Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 49 (2008), No. 1, 277-283.

Associated Prime Ideals of Skew Polynomial Rings

V. K. Bhat^∗

School of Applied Physics and Mathematics, SMVD University P/o Kakryal, Katra, J and K, India - 182301 e-mail: vijaykumarbhat2000@yahoo.com

Abstract. In this paper, it has been proved that for a Noetherian ring R and an automorphism σ of R, an associated prime ideal of R[x, σ] or R[x, x^{−1}, σ] is the extension of its contraction to R and this contraction is the intersection of the orbit under σ of some associated prime ideal of R. The same statement is true for minimal prime ideals also. It has also been proved that for a Noetherian Q-algebra (Q the field of rational numbers) and a derivation δ of R, an associated prime ideal of R[x, δ] is the extension of its contraction to R and this contraction is an associated prime ideal of R.

MSC 2000: 16-XX (primary), 16S36, 16P40, 16P50, 16U20 (secondary) Keywords: automorphism, associated prime, minimal prime, derivation, skew polynomial ring

1. Introduction

All rings are associative with identity and all modules unitary. Let R be a ring, σ be an automorphism of R and δ be a right σ-derivation of R (δ : R → R is an additive map such that δ(ab) = δ(a)σ(b) + aδ(b), for all a, b ∈ R). For example let σ be an automorphism of a ring R and δ : R → R any map. Let ϕ : R → M_2(R) be defined by

∗Sincere thanks to the referee for his suggestions to give this manuscript a real shape.

0138-4821/93 $ 2.50 © 2008 Heldermann Verlag

278 V. K. Bhat: Associated Prime Ideals of Skew Polynomial Rings

ϕ(r) = � σ(r) 0 δ(r) r � , for all r ∈ R.

Then δ is a right σ-derivation of R.

Let R be a ring. Let σ be an automorphism of R and δ be a right σ-derivation of R. Then the Ore extension O(R) = R[x, σ, δ] = {f =

�_n

i=0 x^ia_i, a_i ∈ R} subject to the relation ax = xσ(a) + δ(a) for all a ∈ R. We denote R[x, σ, δ] by O(R). In case σ is the identity map (i.e. δ is just a derivation), we denote the differential operator ring R[x, δ] by D(R) and in case δ is the zero map, we denote R[x, σ] by S(R).

Skew Laurent polynomial ring R[x, x^{−1}, σ] = {

�_n

i=−m x

ia_i, a_i ∈ R} subject to the relation ax = xσ(a) for all a ∈ R. We denote R[x, x^{−1}, σ] by L(R). For more details and related results on skew polynomial rings, the reader is referred to chapter (1) of Goodearl and Warfield [6].

Let I be an ideal of a ring R such that σ^m(I) = I for some integer m ≥ 1, we denote ∩^m_{i=1}σ^i(I) by I^0. The field of rational numbers, the ring of integers and the set of positive integers are denoted by Q, Z and N respectively unless otherwise stated. Let R be a ring. Then the set of prime ideals of R is denoted by Spec(R), the set of associated prime ideals of R (viewed as a right R-module over itself) is denoted by Ass(R_R), and the set of minimal prime ideals of R is denoted by Min.Spec(R). Assas(M) denotes the assassinator of a uniform R-module M, and for any subset J of an R-module M, annihilator of J is denoted by Ann(J). C(0) denotes the set of regular elements of a ring R, and C(I) denotes the set of elements regular modulo I, where I is an ideal of R. Let I and J be any two ideals of a ring R. Then I ⊂ J means that I is strictly contained in J.

Carl Faith proved in [3] that if R is a commutative ring, then the associated prime ideals of the usual polynomial ring R[x] (viewed as a module over itself) are precisely the ideals of the form P[x], where P is an associated prime ideal of R. Goodearl and Warfield proved in (2ZA) of [6] that if R is a commutative Noetherian ring, and if σ is an automorphism of R, then an ideal I of R is of the form P ∩ R for some prime ideal P of R[x, x^{−1}, σ] if and only if there is a prime ideal S of R and a positive integer m with σ^m(S) = S, such that I = ∩^m_{i=1}σ^i(S). Gabriel proved in [4] that if R is a right Noetherian ring, which is also an algebra over Q and P is a prime ideal of R[x, δ], then P ∩ R is a prime ideal of R. In Theorem (2.2) of [1], S. Annin has proved the following:

Theorem (2.2) of Annin [1]: Let R be a ring and M be a right R-module. Let σ be an endomorphism of R and S = R[x, σ]. Let M_R be σ-compatible. Then Ass(M[x]_S ) = {P [x] such that P ∈ Ass(M_R)}.

H. Nordstrom has proved the following result in [10]:

Theorem (1.2) of [10]: Let R be a ring with identity and σ be a surjective endomorphism of R. Then for any right R-module M, Ass(M[x, σ]) = {I[x, σ], I ∈ σ − Ass(M)}.

V. K. Bhat: Associated Prime Ideals of Skew Polynomial Rings 279

In Corollary (1.5) of [10] Nordstrom has proved that if R is a Noetherian ring and σ is an automorphism of R, then Ass(M[x, σ]_S) = {P_σ[x, σ], P ∈ Ass(M)}, where P_σ = ∩_{i∈N} σ^{−i}(P ) and S = R[x, σ].

Concerning associated prime ideals of full Ore extensions R[x, σ, δ], S. Annin generalizes the above in the following way:

Definition (2.1) of Annin [2]: Let R be a ring and M_R be a right R-module. Let σ be an endomorphism of R and δ be a σ-derivation of R. M_R is said to be σ-compatible if for each m ∈ M, r ∈ R, we have mr = 0 ⇔ mσ(r) = 0. Moreover M_R is said to be δ-compatible if for each m ∈ M, r ∈ R, we have mr = 0 ⇒ mδ(r) = 0. If M_R is both σ-compatible and δ-compatible, M_R is said to be (σ − δ)-compatible.

Theorem (2.3) of Annin [2]: Let R be a ring. Let σ be an endomorphism of R and δ be a σ-derivation of R and M_R be a right R-module. If M_R is (σ − δ)- compatible, then Ass(M[x]_S ) = {P [x] | P ∈ Ass(M_R)}.

In [8] Leroy and Matczuk have investigated the relationship between the associated prime ideals of an R-module M_R and that of the induced S-module M_S , where S = R[x, σ, δ] (σ is an automorphism and δ is a σ-derivation of a ring R). They have proved the following:

Theorem (5.7) of [8]: Suppose M_R contains enough prime submodules and let for Q ∈ Ass(M_S). If for every P ∈ Ass(M_R), σ(P ) = P , then Q = P S for some P ∈ Ass(M_R).

Motivated by these developments, I investigated the nature of associated prime ideals of certain skew polynomial rings over a Noetherian ring R and their relation with those of the coefficient ring R.

In this paper a structure of associated prime ideals and minimal prime ideals of the skew polynomial rings S(R) = R[x, σ] and L(R) = R[x, x^{−1}, σ] is given, where σ is an automorphism of a right Noetherian ring R. This structure is also given for R[x, δ], where δ is a derivation of a right Noetherian Q-algebra R.

Let now R be a Noetherian ring and σ be an automorphism of R. Let K(R) be any of S(R) or L(R). Then we prove the following:

P ∈ Ass(K(R)_{K(R)}) if and only if P = K(P_1), where P_1 = ∩^m_{i=1}σ^i(P_2); for some P_2 ∈ Ass(R_R) with σ^m(P_2) = P_2. This is proved in Theorem 2.4.

We also prove that if R is a Noetherian Q-algebra and δ is a derivation of R, then P ∈ Ass(D(R)_{D(R)}) if and only if P = D(P_1) for some P_1 ∈ Ass(R_R). This is proved in Theorem 3.7. We prove similar results for minimal prime ideals also.

These results may be useful to examine the primary decomposition and existence of artinian quotient rings of these rings. These properties form the fundamental edifice on which a ring is studied. For example, for a commutative Noetherian ring R, we know that the ideal (0) has a reduced primary decomposition say (0) = ∩^n_{j=1}Ij. For this see Theorem (4) of Zariski and Samuel [13]. Let √ Ij = P j,

280 V. K. Bhat: Associated Prime Ideals of Skew Polynomial Rings

where P j is a prime ideal belonging to Ij. Now by Theorem (23) of Zariski and Samuel [13] there exists a positive integer k such that P j^{(k)} ⊆ Ij, 1 ≤ j ≤ n. Therefore ∩^n_{j=1}P j^{(k)} = 0. Now by the first uniqueness Theorem P j ∈ Ass(R), 1 ≤ j ≤ n. Now it can be seen that R/P j^{(k)} has an artinian quotient ring and that δ(P j^{(k)}) ⊆ P j^{(k)} and ultimately we get a primary decomposition for R[x, δ]. The cases of S(R) and L(R) can be treated similarly. For the definition of symbolic power P^{(k)} of a semiprime ideal P of a commutative Noetherian ring and the related results, the reader is referred to page number 236 of Zariski and Samuel [13].

The next step is to investigate these results for the Ore extension R[x, σ, δ], where σ is an automorphism of a right Noetherian ring R and δ is a σ-derivation of R. For the time being we are unable to generalize these results for R[x, σ, δ].

2. Associated primes of R[x, σ] and R[x, x�^1, σ]

We begin with the following:

Proposition 2.1. Let R be a right Noetherian ring and σ be an automorphism of R. Then there exists an integer m ≥ 1 such that σ^m(P ) = P for all P ∈ Ass(R_R).

Proof. We know that Ass(R_R) is finite and σ(P ) ∈ Ass(R_R) for any P ∈ Ass(R_R), therefore there exists an integer m ≥ 1 such that σ^m(P ) = P for all P ∈ Ass(R_R). □

Proposition 2.2. Let R be a semiprime right Goldie ring. Let σ be an automorphism of R and δ be an σ-derivation of R. Let O(R) = R[x, σ, δ]. If f ∈ O(R) is a regular element, then there exists g ∈ O(R) such that gf has leading coefficient regular in R.

Proof. Let S = {a_m ∈ R such that x^ma_m + · · · + a_0 ∈ O(R)f, some m} ∪ {0}. Then since O(R) is semiprime and Noetherian, O(R)f is an essential left ideal of O(R), and therefore S is an essential left ideal of R. So S contains a left regular element, and since R is semiprime, Proposition (3.2.13) of Rowen [11] implies that S contains a regular element. Therefore there exists g ∈ O(R) such that gf has leading coefficient regular in R. □

Proposition 2.3. Let R be right Noetherian ring and σ be an automorphism of R. Let K(R) be any of S(R) or L(R). Let P ∈ Ass(K(R)_{K(R)}). Then there exists Q ∈ Ass(R_R) with σ^m(Q) = Q for some integer m ≥ 1 such that P ∩ R = Q^0 = ∩^m_{i=1}σ^i(Q). Also K(P ∩ R) = P .

Proof. Choose a right ideal I of K(R) with P = Ann(I) = Assas(I), and choose f ∈ I to be nonzero of minimal degree (with leading coefficient a_n). Without loss of generality, Q = Ann(a_nR) = Assas(a_nR). This implies that fQ = 0. Therefore fK(R)Q^0 ⊆ fQK(R) = 0. So Q^0 ⊆ (P ∩ R). But it is clear that (P ∩ R) ⊆ Q, and (P ∩ R) is σ-invariant. Thus P ∩ R ⊆ Q^0. Now by Jategaonkar [7], K(P ∩ R) is a prime ideal of K(R). Suppose K(P ∩ R) ≠ P . Then by Proposition 2.2 there

V. K. Bhat: Associated Prime Ideals of Skew Polynomial Rings 281

exists g ∈ C(K((P ∩ R)), and h_1 ∈ K(R) such that h_1g has leading co-efficient regular modulo P ∩R. Let h_1g =

�_k

i=0 x^id_i. Now P ⊆ Ann(frR), r ∈ R and since h_1g ∈ P , we have frRh_1g = 0. Therefore x^{n+k}σ^k(a_n)σ^k(r)Rd_k +· · ·+a_0rRd_0 = 0. So σ^k(a_n)σ^k(r)Rd_k = 0; i.e. σ^{−k}(d_k) ∈ Ann(a_nrR) = Q, but d_k ∈ C(P ∩ R), therefore d_k ∈ C(σ^j(Q)) for all j ≥ 1 which is a contradiction. Hence K(P ∩R) = P . □

Theorem 2.4. Let R be a Noetherian ring and σ be an automorphism of R. Let K(R) be any of S(R) or L(R). Then:

1. P ∈ Ass(K(R)_{K(R)}) if and only if there exists Q ∈ Ass(R_R) such that K(P ∩ R) = P and (P ∩ R) = Q^0.

2. P ∈ Min.Spec(K(R)) if and only if there exists Q ∈ Min.Spec(R) such that K(P ∩ R) = P and P ∩ R = Q^0.

Proof. 1. Let Q = Ann(cR) = Assas(cR), c ∈ R. Now σ^m(Q) = Q for some integer m ≥ 1 by Proposition 2.1. Now using Proposition 2.2 as used in Proposition 2.3, we have K(Q^0) = Ann(chK(R)) for all h ∈ K(R). Therefore K(Q^0) = Ann(cK(R)) = Assas(cK(R)). Converse is true by Proposition 2.3.

2. Let Q ∈ Min.Spec(R). Then σ^m(Q) = Q for some integer m ≥ 1. Let Q_1 = Q^0. Then by Proposition (10.6.12) of McConnell and Robson [9] and Theorem (7.27) of Goodearl and Warfield [6], Q_2 = K(Q_1) ∈ Min.Spec(K(R)).

Conversely suppose that P ∈ Min.Spec(K(R)). Then P ∩ R = Q^0 for some Q ∈ Spec(R) and Q contains a minimal prime Q_1. Then P ⊇ K(R)Q^0_1, which is a prime ideal of K(R). Hence P = K(R)Q^0_1. □

3. Associated primes of R[x, δ]

We begin with the following:

Definition 3.1. Let R be ring and δ be a derivation of R. Then D(R) = R[x, δ] is the usual differential operator ring. Let I be an ideal of R such that δ(I) ⊆ I. Then as usual D(I) = I[x, δ].

We recall that given a ring R, the formal power series ring R[[t]] = {

�_∞

i=0 x^ia_i, a_i ∈ R}. We denote R[[t]] by T .

Proposition 3.2. Let R be a Noetherian Q-algebra and δ be a derivation of R. Then e^{tδ} is an automorphism of T = R[[t]].

Proof. The proof is on the same lines as in Seidenberg [12], and a sketch in the non-commutative case is provided in Blair and Small [3]. □

Lemma 3.3. Let R be a Noetherian Q-algebra and δ be a derivation of R. Let T be as usual. Then an ideal I of R is δ-invariant if and only if IT is e^{tδ}-invariant.

The proof of this lemma is obvious.

282 V. K. Bhat: Associated Prime Ideals of Skew Polynomial Rings

Proposition 3.4. Let R be a ring and T as usual. Then:

1. Q ∈ Ass(R_R) implies that QT ∈ Ass(T_T ).

2. P ∈ Ass(T_T ) implies that (P ∩ R) ∈ Ass(R_R) and P = (P ∩ R)T .

The proof of this proposition is obvious.

Proposition 3.5. Let R be a ring and T be as usual. Then:

1. P ∈ Min.Spec(T ) implies that (P ∩ R) ∈ Min.Spec(R) and P = (P ∩ R)T . 2. Q ∈ Min.Spec(R) implies that QT ∈ Min.Spec(T ).

Proof. 1. Let P ∈ Min.Spec(T ). Then (P ∩ R) ∈ Spec(R). Let (P ∩ R) /∈ Min.Spec(R). Suppose P_1 ⊂ (P ∩ R) is a minimal prime ideal of R. Then P_1T ⊂ (P ∩ R)T ⊆ P .

2. Let Q ∈ Min.Spec(R). Then QT ∈ Spec(T ). Let QT /∈ Min.Spec(T ). Suppose Q_1 ⊂ QT is a minimal prime ideal of T . Then (Q_1 ∩R) ⊂ QT ∩R = Q. □

Theorem 3.6. Let R be a Noetherian Q-algebra and δ be a derivation of R. Let P ∈ Ass(R_R) ∪ Min.Spec(R). Then δ(P ) ⊆ P . (For minimal prime ideals case see Lemma (2.20) of Goodearl and Warfield [6]).

Proof. Let T = R[[t]]. Now by Proposition 3.2 e^{tδ} is an automorphism of T . Let P ∈ Ass(R_R) ∪ Min.Spec(R). Then by Proposition 3.4 and Proposition 3.5 P T ∈ Ass(T_T ) ∪ Min.Spec(T ). Therefore there exists an integer n ≥ 1 such that (e^{tδ})^n(P T ) = P T ; i.e. e^{ntδ}(P T ) = P T . But R is a Q-algebra, therefore e^{tδ}(P T ) = P T , and now Lemma 3.3 implies that δ(P ) ⊆ P . □

Theorem 3.7. Let R be a Noetherian Q-algebra and δ be a derivation of R. Then:

1. P ∈ Ass(D(R)_{D(R)}) if and only if P = D(P ∩ R) and P ∩ R ∈ Ass(R_R). 2. P ∈ Min.Spec(D(R)) if and only if P =D(P ∩R) and P ∩R∈Min.Spec(R).

Proof. 1. Let P_1 ∈ Ass(R_R). Then δ(P_1) ⊆ P_1 by Theorem 3.6. Let P_1 = Ann(cR) = Assas(cR), c ∈ R. Now by Proposition (14.2.5) (ii) of Mc- Connell and Robson [9] D(P_1) ∈ Spec(D(R)) and for any h ∈ D(R), D(P_1) = Assas(ch.D(R)).

Converse can be proved on the same lines as in Proposition 2.3. 2. Let P_1 ∈ Min.Spec(R). Then δ(P_1) ⊆ P_1 by Theorem 3.6. Therefore by Proposition (14.2.5) (ii) of McConnell and Robson [9], D(P_1) ∈ Spec(D(R)). Suppose P_2 ⊂ D(P_1) is a minimal prime ideal of D(R). Then P_2 = D(P_2 ∩ R) ⊂ D(P_1) ∈ Min.Spec(D(R)). So P_2 ∩ R ⊂ P_1 which is not possible.

Conversely suppose that P ∈ Min.Spec(D(R)). Then P ∩ R ∈ Spec(R) by Lemma (2.21) of Goodearl and Warfield [6]. Let P_1 ⊂ P ∩ R be a minimal prime ideal of R. Then D(P_1) ⊂ D(P ∩ R) and as in first paragraph D(P_1) ∈ Spec(D(R)), which is a contradiction. Hence P ∩ R ∈ Min.spec(R). □

V. K. Bhat: Associated Prime Ideals of Skew Polynomial Rings 283

Remark 3.8. The above results namely Theorem 2.4 and Theorem 3.7 are clearly true if we consider the left version (i.e. when a ring A is viewed as a left A-module and Ass(A_A) replaced accordingly by Ass(_AA).

The results, namely Theorem 2.4 and Theorem 3.7 are yet to be investigated for the Ore extension O(R) = R[x, σ, δ], where σ is an automorphism of R and δ is a σderivation of R. One of the main difficulties is that if P ∈ Min.Spec(R)∪Ass(R_R), then P need not be δ-invariant. Also let a ∈ P . We have ax = xσ(a) + δ(a) and the coefficients need not lie in P .

References

[1] Annin, S.: Associated primes over skew polynomial rings. Commun. Algebra 30(5) (2002), 2511–2528. Zbl 1010.16025 [2] Annin, S.: Associated primes over Ore extension rings. J. Algebra Appl. 3(2) (2004), 193–205. Zbl 1060.16029 [3] Blair, W. D.; Small, L. W.: Embedding differential and skew-polynomial rings into artinian rings. Proc. Am. Math. Soc. 109(4) (1990), 881–886. Zbl 0697.16002 [4] Faith, C.: Associated primes in commutative polynomial rings. Commun.

Algebra 28(8) (2000), 3983–3986. Zbl 0959.13001 [5] Gabriel, P.: Représentations Des Algèbres De Lie Résolubles D’Après J.

Dixmier. Sem. Bourbaki 1968–69 347 (1971), 1–22, Lecture Notes in Math. 179, Springer-Verlag, Berlin 1971. Zbl 0225.17004 [6] Goodearl, K. R.; Warfield Jr., R. B.: An introduction to non-commutative Noetherian rings. Cambridge Uni. Press, Cambridge 1989. Zbl 0679.16001 [7] Jategaonkar, A. V.: Skew-Polynomial rings over orders in artinian rings. J.

Algebra 21 (1972), 51–59. Zbl 0233.16003 [8] Leroy, A.; Matczuk, J.: On induced modules over Ore extensions. Commun.

Algebra 32(7) (2004), 2743–2766. Zbl 1086.16016 [9] McConnell, J. C.; Robson, J. C.: Noncommutative Noetherian Rings. Wiley 1987; revised edition: Amer. Math. Soc. 2001. Zbl 0980.16019 [10] Nordstrom, H.: Associated primes over Ore extensions. J. Algebra 286(1) (2005), 69–75. Zbl 1072.16024 [11] Rowen, L. H.: Ring Theory. Academic Press, Inc., Boston 1991. Zbl 0743.16001 [12] Seidenberg, A.: Differential ideals in rings of finitely generated Type. Am. J.

Math. 89 (1967), 22–42. Zbl 0152.02905 [13] Zariski, O.; Samuel, P.: Commutative Algebra, Vol. 1. D. van Nostrand Company Inc., Princeton-Toronto-New York-London 1958. Zbl 0081.26501

Received November 26, 2006