r, W (m) is a direct summand of F (m)^{⊗r}. Then there exists an idempotent e of F Σ_r such that W (n) = eF (n)^{⊗r} for all n.

Proof. By the hypothesis on W (m), there is an idempotent S_F (m, r)-module homomorphism ρ : F (m)^{⊗r} → F (m)^{⊗r} with image W (m). By Lemma 2.4, there exists e ∈ F Σ_r such that uρ = eu for all u ∈ F (m)^{⊗r}. Thus W (m) = eF (m)^{⊗r}. Also, since ρ is idempotent and F Σ_r acts faithfully on F (m)^{⊗r}, e is an idempotent.

Now consider the family of modules {eF (n)^{⊗r} : n ∈ N}. Since π^{⊗r}_{n2,n1} commutes with the action of F Σ_r, we have (eF (n_2)^{⊗r})π^{⊗r}_{n2,n1} = eF (n_1)^{⊗r}, for all n_1 and n_2 with n_1 � n_2. Thus {eF (n)^{⊗r}} is a uniform submodule family of {F (n)^{⊗r}}. Since W (m) = eF (m)^{⊗r}, we may apply π^{⊗r}_{m,r} to obtain W (r) = eF (r)^{⊗r}. Therefore, by [3, Lemma 2.5], W (n) = eF (n)^{⊗r} for all n. □

3. Lie powers

Let V be a vector space over a field F with basis {x_i : i ∈ I}. The tensor algebra T (V ) has the structure of a Lie algebra over F under the multiplication given by [u, v] = u ⊗ v − v ⊗ u for all u, v ∈ T (V ), and, by a theorem of Witt, the Lie subalgebra generated by {x_i : i ∈ I} is a free Lie algebra, freely generated by {x_i : i ∈ I}, which we denote by L(V ). For each positive integer r, we write

L^r(V ) = L(V ) ∩ T^r(V ) = L(V ) ∩ V^{⊗r}.

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 185

If G is a group and V is an F G-module then, as seen in §2, T (V ) is an F G-module, and it is easily verified that L(V ) and L^r(V ) are submodules. We call the module L^r(V ) the rth Lie power of V . If V has finite dimension n and is regarded as the natural S_F (n, 1)-module then L^r(V ) is an S_F (n, r)-submodule of V^{⊗r} (see [3, §2]).

In [3, §2, page 177] it was observed that if B is a subspace of L^s(V ), for some s, then the Lie subalgebra of L(V ) generated by B may be identified with the free Lie algebra L(B), and then, for all r, L^r(B) is a subspace of L^{rs}(V ). We make such identifications in the statement of the ‘Decomposition Theorem’ from [3].

Theorem 3.1. [3, Theorem 4.4] Let F be a field of prime characteristic p. Let G be a group and V a finite-dimensional F G-module. For each positive integer r there is a submodule B_r of L^r(V ) such that B_r is a direct summand of V^{⊗r} and, for m � 0 and k not divisible by p,

L^{pmk}(V ) = L^{pm} (B_k) ⊕ L^{pm−1} (B_{pk}) ⊕ · · · ⊕ L^1(B_pm_k). (3.1)

We shall extend this to modules V that may be infinite-dimensional.

Let p be a prime and let F_p be a field of p elements. Let k be a positive integer not divisible by p. By [3, Theorem 4.2], for each positive integer s there exists a uniform submodule family {B_{sk}(n) : n ∈ N} of {F_p(n)^{⊗sk} : n ∈ N} such that, for all n, B_{sk}(n) ⊆ L^{sk}(F_p(n)), B_{sk}(n) is a direct summand of F_p(n)^{⊗sk}, and there is an equality of subspaces of L(F_p(n)),

L^k(F_p(n)) ⊕ L^{2k}(F_p(n)) ⊕ L^{3k}(F_p(n)) ⊕ · · ·

= L(B_k(n)) ⊕ L(B_{2k}(n)) ⊕ L(B_{3k}(n)) ⊕ · · · .

(3.2)

Therefore, for all m � 0, {B_pm_k(n)} is a uniform submodule family of {F_p(n)^{⊗pmk}} such that, for all n, B_pm_k(n) ⊆ L^{pmk}(F_p(n)) (3.3)

and B_pm_k(n) is a direct summand of F_p(n)^{⊗pmk}. Furthermore, from (3.2), by comparing terms of degree p^mk within L(F_p(n)), we have

L^{pmk}(F_p(n)) = L^{pm} (B_k(n)) ⊕ L^{pm−1} (B_{pk}(n)) ⊕ · · · ⊕ L^1(B_pm_k(n)). (3.4)

Lemma 2.5, applied to the families {B_pm_k(n)}, gives the following result.

Lemma 3.2. For each m � 0 there exists an idempotent b_pm_k of F_pΣ_pm_k such that, for all n, B_pm_k(n) = b_pm_k � F_p(n)^{⊗pmk} � . (3.5)

We now ignore module structure and regard F_p(n) simply as an F_p-space. Thus, by (3.3), (3.4) and (3.5), if W is any finite-dimensional F_p-space, we have

b_pm_kW^{⊗pmk} ⊆ L^{pmk}(W ) (3.6) and L^{pmk}(W ) = L^{pm} (b_kW^{⊗k}) ⊕ L^{pm−1} (b_{pk}W^{⊗pk}) ⊕ · · · ⊕ L^1(b_pm_kW^{⊗pmk}). (3.7)

186 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

Let F be any extension field of F_p. By tensoring the terms of (3.6) and (3.7) with F we find that (3.6) and (3.7) hold for any finite-dimensional F -space W . We now generalise to arbitrary dimension.

Proposition 3.3. Let p be a prime and let F_p be a field of p elements. Let k be a positive integer not divisible by p. Then, for each m � 0, there is an idempotent b_pm_k of F_pΣ_pm_k such that if F is any extension field of F_p and V is any F -space (of finite or infinite dimension) we have

b_pm_kV^{⊗pmk} ⊆ L^{pmk}(V ) (3.8) and L^{pmk}(V ) = L^{pm} (b_kV^{⊗k}) ⊕ L^{pm−1} (b_{pk}V^{⊗pk}) ⊕ · · · ⊕ L^1(b_pm_kV^{⊗pmk}). (3.9)

Proof. We use the idempotents b_pm_k of Lemma 3.2. Suppose that (3.8) does not hold. Then there exist v_1, . . . , v_pm_k ∈ V such that b_pm_k(v_1 ⊗· · ·⊗v_pm_k) /∈ L^{pmk}(V ). Let W be the subspace of V spanned by v_1, . . . , v_pm_k. Then b_pm_kW^{⊗pmk} ⊈ L^{pmk}(W ), contrary to (3.6) over the field F . Thus (3.8) holds.

Write S_V for the subspace of L(V ) defined by

S_V = L^{pm} (b_kV^{⊗k}) + L^{pm−1} (b_{pk}V^{⊗pk}) + · · · + L^1(b_pm_kV^{⊗pmk}).

If the sum on the right is not a direct sum then there exists a finite-dimensional subspace W of V such that the corresponding sum S_W is not a direct sum, contrary to (3.7) over F . Similarly, if L^{pmk}(V ) ⊈ S_V then there exists a finite-dimensional subspace W of V such that L^{pmk}(W ) ⊈ S_W , again contrary to (3.7) over F . By (3.8), S_V ⊆ L^{pmk}(V ). Thus (3.9) holds. □

In the rest of this paper, whenever F is a field of characteristic p, we assume that F is an extension field of F_p (rather than a field isomorphic to F_p) so that the idempotents of Proposition 3.3 are available. This is essentially a notational issue. We can now derive our first main result.

Theorem 3.4. Theorem 3.1 holds for an F G-module V of arbitrary dimension, where we take B_pm_k = b_pm_kV^{⊗pmk} for all m � 0 and all k not divisible by p.

Proof. Since V^{⊗pmk} is an (F Σ_pm_k, F G)-bimodule, B_pm_k is an F G-submodule of V^{⊗pmk}. It is a direct summand, since b_pm_k is an idempotent, and, by (3.8), it is a submodule of L^{pmk}(V ). Finally, (3.9) gives (3.1). □

It is easily seen, by induction, that the modules B_pm_k satisfying (3.1), for a given finite-dimensional module V , are determined uniquely up to isomorphism: thus we may take them to be the modules b_pm_kV^{⊗pmk}. Some information about the isomorphism types was given in [4]. In stating the result of interest here we use the notation

�_r B for the direct sum of r copies of an F -space B.

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 187

Theorem 3.5. [4, Theorem 4.2]. In the notation of Theorem 3.1, for each m � 0 there is an isomorphism of F G-modules ( �_pm B_pm_k) ⊕ (

�_pm−1 B^{⊗p}_{pm−1k}) ⊕ · · · ⊕ (

�_p B^{⊗pm−1} pk ) ⊕ B^{⊗pm}_k ∼= L^k(V^{⊗pm} ). (3.10)

We shall extend this to modules V that may be infinite-dimensional, taking B_i to be b_iV^{⊗i} for all i. However, we need some preliminary facts.

Let k be any positive integer and let ℓ_k be the element of ZΣ_k defined, using the cycles (2, 1), (3, 2, 1), . . . , (k, . . . , 2, 1) of Σ_k, by

ℓ_k = (1 − (k, . . . , 2, 1)) · · · (1 − (3, 2, 1))(1 − (2, 1)).

Let V be a vector space over a field F , and interpret ℓ_k as an element of F Σ_k. Then it is well known and straightforward to verify that

ℓ_k(v_1 ⊗ v_2 ⊗ · · · ⊗ v_k) = [· · · [[v_1, v_2], v_3], . . . , v_k] , (3.11)

for all v_1, v_2, . . . , v_k ∈ V . It follows that L^k(V ) = ℓ_kV^{⊗k}.

Suppose, for the moment, that char F = 0. Then, by (3.11) and the Dynkin- Specht-Wever criterion for Lie elements [7, Theorem V.8], we have

ℓ^2_k(v_1 ⊗ v_2 ⊗ · · · ⊗ v_k) = kℓ_k(v_1 ⊗ v_2 ⊗ · · · ⊗ v_k).

However, F Σ_k acts faithfully on V^{⊗k} when dim V � k. Hence ℓ^2_k = kℓ_k.

Now let F be any field such that char F ∤ k. Thus 1/k exists in the prime subfield F of F and we can define an idempotent ω_k of FΣ_k (sometimes called the ‘Dynkin idempotent’) by ω_k = (1/k)ℓ_k. Then, for any F -space V ,

L^k(V ) = ω_kV^{⊗k}. (3.12)

Let r and s be positive integers, and partition the set {1, . . . , rs} as

{1, . . . , s} ∪ {s + 1, . . . , 2s} ∪ · · · ∪ {(r−1)s + 1, . . . , rs}. (3.13)

This gives, in an obvious way, an embedding μ : Σ_s × · · · × Σ_s → Σ_{rs}, where the direct product has r factors. Let δ : Σ_s → Σ_s × · · · × Σ_s be the ‘diagonal’ embedding given by σδ = (σ, . . . , σ) for all σ ∈ Σ_s. Then, by composition of δ and μ, we obtain an embedding λ : Σ_s −→ Σ_{rs}. Consider the partition

{1, s + 1, . . . , (r−1)s + 1} ∪ {2, s + 2, . . ., (r−1)s + 2} ∪ · · ·∪ {s, 2s, . . . , rs}, (3.14)

with s parts. It is easily checked that, for all σ ∈ Σ_s, σλ is the permutation that permutes these s parts according to σ, while preserving the order of the numbers within each part.

Let F be any field and identify F (Σ_s × · · · × Σ_s) with F Σ_s ⊗_F · · · ⊗_F F Σ_s. Then we may extend μ and λ linearly to obtain embeddings

μ : F Σ_s ⊗ · · · ⊗ F Σ_s −→ F Σ_{rs}, λ : F Σ_s −→ F Σ_{rs}.

188 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

For u, u_1, . . . , u_r ∈ F Σ_s we write u_1# · · · #u_r to denote (u_1 ⊗ · · · ⊗ u_r)μ and u^{#r} for u# · · · #u. Also, for u ∈ F Σ_s, we write u^{[r]} to denote uλ. (In general, when u is a proper linear combination of group elements, u^{[r]} ≠ u^{#r}.) Note that, if u, u_1, . . . , u_r are idempotents of F Σ_s then u_1# · · · #u_r, u^{#r} and u^{[r]} are idempotents of F Σ_{rs}.

Let G be a group and let V be an F G-module. As usual, we index the factors of V^{⊗rs} by the set {1, . . . , rs}: more formally, V^{⊗rs} is identified with

�_{rs}

i=1 V_i where, for each i, there is a fixed isomorphism from V_i to V . Let Σ_{rs} act on V^{⊗rs} by place permutations. Now consider V^{⊗r} ⊗ · · · ⊗ V^{⊗r}, that is (V^{⊗r})^{⊗s}, where the rs factors V are indexed by {1, . . . , rs} in the order given by the partition (3.14). Let Σ_{rs} act on (V^{⊗r})^{⊗s} by place permutations according to this indexing. It follows that V^{⊗rs} and (V^{⊗r})^{⊗s} are isomorphic as (F Σ_{rs}, F G)-bimodules. Note that F Σ_s also acts on (V^{⊗r})^{⊗s} by place permutations, with V^{⊗r} instead of V in the usual construction. Then, for w_1, . . . , w_s ∈ V^{⊗r} and σ ∈ Σ_s we find that

(σλ)(w_1 ⊗ · · · ⊗ w_s) = w_{1σ} ⊗ · · · ⊗ w_{sσ} = σ(w_1 ⊗ · · · ⊗ w_s).

Thus σλ and σ act in the same way on (V^{⊗r})^{⊗s}. Hence, for u ∈ F Σ_s, u^{[r]} and u act in the same way on (V^{⊗r})^{⊗s}.

Suppose that k is a positive integer not divisible by char F . By (3.12), L^k(V^{⊗r}) = ω_k((V^{⊗r})^{⊗k}). Thus (taking s = k in the above analysis), we have L^k(V^{⊗r}) = ω^{[r]}_k ((V^{⊗r})^{⊗k}). Hence we obtain an F G-module isomorphism

L^k(V^{⊗r}) ∼= ω^{[r]}_k V^{⊗rk}. (3.15)

We next identify V^{⊗rs} with V^{⊗s} ⊗ · · ·⊗ V^{⊗s}, that is (V^{⊗s})^{⊗r}, where the rs factors V are indexed in natural order, as given by (3.13). We also take F Σ_s to act on V^{⊗s} by place permutations. Then, for u_1, . . . , u_r ∈ F Σ_s, we find that

(u_1# · · · #u_r)(V^{⊗s})^{⊗r} = (u_1V^{⊗s}) ⊗ · · · ⊗ (u_rV^{⊗s}).

Thus there is an F G-module isomorphism

(u_1# · · · #u_r)V^{⊗rs} ∼= (u_1V^{⊗s}) ⊗ · · · ⊗ (u_rV^{⊗s}). (3.16)

In particular, for u ∈ F Σ_s,

u^{#r}V^{⊗rs} ∼= (uV^{⊗s})^{⊗r}. (3.17)

Suppose that V is a finite-dimensional F G-module, as in Theorem 3.5, where we take B_i = b_iV^{⊗i} for all i. Thus, by (3.10), (3.15) and (3.17), we have ( �_pm b^{#1}_pm_kV^{⊗pmk}) ⊕ (

�_pm−1 b^{#p}_{pm−1k}V^{⊗pmk}) ⊕ · · ·

· · · ⊕ (

�_p b^{#pm−1} pk V^{⊗pmk}) ⊕ b^{#pm}_k V^{⊗pmk} ∼= ω^{[pm]}_k V^{⊗pmk}.

(3.18)

Let W be an F -space of finite dimension n, where n � p^mk, and regard W as the natural S_F (n, 1)-module. Let E be an infinite extension field of F . Thus we

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 189

may regard E ⊗_F W as the natural S_E(n, 1)-module or, equivalently, the natural EGL(n, E)-module. By (3.18) there is an isomorphism of EGL(n, E)-modules ( �_pm b^{#1}_pm_k(E ⊗ W )^{⊗pmk}) ⊕ · · · ⊕ b^{#pm}_k (E ⊗ W )^{⊗pmk} ∼= ω^{[pm]}_k (E ⊗ W )^{⊗pmk}. (3.19) Since E is infinite, this is an isomorphism of S_E(n, p^mk)-modules (see [6, §2.4]). The spaces b^{#pm−i}_{pik} W^{⊗pmk} and ω^{[pm]}_k W^{⊗pmk} are S_F (n, p^mk)-modules, and we make the identifications S_E(n, p^mk) = E ⊗ S_F (n, p^mk),

b^{#pm−i}

p^ik (E ⊗ W )

⊗p^mk = E ⊗ b#p^{m−i} p^ik W

⊗p^mk, ω[p^m]

k (E ⊗ W )^{⊗pmk} = E ⊗ ω^{[pm]}_k W^{⊗pmk}.

Hence, by (3.19) and the Noether-Deuring theorem [5, (29.11)], there is an S_F (n, p^mk)-module isomorphism ( �_pm b^{#1}_pm_kW^{⊗pmk}) ⊕ · · · ⊕ b^{#pm}_k W^{⊗pmk} ∼= ω^{[pm]}_k W^{⊗pmk}. (3.20)

We can now derive our second main result.

Theorem 3.6. Theorem 3.5 holds for an F G-module V of arbitrary dimension, where we take B_pi_k = b_pi_kV^{⊗pik} for all i � 0.

Proof. By (3.20) and Corollary 2.3, there is an isomorphism of the form (3.18) for arbitrary V . Thus, by (3.15) and (3.17), we obtain (3.10) for arbitrary V . □

4. Decomposition of the modules Bpmk

Let F be a field and let k be a positive integer not divisible by char F . Let E be the field obtained from F by adjoining (if necessary) a primitive kth root of unity ε, and let ⟨ε⟩ denote the multiplicative group generated by ε, consisting of all kth roots of unity in E. For ξ ∈ ⟨ε⟩ write |ξ| for the multiplicative order of ξ.

Let V be an F -space and write V_E = E⊗_F V . Let σ_k be the k-cycle (1, 2, . . . , k) of Σ_k, and, for each ξ ∈ ⟨ε⟩, let e_ξ be the element of EΣ_k defined by

e_ξ = 1 k k−1� i=0 ξ^{−i}σ^i_k. (4.1)

It is easy to verify that e_ξ is an idempotent of EΣ_k and that e_ξV^{⊗k}_E is the ξeigenspace of V^{⊗k}_E under the action of σ_k. Thus V^{⊗k}_E = � ξ∈⟨ε⟩ eξV ⊗k E . If A is an E-algebra such that V^{⊗k}_E is an (EΣ_k, A)-bimodule, then each e_ξV^{⊗k}_E is an A-submodule of V^{⊗k}_E . For l prime to k, σ_k and σ^l_k are conjugate in Σ_k. It follows easily that there is an isomorphism of A-modules

e_ξV^{⊗k}_E ∼= e_ξ′ V^{⊗k}_E when |ξ| = |ξ^′|. (4.2)

Now suppose that G is a group and that V is a finite-dimensional F G-module. As shown in [2, §2], by means of [1], there exist F G-modules (V^{⊗k})_ξ such that

E ⊗_F (V^{⊗k})_ξ ∼= e_ξV^{⊗k}_E , (4.3)

190 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

V^{⊗k} ∼= � ξ∈⟨ε⟩(V

⊗k)_ξ, and (V^{⊗k})_ξ ∼= (V^{⊗k})_ξ′ when |ξ| = |ξ^′|. As in [2], for each (positive) divisor d of k, let U_{k,d} denote an F G-module satisfying

U_{k,d} ∼= (V^{⊗k})_ξ when |ξ| = d. (4.4)

Theorem 4.1 [2, Theorem 4.2]. Let F be a field of prime characteristic p, G a group, and V a finite-dimensional F G-module. Let k be a positive integer not divisible by p and let m be a non-negative integer. Let B_pm_k be the module given by Theorem 3.1 and, for each divisor d of k, let U_{k,d} be the module of (4.4). Then there is an index set Λ_0, and, for each λ ∈ Λ_0, a p^m-tuple (λ(1), . . . , λ(p^m)) of divisors of k, such that

B_pm_k ∼= � λ∈Λ_0

U_{k,λ(1)} ⊗ · · · ⊗ U_{k,λ(p}m_).

The purpose of this section is to generalise this theorem to modules V that are allowed to be infinite-dimensional. We begin with a general result.

Lemma 4.2. Let k be a positive integer and let E be a field with prime field F. Let w be an idempotent of EΣ_k. Then there exists an idempotent w_0 of FΣ_k such that the ideals wEΣ_k and w_0EΣ_k of EΣ_k are isomorphic as EΣ_k-modules.

Proof. Suppose that P is a principal indecomposable FΣ_k-module and let R denote the radical of FΣ_k. Thus P/P R is irreducible (see [5, (54.11)]). We have

E ⊗_F (P/P R) ∼= (E ⊗_F P )/(E ⊗_F P )(E ⊗_F R).

Since F is a splitting field for Σ_k (see [8, Theorem 11.5]), E ⊗_F (P/P R) is irreducible. Hence (E ⊗_F P )/(E ⊗_F P )(E ⊗_F R) is irreducible. However, E ⊗_F R is the radical of E ⊗_F FΣ_k (see [5, (29.22)]). It follows that E ⊗_F P is indecomposable.

In the rest of the proof we identify E ⊗_F FΣ_k with EΣ_k. Write FΣ_k as a direct sum of principal indecomposables, FΣ_k =

�_r j=1 P_j. Thus EΣ_k =

�_r j=1 E ⊗_F P_j, and, by what was proved above, each E ⊗_F P_j is indecomposable. Since w is an idempotent, the right ideal wEΣ_k is a direct summand of EΣ_k. Hence, by the Krull-Schmidt theorem, it is isomorphic, as a right EΣ_k-module, to the direct sum of some subset of the modules E ⊗_F P_j. Hence there is a direct summand U of FΣ_k such that wEΣ_k ∼= E ⊗_F U. Since U is a direct summand, we may write U = w_0FΣ_k for some idempotent w_0 of FΣ_k. It follows that wEΣ_k ∼= w_0EΣ_k. □

Recall from Section 2 that if F is a field and n is a positive integer then F (n) denotes an F -space of dimension n regarded as the natural S_F (n, 1)-module.

Let F be a prime field and let k be a positive integer not divisible by char F. Let C be the (cyclotomic) field obtained from F by adjoining a primitive kth root of unity ε_k. For each divisor d of k write ε_d = ε^{k/d}_k , so that |ε_d| = d, and let e_{εd} ∈ CΣ_k be defined as in (4.1) with ξ = ε_d. By Lemmas 4.2 and 2.1 there exists an idempotent u_{k,d} of FΣ_k such that, for any positive integer n, e_{εd} C(n)^{⊗k} and

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 191

u_{k,d}C(n)^{⊗k} are isomorphic S_C (n, k)-modules. Hence, by (4.2), if η is any element of ⟨ε_k⟩ of order d, there is an isomorphism of S_C (n, k)-modules

e_ηC(n)^{⊗k} ∼= u_{k,d}C(n)^{⊗k}. (4.5)

Let E be any extension field of F such that E contains a primitive kth root of unity ε, and write C^′ = F(ε). Let χ be an isomorphism from C to C^′. Of course, χ is the identity on F. Applying χ to (4.5) and recalling that u_{k,d} ∈ FΣ_k, we get an S_C′ (n, k)-module isomorphism e_ξC^′(n)^{⊗k} ∼= u_{k,d}C^′(n)^{⊗k}, for all ξ ∈ C^′ with |ξ| = d. Hence, by tensoring with E, we get an S_E(n, k)-module isomorphism

e_ξE(n)^{⊗k} ∼= u_{k,d}E(n)^{⊗k}, (4.6)

for all ξ ∈ E with |ξ| = d.

Now suppose that F is any extension field of F and let E be obtained from F by adjoining (if necessary) a primitive kth root of unity. Let G be a group and let V be an F G-module of finite dimension n. For each divisor d of k let U_{k,d} be an F G-module satisfying (4.4). We regard V_E as the natural S_E(n, 1)-module. Let ξ ∈ E with |ξ| = d. Then, by (4.6), there is an S_E(n, k)-module isomorphism

α : e_ξV^{⊗k}_E −→ u_{k,d}V^{⊗k}_E . (4.7)

If we think of V_E as the natural EGL(n, E)-module, the map α of (4.7) is an isomorphism of EGL(n, E)-modules. Also, since V is an F G-module, V_E is an EG-module, and there is an associated homomorphism ρ : G → GL(n, E). The action of G on V^{⊗k}_E is given by the composition of ρ and the action of GL(n, E) on V^{⊗k}_E . It follows that α is an isomorphism of EG-modules.

By (4.3) and (4.4), E ⊗ U_{k,d} and e_ξV^{⊗k}_E are isomorphic EG-modules. Thus, since (4.7) is an EG-module isomorphism, E ⊗ U_{k,d} and u_{k,d}V^{⊗k}_E are isomorphic EG-modules. Hence, by the Noether-Deuring theorem, U_{k,d} and u_{k,d}V^{⊗k} are isomorphic F G-modules. Thus we have proved the following proposition.

Proposition 4.3. Let F be a prime field, k a positive integer not divisible by char F, and d a divisor of k. Then there is an idempotent u_{k,d} of FΣ_k such that if G is any group, F is any extension field of F, and V is any finite-dimensional F G-module, then the F G-module U_{k,d} of (4.4) satisfies U_{k,d} ∼= u_{k,d}V^{⊗k}.

From now on we assume that p is a prime and F is an extension field of F_p, the field of p elements. We take k to be a positive integer not divisible by p. For each divisor d of k we use the idempotent u_{k,d} of F_pΣ_k given by Proposition 4.3.

Let m be a non-negative integer and let W be an F -space of dimension p^mk. Let E be an infinite extension field of F and write W_E = E ⊗_F W , where we regard W_E as the natural EGL(p^mk, E)-module.

We apply Theorem 4.1 but with E replacing F , G = GL(p^mk, E) and V = W_E. Recall that B_pm_k may be written up to isomorphism as b_pm_kW^{⊗pmk}_E and, by Proposition 4.3, for each divisor d of k, U_{k,d} may be written up to isomorphism as u_{k,d}W^{⊗k}_E . Hence Theorem 4.1 gives an isomorphism of EGL(p^mk, E)-modules

b_pm_kW^{⊗pmk}_E ∼= � λ∈Λ_0

u_{k,λ(1)}W^{⊗k}_E ⊗ · · · ⊗ u_{k,λ(p}m_)W^{⊗k}_E .

192 R. M. Bryant: Lie Powers of Infinite-Dimensional Modules

Therefore, by (3.16),

b_pm_kW^{⊗pmk}_E ∼= � λ∈Λ_0

(u_{k,λ(1)}# · · · #u_{k,λ(p}m_))W^{⊗pmk}_E . (4.8)

Since E is infinite, (4.8) is an isomorphism of S_E(p^mk, p^mk)-modules. Hence, by the Noether-Deuring theorem, there is an S_F (p^mk, p^mk)-module isomorphism

b_pm_kW^{⊗pmk} ∼= � λ∈Λ_0

(u_{k,λ(1)}# · · · #u_{k,λ(p}m_))W^{⊗pmk}. (4.9)

Let V be an F G-module of arbitrary, possibly infinite, dimension. Then, by (4.9) and Corollary 2.3, there is an isomorphism of F G-modules

b_pm_kV^{⊗pmk} ∼= � λ∈Λ_0

(u_{k,λ(1)}# · · · #u_{k,λ(p}m_))V^{⊗pmk}.

In other words, by (3.16),

b_pm_kV^{⊗pmk} ∼= � λ∈Λ_0

u_{k,λ(1)}V^{⊗k} ⊗ · · · ⊗ u_{k,λ(p}m_)V^{⊗k}.

Thus we have proved the following result.

Theorem 4.4. Theorem 4.1 holds for an F G-module V of arbitrary dimension, where we take B_pm_k = b_pm_kV^{⊗pmk} and U_{k,d} = u_{k,d}V^{⊗k} for every divisor d of k.

We conclude with an observation on the idempotent u_{k,k}.

Proposition 4.5. Under the hypotheses of Theorem 4.4, u_{k,k}V^{⊗k} ∼= L^k(V ).

Proof. We use the idempotent ω_k of F_pΣ_k defined in Section 3. Let E be an infinite extension field of F and let W be an F -space of dimension k. Write W_E = E⊗_F W and regard W_E as the natural EGL(k, E)-module. By [2, Lemma 2.3] combined with Proposition 4.3, u_{k,k}W^{⊗k}_E and L^k(W_E) are isomorphic as EGL(k, E)-modules. Thus, by (3.12), u_{k,k}W^{⊗k}_E ∼= ω_kW^{⊗k}_E . Since E is infinite, this is an isomorphism of S_E(k, k)-modules. Hence, by the Noether-Deuring theorem, u_{k,k}W^{⊗k} and ω_kW^{⊗k} are isomorphic as S_F (k, k)-modules. By Corollary 2.3, if V is an F G-module of arbitrary dimension, u_{k,k}V^{⊗k} and ω_kV^{⊗k} are isomorphic as F G-modules. Thus, by (3.12), u_{k,k}V^{⊗k} ∼= L^k(V ). □

Acknowledgement. I am grateful to Ralph Stöhr for suggesting and motivating this work.

R. M. Bryant: Lie Powers of Infinite-Dimensional Modules 193

References

[1] Bryant, R. M.: Free Lie algebras and Adams operations. J. Lond. Math. Soc., II. Ser. 68 (2003), 355–370. Zbl 1056.17002 [2] Bryant, R. M.; Johnson, M.: Lie powers and Witt vectors. J. Algebr. Comb.

(to appear).

[3] Bryant, R. M.; Schocker, M.: The decomposition of Lie powers. Proc. Lond.

Math. Soc. (3) 93 (2006), 175–196. Zbl pre05044848 [4] Bryant, R. M.; Schocker, M.: Factorisation of Lie resolvents. J. Pure Appl.

Algebra 208 (2007), 993–1002. Zbl pre05083176 [5] Curtis, C. W.; Reiner, I.: Representation Theory of Finite Groups and Associative Algebras. Wiley–Interscience, New York 1962. Zbl 0131.25601 [6] Green, J. A.: Polynomial Representations of GL_n. Lect. Notes Math. 830, Springer, Berlin 1980. Zbl 0451.20037 [7] Jacobson, N.: Lie Algebras. Wiley–Interscience, New York 1962. Zbl 0121.27504 [8] James, G. D.: The Representation Theory of the Symmetric Groups. Lect.

Notes Math. 682, Springer, Berlin 1978. Zbl 0393.20009 [9] Johnson, M.: On group actions on free Lie algebras. PhD thesis, University of Manchester (submitted).

[10] Johnson, M.; Stöhr, R.: Free central extensions of group extensions with free nilpotent kernel. (in preparation).

[11] König, S.; Slungård, I. H.; Xi, C.: Double centralizer properties, dominant dimension, and tilting modules. J. Algebra 240 (2001), 393–412. Zbl 0980.17003

Received October 27, 2007