Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 48 (2007), No. 1, 115-130.

A Notion of Functional Completeness for First Order Structures II:

Quasiprimality

Etienne R. Alomo Temgoua Marcel Tonga

Department of Mathematics, Ecole Normale Supérieure, University of Yaounde 1 P. O. Box 47 Yaounde, Cameroon e-mail: retemgoua@yahoo.fr

Department of Mathematics, Faculty of Science, University of Yaounde 1 P. O. Box 812 Yaounde, Cameroon e-mail: tongamarcel@yahoo.fr

Abstract. Quasi-varieties of first-order structures were studied by N. Weaver [7] to generalize varieties of algebras; he also established some Malcev like conditions for these classes of structures. Following this line we extend some results of functional completeness of algebras to firstorder structures. Specifically, we formulate and characterize a notion of quasiprimality for first-order structures.

Keywords: quasiprimality, first-order structure, ⋆-congruences

1. Introduction

Functional completeness of algebras has been studied by many authors ([1], [2], [3]). In [7], N. Weaver extends some of the results of this study to classes of first-order structures.

This paper is an attempt to extend a result of A. F. Pixley [3] to first-order structures. Let us recall some basic definitions.

Definition 1.1. Let E be a nonempty set, and g : E^3 → E be a ternary function.

(i) g is called a Malcev function if g(a, b, b) = a = g(b, b, a) for all a, b ∈ E.

0138-4821/93 $ 2.50 © 2007 Heldermann Verlag

116 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

(ii) g is called a majority function if g(a, a, b) = g(a, b, a) = g(b, a, a) = a for all a, b ∈ E.

(iii) g is called a Pixley function if g(a, a, b) = g(b, a, b) = g(b, a, a) = b for all a, b ∈ E.

(iv) The discriminator function on E is the ternary function d defined by

d (a, b, c) = � a if a ≠ b; c if a = b.

Let A = (A; F^A) be an algebra of type F . A is called nontrivial if A contains at least two elements; we will say that A is minimal if it has no proper subalgebra. Consider the type F_A := F ∪ {c_a; a ∈ A} obtained from the type F by adding a constant symbol c_a for each element a ∈ A. Then the terms of type F_A are called the polynomials of A.

A function f : A^n → A, n ≥ 1, is called:

• a term function of A if there is some n-ary term t of type F such that f = t^A, • a polynomial function of A if there is some n-ary term p of type F_A such that f = p^A.

A ternary term t(x, y, z) in the language of A (i.e., of type F ) is called a Malcev term (resp. a majority term, a Pixley term, a discriminator term) for A if the induced function t^A is a Malcev function (resp. a majority function, a Pixley function, a discriminator function) on A.

Definition 1.2. Let A = (A; F^A) be a finite nontrivial algebra.

(i) A is called functionally complete if every finitary function f : A^n → A, n ≥ 1, is a polynomial function of A.

(ii) A is called quasiprimal if every finitary function f : A^n → A, n ≥ 1, which preserves the subuniverses of A^2 consisting of (the graphs of) isomorphisms between subalgebras of A is a term function.

A quasiprimal algebra A is characterized by any of the following two facts (cf. [1], p. 175):

Fact 1. A has a discriminator term.

Fact 2. A has a Pixley term, and every subalgebra of A is simple. When A is quasiprimal, it can be shown that every subuniverse of A^2 is either the product of two subuniverses of A or (the graph of) an isomorphism between two subalgebras of A.

An n-ary function f : A^n → A which preserves isomorphisms between subalgebras of A must preserve the identity map id_B = △_B for each subalgebra B of A; so h must preserve the subuniverses of A, and consequently any product B × D of two subuniverses.

Now, a lemma of Baker and Pixley (cf. [1], page 172) states that if a finite algebra A has a majority term, a function h : A^n → A, n ≥ 1, is a term function

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 117

iff h preserves the subuniverses of A^2. This will be our main tool, noting that A^2 = ∇_A is the largest congruence of A, and in the case of a quasiprimal algebra, h preserves the subuniverses of A^2 iff h preserves the (graphs of) isomorphisms between subalgebras of A.

The work of N. Weaver [7] is based on the notion of ⋆-congruence on first-order structures.

Definition 1.3. ([7]) Let A = (A; F^A; R^A) and B = (B; F^B; R^B) be first-order structures of the same type (F ; R).

(i) A morphism λ : A → B is called a ⋆-morphism if for any m-ary r ∈ R, and a_1, . . . , a_m ∈ A, ⟨a_1, . . . , a_m⟩ ∈ r^A iff ⟨λ(a_1), . . . , λ(a_m)⟩ ∈ r^B. In this case, the substructure λ(A) of B is called a ⋆-image of A.

(ii) A congruence θ of A is called a ⋆-congruence if it is compatible with the relations of A; that is, for any m-ary r ∈ R and ⟨u_i, v_i⟩ ∈ θ for 1 ≤ i ≤ m, ⟨u_1, . . . , u_m⟩ ∈ r^A iff ⟨v_1, . . . , v_m⟩ ∈ r^A.

(iii) A class K of structures of the same type is called a ⋆-variety if it is closed under products, substructures and ⋆-images.

So, ⋆-congruences are exactly the kernels of ⋆-morphisms.

The set Con_⋆(A) of ⋆-congruences of A is a sublattice of Con(A); in fact Con_⋆(A) is a complete lattice with smallest element id_A = △_A, and largest element denoted by 1_A; in general 1_A ≠ A^2 = ∇_A.

Using ⋆-congruences, N. Weaver established some Malcev like conditions, and a structure theorem for ⋆-varieties. In [5] we gave a notion of functionally complete first-order structure relative to ⋆-congruences. Our aim here is to follow this line and formulate a notion of quasiprimality for a first order structure A = (A; F^A; R^A) where ∇_A is replaced by 1_A.

Notation. Let A = (A; F^A; R^A) be a first-order structure.

(i) Let θ be an equivalence relation on A and a be an element of A; then [a]_θ is the θ equivalence class of a. When θ = 1_A, we simply denote the equivalence class of a by a.

(ii) For a subset X of A, Sg(X) denotes the subuniverse of A generated by X;

if X = {x_1, . . . , x_n}, we simply denote Sg(X) by Sg(x_1, . . . , x_n). (iii) Given two elements a := ⟨a(1), . . . , a(n)⟩ and b := ⟨b(1), . . . , b(n)⟩ of A^n, let H(a, b) denote the subuniverse of A^2 defined as follows:

H(a, b) = Sg(⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩).

(iv) For a nonzero natural number m, let m be the set {1, 2, . . . , m}. Throughout, A = (A; F^A; R^A) will be a finite nontrivial first-order structure.

In Section 2 we give some necessary and sufficient conditions under which 1_A compatible functions are interpolated by terms on 1_A classes. Section 3 is devoted to formulating and characterizing a notion of quasiprimality for A. An example is given in Section 4.

118 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

2. Term interpolation of functions

In this section we examine some necessary and sufficient conditions for term interpolation of 1_A compatible function. For this we need to adapt some definitions on algebras to the situation of first-order structures we want to investigate.

Definition 2.1. Let A = (A; F^A; R^A) be a first-order structure and h : A^n → A, n ≥ 1, be a function.

(i) h is said to be termal on classes if for each element a ∈ A, there is an n-ary term t such that t^A and h coincide on ([a]_{1A} )^n = a^n.

(ii) h is said to be weakly termal if for any subset E of A^n satisfying property

a, b ∈ E implies ⟨a(i), b(i)⟩ ∈ 1_A for 1 ≤ i ≤ n, (P )

there is an n-ary term t such that t^A and h coincide on E.

(iii) An n-ary term t represents h on classes if for each a ∈ A, t^A and h coincide on a^n. In this case we say that h is term representable on classes by t.

Remark 2.1. We note that:

(i) Weakly termal functions and functions which are term representable on classes are termal on classes.

(ii) For a unary function h, weakly termal and termal on classes are equivalent, and h is term representable on classes means h is a term function.

(iii) A constant function h is termal on classes iff it is a term function.

Example 2.1. Let A = (Z_{40}; +, −, ·, 0) be the ring of integers modulo 40, θ be the congruence associated to the ideal 5Z_{40}.

Consider the relations r := [0]_θ × [2]_θ and s := [1]_θ × [3]_θ × [4]_θ on A = Z_{40}. For the structure A = (A; r, s) = (Z_{40}; +, −, ·, 0; r, s), one can see that 1_A = θ.

We use the following terms to define the functions we need: t_1(x, y, z) := x + y + z, t_2(x, y, z) := xy + z, and t_3(x, y, z) := xyz.

(i) Define the function f : A^3 → A by f(a, b, c)= � � � a + b + c if [a]_θ =[b]_θ; ab + c if [a]_θ ≠ [b]_θ =[c]_θ; abc elsewhere.

Then the term t_1 represents f on classes, and f is also weakly termal.

(ii) Define the function g : A^3 → A by g(a, b, c)= � � � a + b + c if [a]_θ =[b]_θ; abc if [a]_θ ≠[b]_θ and a≠0; ab + c elsewhere.

Then t_1 represents g on classes.

Let u = ⟨0, 2, 3⟩ ∈ A^3 and E(u) := {x ∈ A^3 : ⟨x(i), u(i)⟩ ∈ θ for 1 ≤ i ≤ 3}.

For each x ∈ E(u), g(x) = � x(3) if x(1) = 0; x(1) · x(2) · x(3) if not.

So there is no term representing g on E(u), and g is not weakly termal.

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 119

(iii) Define the function h : A^3 → A by h(a, b, c) = � a + b + c if [a]_θ = [0]_θ; abc if not.

Then, h is weakly termal; but there is no term representing h on classes.

(iv) Define the function λ : A^3 → A by λ(a, b, c)= � � � a if [a]_θ =[0]_θ;

b if [a]_θ ≠[0]_θ and b≠0; ab + c elsewhere.

The first projection π^{(3)}_1 represents λ on [0]_θ = 0, the second projection π^{(3)}_2 represents λ on the other classes; so λ is termal on classes. But there is no term representing λ on classes, and λ is not weakly termal as it can be verified on E(u) where u = ⟨1, 0, 4⟩ ∈ A^3.

(v) Define the function μ : A^3 → A by μ(a, b, c)= � � � a if [a]_θ =[0]_θ;

b if [a]_θ ≠[0]_θ and b=c; c elsewhere.

Then μ is not termal on classes.

We will use the following version of the lemma of Baker and Pixley.

Lemma 2.1. Suppose that A has a majority function which is termal on classes, and let h : A^n → A, n ≥ 1, be a function.

(i) The following conditions are equivalent for an element u ∈ A.

(i_1) For any elements e_1, e_2, . . . , e_n of u^2, the element h^{A2} (e_1, . . . , e_n) belongs to Sg(e_1, . . . , e_n) in A^2.

(i_2) For any subset E of u^n there is an n-ary term t such that t^A and h coincide on E.

(ii) h is weakly termal if and only if h preserves the subuniverses of 1_A.

Proof. (i): We only need to prove that (i_1) implies (i_2).

Let a, b ∈ u^n; then ⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩ are elements of u^2. By hypothesis, h^{A2} (⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩) belongs to Sg(⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩); so for some n-ary term t, h^{A2} (⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩) = t^{A2} (⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩); that is h(a) = t^A(a) and h(b) = t^A(b).

Suppose that for any E_0 ⊆ u^n with 2 ≤ card(E_0) ≤ k, there is an n-ary term t which coincides with h on E_0. If card(E) > k, let E_1 ⊆ E with card(E_1) = k + 1, and choose three distinct elements a_1, a_2, a_3 in E_1. Then there are terms t_1, t_2, t_3 such that t^A_i coincides with h on E_1\{a_i} for 1 ≤ i ≤ 3.

There is some b ∈ A such that t^A_1 (E_1) ⊆ b; but t^A_1 (a_2) = h(a_2) = t^A_3 (a_2) and t^A_1 (a_3) = h(a_3) = t^A_2 (a_3); so t^A_i (E_1) ⊆ b for each i. Now let t_4 be a term interpolating M on b^3, and consider the term σ(x) := t_4(t_1(x), t_2(x), t_3(x)), where x = (x_1, . . . , x_n). Then h coincides with at least two of the t^A_i on each e ∈ E_1 for 1 ≤ i ≤ 3, so that σ^A(e) = h(e) for each e ∈ E_1. Since E is finite, we can iterate the process and obtain a term which coincides with h on E.

120 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

(ii): The proof is essentially the same, using property (P ), and can be found in [6]. □

Recall that for a, b∈A^n, H(a, b) is the subuniverse Sg(⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩) of A^2. An argument similar to that used in the above lemma gives the following.

Corollary 2.2. Suppose that A has a majority function which is term representable on classes, and there is some u ∈ A such that card(u) ≥ 3. Let h : A^n → A, n ≥ 1, be a function such that for any elements a, b ∈ � u∈A u^n, ⟨h(a), h(b)⟩ ∈ H(a, b). Then h is term representable on classes. □

Definition 2.2. Let h : A^n → A, n ≥ 1, be a function.

(i) h is said to be 1_A compatible if for any pairs ⟨a_i, b_i⟩ ∈ 1_A, 1 ≤ i ≤ n, we have h^{A2} (⟨a_1, b_1⟩, . . . , ⟨a_n, b_n⟩) = ⟨h^A(a_1, . . . , a_n), h^A(b_1, . . . , b_n)⟩ ∈ 1_A.

(ii) h is said to be compatible on a class u if there is some b ∈ A such that h(u^n) ⊆ b.

For example, consider the following ternary functions q and d on A:

(a): q(x, y, z) = � x if x = y = z and x ≠ y; z elsewhere.

(b): d(x, y, z) = � x if x ≠ y; z elsewhere.

Then, q is 1_A compatible, but is a Pixley function only on classes; the discriminator function d is compatible on classes.

A weakly termal function h : A^n → A is 1_A compatible. Let m and n be nonzero natural numbers, and a^1, . . . , a^m ∈ � u∈A u^n, and define the elements a_i of A^m by a_i := ⟨a^1(i), . . . , a^m(i)⟩ for 1 ≤ i ≤ n. Consider the set K(a_1, . . . , a_n) := {x ∈ A^m; ⟨x(i), x(j)⟩ ∈ H(a^i, a^j) for i, j ∈ m}. Then Sg(a_1, . . . , a_n) ⊆ K(a_1, . . . , a_n) as subuniverses of A^m.

Theorem 2.3. Consider the following properties on A:

(i) Every n-ary function which preserves the subuniverses of 1_A, n ≥ 1, is term representable on classes.

(ii) Let m and n be nonzero natural numbers:

(ii_1) If a, b ∈ � u∈A u^n, then H(a, b) = Sg(a(1), . . . , a(n)) × Sg(b(1), . . . , b(n)) or H(a, b) ⊆ 1_A.

(ii_2) If a^1, . . . , a^m ∈ � u∈A u^n, and a_i := ⟨a^1(i), . . . , a^m(i)⟩ for 1 ≤ i ≤ n, then Sg(a_1, . . . , a_n) = K(a_1, . . . , a_n).

Then (i)⇒(ii_1) and (ii)⇒(i).

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 121

Proof. (i) ⇒ (ii_1): Obviously, H(a, b) ⊆ Sg(a(1), . . . , a(n)) × Sg(b(1), . . . , b(n)). Assume H(a, b) ⊈ 1_A; then there is some i ∈ n such that ⟨a(i), b(i)⟩ ∉ 1_A; W.l.o.g. let i = 1. To show that Sg(a(1), . . . , a(n)) × Sg(b(1), . . . , b(n)) ⊆ H(a, b) let ⟨u, v⟩ ∈ Sg(a(1), . . . , a(n))×Sg(b(1), . . . , b(n)). There are terms t_1 and t_2 such that u = t^A_1 (a) and v = t^A_2 (b). Consider the function h : A^n → A defined by

h(x) = � � � t^A_1 (x) if x ∈ a(1)^n; t^A_2 (x) if x ∈ b(1)^n; x(1) elsewhere.

Then h preserves the subuniverses of 1_A. By (i) let t be a term representing h on classes; we have ⟨u, v⟩ = ⟨h(a), h(b)⟩ = ⟨t^A(a), t^A(b)⟩ = t^{A2} (⟨a, b⟩) ∈ H(a, b).

So H(a, b) = Sg(a(1), . . . , a(n)) × Sg(b(1), . . . , b(n)) holds.

(ii) ⇒ (i): Let h : A^n → A be a function which preserves the subuniverses of 1_A; let a^1, . . . , a^m be the distinct elements of � u∈A u^n, and a_i := ⟨a^1(i), . . . , a^m(i)⟩ for

1 ≤ i ≤ n.

Let k, l ∈ m be arbitrary. If ⟨a^k(1), a^l(1)⟩ ∈ 1_A, then ⟨h(a^k), h(a^l)⟩ ∈ H(a^k, a^l); if not H(a^k, a^l) = Sg(a^k(1), . . . , a^k(n)) × Sg(a^l(1), . . . , a^l(n)) by (ii_1), so that ⟨h(a^k), h(a^l)⟩ ∈ H(a^k, a^l).

Thus ⟨h(a^1), . . . , h(a^m)⟩ ∈ K(a_1, . . . , a_n) = Sg(a_1, . . . , a_n) by (ii_2). So there is an n-ary term t such that ⟨h(a^1), . . . , h(a^m)⟩ = t^{Am} (a_1, . . . , a_n); that is ⟨h(a^1), . . . , h(a^m)⟩ = ⟨t^A(a^1), . . . , t^A(a^m)⟩, and t represents h on classes. □

If A is a minimal structure (i.e. A has no proper substructure), property (ii_1) of the above theorem implies that A^2 is the only subuniverse of A^2 that may not be contained in 1_A.

Definition 2.3. A satisfies the class subuniverse property (briefly CSP ), if it satisfies the condition (ii_2) of Theorem 2.3.

Corollary 2.4. Suppose that A has a majority function which is termal on classes. Then each of the properties (i) and (ii) of Theorem 2.3 is equivalent to this third one:

(iii) Every weakly termal function is term representable on classes.

Proof. From the hypothesis and Lemma 2.1 (ii), properties (i) and (iii) are equivalent. So, we only have to prove that (i) and (ii) are equivalent. For this, we must show that (i) implies (ii_2).

Let a^1, . . . , a^m be elements of � u∈A u^n, and a_i := ⟨a^1(i), . . . , a^m(i)⟩ for 1 ≤ i ≤ n.

Take an x ∈ K(a_1, . . . , a_n). For each k ∈ m, let J_k := {l ∈ m : ⟨a^k(1), a^l(1)⟩ ∈ 1_A}; furthermore let σ(k) be the minimum of J_k. If l_1, l_2 are in J_k, ⟨x(l_1), x(l_2)⟩ is an element of H(a^{l1} , a^{l2} ) and the later is Sg(⟨a^{l1} (1), a^{l2} (1)⟩, . . . , ⟨a^{l1} (n), a^{l2} (n)⟩). From the proof of Lemma 2.1 (i), we can find a term t_{σ(k)} such that x(l) = t^A_{σ(k)}(a^l) for each l ∈ J_k.

122 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

Consider the function h : A^n → A defined by:

h(u) = � t^A_{σ(k)}(u) if u ∈ a^k(1)^n for some k; u(1) if not.

Let E be a subuniverse of 1_A, and ⟨b(j), c(j)⟩ ∈ E for 1 ≤ j ≤ n. If b := ⟨b(1), . . . , b(n)⟩ ∈ a^k(1)^n for some k, then so is c := ⟨c(1), . . . , c(n)⟩ and ⟨h(b), h(c)⟩ = ⟨t^A_{σ(k)}(b), t^A_{σ(k)}(c)⟩ = t^{A2}_{σ(k)}(⟨b(1), c(1)⟩, . . . , ⟨b(n), c(n)⟩) ∈ E. Otherwise, ⟨h(b), h(c)⟩ = ⟨b(1), c(1)⟩ ∈ E.

So h preserves the subuniverses of 1_A, and there is a term t representing h on classes. Now, x = ⟨x(1), . . . , x(m)⟩ = ⟨t^A(a^1), . . . , t^A(a^m)⟩ = t^{Am} (⟨a_1, . . . , a_n⟩) is an element of Sg(a_1, . . . , a_n); thus we have (ii_2). □

3. ⋆-quasiprimality

We begin this section with a version of a Fleischer’s lemma on subuniverses of product algebras in a permutable variety (cf. [1], p. 169). First we need a notion of subdirect product suitable for our purpose.

Definition 3.1. Let B_1 and B_2 be substructures of A, and π_i : B_1 × B_2 → B_i, 1 ≤ i ≤ 2, be the canonical projections. Let B be a substructure of B_1 × B_2.

(i) B ⊆ B_1 × B_2 is called a subdirect product of B_1 and B_2 if π_i(B) = B_i for i = 1, 2.

(ii) B ⊆ B_1 × B_2 is called a ⋆-subdirect product if it is a subdirect product and ker(π_i) ∩ B^2 is a ⋆-congruence of B for i = 1, 2.

Note that for any ⋆-congruence θ of the ⋆-subdirect product B of B_1 × B_2, π_i(θ) is a ⋆-congruence of B_i.

Lemma 3.1. Let B_1, B_2 be substructures of A and B ⊆ B_1 ×B_2 be a ⋆-subdirect product such that Con_⋆(B) is permutable. Then there are ⋆-epimorphisms B_1^{h1}→ D^{h2}← B_2 such that B = {⟨b_1, b_2⟩ ∈ B_1 × B_2 : h_1(b_1) = h_2(b_2)}.

Proof. Let τ_i = π_i ↾_B: B → B_i be the restriction of π_i to B, for 1 ≤ i ≤ 2. Since B ⊆ B_1 × B_2 is a ⋆-subdirect product, each τ_i is a ⋆-epimorphism; then ρ_i = ker(τ_i) = ker(π_i) ∩ B^2 is in Con_⋆(B), and so is ρ = ρ_1 ∨ ρ_2 = ρ_1 ∘ ρ_2. Let τ : B → B/ρ be the canonical ⋆-epimorphism; there are epimorphisms B_1^{h1}→ B/ρ^{h2}← B_2 such that τ = h_i ∘ τ_i for each i; moreover each h_i is a ⋆-morphism.

If ⟨b_1, b_2⟩ ∈ B, h_1(b_1) = h_1 ∘ τ_1(⟨b_1, b_2⟩) = h_2 ∘ τ_2(⟨b_1, b_2⟩) = h_2(b_2). Conversely let ⟨b_1, b_2⟩ ∈ B_1 × B_2 such that h_1(b_1) = h_2(b_2); there are elements a_1 ∈ B_1 and a_2 ∈ B_2 such that ⟨b_1, a_2⟩ and ⟨a_1, b_2⟩ are in B. Then τ(⟨b_1, a_2⟩) = h_1(b_1) = h_2(b_2) = τ(⟨a_1, b_2⟩) and (⟨a_1, b_2⟩, ⟨b_1, a_2⟩) ∈ ρ = ρ_1 ∘ ρ_2. Let ⟨u, v⟩ be an element of B such that ⟨a_1, b_2⟩ρ_2⟨u, v⟩ρ_1⟨b_1, a_2⟩; then b_2 = v and u = b_1, so ⟨b_1, b_2⟩ = ⟨u, v⟩ ∈ B. □

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 123

A substructure B (or subuniverse B) of B_1 ×B_2 is said to be rectangular if whenever ⟨x, y⟩, ⟨u, v⟩, ⟨x, v⟩ are in B then so is ⟨u, y⟩. Then Lemma 3.1 shows that every ⋆-subdirect product B ⊆ B_1 ×B_2 with Con_⋆(B) permutable is rectangular.

For every substructure B of A, the largest congruence of B is the restriction of the largest congruence of A; that is, ∇_B = ∇_A ∩ B^2. For ⋆-congruences, we want 1_A to act similarly as ∇_A on substructures. Whence the following definition.

Definition 3.2. 1_A is said to be hereditarily maximal if 1_B = 1_A ∩ B^2 for each substructure B of A.

Lemma 3.2. Let A be a structure such that 1_A is hereditarily maximal, and B be a substructure of A^2 such that B is contained in 1_A.

(i) If A has a Malcev function which is termal on classes, then Con_⋆(B) is permutable.

(ii) If A has a Pixley function which is termal on classes, then Con_⋆(B) is arithmetical.

Proof. (i): For any θ, φ ∈ Con_⋆(B) and ⟨a, b⟩ ∈ θ ∘ φ, let c ∈ B such that aφcθb; now let a = ⟨a_1, a_2⟩, b = ⟨b_1, b_2⟩ and c = ⟨c_1, c_2⟩; then a_i, b_i, c_i ∈ a_1 for each i. Let t(x, y, z) be a ternary term representing the given Malcev function on a_1; then a = t^{A2} (a, b, b)θt^{A2} (a, c, b)φt^{A2} (c, c, b) = b, and ⟨a, b⟩ ∈ φ ∘ θ.

(ii): Let θ, φ, ψ be in Con_⋆(B), and ⟨a, b⟩ ∈ θ ∧ (φ ∘ ψ); then aψcφb for some c ∈ B. Let a = ⟨a_1, a_2⟩, b = ⟨b_1, b_2⟩ and c = ⟨c_1, c_2⟩; then a_i, b_i, c_i ∈ a_1 for each i. Let t(x, y, z) be a ternary term representing the given Pixley function on a_1; then t^{A2} (a, c, b)θt^{A2} (a, c, a) = a and t^{A2} (a, c, b)θt^{A2} (b, c, b) = b. So a = t^{A2} (a, b, b)(θ ∧ φ)t^{A2} (a, c, b) (θ ∧ ψ)t^{A2} (a, a, b) = b, and ⟨a, b⟩ ∈ (θ ∧ ψ) ∘ (θ ∧ φ), thus θ ∧ (φ ∘ ψ) ⊆ (θ ∧ ψ) ∘ (θ ∧ φ). If θ = △_B, we obtain φ ∘ ψ ⊆ ψ ∘ φ. So θ ∧ (φ ∨ ψ) ⊆ (θ ∧ ψ) ∨ (θ ∧ φ), and Con_⋆(B) is arithmetical. □

One of the main properties of a quasiprimal algebra A = (A; F^A) is that every subalgebra of A is simple. A notion of quasiprimality for first-order structures may be expected to entail a similar property. Below we give a notion of simplicity which fits with ⋆-congruences.

Definition 3.3. Let B be a substructure of A.

(i) A congruence θ ∈ Con_⋆(B) is said to be simple if for every b ∈ B, [b]_θ = {b} or [b]_θ = [b]_{1B} .

(ii) B is said to be ⋆-simple if every ⋆-congruence of B is simple. (iii) A is said to be hereditarily ⋆-simple if every substructure of A is ⋆-simple.

It is proved in [6] that if the discriminator function d is termal on classes, then A is ⋆-simple and Con_⋆(A) is arithmetical.

Definition 3.4. Let B_1 and B_2 be substructures of A, θ_i ∈ Con(B_i) for 1 ≤ i ≤ 2, and α : B_1/θ_1 → B_2/θ_2 be an isomorphism.

124 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

(i) The set E := {⟨b_1, b_2⟩ ∈ B_1 × B_2: α(b_1/θ_1) = b_2/θ_2} is called the lifting of α, and denoted by lift(α).

(ii) If E ⊆ 1_A then E is called a 1_A lifting, and α is called a 1_A isomorphism. If moreover θ_1 and θ_2 are simple then E is called a simple 1_A lifting.

When A has a Malcev function which is termal on classes, we see from Lemma 3.1 and Lemma 3.2 that any subuniverse E of 1_A is rectangular, thus is the lifting of some 1_A isomorphism α : B_1/θ_1 → B_2/θ_2, where B_i = π_i(E) is a subuniverse of A and θ_i ∈ Con_⋆(B_i) for 1 ≤ i ≤ 2. If moreover A is hereditarily ⋆-simple then E is a simple 1_A lifting.

Theorem 3.3. Let A be a structure with 1_A hereditarily maximal. Then the following properties are equivalent:

(i) The discriminator function d is termal on classes.

(ii) A is hereditarily ⋆-simple and has a Pixley function which is termal on classes.

(iii) Every function h : A^n → A, n ≥ 1, which preserves simple 1_A liftings is termal on classes.

Proof. (i) ⇒ (ii): First note that the discriminator function d is a Pixley function.

For hereditary ⋆-simplicity, let B be a substructure of A, b ∈ B and θ ∈ Con_⋆(B) such that [b]_θ ≠ {b}. Then there is some c ∈ B such that ⟨b, c⟩ ∈ θ and b ≠ c. Now, for each u ∈ [b]_{1B} , ⟨c, u⟩ = ⟨d(c, b, u), d(b, b, u)⟩ ∈ θ. Thus [b]_{1B} = [b]_θ, showing that θ is a simple ⋆-congruence.

(ii) ⇒ (iii): A Pixley function is also a Malcev function, thus subuniverses of 1_A are 1_A liftings, which are simple. From the given Pixley function, we can obtain a majority function which is termal on classes. So by Lemma 2.1 (ii), h is weakly termal, hence termal on classes.

(iii) ⇒ (i): Consider the function q : A^3 → A defined by

q(a, b, c) = � � � c if a = b and b = c; a if a ≠ b and a = b; b elsewhere.

Let E be the lifting of a simple 1_A isomorphism α : B_1/θ_1 → B_2/θ_2, and u, v, w be elements of E.

• Suppose that u(1) = v(1) = w(1), then [u(1)]_{θ1} = [v(1)]_{θ1} iff [u(2)]_{θ2} = [v(2)]_{θ2} .

[(u(1) = v(1) iff (u(2) = v(2))] implies q^{A2} (u, v, w) ∈ {u, w}. [(u(1) = v(1)) iff (u(2) ≠ v(2))] implies [u(1)]_{θ1} = [v(1)]_{θ1} = [w(1)]_{θ1} = [u(1)]_{1A∩B}2_1 , then q^{A2} (u, v, w) ∈ {⟨u(1), w(2)⟩, ⟨w(1), u(2)⟩}, and the later is a subset of E.

• Suppose that u(1) = v(1) ≠ w(1).

If [(u(1) = v(1)) iff (u(2) = v(2))], then q^{A2} (u, v, w) ∈ {u, v}. If [(u(1) = v(1)) iff (u(2) ≠ v(2))], then q^{A2} (u, v, w) = u.

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 125

• Suppose that u(1) ≠ v(1); then q^{A2} (u, v, w) = v.

So q preserves E, and is termal on classes. Since q coincides with d on classes, d is also termal on classes. □

Definition 1.2 and the above theorem motivate the following definition.

Definition 3.5. (i) A is called weak ⋆-quasiprimal if every function on A which preserves simple 1_A liftings is termal on classes.

(ii) A is called ⋆-quasiprimal if every function on A which preserves simple 1_A liftings is term representable on classes.

So, Theorem 3.3 characterizes weak ⋆-quasiprimality. Below we use the property CSP (see Definition 2.3) in the characterization of ⋆-quasiprimality.

Theorem 3.4. Suppose that 1_A is hereditarily maximal. Then A is ⋆-quasiprimal if and only if the following conditions are satisfied:

(i) The discriminator function d is term representable on classes. (ii) For any nonzero natural number n and a, b ∈ � u∈A u^n, H(a, b) ⊆ 1_A or

H(a, b) = Sg(a(1), . . . , a(n)) × Sg(b(1), . . . , b(n)). (iii) A satisfies the CSP.

Proof. (⇒): From the proof of Theorem 3.3, d is term representable on classes.

Since d is a Pixley function, we can obtain a majority function which is termal on classes, and subuniverses of 1_A are simple 1_A liftings, thus the result follows from Corollary 2.4.

⇐): Since d is term representable on classes and 1_A is hereditarily maximal, the subuniverses of 1_A are simple 1_A liftings, so the result follows from Theorem 2.3. □

Note that in A = (A; F^A; R^A), if for each m-ary r ∈ R, r^A is empty or r^A = A^m, the above results correspond to the standard notion of quasiprimality on algebras.

In particular, condition (i) in the above theorem may be replaced by “A is hereditarily ⋆-simple and has a Pixley function which is term representable on classes”.

We end the section by examining the case of minimal structures.

Lemma 3.5. Let A be weak ⋆-quasiprimal and minimal. Then:

(i) Any subuniverse of 1_A is an automorphism or a simple ⋆-congruence of A. (ii) If a subuniverse of 1_A is a nontrivial automorphism of A, then △_A and 1_A are the only ⋆-congruences of A.

Proof. (i): Let E be a subuniverse of 1_A; then E is the lifting of some isomorphism α : A/θ_1 → A/θ_2, where θ_1 and θ_2 are simple ⋆-congruences of A.

If θ_1 = △_A then θ_2 = △_A; and α is an isomorphism of A.

If θ_1 ≠ △_A then θ_2 ≠ △_A; and there is some a ∈ A such that [a]_{θ1} = a ≠ {a}. Since E = lift(α) is a simple 1_A lifting, we must have α(a) = a. Let b be any element of A; by minimality b = t^A(a) for some unary term t. Then α(b/θ_1) =

126 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

α(t^{A/θ1} (a/θ_1)) = t^{A/θ2} (α(a/θ_1)) = t^{A/θ2} (a/θ_2) = t^A(a)/θ_2 = b/θ_2; so, α = Id_{A/θ1} and θ_1 = θ_2 = E.

(ii): Let α be a nontrivial automorphism with α ⊆ 1_A. If φ ∈ Con_⋆(A) such that φ ≠ △_A, then [a]_φ = a ≠ {a}, for some a. Also b = α(a) ≠ a, for otherwise the fix points of α would form a proper subuniverse of A. Moreover b ∈ a = [a]_φ.

Let c be any element of A; then c = t^A(a) for some term t; now, d = t^A(b) = t^A(α(a)) = α(t^A(a)) = α(c), and α(c) ≠ c. Since ⟨c, d⟩ = ⟨t^A(a), t^A(b)⟩ = t^{A2} (⟨a, b⟩) ∈ φ, we have d ∈ [c]_φ and [c]_φ = c. This shows that φ = 1_A ≠ △_A. □

Definition 3.6. The structure A is called ⋆-demiprimal (resp. weak ⋆-demiprimal) if it is minimal and every n-ary function h on A, n ≥ 1, which preserves 1_A automorphisms and simple ⋆-congruences is term representable (resp. termal) on classes.

By Lemma 3.5, A is weak ⋆-demiprimal if and only if A is weak ⋆-quasiprimal and minimal.

Theorem 3.6. The structure A is ⋆-demiprimal if and only if the following conditions are satisfied:

(i) A is ⋆-quasiprimal.

(ii) The only subuniverses of A^2 are A^2, the simple ⋆-congruences and 1_A automorphisms of A.

Proof. (⇒): If A is ⋆-demiprimal, then the function q defined in the proof of Theorem 3.3 is term representable, hence d is also term representable. Since A is minimal, by Lemma 3.5 the subuniverses of 1_A are simple ⋆-congruences and 1_A automorphisms of A; these are the only simple 1_A liftings of A. Therefore, A is ⋆-quasiprimal. From Theorem 2.3 it is clear that A^2 is the only subuniverse of A^2 which may not be contained in 1_A .

(⇐): By (ii), A is minimal. From (i), dis term representable; and (ii) implies that simple ⋆-congruences and 1_A automorphisms are the only (simple) 1_A liftings. Since A is ⋆-quasiprimal, every function which preserves these liftings is term representable on classes; so A is ⋆-demiprimal. □

In fact using Lemma 3.5 and the observation after Theorem 2.3, condition (ii) in Theorem 3.6 may be stated as follows:

“ The only subuniverses of A^2 other than A^2 are either 1_A, id_A and the 1_A automorphisms, or the ⋆-congruences”.

4. An example

We illustrate some of the notions and results of the preceding sections through a finite ring.

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 127

4.1. The basic universe

Let p and q be prime natural numbers such that 2 < p < q; consider the ring A = (Z_p3_q; +, ·, 0), its ideal I = p^3A = p^3Z_p3_q, and the congruence θ = {⟨a, b⟩ ∈ A^2; a − b ∈ I}.

Define the relations r^A := [0]_θ ×[p]_θ ×[p^2]_θ and s^A := � (1≤a≤p^3−1)

a∉{0,p,p2}

[a]_θ. We obtain

a structure A = (A; r^A, s^A) = (Z_p3_q; +, ·, 0; r^A, s^A).

Let ⟨a, b⟩, ⟨c, d⟩ ∈ θ such that ⟨a, c⟩ ∈ r^A; then a ∈ [0]_θ and c ∈ [p]_θ; so b ∈ [0]_θ and d ∈ [p]_θ; i.e., ⟨b, d⟩ ∈ r^A, showing that θ is compatible with r^A. Similarly we verify that θ is compatible with s^A; so θ is a ⋆-congruence of A.

Now if φ is a congruence of A such that φ ⊈ θ, then φ is not compatible with r^A; so θ = 1_A, and since △_A is the only congruence contained in θ we obtain Con_⋆(A) = {△_A, 1_A).

We note that the term t(x, y, z) := (x − y)^{q−1}(x − z) + z represents the discriminator function on classes.

The subuniverses of A are of the form p^αq^βA, where 0 ≤ α ≤ 3 and 0 ≤ β ≤ 1. For C = p^2A = p^2Z_p3_q, we have the substructure C = (p^2Z_p3_q; +, ·, 0; r^C, s^C), where r^C = r^A ∩ C^3 = ∅ and s^C = s^A ∩ C^{p3−3} = ∅.

So 1_C = C^2 = ∇_C ⊈ 1_A, and 1_A is not hereditarily maximal.

4.2. The structure (A; p)

We consider the structure (A; p) := (Z_p3_q; +, ·, 0, p; r^A, s^A) where p is a constant. Then 1_{(A;p)} = θ = 1_A.

The only subuniverse of (A; p) is B := pA = pZ_p3_q, and B = (pZ_p3_q; +, ·, 0, p; r^B, s^B), where r^B = r^A ∩ B^3 = r^A since r^A ⊆ B^3, and s^B = s^A ∩ B^{(p2−3)} = ∅.

I = p^3A is an ideal of the underlying ring B of B, and 1_B = θ ∩ B^2 = 1_A ∩ B^2; so 1_{(A;p)} is hereditarily maximal. Moreover, I is a minimal ideal of B, so we have Con_⋆(B) = {△_B, 1_B}.

Since the discriminator function on A is term representable on classes, (A; p) is weak ⋆-quasiprimal.

Let us look for the subuniverses of 1_{(A;p)}. Let E be such a subuniverse; since p is a constant of (A; p), ⟨p, p⟩ is a constant of (A; p)^2; so △_B ⊆ E.

Suppose that △_B ⊊ E ⊆ 1_B; there is some ⟨u, v⟩ ∈ 1_B such that ⟨u, v⟩ ∈ E and u ≠ v. If b ∈ B such that b ∈ u, then ⟨b, u⟩ = ⟨t^A(u, u, b), t^A(u, v, b) ∈ E; in particular, ⟨u + p^3, u⟩ ∈ E, and ⟨a + p^3, a⟩ ∈ E for each a ∈ B; so 1_B ⊆ E.

Suppose that △_B ⊊ E ⊈ 1_B; there is some ⟨u, v⟩ ∈ E such that u ∉ B; so p does not divide u, and there are α, β such that αu + βp = 1. Then α⟨u, v⟩ + β⟨p, p⟩ = ⟨1, 1 + α(v − u)⟩.

If u = v, we have ⟨1, 1⟩ = α⟨u, v⟩ + β⟨p, p⟩ ∈ E, and △_A ⊆ E. If u ≠ v, then ⟨q, q⟩ = q⟨1, 1 + α(v − u)⟩ ∈ E since v − u ∈ I = p^3A. But ⟨p, p⟩ ∈ E, so ⟨1, 1⟩ ∈ E and △_A ⊆ E. For each a ∈ [1]_{1A} , ⟨a, 1⟩ = d(⟨1, 1⟩, ⟨1, 1 + α(v−u)⟩, ⟨a, a⟩) ∈ E; in particular ⟨1+p^3, 1⟩ ∈ E, and ⟨p^3, 0⟩ ∈ E; so I×{0} ⊆ E, and 1_A ⊆ E.

128 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

Therefore the only subuniverses of 1_{(A;p)} are △_B, 1_B, △_A and 1_A. Consider the function h : A^2 → A defined by

h(a) = � a(1) · a(2) if a ∈ 0 ∪ p ∪ p^2; a(1) + a(2) elsewhere.

That is, the term t_1(x, y) = xy represents h on 0 ∪ p ∪ p^2 and the term t_2(x, y) = x + y represents h elsewhere. It is clear that h preserves the subuniverses of 1_{(A;p)}; but there is no term representing h on classes: for the elements a = ⟨1, 1⟩ and b = ⟨p, p⟩ of A^2, we have h(a) = t^A_2 (a) = 1 + 1 = 2 ≠ 1 = t^A_1 (a), and h(b) = t^A_1 (b) = p^2 ≠ p + p = 2p = t^A_2 (b). So (A; p) is not ⋆-quasiprimal.

4.3. The structure (A; h, p)

Consider the structure D = (A; h, p) = (Z_p3_q; +, ·, h, 0, p) where h is the function defined above. Then B = pZ_p3_q is still the only subuniverse of D, and h is compatible with θ; so 1_D = 1_A, and (B; h^B) is the only substructure of D. Moreover, 1_D and 1_{(A;p)} have the same subuniverses.

We use Corollary 2.2 to show that D is ⋆-quasiprimal. To this end, we need the subuniverses of D^2.

Since A = (Z_p3_q; +, ·, 0) is a ring (hence has a Malcev term), any subuniverse of D^2 is the lifting of some isomorphism α : D_1/θ_1 → D_2/θ_2, where D_i is a subuniverse of D and θ_i ∈ Con(D_i) for each i; thus D_i = B or D_i = A = D for each i. Moreover △_B ⊆ E.

(i) Suppose that △_B ⊊ E ⊆ B^2; then D_1 = B = D_2. Since p is a constant and p generates B, we have α(p/θ_1) = p/θ_2, and α(b/θ_1) = b/θ_2 for each b ∈ B, so that θ_1 = θ_2 and α = id_{B/θ1} ; that is, E = θ_1 is a congruence of D_1 = (B; h). The congruences of B are those associated to the ideals B = pA, p^2A, p^3A, pqA, p^2qA and {0} = p^3qA; h preserves te congruences △_B (associated to {0}), 1_B (associated to p^3A) and ∇_B = B^2 (associated to B = pA). For the congruence φ associated to p^2A, let a, b ∈ A^2 be the constant vectors with values p and p + p^2 respectively; then ⟨p, p + p^2⟩ ∈ φ, but ⟨(h(a), h(b)⟩ = ⟨p^2, 2(p + p^2)⟩ ∉ φ. So h is not compatible with φ, and φ is not a congruence of D_1 = (B; h). Similarly, we see that h is not compatible with the congruences of B associated to the ideals pqA and p^2qA. So △_B, 1_B and ∇_B are the only congruences of D_1 (and hence the only subuniverses of D contained in B^2).

(ii) Suppose that D_1 = A and D_2 = B. Let b be an element of B such that α(1/θ_1) = b/θ_2. Since p is a constant in D, α(p/θ_1) = p/θ_2; so p/θ_2 = pb/θ_2, and p − pb ∈ θ_2. But △_B and 1_B are the only congruences of D_2 which are different from ∇_{D2} = B^2, and none of them can contain p − pb since b ≠ 1; so θ_2 = ∇_{D2} = B^2, and E = A × B.

Similarly, D_1 = B and D_2 = A implies E = B × A. (iii) Suppose that D_1 = A = D_2; then D_1 = D = D_2.

Let a be an element of A such that α(1/θ_1) = a/θ_2; since α(p/θ_1) = p/θ_2, we have p/θ_2 = pa/θ_2, and p − pa ∈ θ_2. As in (i), we see that the only congruences of D are △_A, 1_D = 1_A , and ∇_D = ∇_A = A^2.

E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures 129

If θ_2 = △_A, then θ_1 = △_A, and p − pa ∈ θ_2 iff a = 1; so α is the identity on A and E = △_A.

If θ_2 = ∇_A, then θ_1 = ∇_A and E = ∇_A.

If θ_2 = 1_D = 1_A, then θ_2 = 1_A, and pa − p ∈ θ_2 iff pa − p = kp^3 for some k. So a = 1 + kp^2; but α(1/θ_1)^2 = α(1/θ_1) implies a^2 − a ∈ θ_2; i.e., p^3 must divide kp^2 + k^2p^4 = kp^2(1 + kp^2). So p divides k and a/θ_2 = 1/θ_2. Thus α(x/θ_1) = x/θ_2 for each x ∈ D, and α is the identity; this shows that E = 1_D = 1_A.

Thus the subuniverses of D^2 are △_B, 1_B, B^2, B × A, A × B, △_A, 1_A, and A^2.

Now let g : A^n → A be a function preserving (simple) 1_D liftings; then g preserves B, and hence all subuniverses of D^2. For any elements a, b ∈ � u∈D u^n, we have the

following possibilities:

• a, b ∈ B^n and ((a(1) = b(1)) or (a(1) ≠ b(1))), • (a ∈ B^n and b ∉ B^n) or (a ∉ B^n and b ∈ B^n), • a, b ∉ B^n and ((a(1) = b(1)) or a(1) ≠ b(1)).

By checking for theses cases, we see that ⟨g(a), g(b)⟩ = g^{D2} (⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩) is an element of Sg(⟨a(1), b(1)⟩, . . . , ⟨a(n), b(n)⟩) = H(a, b). By Corollary 2.2, g is term representable on classes; thus D is ⋆-quasiprimal.

Acknowledgement. We thank the referee for pointing out several mistakes in the first version of the work.

References

[1] Burris, S.; Sankappanavar, H. P.: A course in Universal Algebra. Graduate Texts in Mathematics 78. Springer-Verlag,New York-Heidelberg-Berlin 1981. Zbl 0478.08001 [2] Denecke, K.; Wismath, S. L.: Universal algebra and applications in theoretical computer science. Boca Raton, FL: Chapman & Hall/CRC 2002. Zbl 0993.08001 [3] Pixley, A. F.: Boolean Universal Algebra. In: Ursini, A. (ed), Aglianò, P. (ed):

Logic and Algebra. Proceedings of the international conference dedicated to the memory of Roberto Magari, April 26–30, 1994, Pontignano, Italy. Lect. Notes Pure Appl. Math. 180, 245–266. Marcel Dekker, New York, NY, 1996. Zbl 0859.08005 [4] Quackenbush, R. W.: A new proof of Rosenberg’s primal algebra characterization theorem. In: Finite algebra and multiple-valued logic, Szeged 1979. Colloq. Math. Soc. Janos Bolyai 28 (1981), 603–634. Zbl 0479.08003 [5] Alomo Temgoua, E. R.; Tonga, M.: A notion of functional completeness for first-order structures. Int. J. Math. Math. Sci. 14 (2005), 2207–2215. Zbl 1084.03027

130 E. R. Alomo Temgoua, M. Tonga: Quasiprimality for first-order structures

[6] Tonga, M.: Strong congruences and Mal’cev conditions on first order structures. In: Chajda, I. (ed) et al., Contributions to general algebra 13. Proceedings of the 60th workshop on general algebra. Dresden, Germany, June 22–25, 2000 and of the summer school ’99 on general algebra and ordered sets, Velké Karlovice, Czech Republic, August 30–September 4, 1999. Klagenfurt: Verlag Johannes Heyn. Contrib. Gen. Algebra 13 (2001), 335–344. Zbl 0990.03027 [7] Weaver, N.: Generalized varieties. Algebra Univers. 30(1) (1993), 27–52. Zbl 0799.08002

Received May 18, 2005