Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 49 (2008), No. 1, 233-242.

Distance Preserving Mappings of Grassmann Graphs

Jaroslaw Kosiorek Andrzej Matras Mark Pankov

Department of Mathematics and Information Technology University of Warmia and Mazury, Żolnierska 14A, 10-561, Olsztyn, Poland e-mail: kosiorek@matman.uwm.edu.pl matras@uwm.edu.pl pankov@matman.uwm.edu.pl

Abstract. Distance preserving (non-surjective) mappings between Grassmann graphs will be determined. MSC 2000: 51M35, 14M15 Keywords: Grassmann graph, semilinear embedding

1. Introduction

Let V be an n-dimensional vector space over a division ring. We write G_k(V ) for the Grassmannian consisting of all k-dimensional subspaces of V . Two elements of G_k(V ) are called adjacent if their intersection is (k − 1)-dimensional (this is equivalent to the fact that the sum of the subspaces is (k + 1)-dimensional). It is trivial that any two distinct elements of G_k(V ) are adjacent if k = 1, n − 1. The Grassmann graph Γ_k(V ) is the graph whose vertex set is G_k(V ) and whose edges are pairs of adjacent k-dimensional subspaces. By duality, the graphs Γ_k(V ) and Γ_{n−k}(V^∗) are canonically isomorphic (V^∗ is the dual vector space). The Grassmann graph is connected and the distance d(S, U) between S, U ∈ G_k(V ) is defined as the minimal number i such that there is an i-path (path of length i) connecting S and U. We have the following distance formula:

d(S, U) = dim(S + U) − k = k − dim(S ∩ U);

in particular, the diameter of the graph Γ_k(V ) is equal to k if 2k ≤ n, and n − k otherwise.

0138-4821/93 $ 2.50 © 2008 Heldermann Verlag

234 J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs

Now let V^′ be an n^′-dimensional vector space over a division ring and

1 < k < min{n, n^′} − 1.

Let also f : G_k(V ) → G_k(V^′) be adjacency preserving mapping (two elements of G_k(V ) are adjacent if and only if their f-images are adjacent). If f is surjective then it is an isomorphism of Γ_k(V ) to Γ_k(V^′) and Chow’s theorem [2] (see also [3, 13]) guarantees that f is induced by a semilinear isomorphism of V to V^′ or V^{′∗} (the second possibility can be realized only in the case when n = 2k); some results closely related with Chow’s theorem can be found in [1, 9, 7, 8, 11, 12]. In the general case, f induces a mapping

f_{k−1} : G_{k−1}(V ) → G_i(V^′), i = k ± 1

(Section 3); thus there are precisely two types of adjacency preserving mappings (associated with mappings of G_{k−1}(V ) to G_{k−1}(V^′) or G_{k+1}(V^′), respectively). If f is not surjective then f_{k−1} need not to be adjacency preserving. However, if f is distance preserving (a non-surjective adjacency preserving mapping of G_k(V ) to G_k(V^′) need not to be distance preserving, in general) then the same holds for f_{k−1}; this is related with the fact that every minimal path of Γ_k(V ) induces minimal paths in Γ_{k−1}(V ) and Γ_{k+1}(V ) (Section 4). Using this observation we determine distance preserving mappings of each of two types given above in the case when 2k ≤ min{n, n^′} (Sections 5 and 6).

2. Semilinear embeddings

Throughout the paper we suppose that V and V^′ are left vector spaces over division rings R and R^′, respectively. An additive mapping l : V → V^′ is called semilinear if there exists a homomorphism σ : R → R^′ such that

l(ax) = σ(a)l(x)

for all x ∈ V and all a ∈ R. If l is non-zero then there is only one homomorphism satisfying this condition. Note also that non-zero homomorphisms of division rings are injective.

Let k ≤ min{n, n^′}. A semilinear injection l : V → V^′ is said to be a kembedding if it sends any k linearly independent vectors to linearly independent vectors. This condition implies that for any subspace S ⊂ V whose dimension is not greater than k we have

dim⟨l(S)⟩ = dim S

(we write ⟨X⟩ for the subspace spanned by a set X). We get a mapping of G_k(V ) to G_k(V^′) which transfers S ∈ G_k(V ) to the subspace spanned by l(S), in what follows this mapping will be denoted by (l)_k. In general, the mapping (l)_k need not to be injective.

J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs 235

Proposition 2.1. If l : V → V^′ is a semilinear (k + 1)-embedding then (l)_k is an injection sending adjacent subspaces to adjacent subspaces.

Proof. If there exist two distinct subspaces S, U ∈ G_k(V ) such that ⟨l(S)⟩ and ⟨l(U)⟩ are coincident then the l-image of the (k+1)-dimensional subspace spanned by S and a vector x ∈ U \ S is contained in the k-dimensional subspace

⟨l(S + U)⟩ = ⟨l(S)⟩ = ⟨l(U)⟩

which contradicts the fact that l is a (k + 1)-embedding. Thus (l)_k is injective. Similarly, we show that it maps adjacent subspaces to adjacent subspaces.

It must be pointed out that the mapping from Proposition 2.1 need not to be distance preserving.

Proposition 2.2. If 2k ≤ min{n, n^′} and l : V → V^′ is a semilinear (2k)- embedding then (l)_k is distance preserving.

Proof. Let S and U be k-dimensional subspaces of V . The dimension of S + U is not greater than 2k. Since l is a (2k)-embedding,

dim(S + U) = dim⟨l(S) + l(U)⟩

and the distance formula (cf. Introduction) shows that the distance between S and U is equal to the distance between ⟨l(S)⟩ and ⟨l(U)⟩.

Examples of semilinear k-embeddings which are not (k + 1)-embeddings can be found in [10].

3. Two types of adjacency preserving mappings

First we give some trivial facts concerning cliques of Grassmann graphs. Let S be a subspace of V . We write [S]_k for the set of all k-dimensional subspaces of V incident with S. This set is called a star or a top if 1 < k < n − 1 and the dimension of S is equal to k − 1 or k + 1, respectively.

Proposition 3.1. [2] In the case when 1 < k < n−1, stars and tops are maximal cliques of the graph Γ_k(V ), and every maximal clique of Γ_k(V ) is a star or a top. Moreover, each clique is contained in a maximal clique.

The canonical isomorphism of Γ_k(V ) to Γ_{n−k}(V^∗) maps stars to tops and tops to stars.

Proposition 3.2. Let 1 < k < min{n, n^′} − 1.

If a mapping f : G_k(V ) → G_k(V^′) is adjacency preserving then one of the following possibilities is realized:

(A) stars go to subsets of stars and tops go to subsets of tops,

236 J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs

(B) stars go to subsets of tops and tops go to subsets of stars. Moreover, every maximal clique of Γ_k(V^′) contains at most one of the f-images of maximal cliques of Γ_k(V ) and the f-image of every maximal clique of Γ_k(V ) is contained in precisely one maximal clique of Γ_k(V^′).

To prove Proposition 3.2 we use the following trivial observation.

Lemma 3.1. If 1 < k < n − 1 then the following assertions are satisfied: (1) The intersection of two maximal cliques of Γ_k(V ) contains more than one element if and only if these cliques are of different types (one of them is a star and the other is a top) and the associated (k + 1)-dimensional and (k − 1)-dimensional subspaces are incident.

(2) The intersection of two distinct maximal cliques of the same type is empty or one-element, and the second possibility is realized only in the case when the associated (k ± 1)-dimensional subspaces are adjacent.

Proof of Proposition 3.2. It is clear that f transfers cliques to cliques. First we show that every maximal clique of Γ_k(V^′) contains at most one of the f-images of maximal cliques of Γ_k(V ).

Suppose that X and Y are distinct maximal cliques of Γ_k(V ) whose f-images are contained in a certain maximal clique of Γ_k(V^′). Since f is adjacency preserving and its restriction to every clique is injective, an element S ∈ X is adjacent with all U ∈ Y which satisfy f(S) ≠ f(U) and there is at most one U ∈ Y satisfying f(S) = f(U). In other words, every element of X is adjacent with all elements of Y or with all except one. An easy verification shows that this is impossible for subspaces belonging to X \ Y.

Now we establish that the f-image of every maximal clique of Γ_k(V ) is contained only in one maximal clique of Γ_k(V^′).

Suppose that X ⊂ G_k(V ) is a maximal clique whose f-image is contained in two distinct maximal cliques X^′ and Y^′ of Γ_k(V^′). By Lemma 3.1, one of these cliques is a star and the other is a top. We choose a maximal clique Y ⊂ G_k(V ) such that Y ≠ X and the intersection X ∩ Y has more than one element. Since the restriction of f to every clique of Γ_k(V ) is injective, f(Y) intersects X^′ and Y^′ by subsets containing more than one element. Lemma 3.1 shows that a maximal clique containing f(Y) coincides with X^′ or Y^′. Thus one of these cliques contains the f-images of two distinct maximal cliques which is impossible. Finally, we prove that one of the given above cases is realized. Let S be a (k − 1)-dimensional subspace of V such that the f-image of the star [S]_k is contained in a star. Consider a (k − 1)-dimensional subspace U ⊂ V adjacent with S and choose a (k + 1)-dimensional subspace N containing S and U. The stars [S]_k and [U]_k intersect the top [N]_k by sets containing more than one element. The f-image of [S]_k is contained in a star (by assumption), and Lemma 3.1 implies that f transfers [N]_k to a subset of a top; hence [U]_k goes to a subset of a star. The same holds for every U ∈ G_{k−1}(V ), since it can be connected with

J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs 237

S by a path in the graph Γ_{k−1}(V ). The same arguments show that the images of tops are contained in tops.

Similarly, we establish that the case (B) is realized if the f-image of the star [S]_k is a subset of a top.

Let f be as in Proposition 3.2. We say that f is of type (A) or (B) if the corresponding case is realized. By Proposition 3.2, in the first case there exists an injection f_{k−1} : G_{k−1}(V ) → G_{k−1}(V^′) such that f([S]_k) ⊂ [f_{k−1}(S)]_k (3.1) for every S ∈ G_{k−1}(V ). Then

f_{k−1}([U]_{k−1}) ⊂ [f(U)]_{k−1}

for every U ∈ G_k(V ); in other words, f_{k−1} sends tops to subsets of tops. The latter means that f_{k−1} transfers adjacent subspaces to adjacent subspaces (since two distinct elements of a Grassmannian are adjacent if and only if there is a top containing them). However, if M and N are adjacent elements of f_{k−1}(G_{k−1}(V )) then M +N need not to be an element of f(G_k(V )) and we cannot assert that f_{k−1} is adjacency preserving. It will be established in Section 5 that f_{k−1} is distance preserving if f is distance preserving; under this assumption we show that f is induced by a semilinear (2k)-embedding of V to V^′.

If f is of type (B) then we get an injection of G_{k−1}(V ) to G_{k+1}(V^′). This more complicated case will be considered in Section 6.

4. Path lemmas

In this section we prove some simple lemmas concerning minimal paths in Grassmann graphs. A path connecting S, U ∈ G_k(V ) in Γ_k(V ) is said to be minimal if it consists of precisely d(S, U) edges.

Lemma 4.1. If S_0, S_1, . . . , S_i is a minimal path in Γ_k(V ) then

S_0 + S_i = S_0 + S_1 + · · · + S_i and S_0 ∩ S_i = S_0 ∩ S_1 ∩ · · · ∩ S_i.

Proof. Since

dim(S_0 + S_1) = k + 1 and dim(S_0 + · · · + S_{j+1}) ≤ dim(S_0 + · · · + S_j) + 1,

we have

dim(S_0 + · · · + S_i) ≤ k + i = k + d(S_0, S_i) = dim(S_0 + S_i)

which implies the first equality. Similarly,

dim(S_0 ∩ S_1) = k − 1 and dim(S_0 ∩ · · · ∩ S_{j+1}) ≥ dim(S_0 ∩ · · · ∩ S_j) − 1

238 J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs show that dim(S_0 ∩ · · · ∩ S_i) ≥ k − i = k − d(S_0, S_i) = dim(S_0 ∩ S_i) and we get the second equality.

Lemma 4.2. Let 1 < k < n − 1. If S_0, S_1, . . . , S_i is a minimal path in Γ_k(V ) then (S_0 ∩ S_1), . . . , (S_{i−1} ∩ S_i) and (S_0 + S_1), . . . , (S_{i−1} + S_i) (4.1) are minimal paths in Γ_{k−1}(V ) and Γ_{k+1}(V ), respectively. Proof. By Lemma 4.1, S_0 ∩ S_i = (S_0 ∩ S_1) ∩ (S_{i−1} ∩ S_i).

The dimension of this subspace is equal to k − i and the distance formula shows that

d((S_0 ∩ S_1), (S_{i−1} ∩ S_i)) = k − 1 − dim((S_0 ∩ S_1) ∩ (S_{i−1} ∩ S_i)) = i − 1. Similarly, S_0 + S_i = (S_0 + S_1) + (S_{i−1} + S_i) is a (k + i)-dimensional subspace and

d((S_0 + S_1), (S_{i−1} + S_i)) = dim((S_0 + S_1) + (S_{i−1} + S_i)) − k − 1 = i − 1 (by the distance formula). Since (4.1) are paths of length i − 1, we get the claim.

Lemma 4.3. If 2k ≤ n then for any minimal path S_0, S_1, . . . , S_i in Γ_{k−1}(V ) there is a minimal path U_0, U_1, . . . , U_{i+1} in Γ_k(V ) such that S_j = U_j ∩ U_{j+1} for each j ∈ {0, . . . , i}. Proof. First we define U_{j+1} := S_j + S_{j+1} for j ∈ {0, . . . , i − 1}. Since S_0, S_1, . . . , S_i is a minimal path, the dimension of U_0 + U_1 + · · · + U_i = S_0 + S_1 + · · · + S_i = S_0 + S_i is not greater than 2k − 2 < n and we choose two vectors x ∈ V \ (S_0 + S_i) and y ∈ V \ ⟨S_0 + S_i, x⟩.

The path ⟨S_0, x⟩, U_1, . . . , U_i, ⟨S_i, y⟩ is as required.

J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs 239 5. Distance preserving mappings of type (A) Theorem 5.1. Let 2 < 2k ≤ min{n, n^′} and f : G_k(V ) → G_k(V^′) be a distance preserving mapping of type (A). Then f is induced by a (2k)-embedding of V to V^′. Proof. Let f_{k−1} : G_{k−1}(V ) → G_{k−1}(V^′) be as in the end of Section 3. The equation (3.1) shows that f_{k−1}(M ∩ N) = f(M) ∩ f(N) for every adjacent M, N ∈ G_k(V ).

Let S_0, S_1, . . . , S_i be a minimal path in Γ_{k−1}(V ). By Lemma 4.3, there exists a minimal path U_0, U_1, . . . , U_{i+1} in Γ_k(V ) such that S_j = U_j ∩ U_{j+1} for each j ∈ {0, . . . , i}. Then f(U_0), f(U_1), . . . , f(U_{i+1}) is a minimal path of Γ_k(V^′) (since f is distance preserving) and Lemma 4.2 guarantees that f(U_0) ∩ f(U_1) = f_{k−1}(S_0), . . . , f(U_i) ∩ f(U_{i+1}) = f_{k−1}(S_i) is a minimal path in Γ_{k−1}(V^′). Thus f_{k−1} is distance preserving.

The mapping f_{k−1} maps tops to subsets of tops, hence it is of type (A). Step by step we get a sequence of distance preserving mappings f_i : G_i(V ) → G_i(V^′) i = k, . . . , 1, where f_k = f and for any (i − 1)-dimensional subspace S ⊂ V f_i([S]_i) ⊂ [f_{i−1}(S)]_i if 1 < i ≤ k. The latter implies that f_{i−1}([U]_{i−1}) ⊂ [f_i(U)]_{i−1} for any i-dimensional subspace U ⊂ V . It follows from Faure-Frölicher-Havlicek’s version of the Fundamental Theorem of Projective Geometry [4, 5, 6] that f_1 is induced by a certain semilinear mapping l : V → V^′. It is clear that f(S) = ⟨l(S)⟩ for every S ∈ G_k(V ). Since f is distance preserving, the l-image of every (2k)- dimensional subspace of V spans a (2k)-dimensional subspace of V^′. This means that l is a semilinear (2k)-embedding.

240 J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs

Remark 5.1. Suppose that n = n^′ ≤ 2k (as above we require that 1 < k < n−1) and f : G_k(V ) → G_k(V^′) is a distance preserving mapping of type (A). By duality, f can be considered as a distance preserving mapping of G_{n−k}(V^∗) to G_{n−k}(V^{′∗}). The latter mapping is also of type (A) and 2(n − k) ≤ n, Theorem 5.1 guarantees that it is induced by a semilinear (2n−2k)-embedding of V^∗ to V^{′∗}. In particular, if n = 2k then we get the mapping induced by a semilinear n-embedding of V^∗ to V^{′∗}

Theorem 5.2. Let n ≥ n^′ = 2k and f : G_k(V ) → G_k(V^′) be a distance preserving mapping. Then f is induced by a semilinear (2k)-embedding of V to V^′ or V^{′∗}.

Proof. If f is of type (A) then it is induced by a semilinear (2k)-embedding of V to V^′ (Theorem 5.1). Suppose that f is of type (B). Since n^′ = 2k, we can consider f as a distance preserving mapping of G_k(V ) to G_k(V^{′∗}) (by duality). This mapping is of type (A), hence it is induced by a semilinear (2k)-embedding of V to V^{′∗}.

6. Distance preserving mappings of type (B)

As in the previous section we suppose that

2k ≤ min{n, n^′}.

Let W be a (2k)-dimensional subspace of V^′. Consider W as a left vector space over R^′ and denote by W^∗ the dual vector space. Now let l : V → W^∗ be a semilinear (2k)-embedding. By duality,

(l)_k : G_k(V ) → G_k(W^∗)

can be considered as a distance preserving mapping of G_k(V ) to G_k(W ) (recall that dim W = 2k). The latter mapping is of type (B). Since G_k(W ) is contained in G_k(V^′), we get a distance preserving mapping of G_k(V ) to G_k(V^′), it is of type (B).

Theorem 6.1. Let 2 < 2k ≤ min{n, n^′}

and f : G_k(V ) → G_k(V^′) be a distance preserving mapping of type (B). Then there exists a (2k)-dimensional subspace W ⊂ V^′ such that f is induced by a (2k)-embedding of V to W^∗.

Proof. In this case, we have a mapping

f_{k−1} : G_{k−1}(V ) → G_{k+1}(V^′)

such that f([S]_k) ⊂ [f_{k−1}(S)]_k

J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs 241

for every S ∈ G_{k−1}(V ). Then f_{k−1}([U]_{k−1}) ⊂ [f(U)]_{k+1} for every U ∈ G_k(V ). This implies that f_{k−1}(M ∩ N) = f(M) + f(N) for every adjacent M, N ∈ G_k(V ).

First, we show that f_{k−1} preserves the distance between subspaces. Consider a minimal path S_0, S_1, . . . , S_i in Γ_{k−1}(V ). As in the proof of Theorem 5.1, we choose a minimal path U_0, U_1, . . . , U_{i+1} in Γ_k(V ) such that S_j = U_j ∩ U_{j+1} for each j ∈ {0, . . . , i}. Since f(U_0), . . . , f(U_{i+1}) is a minimal path in Γ_k(V^′), Lemma 4.2 implies that

f(U_0) + f(U_1) = f_{k−1}(S_0), . . . , f(U_i) + f(U_{i+1}) = f_{k−1}(S_i) is a minimal path.

The mapping f_{k−1} transfers tops to subsets of stars; as in the proof of Proposition 3.2, we establish that f_{k−1} sends stars to subsets of tops. Step by step we get a sequence of distance preserving mappings f_i : G_i(V ) → G_{2k−i}(V^′) i = k, . . . , 1, where f_k = f and for any (i − 1)-dimensional subspace S ⊂ V f_i([S]_i) ⊂ [f_{i−1}(S)]_{2k−i} if 1 < i ≤ k. Then f_{i−1}([U]_{i−1}) ⊂ [f_i(U)]_{2k−i−1} for any i-dimensional subspace U ⊂ V .

The mapping f_1 is distance preserving and the image of G_1(V ) is a clique of Γ_{2k−1}(V^′). This clique is not contained in a star (indeed, if it is a subset of the star associated with a (2k − 2)-dimensional subspace M ⊂ V^′ then f_1(N) = M for any 2-dimensional subspace N ⊂ V which is is impossible, since f_1 is distance preserving). Thus there exists a (2k)-dimensional subspace W ⊂ V^′ such that the associated top contains the f_1-image of G_1(V ). By Faure-Frölicher-Havlicek’s result [4, 5, 6], f_1 is induces by a semilinear mapping l : V → W^∗. An easy verification shows that l is a 2k-embedding inducing f.

Acknowledgement. We thank the referee for valuable remarks concerning Lemma 4.3.

242 J. Kosiorek et al.: Distance Preserving Mappings of Grassmann Graphs

References

[1] Blunck A.; Havlicek H.: On bijections that preserve complementarity of subspaces, Discrete Math. 301 (2005), 46–56. Zbl 1083.51001 [2] Chow, W. L.: On the geometry of algebraic homogeneous spaces. Ann. Math.

50 (1949), 32–67. Zbl 0040.22901 [3] Dieudonné, J.: La Géométrie des Groupes Classiques. Springer-Verlag, Berlin 1971. Zbl 0221.20056 [4] Faure, C. A.; Frölicher, A.: Morphisms of Projective Geometries and Semilinear maps. Geom. Dedicata 53 (1994), 237–262. Zbl 0826.51002 [5] Faure, C. A.: An Elementary Proof of the Fundamental Theorem of Projective Geometry. Geom. Dedicata 90 (2002), 145–151. Zbl 0996.51001 [6] Havlicek, H.: A Generalization of Brauner’s Theorem on Linear Mappings.

Mitt. Math. Sem. Univ. Giessen 215 (1994), 27–41. Zbl 0803.51004 [7] Havlicek, H.: Chow’s Theorem for Linear Spaces. Discrete Math. 208/209 (1999), 319–324. Zbl 0943.51015 [8] Havlicek, H.; Pambuccian V.: On the axiomatics of projective and affine geometry in terms of line intersection. Result. Math. 45 (2004), 35–44. Zbl 1064.51001 [9] Huang, W.-L.: Adjacency preserving transformations of Grassmann spaces.

Abh. Math. Semin. Univ. Hamb. 68 (1998), 65–77. Zbl 0981.51021 [10] Kreuzer, A.: Projective embedding of projective spaces. Bull. Belg. Math. Soc.

Simon Stevin 5 (1998), 363–372. Zbl 0927.51022 [11] Kreuzer, A.: On isomorphisms of Grassmann spaces. Aequationes Math. 56 (1998), 243–250. Zbl 0927.51001 [12] Prażmovski K.; Żynel M.: Automorphisms of Spine Spaces. Abh. Math.

Semin. Univ. Hamb. 72 (2002), 59–77. Zbl 1023.51001 [13] Wan, Z.-X.: Geometry of Matrices. World Scientific, Singapore 1996. Zbl 0866.15008

Received March 13, 2007