Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 48 (2007), No. 2, 321-343.

Multiplication Modules and Homogeneous Idealization II

Majid M. Ali

Department of Mathematics and Statistics, Sultan Qaboos University P.O. Box 36, P.C. 123 Al-Khod, Sultanate of Oman e-mail: mali@squ.edu.om

Abstract. All rings are commutative with identity and all modules are unital. Let R be a ring, M an R-module and R(M), the idealization of M. Homogenous ideals of R(M) have the form I (+)N, where I is an ideal of R and N a submodule of M such that IM ⊆ N. A ring R (M) is called a homogeneous ring if every ideal of R (M) is homogeneous. In this paper we continue our recent work on the idealization of multiplication modules and give necessary and sufficient conditions for a homogeneous ideal to be an almost (generalized, weak) multiplication, projective, finitely generated flat, pure or invertible (q-invertible). We determine when a ring R(M) is a general ZPI-ring, distributive ring, quasi-valuation ring, P -ring, coherent ring or finite conductor ring. We also introduce the concept of weakly prime submodules generalizing weakly prime ideals. Various properties and characterizations of weakly prime submodules of faithful multiplication modules are considered. MSC 2000: 13C13, 13C05, 13A15 Keywords: multiplication module, projective module, flat module, pure submodule, invertible submodule, weakly prime submodule, idealization, homogeneous ring

0. Introduction

Let R be a commutative ring and M an R-module. M is a multiplication module if every submodule N of M has the form IM for some ideal I of R. Equivalently,

0138-4821/93 $ 2.50 © 2007 Heldermann Verlag

322 M. M. Ali: Homogeneous Idealization II

N = [N : M]M, [12]. A submodule K of M is multiplication if and only if N ∩ K = [N : K]K for all submodules K of M, [30, Lemma 1.3].

Let P be a maximal ideal of R and let T_P (M) = {m ∈ M : (1 − p)m = 0 for some p ∈ P }. Then T_P (M) is a submodule of M. M is called P -torsion if T_P (M) = M. On the other hand M is called P -cyclic provided there exist m ∈ M and q ∈ P such that (1−q)M ⊆ Rm. El-Bast and P. F. Smith, [13, Theorem 1.2], showed that M is multiplication if and only if M is P -torsion or P -cyclic for each maximal ideal P of R. M is said to be an almost multiplication module if M_P is a multiplication module for each prime ideal P of R. Weak multiplication modules are defined to be the modules in which every prime submodule P has the form [P : M]M. The Z-module Q is weak multiplication but not multiplication. An R-module M is weak multiplication if and only if it is locally weak multiplication, from which it follows that a weak multiplication module over a local ring is a multiplication module. Thus the concepts of weak multiplication and multiplication coincide if the module is finitely generated. An R-module M is called a generalized multiplication module if for every pair of proper submodules K and N of M, K ∩N = [K : N]N, [20]. The Z-module Z_P ∞ is a generalized multiplication module which is not a multiplication module. Let N be a submodule of M and I an ideal of R. The residual submodule N by I is [N :_M I] = {m ∈ M : Im ⊆ N}, [23] and [24]. Obviously, [N : IM]M ⊆ [N :_M I]. The reverse inclusion is true if M is multiplication, [3]. If M is faithful multiplication, [0 :_M I] = (annI)M. If M is a flat R-module and I a finitely generated ideal of R, then this property also holds. For, let I =^n � i=1 Ra_i and m ∈ [0 :_M I]. Then a_im = 0 for each 1 ≤ i ≤ n.

As M is flat, [24, Theorem 7.6] shows that there exist r_i ∈ R and k ∈ M such that r_ia_i = 0 and m = r_ik. Hence m ∈ ann(a_i)M for each i, from which it follows

that m ∈^n � i=1 ann(a_i)M =

�_n � i=1 ann(a_i) � M = (annI)M, [24, Theorem 7.4]. Hence

(annI)M ⊇ [0 :_M I] and the equality holds.

Let R be a ring and M an R-module. A submodule N of M is pure in M if N is a direct summand of M, [24]. Every ideal I of R is pure if and only if it is multiplication and idempotent. M is projective if and only if it is a direct summand of a free R-module. It is proved, [31, Theorems 2.1 and 2.2], that a finitely generated I is projective (resp. flat) if and only if I is multiplication and annI = Re for some idempotent e of R (resp. annI is a pure ideal of R). More generally, if M is a finitely generated multiplication such that annM = Re for some idempotent e, then M is projective, [32, Theorem 11], and multiplication modules with pure annihilator are flat, [6, Corollary 2.7] and [26, Theorem 4.1]. It is also well-known that a finitely generated ideal I of R is projective if and only if I is flat and annI is finitely generated, [33, Corollary 3.1].

Let R be a ring and M an R-module. Let S be the set of regular elements of R and R_S the total quotient ring of R. For a non-zero ideal I of R, let I^{−1} = {x ∈ R_S : xI ⊆ R}. I is an invertible ideal of R if II^{−1} = R. Let T = {t ∈ S : tm = 0 for some m ∈ M implies m = 0}. T is a multiplicatively closed subset of S, and if M is torsion-free then T = S. Let N be a non-zero submodule of M and let

M. M. Ali: Homogeneous Idealization II 323

N^{−1} = {x ∈ R_T : xN ⊆ M}. N^{−1} is an R_S-submodule of R_T , R ⊆ N^{−1} and NN^{−1} ⊆ M. Following [28], N is invertible in M if NN^{−1} = M. It is shown, [28, Remark 3.2 and Lemma 3.3], that if is I an invertible ideal of R then IM is invertible in M. The converse is true if M is finitely generated, faithful and multiplication.

Let R be a commutative ring with identity and M an R-module. Then R(+)M =R(M) with coordinate-wise addition and multiplication (r_1, m_1)(r_2, m_2)= (r_1r_2, r_1m_2 +r_2m_1) is a commutative ring with identity called idealization of M or the trivial extension of R by M. The idealization of a module is a well-established method to facilitate interaction between a ring on the one hand and a module over a ring on the other. The basic construction is to embed the module M as an ideal in a ring R(M) which contains R as a subring. This technique was used with great success by Nagata, [25]. For a comprehensive survey on idealization, Anderson and Winders [10] and Huckaba [19, Section 25] can be consulted. An ideal H of R(M) is called homogeneous if H = I (+)N where I is an ideal of R and N a submodule of M. In this case, I (+)N = (R(+)M)(I (+)N) = I (+)(IM + N) gives that IM ⊆ N (equivalently, [N :_M I] = M). In [2] we called a ring R(M) is homogeneous if every ideal H of R(M) is homogeneous. Several properties and characterizations of homogeneous ideals and homogeneous rings are considered in [1] and [2]. In this note we continue our investigation of homogeneous ideals and homogeneous rings. In Section 1 we determine when a homogeneous ideal of R(M) is finitely generated flat (finitely generated projective), almost (generalized, weak) multiplication, pure or invertible. In Section 2 we investigate properties of a ring R(M), especially when R(M) is homogeneous. We show how properties of R(M) such as SPIR, general ZPI-ring, Bezout ring, quasi-valuation ring, P -ring, coherent ring or finite conductor ring are related to those of R and M. In the last section of the paper we introduce the concept of weakly prime submodules as a generalization of weakly prime ideals. Various properties and characterizations of weakly prime submodules of faithful multiplication modules are given.

All rings are assumed to be commutative with 1 and all modules are unital. For the basic concepts used, we refer the reader to [15], [16], [19], [23], [24], [25], and [34].

The author is grateful to the referee for helpful suggestions which have resulted in an improvement to the paper.

1. Homogenous ideals

Let I(+)N and J(+)K be two homogenous ideals of R(M). Then the ideal [I(+)N:_{R(M)} J (+)K] = [I : J]∩[N : K](+)[N :_M J] is homogeneous, [2, Lemma 1]. Consequently,

ann(I (+)N) = annI ∩ annN (+)[0 :_M I].

If I is a (finitely generated) ideal and M a (flat) faithful multiplication R-module then [0 :_M I] = (annI)M, and hence ann(I (+)N) = annI ∩annN (+)(annI)M. Let r be a regular element in R. If (r, m) is a regular element of R(M) then r is regular in R from which it follows that if I (+)N is a regular ideal of R(M) then I is a

324 M. M. Ali: Homogeneous Idealization II

regular ideal of R, see [1, Lemma 6] and [10, Theorem 3.5]. The converse is true if M is torsion-free. For, let r be regular and m ∈ M. Let (s, n) ∈ R(M) such that (r, m)(s, n) = (0, 0). Then rs = 0 (and hence s = 0) and rn + sm = 0. This gives that rn = 0. As M is torsion-free, n = 0. Let Z(R) be the set of zero-divisors of R and Z(M) the set of zero-divisors on M, that is Z(M) = {r ∈ R : rm = 0 for some non-zero m ∈ M}. Then Z(R(M)) = (Z(R) ∪ Z(M))(+)M and the set of regular elements of R(M) is S(+)M where S = R − (Z(R) ∪ Z(M)), [10, Theorems 3.5 and 4.3] and [19, Theorem 25.3]. If M is a torsion-free R-module then Z(M) ⊆ Z(R) and hence Z(R(M)) = Z(R)(+)M and S(+)M = {(r, m) : r is a regular element of R and m ∈ M}.

We start this section by a result showing how properties of a submodule N of M are related to those of the ideal 0(+)N of R(M).

Proposition 1. Let R be a ring, M an R-module and N a submodule of M. (1) N is almost multiplication if and only if 0(+)N is an almost multiplication ideal of R(M).

(2) N is generalized multiplication if and only if 0(+)N is a generalized multiplication ideal of R(M).

(3) If 0(+)N is a pure or projective ideal of R(M) then N = 0.

Proof. (1) This follows by the fact that N is locally cyclic if and only if 0(+)N is a locally principal ideal of R(M), [9, Theorem 3.1].

(2) Suppose N is generalized multiplication. Let H_1 and H_2 be ideals of R(M) that are properly contained in 0(+)N. Then H_1 = 0(+)K and H_2 = 0(+)L for some proper submodules K and L of N. It follows that

H_1 ∩ H_2 = 0(+)K ∩ 0(+)L = 0(+)K ∩ L = 0(+)[K : L]L = ([K : L](+)M)(0(+)L) = [0(+)K :_{R(M)} 0(+)L](0(+)L) = [H_1 :_{R(M)} H_2]H_2,

and 0(+)N is generalized multiplication. The argument is reversible. (3) Suppose 0(+)N is a pure ideal of R(M) then R(M) = 0(+)N ⊕H for some ideal H of R(M). It follows that 0(+)N = H(0(+)N) ⊆ H ∩ 0(+)N = 0, so that 0(+)N = 0 and hence N = 0. If 0(+)N is projective, it follows by, [5, Theorem 3.3], that R (M) = ann (0(+)N)^2 = ann (0(+)N) = annN + M. Hence R = annN, and hence N = 0. Alternatively, by the Dual Basis Lemma there exist a family of R (M)- homomorphisms f_i : 0(+)N → R (M) and a family of elements {(0, k_i)} ⊆ 0(+)N such that for each (0, n) ∈ 0(+)N,

(0, n) = � i f_i (0, n) (0, k_i) = � i f_i ((0, n) (0, k_i)) = � i f_i (0, 0) = (0, 0) .

Hence n = 0, and this implies that N = 0. □

A. G. Naoum introduced in [27] quasi-invertible (q-invertible) ideals as a generalization of invertible ideals: An ideal I of R is called q-invertible for an idempotent

M. M. Ali: Homogeneous Idealization II 325

e if II^{−1} = Re and annI = ann(e). If I is q-invertible for e then I is finitely generated. It is shown, [27, Theorem 1.5], that I is q-invertible for e if and only if I is a finitely generated projective ideal and annI = ann(a) = ann(e) for some a ∈ I.

The next theorem shows that properties of an ideal I of a ring R such as multiplication, projective, flat, pure, invertible or q-invertible are usually related to those of the ideal I (+)IM of R(M).

Theorem 2. Let R be a ring, M an R-module and I an ideal of R. (1) I is pure if and only if I (+)IM is a pure ideal of R(M). (2) I is almost multiplication if and only if I (+)IM is an almost multiplication ideal of R(M).

(3) If I (+)IM is an invertible ideal of R(M) then I is invertible. The converse is true if M is torsion-free.

(4) If I (+)IM is a finitely generated flat ideal of R(M) then I is finitely generated flat. The converse is true if M is torsion-free.

(5) If I (+)IM is a finitely generated projective ideal of R(M) then I is finitely generated projective. The converse is true if M is flat.

(6) If M is finitely generated, faithful and multiplication and I (+)IM is q-inver-tible for (e, 0) then I is q-invertible for e. Conversely, if M is flat and I is q-invertible for e then I (+)IM is q-invertible for (e, 0).

(7) If I (+)IM is a generalized multiplication ideal of R(M) then I is generalized multiplication.

Proof. (1) Suppose I is a pure ideal of R. Then R = I ⊕ J for some ideal J of R. It follows that R(M) = (I + J)(+)(I + J)M = I (+)IM + J (+)JM. Since I ∩ J = 0, IJ = 0. As R = I + J, we infer that

IM ∩ JM = I(IM ∩ JM) + J(IM ∩ JM) ⊆ IJM = 0,

so that IM ∩JM = 0. This implies that I (+)IM ∩J (+)JM = (I∩J)(+)(IM ∩JM) = 0, and hence I (+)IM is a direct summand of R(M). Therefore I (+)IM is a pure ideal of R(M). Conversely, let I (+)IM be pure. Then R(M) = I (+)IM ⊕ H for some ideal H of R (M). Let H + 0(+)M = J (+)M for some ideal J of R. Then R(M) = I (+)IM + J (+)M = (I +J)(+)M. Hence R = I + J. Since R(M) = I (+)IM + H is a multiplication ideal of R(M), we obtain from, [7, Theorem 2.1], that

0(+)M = 0(+)M +(I (+)IM ∩H) = I (+)M ∩H+0(+)M = I (+)M ∩J (+)M = (I∩J)(+)M.

Hence I ∩ J = 0, and hence R = I ⊕ J. So I is a pure ideal of R. (2) It follows by the fact that I is locally principal if and only if I (+)IM, is a locally principal ideal of R(M), [1, Theorem 7].

(3) Suppose I (+)IM is an invertible ideal of R(M). Then I (+)IM is a regular ideal of R(M) and hence it contains a regular element, say (a, n). Hence a is a

326 M. M. Ali: Homogeneous Idealization II

regular element of I. As I (+)IM is multiplication, R(M)(a, 0) = H(I (+)IM) for some ideal H of R(M). Let H + 0(+)M = J (+)M for some ideal J of R. Then

Ra(+)IM = R(M)(a, 0) + 0(+)IM = H(I (+)IM) + 0(+)IM = (H + 0(+)M)(I (+)IM) = (J (+)M)(I (+)IM) = JI (+)IM.

So Ra = JI and hence I is an invertible ideal of R. Alternatively, as I (+)IM is invertible, R(M) = (I (+)IM)(I (+)IM)^{−1}. Suppose (r, m) ∈ (I (+)IM)^{−1}. Then (r, m) ∈ R(M)_{S(+)M} ∼= R_S (+)M_S, where S = R − (Z(R) ∪ Z(M)), [10, Theorems 3.5 and 4.1]. It follows that (r, m)(a, b) ∈ R(M) for each (a, b) ∈ I (+)IM. Hence ra ∈ R for each a ∈ I, and hence rI ⊆ R. This implies that r ∈ I^{−1} and hence

R(M) = (I (+)IM)(I (+)IM)^{−1} ⊆ (I (+)IM)(I^{−1}(+)M_S) = II^{−1}(+)(IM_S + II^{−1}M).

This shows that R ⊆ II^{−1} ⊆ R, so that II^{−1} = R and I is invertible. Conversely, let M be torsion-free and I invertible. Suppose a ∈ I is regular. Then (a, 0) is a regular element of I (+)IM. Now, since I is invertible, Ra = JI for some ideal J of R. Hence

R(M)(a, 0) = Ra(+)aM = JI (+)JIM = (I (+)IM)(J (+)JM),

and hence I (+)IM is an invertible ideal of R(M).

(4) An R-module M is flat if and only if it is locally flat, [15]. Also, finitely generated flat ideals are locally either zero or invertible [18, Lemma 2.1] and [33, Lemma 6]. The result follows by these two facts and (3).

(5) Let I (+)IM be a finitely generated projective ideal of R(M). Then I (+)IM is finitely generated flat and by (4), I is finitely generated flat. Also, ann(I (+)IM) = annI (+)[0 :_M I] is finitely generated from which it follows that annI ∼= annI (+)[0 :_M I]/0(+)[0 :_M I] is a finitely generated ideal of R. Hence I is finitely generated projective, [33, Corollary 3.1]. Conversely, suppose M is flat (hence torsion-free) and let I be finitely generated projective. Then I is finitely generated flat, and by (4), I (+)IM is finitely generated flat. Since annI is finitely generated, it follows by, [1, Theorem 7], that ann(I (+)IM) = annI (+)(annI)M is finitely generated. Hence I (+)IM is finitely generated projective.

(6) Suppose M is finitely generated, faithful and multiplication. Let I (+)IM be q-invertible for (e, 0). Then I (+)IM is finitely generated projective and by (5), I is finitely generated projective. It follows by, [27, Theorem 1.5], that there exists (a, n) ∈ I (+)IM such that ann(I (+)IM) = ann(a, n) = ann(e, 0). Hence annI (+)(annI)M = ann(e)(+)ann(e)M, and hence annI = ann(e). Next,

annI (+)(annI)M = ann(a, n) ⊇ ann(Ra(+)Rn+aM) = ann(a)∩ann(n)(+)ann(a)M.

This implies that ann(a)M ⊆ (annI)M, and by, [32, Corollary to Theorem 9], ann(a) ⊆ annI ⊆ ann(a), and hence annI = ann(a). This shows that I is qinvertible for e. Conversely, let M be flat and I q-invertible for e. Then I is finitely generated projective and by (5), I (+)IM is finitely generated projective.

M. M. Ali: Homogeneous Idealization II 327

Now, there exists a ∈ I such that annI = ann(a) = ann(e). Hence ann(I (+)IM) = ann(a, 0) = ann(e, 0), and therefore I (+)IM is q-invertible for (e, 0). (7) Suppose A and B are ideals of R that are properly contained in I. Then A(+)AM and B(+)BM are ideals of R(M), each of them is properly contained in I (+)IM. As I (+)IM is generalized multiplication, we have that

A ∩ B(+)AM ∩ BM = A(+)AM ∩ B(+)BM = [A(+)AM :_{R(M)} B(+)BM] (B(+)BM) = ([A : B](+)[AM :_M B]) (B(+)BM) = [A : B] B(+) ([A : B]BM + [AM :_M B] B) .

Hence A ∩ B = [A : B]B, and this shows that I is generalized multiplication. □

The next theorem shows how properties of I (+)N can be transferred to its components I and N.

Theorem 3. Let R be a ring, M an R-module and I (+)N a homogeneous ideal of R(M).

(1) If I (+)N is pure then I is a pure ideal of R and N a pure submodule of M. (2) If I (+)N is invertible then I is an invertible ideal of R and N an invertible submodule of M.

(3) If I (+)N is generalized multiplication then I is a generalized multiplication ideal of R and N a generalized multiplication submodule of M.

(4) If I (+)N is almost multiplication then I is an almost multiplication ideal of R. Assuming further that M is almost multiplication then N is an almost multiplication submodule of M.

(5) If I (+)Nis finitely generated flat then I is a finitely generated flat ideal of R. Assuming further that M is finitely generated flat then N is a finitely generated flat submodule of M.

(6) If I (+)N is finitely generated projective then I is a finitely generated projective ideal of R. Assuming further that M is finitely generated projective then N is a finitely generated projective submodule of M.

Proof. (1) If I (+)N is pure then I (+)IM = I (+)IM ∩ I (+)N = (I (+)IM)(I (+)N) = I^2(+)IN. Hence IM = IN. But I (+)N is idempotent. Thus I (+)N = (I (+)N)^2 = I^2(+)IN. Hence N = IN = IM. By Theorem 2(1), I is a pure ideal of R. Now, there exists an ideal J of R such that R = I ⊕ J. Then M = IM + JM. Since R = I + J and I ∩ J = 0, we infer that IM ∩ JM = 0 (see the proof of Theorem 2(1)). Hence M = IM ⊕ JM, and hence N = IM is pure in M. (2) Suppose I (+)N is an invertible ideal of R(M). Since (I (+)N)^2 = I^2(+)IN = (I (+)N)(I (+)IM), we obtain that

I (+)N = (I (+)N)^{−1}(I (+)N)^2 = (I (+)N)^{−1}(I (+)N)(I (+)IM) = I (+)IM,

and hence N = IM. It follows by Theorem 2(3) that I is an invertible ideal of R. Now, R = II^{−1} gives that M = IMI^{−1} ⊆ (IM)(IM)^{−1} ⊆ M. Hence M = (IM)(IM)^{−1}, and IM = N is invertible in M.

328 M. M. Ali: Homogeneous Idealization II

(3) [1, Theorem 9] shows that if I (+)N is principal then I is a principal ideal of R and if we assume that M is cyclic then N is a finitely generated multiplication submodule of M (in fact N can be generated by two elements). The result is now obvious.

(4) It is easy to check that every submodule of a generalized multiplication Rmodule is generalized multiplication. If I (+)N is a generalized multiplication ideal of R(M) then so too are 0(+)N and I (+)IM. The result follows by Proposition 1 and Theorem 2.

(5)–(6) Let I (+)N be finitely generated flat (resp. finitely generated projective). It follows by, [5, Theorem 3.3], [33, Lemma 6] and [18, Lemma 2.1], that I (+)N is locally either zero or invertible. Hence N = IM is locally true and hence globally. By Theorem 2, I is a finitely generated flat (resp. finitely generated projective) ideal of R. If M is finitely generated flat (resp. finitely generated projective) then N = IM ∼= I ⊗ M is a finitely generated flat (resp. finitely generated projective) submodule of M. □

The next theorem gives necessary and sufficient conditions for the ideal I (+)M to be projective (weak multiplication).

Proposition 4. Let R be a ring, M an R-module and I an ideal of R. (1) If I (+)M is a projective ideal of R(M) then I is projective and M = IM.

Conversely, if I is projective and M torsion-free then I (+)IM is a flat ideal of R (M).

(2) I (+)M is a weak multiplication ideal of R(M) if and only if I is weak multiplication and for every prime ideal P (+)M ⊆ I (+)M either P (+)M = I (+)M or M = IM.

Proof. (1) Suppose I (+)M is a projective ideal R(M). There exists a free ideal F of R(M) such that F = I (+)M ⊕ H for some ideal H of R. Let F + 0(+)M = A(+)M and H + 0(+)M = J (+)M for some ideals A and J of R. It follows that A(+)M = (I + J)(+)M from which one gets that A = I + J. Since F = I (+)M + H is a free (hence multiplication) ideal of R(M), it follows by, [7, Theorem 2.1], that

0(+)M = 0(+)M + (I (+)M ∩ H) = I (+)M ∩ 0(+)M + H = I (+)M ∩ J (+)M = I ∩ J (+)M.

Hence 0 = I ∩ J, and this shows that A = I ⊕ J. To complete the proof that I is projective, we need to show that A is a free ideal of R. By, [7, Theorem 2.1], we have that

F ∩ 0(+)M = (I (+)M + H) ∩ 0(+)M = I (+)M ∩ 0(+)M + H ∩ 0(+)M = 0(+)M + H ∩ 0(+)M = 0(+)M.

Hence 0(+)M ⊆ F , and therefore F = F + 0(+)M is a free ideal of R(M). Next, F = A(+)M is a free ideal of R (M) and by [29, Ex. 1.3], A(+)M is cancellation. Since (A(+)AM)(A(+)M) = A^2(+)A^2M = (A(+)AM)^2,

M. M. Ali: Homogeneous Idealization II 329

it follows that A(+)M = A(+)AM. Assume {(a_α, 0)} is a basis of A(+)AM. Then A(+)AM = � α R(M)(a_α, 0), from which we get that A = � α Ra_α. To show {a_α}

is a basis of A, let � α r_αa_α = 0, where r_α ∈ R. Then � α (r_α, 0)(a_α, 0) = (0, 0),

and hence (r_α, 0) = (0, 0) (and hence r_α = 0). This shows that A is a free ideal of R. Next, let I (+)M be projective. If I = 0, then 0(+)M is projective implies that M = 0, and hence M = IM. So, suppose that I ≠ 0. Then I (+)M is locally free, and hence it is locally cancellation. It follows by, [29, Proposition 2.2], that I (+)M is cancellation and hence M = IM. Alternatively, I (+)M is locally either zero or invertible. Hence M = IM is locally true and hence globally. Suppose I is projective and M torsion-free. By, [5, Theorem 3.3], I is locally either zero or invertible, and so too is I (+)IM. This gives that I (+)IM is locally flat and hence I (+)IM is flat.

(2) Suppose I (+)M is weak multiplication. Let P ⊆ I be a prime ideal of R. Then P (+)M ⊆ I (+)M is a prime ideal of R(M). Hence

P (+)M = [P (+)M :_{R(M)} I (+)M](I (+)M) = ([P : I](+)M)(I (+)M) = [P : I]I (+)([P : I] + I)M.

It follows that P = [P : I]I (and hence I is a weak multiplication ideal of R) and M = ([P : I] + I)M. Since P is a prime ideal of R, either P = I (and hence P (+)M = I (+)M) or P = [P : I] and in this case M = IM. Conversely, let P (+)M ⊆ I (+)M be a prime ideal of R(M). If P (+)M = I (+)M = R(M)(I (+)M), then I (+)M is weak multiplication. Let M = IM. Since P ⊆ I and I is weak multiplication, P = [P : I]I. Hence P (+)M = [P : I]I (+)M = ([P : I](+)M) (I (+)M), and this also shows that I (+)M is weak multiplication. □

The next result shows some conditions under which a homogeneous ideal I (+)N of R(M) is multiplication, invertible, finitely generated flat (projective) or pure.

Theorem 5. Let R be a ring, M an R-module and I (+)N a homogeneous ideal of R(M).

(1) Let M be divisible. If I is a finitely generated faithful multiplication ideal of R then I (+)N is finitely generated multiplication.

(2) Let M be divisible and torsion-free. If I is an invertible ideal of R then I (+)N is invertible.

(3) Let M be divisible and torsion-free. If I is a finitely generated flat ideal of R such that annI ⊆ annN then I (+)N is finitely generated flat.

(4) Let M be divisible and flat. If I is a finitely generated projective ideal of R such that annI ⊆ annN then I (+)N is finitely generated projective.

(5) Let M be divisible and flat. If I is q-invertible for e such that annI ⊆ annN then I (+)N is q-invertible for (e, 0).

(6) Let ann (I_P ) ⊆ ann (N_P ) for each prime ideal P of R. If I is a pure ideal of R then I (+)N is pure.

330 M. M. Ali: Homogeneous Idealization II

(7) If I is a multiplication ideal of R and N a multiplication submodule of M such that annI + [IM : N] = R then I (+)N is multiplication.

(8) Let M be finitely generated multiplication. If I is a finitely generated idempotent ideal of R then I (+)M is finitely generated multiplication.

Proof. (1) Let M be divisible and I finitely generated faithful multiplication. Let P be a prime ideal of R. Then I_P is a regular principal ideal of R_P . Since M is divisible, so too is M_P and hence M_P = I_P M_P . As IM ⊆ N, we infer that N_P = I_P M_P . As P is arbitrary, N = IM. Hence I (+)N = I (+)IM and the result follows by, [1, Theorem 7], see also [2, Proposition 5].

(2) Suppose M is divisible and torsion-free and I invertible. Then I is finitely generated faithful multiplication, [16], and by (1), I (+)N is finitely generated multiplication. Since I is regular and M torsion-free, we infer that I (+)N is regular. Hence I (+)N is invertible. Alternatively, if M is divisible and torsion-free then every regular ideal H of R(M) has the form I (+)IM where I is a regular ideal of R, [10, Theorem 3.9]. Hence the result follows by Theorem 2(3). (3) Let M be divisible and torsion-free and I finitely generated flat. Let P be a prime ideal of R. Then I_P = 0_P or I_P is invertible, [18] and [33]. If I_P = 0_P and since annI ⊆ annN, we get that R_P = ann (I_P ) = (annI)_P ⊆ (annN)_P ⊆ ann (N_P ), so that N_P = 0_P , and hence N_P = I_P M_P . If I_P is invertible and since M_P is divisible, we also have N_P = I_P M_P . So both cases show that N_P = I_P M_P . Hence N = IM. The result follows by Theorem 2(4).

(4) This is now clear by Theorem 2(5) and the fact that projective ideals are locally either zero or invertible, [5, Theorem 3.3].

(5) Follows by (4), Theorem 2(6) and the fact that q-invertible ideals are finitely generated projective, [27, Theorem 1.5].

(6) Suppose I is a pure ideal of R. Let P (+)M be a prime ideal of R (M). Then P is a prime ideal of R. Hence I_P = 0_P or I_P = R_P . As ann (I_P ) ⊆ ann (N_P ), the first case shows that N_P = 0_P . Since IM ⊆ N, the second case gives that N_P = M_P . Both cases show that N_P = I_P M_P . Hence N = IM, and the result follows by Theorem 2(1).

(7) [2, Proposition 7]. However, we give here an alternative proof by using a Theorem of El-Bast and P. F. Smith, [13, Theorem 1.2], which we think that it is of some interest. Suppose P (+)M is a maximal ideal of R(M) and let I (+)N be not P (+)M- torsion. Then 0_{P (+)M} ≠ (I (+)N)_{P (+)M} ∼= I_P (+)N_P . It follows that P is a maximal ideal of R and either I_P ≠ 0_P or N_P ≠ 0_P . We discuss two cases. Case 1. Let I_P ≠ 0_P . Since R = annI + [IM : N], R_P = (annI)_P + [IM : N]_P ⊆ ann(I_P ) + [IM : N]_P ⊆ R_P . Since R_P is local, we have that R_P = [IM : N]_P . There exists p ∈ P such that 1 − p ∈ [IM : N] and hence (1 − p)N ⊆ IM. Since I is multiplication and I not P -torsion, we get from, [13, Theorem 1.2], that there exists q ∈ P with (1 − q)I ⊆ Ra for some a ∈ I. Let 1 − p^′ = (1 − p)(1 − q). Then p^′ ∈ P , (1 − p^′)I ⊆ Ra and (1 − p^′)N ⊆ aM. It follows that

((1, 0) − (p^′, 0))(I (+)N) = (1 − p^′, 0)(I (+)N) = (1 − p^′)I (+)(1 − p^′)N ⊆ Ra(+)aM = R(M)(a, 0).

M. M. Ali: Homogeneous Idealization II 331

Hence I (+)N is P (+)M-principal and [13, Theorem 1.2] shows that I (+)N is multiplication.

Case 2. Suppose N_P ≠ 0_P . Since N is multiplication, it follows by, [13, Theorem 1.2], that there exists p ∈ P , n ∈ N such that (1 − p)N ⊆ Rn. As R_P = (annI)_P + [IM : N]_P , we get either R_P = (annI)_P or R_P = [IM : N]_P . If R_P = (annI)_P , then there exists q ∈ P such that 1 − q ∈ annI, and hence (1 − q)I = 0. Let 1 − p^′ = (1 − p)(1 − q). Then p^′ ∈ P and (1 − p′)I = 0 and (1 − p^′)N ⊆ Rn. This implies that

((1, 0) − (p^′, 0))(I (+)N) = (1 − p^′, 0)(I (+)N) = (1 − p^′)I (+)(1 − p^′)N ⊆ 0(+)Rn = R(M)(0, n),

and hence I (+)N is P (+)M-principal and by [13, Theorem 1.2], I (+)N is multiplication. Finally, if [IM : N]_P = R_P , then there exists s ∈ P such that (1−s)N ⊆ IM. Also R_P = [IM : N]_P ⊆ [(IM)_P : N_P ] ⊆ R_P , that is N_P = (IM)_P . Since N_P ≠ 0_P , I_P ≠ 0_P and Case 1 shows that I (+)N is multiplication. (8) I = Re for some idempotent e of R, [16, Corollary 6.3]. Since M is finitely generated multiplication (hence weak cancellation), we have that annI + [IM : M] = ann (e) + Re + annM = R. The result follows by (7). □

2. Homogeneous rings

An ideal H of R(M) need not to have the form I (+)N, that is, need not to be homogeneous. In [2] we called a ring R(M) is a homogeneous ring if every ideal of R(M) is homogeneous. It is shown, [10, Corollary 3.4 ], that if R is an integral domain then R(M) is homogeneous if and only if M is divisible (that is M = sM for every regular s in R). In this case every ideal of R(M) is comparable to 0(+)M, equivalently, every ideal of R(M) has the form I (+)M for some ideal I of R or 0(+)N for some submodule N of M. It is also shown, [10, Theorem 3.3], that a ring R(M) is homogeneous if and only if every principal ideal of R(M) is homogeneous. In this case R(M)(a, m) = Ra(+)(Rm + aM) = R(M)(a, 0) + R(M)(0, m). Since Q is a divisible Z-module, Z(+)Q is a homogeneous ring while Z_4(+)Z_2 is not homogeneous. In fact, the principal ideal of Z_4(+)Z_2 that is generated by (¯2, ¯1) = {(¯0, ¯0)}, (¯2, ¯1)} is not homogeneous. If R is a local ring but not a domain, R(M) is homogeneous if and only if M = 0, [10, Theorem 3.3]. In this section we study ring-theoretic constructions and properties of R(M), and in particular of homogeneous rings and show how these properties of R and M relate to those of R(M).

A principal ideal ring (PIR) is special (SPIR) if R is a local ring, not a field, whose maximal ideal is nilpotent. If every ideal of R is a finite product of prime ideals, then R is called a general ZPI-ring, [19]. R is a general ZPI-ring if and only if R is a finite direct sum of Dedekind domains and SPIRs, [19, p. 114], and R is a general ZPI-ring if and only if it is a Noetherian multiplication ring, [16, p. 225].

Recall that for f = a_0 + a_1x + · · · + a_nx^n ∈ R[X], the content A_f of f is

the ideal^n � i=1 Ra_i. The set N = {f ∈ R[X]|A_f = R} is a saturated multiplicative

332 M. M. Ali: Homogeneous Idealization II

closed subset of R[X], in fact N = R[X] − ∪P [X] where the union runs over all maximal ideals P of R. Then R(X) = R[X]_N and if M is an R-module then M(X) = M[X]_N is an R(X)-module. It is shown, [10, Corollary 4.7], that R (M) (X) is naturally isomorphic to R(X)(+)M(X).

R is a general ZPI-ring if and only if R(X) is a general ZPI-ring if and only if R (X) is a PIR, [19, Theorem 18.8]. Another fact which is also useful for the proof of our next result is that an ideal I of R is finitely generated and locally principal (equivalently, finitely generated multiplication) if and only if IR(X) is principal, [19, Corollary 15.2].

A ring R which is an almost multiplication R-module is an almost multiplication ring, [8]. A Noetherian almost multiplication module is multiplication and a finitely generated almost multiplication module over a multiplication ring (a ring in which every ideal is multiplication) is a multiplication module [20, Theorem 2.11]. It is proved, [23, Theorems 9.23, 9.27 and 9.28], that a ring R is an almost multiplication ring if and only if R_P is a general ZPI-ring. It is also shown, [8, Theorem 8], that R is an almost multiplication ring if and only if R(X) is an almost multiplication ring and R [X] is an almost multiplication ring if and only if R is von Neumann regular.

An R-module M is said to be distributive, [34], if the lattice of its submodules is distributive, that is, (X + Y ) ∩ Z = X ∩ Z + Y ∩ Z for any of its submodules X, Y and Z. Equivalently, (X ∩ Y ) + Z = (X + Z) ∩ (Y + Z) for all submodules X, Y and Z of M. Some authors call such modules arithmetical modules. An R- module M is arithmetical if and only if it is locally chained, that is for each prime ideal P of R, the set of (cyclic) submodules of M_P is totally ordered by inclusion. If all 2-generated submodules of M are multiplication modules, then M is distributive, [35, Proposition 2.5]. A ring R which is a distributive Rmodule is called a distributive (or an arithmetical) ring. R is an arithmetical ring if and only if every finitely generated ideal of R is multiplication, [21]. For properties of distributive rings and modules, consult [14], [21] and [34]. M is called a Bezout module if each of its finitely generated submodules is a cyclic module, [34]. Equivalently, for all m, n ∈ M, Rm + Rn is cyclic. It is proved, [4, Proposition 1.2], that if R is an integral domain and M a faithful multiplication R-module then M is a Bezout module if and only if R is a Bezout domain.

We next characterize when a ring R(M) is a SPIR, a general ZPI-ring, an almost multiplication ring, a distributive ring or a Bezout ring. Compare with [1, Theorem 11] and [10, Lemma 4.9 and Theorems 4.10 and 4.16].

Theorem 6. Let R be a ring and M an R-module.

(1) If R(M) is a SPIR then R is a SPIR and M a cyclic module. The converse is true if R(M) is homogeneous.

(2) If R(M) is a general ZPI-ring then R is a general ZPI-ring and M a finitely generated multiplication module. The converse is true if R(M) is homogeneous.

(3) If R(M) is an almost multiplication ring then R is an almost multiplication ring and M an almost multiplication module. The converse is true if R(M)

M. M. Ali: Homogeneous Idealization II 333

is homogeneous.

(4) If R(M) is a distributive ring then R is a distributive ring and M a distributive module. The converse is true if R(M) is homogeneous.

(5) If R(M) is a Bezout ring then R is a Bezout ring and M a Bezout module.

The converse is true if M is finitely generated and R(M) is homogeneous.

Proof. (1) Let R(M) be a SPIR. Let I be an ideal of R. Then I (+)IM is a principal ideal of R(M), say R(M)(a, 0) for some a ∈ I. Then I = Ra is a principal ideal of R and hence R is a PIR. If P (+)M is the unique nilpotent maximal ideal of R(M), then P is the unique nilpotent maximal ideal of R, and hence R(M) is a SPIR. Since 0(+)M is a principal ideal of R(M), M is cyclic, [9, Theorem 3.1]. The converse is trivial since M = 0.

(2) Suppose R(M) is a general ZPI-ring. It follows by, [10, Corollary 4.7] and [19, Theorem 18.8], that R(M) (X) ∼= R (X)(+)M(X) is a PIR. Hence R(X) is a PIR and this gives that R is a general ZPI-ring. Next, (0(+)M)(X) ∼= 0(+)M (X) is an ideal of R (M) (X), hence it is principal. It follows by, [19, Corollary 15.2], that 0(+)M is a finitely generated locally principal (equivalently finitely generated multiplication) ideal of R(M). By, [9, Theorem 3.1], M is finitely generated multiplication. Conversely, suppose R is a general ZPI-ring, M finitely generated multiplication and R(M) is homogeneous. Since R is a general ZPI-ring, R(X) is PIR, [19, Theorem 18.8]. As M is finitely generated multiplication (hence finitely generated locally cyclic), we get from, [19, Theorem 18.8], that M(X) is a cyclic R(X)-module. It follows by [1, Theorem 11] that R(M)(X) ∼= R(X)(+)M(X) is a PIR and by [19, Theorem 18.8], R(M) is a general ZPI-ring.

(3) Using the fact that R (resp. M) is an almost multiplication ring (resp. module) if and only if R_P (resp. M_P ) is a general ZPI-ring (resp. cyclic module). The result follows by (2).

(4) Let R(M) be a distributive ring. Let A, B and C be ideals of R. Then A(+)M, B(+)M and C (+)M are ideals of R(M). Hence

(A + B) ∩ C (+)M = A + B(+)M ∩ C (+)M = (A(+)M + B(+)M) ∩ C (+)M = (A(+)M ∩ C (+)M) +(B(+)M ∩ C (+)M) = A ∩ C (+)M + B ∩ C (+)M = (A ∩ C) + (B ∩ C)(+)M,

and this gives that (A + B) ∩ C = (A ∩ C) + (B ∩ C). Hence R is distributive. Now, let K, N and L be submodules of M. Then 0(+)K, 0(+)N and 0(+)L are ideals of R(M). Hence

0(+)((K + N) ∩ L) = (0(+)K + N) ∩ 0(+)L = (0(+)K + 0(+)N) ∩ 0(+)L = 0(+)K ∩ 0(+)L +0(+)N ∩ 0(+)L = 0(+)K ∩ L + 0(+)N ∩ L = 0(+)(K ∩ L) + (N ∩ L),

and hence (K + N) ∩ L = (K ∩ L) + (N ∩ L) and M is distributive. For the converse, let A(+)N, B(+)K and C (+)L be ideals of R(M). Since each of R and M

334 M. M. Ali: Homogeneous Idealization II

is distributive, we get that

(A(+)N + B(+)K) ∩ C (+)L = (A + B)(+)(N + K) ∩ C (+)L = (A + B) ∩ C (+)(N + K) ∩ L = (A ∩ C) + (B ∩ C) (+) (N ∩ L) + (K ∩ L) = (A ∩ C (+)N ∩ L + B ∩ C (+)K ∩ L = A(+)N ∩ C (+)L + B(+)K ∩ C (+)L,

and R(M) is a distributive ring.

(5) Suppose R(M) is a Bezout ring. Let I be a finitely generated ideal of R. Then I (+)IM is a finitely generated ideal of R(M), hence it is principal and this gives that I is principal. Hence R is Bezout. If N is a finitely generated submodule of M, then 0(+)N is a finitely generated ideal of R(M), hence principal. It follows that N is cyclic and M is Bezout. Conversely, let I (+)N be a finitely generated ideal of R(M). Then I is a finitely generated ideal of R (hence principal). Since M is finitely generated, N is a finitely generated submodule of M (hence cyclic), see [1, Theorem 9]. Let I = Ra and N = Rn for some a ∈ R, n ∈ M. Since I (+)N is homogeneous, IM ⊆ N, and hence aM ⊆ Rn. It follows by, [10, Theorem 3.3], that I (+)N = Ra(+)Rn = Ra(+)(Rn + aM) = R(M)(a, n)

is a principal ideal of R(M). Hence R(M) is Bezout. This concludes the proof of the theorem. □

The condition that R(M) is homogeneous in the above theorem is crucial. For example, the ring Z_4(+)Z_2 is neither SPIR nor distributive ring (and hence it is neither ZPI-ring nor Bezout ring). In fact the maximal ideal 2Z_4(+)Z_2 is finitely generated but not principal (equivalantly, not multiplication since the ring is local).

A ring R is said to have few zero-divisors if Z(R) is a finite union of prime ideals. A ring R is a quasi-valuation ring if it has few zero-divisors and for every pair of regular elements a, b ∈ R, either Ra ⊆ Rb or Rb ⊆ Ra and R is a P -ring if it has few zero-divisors and every finitely generated regular ideal of R is invertible, [22] and [23]. Several characterizations and properties of quasi-valuation rings and P -rings are given in [22, Theorem 5] and [23, pp. 152–155]. Among them, R is a P -ring if and only if IJ = (I + J)(I ∩ J) for all regular ideals I and J of R. It is also shown that R is a P -ring if and only if R_{S(P )} is a quasi-valuation ring for every regular maximal ideal P of R, where S(P ) is the set of regular elements of R/P which is a multiplicative subset of R.

We next wish to determine when R(M) is a quasi-valuation ring or a P -ring.

Theorem 7. Let R be a ring and M a torsion-free R-module. (1) R(M) is a quasi-valuation ring if and only if R is a quasi-valuation ring and M divisible.

(2) R(M) is a P -ring if and only if R is a P -ring and M divisible.

Proof. Since M is torsion-free, Z(M) ⊆ Z(R) and hence Z(R(M)) = Z(R)(+)M.

This shows that Z(R) =^n � i=1 P_i if and only if Z(R(M)) =^n � i=1 (P_i(+)M), where {P_i}

M. M. Ali: Homogeneous Idealization II 335

is a finite set of prime ideals of R. Hence R has a few zero-divisors if and only if R(M) has.

(1) Suppose R(M) is quasi-valuation. By, [23, Ex. 25(b)], R(M) is integrally

closed. Let s ∈ S and m ∈ M. Then � 0, m s � = (0, m) (s, 0)

∈ R(M). Since � 0, m s �_2 = (0, m)^2 (s, 0)^2

= (0, 0), we infer that (0, m s ) is integral over R(M). Hence (0, m s ) ∈ R(M)

and hence m s ∈ M. This shows that m ∈ sM, and hence M ⊆ sM ⊆ M, so that M = sM and hence M is divisible, see [10, Theorem 3.9]. Let a, b be regular elements of R. Since M is torsion-free, (a, 0) and (b, 0) are regular elements of R(M). It follows that Ra(+)aM = R(M)(a, 0) ⊆ R(M)(b, 0) = Rb(+)bM (hence Rb ⊆ Ra) or R(M)(b, 0) ⊆ R(M)(a, 0) from which it follows that Ra ⊆ Rb. This shows that R is a quasi-valuation ring. Conversely, let M be divisible and R quasi-valuation. Let (a, m), (b, n) ∈ R(M) be regular elements. Since M is divisible, [10, Theorem 3.9] shows that R(M)(a, m) is homogeneous and hence R(M)(a, m) = Ra(+)(Rm + aM). Since a is regular, aM = M. This implies that R(M)(a, m) = Ra(+)M. Similarly, R(M)(b, n) = Rb(+)M. The result is now obvious.

(2) Suppose R(M) is a P -ring. Then R(M) is integrally closed, [23, Theorem 10.18], and hence M is divisible. Let I and J be regular ideals of R. Since M is torsion-free, I (+)IM and J (+)JM are regular ideals of R(M). It follows by, [22, Theorem 5], that

IJ (+)IJM = (I (+)IM)(J (+)JM) = (I (+)IM + J (+)JM)(I (+)IM ∩ J (+)JM) = ((I + J)(+)(I + J)M)((I ∩ J)(+)(IM ∩ JM)) = (I + J)(I ∩ J)(+)(I ∩ J)(I + J)M + (I + J)(IM ∩ JM).

This gives that IJ = (I ∩J)(I +J), and hence R is a P -ring. Conversely, suppose M is divisible and R is a P -ring. Let H_1 and H_2 be regular ideals of R(M). It follows by, [10, Theorem 3.9], that H_1 = I (+)M and H_2 = J (+)M for some regular ideals I and J of R. Hence

(H_1 ∩ H_2)(H_1 + H_2) = (I ∩ J (+)M)(I + J (+)M) = (I ∩ J)(I + J)(+)(I + J)M.

Since I+J is regular and M divisible, it follows that if x is a regular element in I + J then M = xM ⊆ (I + J)M ⊆ M, so that M = (I + J)M. Hence

(H_1 ∩ H_2)(H_1 + H_2) = IJ (+)M = (I (+)M)(J (+)M) = H_1H_2,

and this gives that R(M) is a P -ring. □

An R-module M is called a coherent (resp. finite conductor) module if for all finitely generated submodules K and N of M (resp. for all k, n ∈ M), K∩N (resp. Rk ∩ Rn) is a finitely generated submodule of M and for each m ∈ M, ann(m) is a finitely generated ideal of R, [17]. A ring which is a coherent (resp. finite

336 M. M. Ali: Homogeneous Idealization II

conductor) R-module is called a coherent (resp. finite conductor) ring, [17]. If R is a coherent ring then it is a finite conductor ring. It is shown, [17, Proposition 2.1], that an R-module M is a finite conductor module if and only if for all k, n ∈ M, [Rk : Rn] is a finitely generated ideal of R. Several properties of coherent and finite conductor rings (modules) are given in [17]. The next theorem gives necessary and sufficient conditions for a ring R (M) to be a coherent ring or a finite conductor ring.

Theorem 8. Let R be a ring and M an R-module.

(1) If R(M) is coherent then R is a coherent ring and M a coherent module.

The converse is true if R(M) is homogeneous and M finitely generated flat. (2) If R(M) is a finite conductor ring then R is a finite conductor ring and M a finite conductor module. Conversely, if R(M) is homogeneous, R coherent and M finitely generated faithful multiplication finite conductor module then R(M) is finite conductor.

Proof. (1) Suppose R(M) is a coherent ring. Let I and J be finitely generated ideals of R. Then I (+)IM and J (+)JM are finitely ideals of R(M). Hence (I ∩ J)(+)(IM ∩ JM) = I (+)IM ∩ J (+)JM is finitely generated and by [1, Theorem 7], I ∩ J is finitely generated. Let c ∈ R then (c, 0) ∈ R(M) and hence ann(c, 0) = ann(Rc(+)cM) = ann(c)(+)[0 :_M Rc] is finitely generated. It follows that ann(c) is a finitely generated ideal of R. Hence R is a coherent ring. Let K and N be finitely generated submodules of M. Then 0(+)K and 0(+)N are finitely generated ideals of R(M). Hence 0(+)K ∩ N = 0(+)K ∩ 0(+)N is finitely generated from which it follows that K ∩ N is finitely generated, [9, Theorem 3.1]. Let k ∈ M. Then (0, k) ∈ R(M), and hence ann(0, k) = ann(k)(+)M is finitely generated. Hence ann(k) is finitely generated, [1, Theorem 9], and hence M is a coherent module. Conversely, let R(M) be homogeneous, R coherent and M a finitely generated flat and coherent module. Suppose I (+)N and J (+)K are finitely generated ideals of R(M). Then I, J are finitely generated ideals of R. Since M is finitely generated, K and N are finitely generated submodules of M, [1, Theorem 9]. It follows that I (+)N ∩ J (+)K = I ∩ J (+)N ∩ K is finitely generated. Let (r, m) ∈ R(M). Since R(M) is homogeneous and M flat, we obtain that

ann(r, m) = ann(Rr(+)Rm + rM) = ann(r) ∩ ann(m)(+)ann(r)M.

As R and M are coherent, ann(r) and ann(m) are finitely generated and so too is ann(r) ∩ ann(m). Since M is finitely generated, [1, Theorem 9] implies that ann(r, m) is finitely generated and hence R(M) is a coherent ring. (2) Let R(M) be a finite conductor ring. Let a, b ∈ R. It follows that

[R(M)(a, 0) :_{R(M)} R(M)(b, 0)] = [Ra(+)aM :_{R(M)} Rb(+)bM] = [Ra : Rb](+)[aM :_M Rb]

is a finitely generated ideal of R(M). Hence [Ra : Rb] is a finitely generated ideal of R and this shows that R is a finite conductor ring, [1, Theorem 9]. Suppose

M. M. Ali: Homogeneous Idealization II 337

m, n ∈ M. Then

[R(M)(0, m) :_{R(M)} R(M)(0, n)] = [0(+)Rm :_{R(M)} 0(+)Rn] = [Rm : Rn](+)M

is finitely generated from which it follows that [Rm : Rn] is finitely generated and hence M is a finite conductor module. Conversely, let R(M) be homogeneous, R coherent and M finitely generated faithful multiplication and finite conductor module. Let (a, m), (b, n) ∈ R(M). Then

[R(M)(a, m) :_{R(M)} R(M)(b, n)] = [Ra(+)(Rm + aM) :_{R(M)} Rb(+)(Rn + bM] = [Ra : Rb] ∩ [Rm + aM : Rn + bM](+)[Rm + aM : bM]M.

Since Ra(+)(Rm + aM) is principal (hence finitely generated multiplication) and M finitely generated multiplication, we infer from [1, Theorem 9] that Rm + aM is finitely generated and multiplication, see also [2, Theorem 3]. Suppose M = ℓ� i=1 Rk_i. It follows by, [7, Theorem 1.2] and [32, Proposition 4], that

[Rm + aM : Rn + bM] = [Rm : Rn + bM] + [aM : Rn + bM] = [Rm : Rn] ∩ [Rm : bM] + [aM : Rn] ∩ [aM : bM]

= [Rm : Rn] ∩ ( ℓ� i=1 [Rm : Rbk_i]) + ( ℓ� i=1 [Rak_i : Rn]) ∩ [Ra : Rb], and [Rm + aM : bM] = [Rm : bM] + [aM : bM] = ℓ� i=1 [Rm : Rbk_i] + [Ra : Rb].

Since M is finitely generated finite conductor and R coherent, one gets that [R(M), (a, m) :_{R(M)} R(M)(b, n)] is finitely generated and by, [17, Proposition 2.1], R(M) is a finite conductor ring. □

3. Weakly prime submodules

Let R be a commutative ring with identity. D. D. Anderson and E. Smith [11] defined a proper ideal P of R to be weakly prime if 0 ≠ ab ∈ P implies a ∈ P or b ∈ P . Prime ideals are weakly prime but not conversely. Various properties and characterizations of weakly prime ideals are given in [11]. A proper submodule P of an R-module M is called prime if whenever rm ∈ P , where r ∈ R, m ∈ M, then r ∈ [P : M] or m ∈ P . Obviously, if P is a prime submodule of M then [P : M] is a prime ideal of R while the converse is true if M is faithful and multiplication, [13, Lemma 2.10]. In this section we introduce the concept of weakly prime submodules as a generalization of weakly prime ideals and prime submodules: A proper submodule P of M is weakly prime if 0 ≠ rm ∈ P , where r ∈ R and m ∈ M, then r ∈ [P : M] or m ∈ P . However, since 0 is weakly

338 M. M. Ali: Homogeneous Idealization II

prime (by definition), a weakly prime submodule need not to be prime. For a less trivial example, if M is a non-zero local multiplication module with unique maximal submodule Q such that [Q : M]Q = 0 then every proper submodule of M is weakly prime.

We start this section by the following property of weakly prime but not prime submodules. Compare with [11, Theorem 1]. The referee noted that this result has been independently proved and will appear in Tamkang J. Math.

Proposition 9. Let R be a ring and M an R-module. Let P be a weakly prime submodule of M. If P is not prime then [P : M]P = 0.

Proof. We prove that if [P : M]P ≠ 0, then P is a prime submodule of M. Suppose rm ∈ P for some r ∈ R and m ∈ M. If 0 ≠ rm, then P weakly prime gives r ∈ [P : M] or m ∈ P . So assume rm = 0. Suppose first that rP ≠ 0. Then rm_0 ≠ 0 for some m_0 ∈ P . Hence 0 ≠ r(m + m_0) and therefore r ∈ [P : M] or m + m_0 ∈ P from which it follows that m ∈ P . We can assume rP = 0. Since [P : M]P ≠ 0, there exist r_0 ∈ [P : M], n_0 ∈ P such that r_0n_0 ≠ 0. It follows that 0 ≠ (r + r_0)(m + n_0), and hence r + r_0 ∈ [P : M] (and hence r ∈ [P : M]) or m + n_0 ∈ P (and hence m ∈ P ). So P is a prime submodule of M. □

Let R be a ring and M an R-module. The M-radical, rad N, of a submodule N of M is defined as the intersection of all prime submodules of M containing N. If I is an ideal of R then √ I is defined as the intersection of all prime ideals of R containing I, equivalently, √ I = {a ∈ R : a^n ∈ I for some positive integer n}.

If M is a faithful multiplication R-module, then M-rad N = � [N : M]M, [13, Theorem 2.12]. Hence M-rad 0 = √ 0M. As a consequence of the above result we give the next corollary.

Corollary 10. Let R be a ring and M a faithful multiplication R-module. Let P be a weakly prime submodule of M. Then either P ⊆ M-rad 0 or M-rad 0 ⊆ P . If P ⊊ M-rad 0 then P is not prime, while if M-rad 0 ⊊ P then P is prime. Consequently, if R is reduced then P is weakly prime if and only if P = 0 or P is prime.

Proof. Suppose P is not prime. By Proposition 9, [P : M]P = 0. Since M is faithful, we infer that [P : M]^2 ⊆ [[P : M] P : M] = [0 : M] = 0, so that [P : M]^2 = 0. If a ∈ [P : M] then a^2 = 0 and hence a ∈ √ 0. So [P : M] ⊆ √ 0 and therefore P = [P : M]M ⊆ √ 0M = M-rad 0. Now suppose P is prime and let a ∈ √ 0 then a^n = 0 ∈ [P : M] for some positive integer n. Since [P : M] is a prime ideal of R, a ∈ [P : M] and hence √ 0 ⊆ [P : M]. This implies that M-rad 0 ⊆ P . Finally, suppose R is reduced and P weakly prime. If [P : M]P ≠ 0 then P is prime by Proposition 9. Suppose [P : M]P = 0. Then [P : M]^2 = 0, and hence [P : M] = 0. This gives that P = 0. □

We next give three other characterizations of weakly prime submodules.

Theorem 11. Let R be a ring, M an R-module and P a proper submodule of M. Then the first three statements are equivalent. Assuming further that M is faithful and multiplication then (1)–(4) are equivalent.

M. M. Ali: Homogeneous Idealization II 339

(1) P is weakly prime.

(2) For r ∈ R − [P : M], [P :_M Rr] = P ∪ [0 :_M Rr]. (3) For r ∈ R − [P : M], [P :_M Rr] = P or [P :_M Rr] = [0 :_M Rr]. (4) For ideals A of R and submodules K of M with 0 ≠ AK ⊆ P implies A ⊆ [P : M] or K ⊆ P .

Proof. (1)⇒(2) Let m ∈ [P :_M Rr] where r /∈ [P : M]. Then rm ∈ P . If 0 ≠ rm then P weakly prime gives that m ∈ P . If 0 = rm then m ∈ [0 :_M Rr] and hence [P :_M Rr] ⊆ P ∪ [0 :_M Rr]. As the reverse containment holds for any submodule P , the equality holds. (2)⇒(3) Obvious.

(3)⇒(1) Let r ∈ R, m ∈ M with 0 ≠ rm ∈ P . Suppose r /∈ [P : M]. Then either [P :_M Rr] = P or [P :_M Rr] = [0 :_M Rr]. Since rm ≠ 0, m /∈ [0 :_M Rr], and hence m ∈ P .

(1)⇒(4) Suppose P is weakly prime. Suppose A is an ideal of R and K a submodule of M such that AK ⊆ P but A ⊈ [P : M] and K ⊈ P . We show that AK = 0. Let a ∈ A − [P : M]. Then aK ⊆ P and hence K ⊆ [P :_M Ra]. Since K ⊈ P , (1)⇒(3) shows that K ⊆ [0 :_M Ra] and hence aK = 0. Next, suppose a ∈ A ∩ [P : M]. Let b ∈ [K : M]. If b ∈ [P : M] then by Proposition 9, ab ∈ [P : M]^2 = 0, so that ab = 0. Assume b ∈ [K : M] − [P : M]. Then bM ⊆ K and hence bAM ⊆ AK ⊆ P , from which we obtain that AM ⊆ [P :_M Rb]. Since A ⊈ [P : M], (1)⇒(3) also gives that AM ⊆ [0 :_M Rb], and hence bAM = 0. Since M is faithful, bA = 0 and hence ba = 0. As b ∈ [K : M] is arbitrary, a[K : M] = 0, and hence aK = a[K : M]M = 0. So AK = 0. (4)⇒(1) In this part the assumption that M is faithful multiplication is not required. Suppose 0 ≠ rm ∈ P for some r ∈ R, m ∈ M. Then 0 ≠ RrRm ⊆ P . Hence Rr ⊆ [P : M] or Rm ⊆ P , and this implies r ∈ [P : M] or m ∈ P . This concludes the proof of the theorem. □

An R-module M is said to be zero-dimensional if every prime submodule of M is maximal. Using, [13, Theorem 2.15], one can easily see that every non-zero multiplication module over a zero-dimensional ring is zero-dimensional. Another useful fact is that if M is a non-zero multiplication R-module then (M, Q) is a local module if and only if (R, [Q : M]) is a local ring, see also [4, Proposition 1.4].

The next two results give further properties of weakly prime submodules. The first one should be compared with [11, Theorem 4 and Corollaries 5 and 6] and the second one with [3, Proposition 2.9] and [13, Corollary 2.11].

Proposition 12. Let R be a ring and M a faithful multiplication R-module. (1) If P is a weakly prime submodule of M that is not prime then √ 0P = 0.

(2) If P and Q are weakly prime submodules of M that are not prime then [P : M]Q = 0 = [Q : M]P .

(3) Suppose (M, Q) is a zero-dimensional local module. If P is a weakly prime submodule of M then P = Q or [Q : M]P = 0.

340 M. M. Ali: Homogeneous Idealization II

Proof. (1) Let a ∈ √ 0. If a ∈ [P : M] then a [P : M] ⊆ [P : M]^2 = 0 and hence aP = a [P : M] M = 0. So suppose a /∈ [P : M]. By Theorem 11, either [P :_M Ra] = P or [P :_M Ra] = [0 :_M Ra]. Since P ⊆ [P :_M Ra], we infer from the second case that aP ⊆ a [P :_M Ra] = a [0 :_M Ra] = 0. Now, let [P :_M Ra] = P . Suppose n is the minimal positive integer such that a^n = 0. If a^{n−1} ≠ 0, then M faithful gives that a^{n−1}M ≠ 0. Since a^nM ⊆ P , we have that 0 ≠ a^{n−1}M ⊆ [P :_M Ra] = P . This implies that a ∈ [P : M], a contradiction. (2) By Corollary 10 and part (1), P ⊆ √ 0M and Q ⊆ √ 0M. Hence [P : M] Q ⊆ √ 0 [P : M] M = √ 0P = 0. Similarly, [Q : M] P = 0.

(3) Suppose P ≠ Q. Then P is not prime. Since (R, [Q : M]) is a zero-dimensional ring, we get that √ 0 = [Q : M]. It follows by (1) that 0 = √ 0P = [Q : M] P . □

Proposition 13. Let R be a ring, M a faithful multiplication R-module and I a finitely generated faithful multiplication ideal of R.

(1) The following statements are equivalent for a proper submodule P of M.

(i) P is weakly prime.

(ii) [P : M] is a weakly prime ideal of R. (iii) P = QM for some weakly prime ideal Q of R.

(2) P is a weakly prime submodule of IM if and only if [P :_M I] is a weakly prime submodule of M.

Proof. (i)=⇒(ii) Suppose P is a weakly prime submodule of M. Let a and b be elements of R such that 0 ≠ ab ∈ [P : M]. Then abM ⊆ P . Since M is faithful, abM ≠ 0. By Theorem 11(4), a ∈ [P : M] or bM ⊆ P (and hence b ∈ [P : M]). (ii)⇒(i) Let [P : M] be a weakly prime ideal of R. If 0 ≠ rm ∈ P , where r ∈ R, m ∈ M, then r[Rm : M] ⊆ [Rrm : M] ⊆ [P : M]. Since M is multiplication, r[Rm : M] ≠ 0. By [13, Theorem 3(4)], r ∈ [P : M] or [Rm : M] ⊆ [P : M]. The second case gives that m ∈ [Rm : M]M ⊆ [P : M]M = P . (i)⇒(iii). Take Q = [P : M].

(2) Suppose P is a weakly prime submodule of IM. Let 0 ≠ rm ∈ [P :_M I] for some r ∈ R and m ∈ M. Then rIm ⊆ P . Since M is faithful multiplication and I faithful, 0 ≠ rIm. It follows by Theorem 11 that Im ⊆ P (and hence m ∈ [P :_M I]) or r ∈ [P : IM] (and hence rIM ⊆ P ). As I is a finitely generated faithful multiplication ideal of R, it follows by, [3, Lemma 2.4], that

rM = r [IM :_M I] ⊆ [rIM :_M I] ⊆ [P :_M I] ,

and hence r ∈ [[P :_M I] : M]. This gives that [P :_M I] is a prime submodule of M. Conversely, let 0 ≠ AK ⊆ P for some ideal A of R and some submodule K of IM. Then A [K :_M I] ⊆ [AK :_M I] ⊆ [P :_M I]. We get from, [3, Lemma 2.4], that A [K :_M I] ≠ 0. It follows by Theorem11 that A ⊆ [[P :_M I] : M] ⊆ [P : IM] or [K :_M I] ⊆ [P :_M I] from which we infer that K = [K :_M I] I ⊆ [P :_M I] I = P . Hence P is a weakly prime submodule of IM. □

We close by a result of weakly prime ideals (submodules) using the method of idealization. It may be compared with [11, Theorem 17].

M. M. Ali: Homogeneous Idealization II 341

Theorem 14. Let R be a ring, M an R-module and I (+)N a homogeneous weakly prime ideal of R(M).

(1) I is a weakly prime ideal of R and N a weakly prime submodule of M. (2) For all a, b ∈ R, ab = 0, a /∈ I, b /∈ I implies a, b ∈ annN and for all c ∈ R, k ∈ M, ck = 0, c /∈ [N : M], k /∈ N implies c ∈ annI and k ∈ [0 :_M I].

(3) If I (+)N is not prime then I (+)N = I (+)0 ⊕ 0(+)N. (4) If I (+)N is prime then N = M.

Proof. (1) Let a, b ∈ R with 0 ≠ ab ∈ I. Then (0, 0) ≠ (a, 0)(b, 0) ∈ I (+)N, and hence either (a, 0) ∈ I (+)N or (b, 0) ∈ I (+)N from which it follows that a ∈ I or b ∈ I. Hence I is weakly prime. Now, let r ∈ R, m ∈ M with 0 ≠ rm ∈ N. Then (0, 0) ≠ (r, 0)(0, m) ∈ I (+)N, and hence (r, 0) ∈ I (+)N or (0, m) ∈ I (+)N. If (r, 0) ∈ I (+)N then r ∈ I ⊆ [N : M]. The second case shows that m ∈ N and hence N is a weakly prime submodule of M.

(2) Let a, b ∈ R with ab = 0, a /∈ I, b /∈ I. Suppose a /∈ annN. Then aN ≠ 0 and hence there exists n ∈ N with an ≠ 0. This implies that (0, 0) ≠ (a, 0)(b, n) = (0, an) ∈ I (+)N. Hence (a, 0) ∈ I (+)N (and hence a ∈ I) or (b, n) ∈ I (+)N from which we get that b ∈ I, a contradiction. Assume now that c ∈ R, k ∈ M, ck = 0, c /∈ [N : M] and k /∈ N. We discuss two cases.

Case 1. Suppose c /∈ annI. Then cI ≠ 0, and hence there exists a ∈ I with ca ≠ 0. It follows that (0, 0) ≠ (ca, 0) = (c, 0)(a, k) ∈ I (+)N. Hence (c, 0) ∈ I (+)N, and hence c ∈ I ⊆ [N : M] or (a, k) ∈ I (+)N and this implies k ∈ N which also contradicts our assumption.

Case 2. Let k /∈ [0 :_M I]. Then Ik ≠ 0. There exists a ∈ I such that ak ≠ 0. Since ak ∈ IM ⊆ N, we infer that (0, 0) ≠ (ac, ak) = (ac, ac+ak) = (a, k)(c, k) ∈ I (+)N. Hence either (a, k) ∈ I (+)N or (c, k) ∈ I (+)N. This implies that c ∈ I ⊆ [N : M] or k ∈ N, a contradiction.

(3) It follows by, [11, Theorem 4], that (I (+)N) √ 0(+)0 = 0. But √ 0(+)0 = √ 0(+)M, see [19, Theorem 25.1] and [10, Theorem 3.2]. Hence IM = 0, and the result follows.

(4) [11, Corollary 2] shows that if I (+)N is a prime ideal of R(M) then √ 0(+)0 ⊆ I (+)N. This shows that N = M. □

Note that the last part of the above theorem confirms that prime ideals of R(M) have the form I (+)M where I is a prime ideal of R.

References

[1] Ali, M. M.: Idealization and theorems of D. D. Anderson. Commun. Algebra 34(12) (2006), 4479–4501. Zbl pre05126211 [2] Ali, M. M.: Multiplication modules and homogeneous idealization. Beitr. Algebra Geom. 47 (2006), 249–270. Zbl 1107.13016 [3] Ali, M. M.: Residual submodules of multiplication modules. Beitr. Algebra Geom. 46 (2005), 405–422. Zbl 1085.13003

342 M. M. Ali: Homogeneous Idealization II

[4] Ali, M. M.: Invertibility of multiplication modules. N. Z. J. Math. 35(1) (2006), 17–29. Zbl 1099.13020 [5] Ali, M. M.; Smith, D. J.: Some remarks on multiplication and projective modules. Commun. Algebra 32 (2004), 3897–3909. Zbl 1065.13004 [6] Ali, M. M.; Smith, D. J.: Projective, flat and multiplication modules. N. Z.

J. Math. 31 (2002), 115–129. Zbl 1085.13004 [7] Ali, M. M.; Smith, D. J.: Finite and infinite collections of multiplication modules. Beitr. Algebra Geom. 42 (2001), 557–573. Zbl 0987.13001 [8] Anderson, D. D.: Multiplication ideals, multiplication rings, and the ring R(X). Can. J. Math. 28 (1976), 760–768. Zbl 0343.13009 [9] Anderson, D. D.: Cancellation modules and related modules. Lect. Notes Pure Appl. Math. 220, 13–25. Dekker, New York 2001. Zbl 1037.13005 [10] Anderson, D. D.; Winders, M.: Idealization of a module. To appear in Rocky Mountain J. Math.

[11] Anderson, D. D.; Smith, E.: Weakly prime ideals. Houston J. Math. 29 (2003), 831–840. Zbl 1086.13500 [12] Barnard, A.: Multiplication modules. J. Algebra 71 (1981), 174–178. Zbl 0468.13011 [13] El-Bast, Z. A.; Smith, P. F.: Multiplication modules. Comm. Algebra 16(1988), 755–779 and ibidem 781–796. Zbl 0642.13002 Zbl 0642.13003 [14] Erdogdu, V.: Distributive modules. Can. Math. Bull. 30 (1987), 248–254. Zbl 0591.13007 [15] Faith, C.: Algebra I: Rings, Modules and Categories. Grundlehren der mathematischen Wissenschaften 190, Springer-Verlag, Berlin-Heidelberg-New York 1981. Zbl 0508.16001 [16] Gilmer, R.: Multiplicative Ideal Theory. Queen’s Papers in Pure and Applied Mathematics 90. Kingston 1992. Zbl 0804.13001 [17] Glaz, S.: Finite conductor rings. Proc. Am. Math. Soc. 129 (2001), 2833– 2843. Zbl 0971.13003 [18] Glaz, S.; Vasconcelos, W.: Flat ideals II. Manuscr. Math. 22 (1977), 325–341. Zbl 0367.13002 [19] Huckaba, J. A.: Commutative Rings with Zero Divisors. Marcel Dekker, New York 1988. Zbl 0637.13001 [20] Jain, R. K.: Generalized multiplication modules. Riv. Mat. Univ. Parma 7 (1981), 461–472. Zbl 0504.13007 [21] Jensen, C. U.: Arithmetical rings. Acta Math. Acad. Sci. Hung. 17 (1966), 115–123. Zbl 0141.03502 [22] Larsen, M. D.: Equivalent conditions for a ring to be a P-ring and a note on flat overrings. Duke Math. J. 34 (1967), 273–280. Zbl 0157.08405 [23] Larsen, M. D.; McCarthy, P. J.: Multiplicative Theory of Ideals. Pure and Applied Mathematics 43. New York-London 1971. Zbl 0237.13002

M. M. Ali: Homogeneous Idealization II 343

[24] Matsumura, H.: Commutative Ring Theory. Cambridge University Press, 1986. Zbl 0603.13001 [25] Nagata, M.: Local Rings. Interscience Publisher, New York-London-Sydney 1962. Zbl 0123.03402 [26] Naoum, A. G.: Flat modules and multiplication modules. Period. Math. Hung.

21 (1990), 309–317. Zbl 0739.13005 [27] Naoum, A. G.: Quasi invertible ideals and projective ideals. Iraqi J. Sci. 19 (1978), 157–166. Zbl 0413.13005 [28] Naoum, A. G.; Al-Awan, F. H.: Dedekind modules. Commun. Algebra 24 (1996), 397–412. Zbl 0858.13008 [29] Naoum, A. G.; Mijbass, A. S.: Weak cancellation modules. Kyungpook Math.

J. 37 (1997), 73–82. Zbl 0882.13002 [30] Naoum, A. G.; Hasan, M. A. K.: The residual of finitely generated multiplication modules. Arch. Math. 46 (1986), 225–230. Zbl 0573.13001 [31] Naoum, A. G.: Hasan, M. A. K.: On finitely generated projective and flat ideals. Period. Math. Hung. 16 (1985), 251–260. Zbl 0553.13004 [32] Smith, P. F.: Some remarks on multiplication modules. Arch. Math. 50 (1988), 223–235. Zbl 0615.13003 [33] Smith, W. W.: Projective ideals of finite type. Can. J. Math. 21 (1969), 1057–1061. Zbl 0183.04001 [34] Tuganbaev, A. A.: Distributive Modules and Related Topics. Algebra, Logic and Applications 12, Gordon and Beach, Amsterdam 1999. Zbl 0962.16003 [35] Tuganbaev, A. A.: Multiplication modules. J. Math. Sci. 123 (2004), 3839– 3905. Zbl 1097.16003

Received March 10, 2006