Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 48 (2007), No. 1, 303-308.

A Reverse Isoperimetric Inequality for Convex Plane Curves^∗

Shengliang Pan Hong Zhang

Department of Mathematics, East China Normal University Shanghai, 200062, P. R. China e-mail: slpan@math.ecnu.edu.cn

Abstract. In this note we present a reverse isoperimetric inequality for closed convex curves, which states that if γ is a closed strictly convex plane curve with length L and enclosing an area A, then one gets

L^2 ≤ 4π(A + |Ã|),

where Ã denotes the oriented area of the domain enclosed by the locus of curvature centers of γ, and the equality holds if and only if γ is a circle.

MSC 2000: 52A38, 52A40 Keywords: convex curves, Minkowski’s support function, locus of centers of curvature, integral of radius of curvature, reverse isoperimetric inequality

1. Introduction

The classical isoperimetric inequality in the Euclidean plane R^2 states that for a simple closed curve γ of length L, enclosing a region of area A, one gets

L^2 − 4πA ≥ 0, (1.1)

∗This work is supported in part by the National Science Foundation of China (No. 10371039 and No. 10671066), the Shanghai Science and Technology Committee Program and the Shanghai Priority Academic Discipline.

0138-4821/93 $ 2.50 © 2007 Heldermann Verlag

304 S. Pan, H. Zhang: A Reverse Isoperimetric Inequality for Convex Plane Curves

and the equality holds if and only if γ is a circle. This fact was known to the ancient Greeks, the first complete mathematical proof was only given in the 19th century by Edler [5] (based on the arguments of Steiner [14]). There are various proofs, sharpened forms and generalizations of this inequality, see for instance [2], [3], [4], [8], [9], [11], [12], [13], [15], etc., and the literature therein.

In [6], there is a reverse isoperimetric inequality for the plane curves under some assumption on curvature. In the present note, we now establish a reverse isoperimetric inequality for convex curves, which states that if γ is a closed strictly convex curve in the plane R^2 with length L and enclosing an area A, then we get

L^2 ≤ 4π(A + |Ã|), (1.2)

where Ã denotes the oriented area of the domain enclosed by the locus of curvature centers of γ, and the equality holds if and only if γ is a circle. See also Theorem 4.2 below.

It should be pointed out that the above reverse isoperimetric inequality (1.2) is obtained by the integration of the radius of curvature, our curves must be strictly convex. We wonder if this sort of inequalities can be obtained for any (simple) closed plane curves. And furthermore, it would be interesting to generalize inequality (1.2) to higher dimensional spaces.

In the following, we first recall some facts about Minkowski’s support function of closed convex plane curves, then give some properties of the locus of curvature centers of closed strictly convex plane curves, and finally present the above reverse isoperimetric inequality.

Acknowledgements. We are grateful to the anonymous referee for his or her careful reading of the original manuscript of this note, proposing two corrections and giving us some invaluable comments. We would also like to thank Professors Kai-Seng Chou, Li Ma, Xingbin Pan, Xuecheng Pang, Yibing Shen, and Yu Zheng for reading the original manuscript and giving us some suggestion and helps.

2. Minkowski’s support function for convex plane curves

From now on, without loss of generality, suppose that γ is a smooth regular positively oriented and closed strictly convex curve in the plane. Take a point O inside γ as the origin of our frame. Let p be the oriented perpendicular distance from O to the tangent line at a point on γ, and θ the oriented angle from the positive x_1-axis to this perpendicular ray. Clearly, p is a single-valued periodic function of θ with period 2π and γ can be parameterized in terms of θ and p(θ) as follows

γ(θ) = � γ_1(θ), γ_2(θ) � = � p(θ) cos θ − p^′(θ) sin θ, p(θ) sin θ + p^′(θ) cos θ � , (2.1)

(see for instance [7]). The couple (θ, p(θ)) is usually called the polar tangential coordinate on γ, and p(θ) its Minkowski’s support function.

S. Pan, H. Zhang: A Reverse Isoperimetric Inequality for Convex Plane Curves 305

Then, the curvature k of γ can be calculated according to k(θ) =^{dθ}_{ds} = 1 p(θ)+p^{′′}(θ) > 0, or equivalently, the radius of curvature ρ of γ is given by

ρ(θ) = ds dθ = p(θ) + p^{′′}(θ). (2.2)

Denote L and A the length of γ and the area it bounds, respectively. Then one can get L = � γ ds =

�_{2π} 0 ρ(θ)dθ =

�_{2π} 0 p(θ)dθ, (2.3) and A = 1 2 � γ p(θ)ds = 1 2 �_{2π} 0 p(θ) � p(θ) + p^{′′}(θ) � dθ = 1 2 �_{2π} 0 � p^2(θ) − p^{′2}(θ) � dθ. (2.4)

(2.3) and (2.4) are known as Cauchy’s formula and Blaschke’s formula, respectively.

3. Some properties of the locus of curvature centers

We now turn to studying the properties of the locus of curvature centers of a closed strictly convex plane curve γ which is given by (2.1). Let β represent the locus of centers of curvature of γ. Then β(θ) = � β_1(θ), β_2(θ) � can be given by

β(θ)=γ(θ)+ρ(θ)N(θ)= � − p^′(θ) sin θ−p^{′′}(θ) cos θ, p^′(θ) cos θ−p^{′′}(θ) sin θ � , (3.1)

where N(θ) = (− cos θ, − sin θ) is the unit inward normal vector field along γ.

Proposition 3.1. The oriented area of the domain enclosed by β is nonpositive. And moreover, if β is simple, then the orientation of β is the reverse direction against that of the original curve γ and the total curvature of β is equal to −2π.

Proof. To get the claimed results, we calculate the oriented area, denoted by Ã, of β by Green’s formula. From (3.1), we get

β_1dβ_2 − β_2dβ_1 = p^′(θ) � p^′(θ) + p^{′′′}(θ) � dθ, and thus Ã is given by

Ã= 1 2 � γ β_1dβ_2−β_2dβ_1 = 1 2 �_{2π} 0 p^′(θ) � p^′(θ)+p^{′′′} � dθ = 1 2 �_{2π} 0 � p^{′2}(θ)−p^{′′2} � dθ. (3.2)

Using the Wirtinger inequality for 2π-periodic C^2 real functions gives us Ã ≤ 0. If β is simple, then, from Green’s formula and the fact that Ã ≤ 0, it follows that the orientation of β is the reverse direction against that of γ and the total curvature of β is equal to −2π. □

The following result is essential to the proof of the main result of this note.

306 S. Pan, H. Zhang: A Reverse Isoperimetric Inequality for Convex Plane Curves

Proposition 3.2. Let γ be a C^2 closed and strictly convex curve in the plane, ρ the radius of curvature of γ, A the area enclosed by γ and Ã the oriented area enclosed by β. Then we have �_{2π} 0 ρ^2dθ = 2(A + |Ã|). (3.3)

Proof. From (2.2), we have p^{′′} = ρ − p, and thus,

p^{′′2} = ρ^2 − 2pρ + p^2 = ρ^2 − 2p(p + p^{′′}) + p^2 = ρ^2 − 2pp^{′′} − p^2.

Now, according to (3.2), |Ã| can be rewritten as

|Ã| = 1 2 �_{2π} 0 (ρ^2 − 2pp^{′′} − p^2 − p^{′2})dθ = 1 2 �_{2π} 0 ρ^2 −

�_{2π} 0 pp^{′′}dθ − 1 2 �_{2π} 0 (p^2 + p^{′2})dθ = 1 2 �_{2π} 0 ρ^2dθ − pp^′|^{2π}_0 +

�_{2π} 0 p^{′2}dθ − 1 2 �_{2π} 0 (p^2 + p^{′2})dθ = 1 2 �_{2π} 0 ρ^2dθ + 1 2 �_{2π} 0 (p^{′2} − p^2)dθ = 1 2 �_{2π} 0 ρ^2dθ − A,

which completes the proof. □

We remark that the equality (3.3) is new, and it would be interesting to find a similar formula for higher dimensional convex surfaces.

4. A reverse isoperimetric inequality

Lemma 4.1. Let γ be a smooth closed and strictly convex curve in the plane, ρ be the radius of curvature of γ, and L be the length of γ. We have � γ ρds ≥

L^2 2π . (4.1)

Furthermore, the equality in (4.1) holds if and only if γ is a circle.

Proof. Note that � γ ρds =

�_{2π} 0 ρ^2(θ)dθ. From the Cauchy-Schwartz inequality, we get 2π �_{2π} 0 ρ^2(θ)dθ ≥

� � 2π 0 ρ(θ)dθ

�_2 = � � γ ds �_2 = L^2. (4.2)

And furthermore, the equality in (4.2) holds if and only if ρ is a constant which means that γ is a circle, because a simple closed plane curve with constant curvature must be a circle. □

S. Pan, H. Zhang: A Reverse Isoperimetric Inequality for Convex Plane Curves 307

Now, from the above lemma and Proposition 3.2, one can easily get our main result.

Theorem 4.2. (A Reverse Isoperimetric Inequality) If γ is a closed strictly convex plane curve with length L and enclosing an area A, let Ã denote the oriented area bounded by its locus of centers of curvature, then we get

L^2 ≤ 4π(A + |Ã|), (4.3)

where the equality holds if and only if γ is a circle. □

The following corollary is a direct consequence of the classical isoperimetric inequality (1.1) and our reverse isoperimetric inequality (4.3). Also, it can be thought of as a direct consequence of (3.2) and the Wirtinger inequality.

Corollary 4.3. Let β be the locus of curvature centers of a closed strictly convex plane curve γ. Then the oriented area Ã of β is zero if and only if γ is a circle and thus β is a point which is the center of γ. □

References

[1] Blaschke, W.: Kreis und Kugel. 2nd ed., Gruyter, Berlin 1956. Zbl 0070.17501 [2] Bonnesen, T.; Fenchel, W.: Theorie der Konvexen Körper. Reprint of the 1948 ed. AMS Chelsea Publishing, Providence, RI, 1971 Zbl 0906.52001 [3] Chavel, I.: Isoperimetric Inequalities. Differential Geometric and Analytic Perspectives. Cambridge University Press, 2001. Zbl 0988.51019 [4] Dergiades, N.: An elementary proof of the isoperimetric inequality. Forum Geom. 2 (2002), 129–130, electronic only. Zbl 1025.52009 [5] Edler, F.: Vervollständigung der Steiner’schen elementar-geometrischen Beweise für den Satz, dass der Kreis grösseren Flächeninhalt besitzt als jede andere ebene Figur gleich grossen Umfanges. G”ott. N. 1882, 73–80. (translated into French and printed in Bull. Sci. Math. 7(2) (1883), 198–204). JFM 14.0463.04 [6] Howard, R.; Treibergs, A.: A reverse isoperimetric inequality, stability and extremal theorems for plane curves with bounded curvature. Rocky Mt. J. Math. 25 (1995), 635–684. Zbl 0909.53002 [7] Hsiung, C. C.: A First Course in Differential Geometry. Pure Appl. Math., Wiley, New York 1981. Zbl 0458.53001 [8] Lawlor, G.: A new area-maximization proof for the circle. Math. Intell. 20 (1998), 29–31. Zbl 0917.51022 [9] Lax, P.: A short path to the shortest path. Am. Math. Mon. 102 (1995), 158–159. Zbl 0859.26009

308 S. Pan, H. Zhang: A Reverse Isoperimetric Inequality for Convex Plane Curves

[10] Mitrinović, D. S.; Pečarić, J. E.; Volence, V.: Recent Advances in Geometric Inequalities. Kluwer Academic Publishers, Dordrecht 1989. Zbl 0679.51004 [11] Osserman, R.: The isoperimetric inequality. Bull. Am. Math. Soc. 84 (1978), 1182–1238. Zbl 0411.52006 [12] Osserman, R.: Bonnesen-style isoperimetric inequalities. Am. Math. Mon.

86 (1979), 1–29. Zbl 0404.52012 [13] Schneider, R.: Convex Bodies: the Brunn-Minkowski Theory. Cambridge University Press, Cambridge-New York 1993. Zbl 0798.52001 [14] Steiner, J.: Sur le maximum et le minimum des figures dans le plan, sur la sphère, et dans l’espace en général, I and II. J. Reine Angew. Math. (Crelle) 24 (1842), 93–152 and 189–250. ERAM 024.0720cj and ERAM 024.0725cj [15] Talenti, G.: The standard isoperimetric inequality. In: Handbook of Convex Geometry, Vol. A (edited by P. M. Gruber and J. M. Wills), 73–123, Amsterdam, North-Holland, 1993. Zbl 0777.52001

Received July 10, 2006