Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 47 (2006), No. 2, 479-488.

Crofton Measures in Polytopal Hilbert Geometries

Rolf Schneider

Mathematisches Institut, Albert-Ludwigs-Universität Eckerstr. 1, 79104 Freiburg i.Br., Germany e-mail: rolf.schneider@math.uni-freiburg.de

Abstract. The Hilbert geometry in an open bounded convex set in R^n is a classical example of a projective Finsler space. We construct explicitly a positive measure on the space of lines in a polytopal Hilbert geometry which yields an integral geometric representation of Crofton type for the Holmes-Thompson area of hypersurfaces. MSC 2000: 53C60 (primary); 53C65, 52B11 (secondary)

1. Introduction

There have recently been efforts to extend classical integral-geometric Crofton formulas to projective Finsler spaces. This was partly motivated by the integralgeometric approach to Hilbert’s fourth problem, and by Busemann’s generalization of the problem, asking for notions of areas in affine spaces for which flats are minimizing. Another impetus came from the work of Gelfand and Smirnov [10] on Crofton densities, aiming at bridging the gap between the integral geometries of Blaschke-Chern-Santaló on one side and that of Radon type transforms on the other.

A Crofton formula in R^n, in a simple case, is of the form � A(n,n−k)

card(E ∩ M) η_{n−k}(dE) = vol_k(M). (1)

Here k ∈ {1, . . . , n − 1}, A(n, j) is the affine Grassmannian of j-dimensional flats (affine subspaces) in R^n, and M is a k-dimensional convex set (we restrict ourselves to this special case, since the generality of the admissible subsets M is not

0138-4821/93 $ 2.50 © 2006 Heldermann Verlag

480 R. Schneider: Crofton Measures in Polytopal Hilbert Geometries

an issue here). The classical version of formula (1) is the case where R^n is equipped with a Euclidean metric, vol_k denotes the k-dimensional Euclidean volume, and η_{n−k} is the rigid motion invariant measure on A(n, n − k), with a suitable normalization. Recent investigations are concerned with the case where R^n or an open convex subset thereof is endowed with a projective Finsler metric and vol_k is the k-dimensional Holmes-Thompson area. For smooth projective Finsler spaces, it was shown by Álvarez and Fernandes [4], and with different approaches in [5, 7] (see also the surveys [6] and [8]), that a signed measure η_{n−k} exists so that (1) holds for the Holmes-Thompson area vol_k. Such a signed measure is called a Crofton measure for vol_k. The line measure η_1 is always positive, but generally not the measure η_j for j = 2, . . . , n − 1. If the metric induced by the Finsler metric is a hypermetric, then all the measures η_j, j = 1, . . . , n − 1, are positive. For the case of hypermetric Minkowski spaces (a Minkowski space is here a finite dimensional real normed space), the existence of positive Crofton measures for the Holmes-Thompson area was already proved in [15]. No smoothness assumption on the norm was made in that case. As a consequence, the obtained Crofton measures in general do not have densities (with respect to a Haar measure, say). For example, the line measure in a Minkowski space with a polytopal norm is concentrated on a lower-dimensional subset of A(n, 1). The existence of positive Crofton measures for general hypermetric projective Finsler spaces, without smoothness assumptions, was proved in [12]. There it was further shown that a positive line measure, that is, a positive Crofton measure for vol_{n−1}, exists also without the hypermetric assumption. The employed approximation method ensures only the existence and does not yield an explicit description of the measures obtained.

In the present paper, we will explicitly construct the positive line measure for the Holmes-Thompson (n − 1)-area in an n-dimensional Hilbert geometry in the interior of a convex polytope. Hilbert geometries are, besides Minkowski spaces, the second classical example of complete projective metrics, already mentioned (though not under this name) by Hilbert in the formulation of his fourth problem. The line measure in a polytopal Hilbert geometry shows similar features to that in a Minkowski space with a polytopal unit ball. For Hilbert geometries in planar polygons, the line measure was described briefly by Alexander [1] and more explicitly by Alexander, Berg and Foote [3]. The higher-dimensional case requires a different approach. Our constructed line measure is given by (16) together with (13); the details are explained below.

2. Preliminaries

We work in R^n (n ≥ 2), where we choose a scalar product ⟨·, ·⟩, with induced norm | · |. The results will not depend on the choice of this auxiliary Euclidean structure, but its availability makes some calculations easier.

In the following, P ⊂ R^n is a fixed convex polytope, with nonempty interior denoted by C. For x, y ∈ C, x ≠ y, let a, b be the points where the line through x and y intersects the boundary of C, such that x is between a and y. Then

d(x, y) := ln

|x − b||y − a| |y − b||x − a| (2)

R. Schneider: Crofton Measures in Polytopal Hilbert Geometries 481

defines a metric d on C. It is projective, or linearly additive, which means that d(x, z) = d(x, y) + d(y, z) if x, y, z are on a line and y is between x and z. The pair (C, d) is the Hilbert geometry in C.

There is a Finsler metric inducing the metric d. A (generalized) Finsler metric on C is a continuous function F : C × R^n → [0, ∞) such that F (x, ·) =: ‖ · ‖_x is a norm on R^n for each x ∈ C. The Finsler metric inducing d (which means that d(x, y) is the infimum of the Finsler lengths of all piecewise C^1 curves connecting x and y) is given by

F (x, u) := h((P − x)^o, u) + h((P − x)^o, −u), (3)

where h denotes the support function and (P − x)^o is the polar body of P − x, the translate of P by the vector x. (The easy calculation can be found, e.g., in the survey article [14].) For each x ∈ C, the norm F (x, ·) = ‖ · ‖_x has the unit ball

B_x := {u ∈ R^n : ‖u‖_x ≤ 1},

and its polar is B^o_x := {ξ ∈ R^n : ⟨ξ, u⟩ ≤ 1 ∀ u ∈ B_x}.

Writing (P − x)^o =: P^x, we see from (3) and the general relation ‖ · ‖_x = h(B^o_x, ·) that B^o_x = P^x − P^x = DP^x, (4)

where D denotes the difference body operator.

For an introduction to the Holmes-Thompson area in Minkowski spaces, we refer to [16], and for the Holmes-Thompson area in Finsler spaces to the survey [8]; see also [13]. Holmes-Thompson areas appearing below always refer to the projective Finsler space (C, F ).

In the following, we denote by M the set of all (n − 1)-dimensional relatively open bounded convex sets contained in C. This is a sufficiently rich class of submanifolds for studying Crofton measures for the Holmes-Thompson (n − 1)- area. For M ∈ M , we denote by T M the linear subspace parallel to the affine hull of M and by u_M one of the two unit normal vectors of T M.

For M ∈ M, the Holmes-Thompson (n − 1)-area of M can be represented in the form vol_{n−1}(M) = 1 κ_{n−1} � M λ_{n−1}(B^o_x|T M) λ_{n−1}(dx), (5)

where λ_{n−1} is the (n − 1)-dimensional Lebesgue measure and |T M denotes orthogonal projection to T M. The constant κ_{n−1} is the (n − 1)-volume of the (n − 1)-dimensional Euclidean unit ball. The representation (5) involves the auxiliary Euclidean structure in several ways, but vol_{n−1}(M) is independent of its choice.

A Crofton measure for vol_{n−1} is a signed measure η_1 on the Borel sets of the space A(n, 1) of lines which is locally finite (that is, finite on compact sets) and satisfies �

A(n,1)

card(L ∩ M) η_1(dL) = vol_{n−1}(M) (6)

482 R. Schneider: Crofton Measures in Polytopal Hilbert Geometries

for all M ∈ M. There is at most one such signed measure (see [12]). In the next section, we construct a positive Crofton measure for vol_{n−1}.

We will need conjugate faces of polar polytopes. Let Q ⊂ R^n be a polytope with 0 in its interior, so that the polar polytope Q^o is defined. Let G be a face of Q^o and u a unit vector such that G = F (Q^o, u) (as usual, F (K, u) denotes the support set of the convex body K with outer normal vector u; there is no danger of confusion with the Finsler metric). The ray {λu : λ ≥ 0} meets the boundary of Q in a point which is in the relative interior of a unique face F of Q (depending only on G, for fixed Q); we denote this face by R(Q, u). It is independent of the choice of the vector u with G = F (Q^o, u). Since F is the face of Q of smallest dimension containing a point λu with λ > 0, the faces F and G are conjugate to each other under the duality of Q and Q^o; we denote this fact by F^∗ = G, thus

R(Q, u)^∗ = F (Q^o, u). (7)

Let v_1, . . . , v_k be the outer unit normal vectors of the facets of Q containing F . Then F^∗ = conv � v_1 h(Q, v_1)

, . . . , v_k h(Q, v_k) � , (8)

where h denotes the support function (this follows from [11, p. 99]).

3. Construction of the line measure

Our starting point is the representation (5) of the Holmes-Thompson (n−1)-area. Let M ∈ M be given. Let x ∈ C. The polar unit ball B^o_x = DP^x is a polytope with 0 as centre of symmetry. Let S_1, . . . , S_k be the facets of DP^x. Then

λ_{n−1}(B^o_x|T M) = 1 2 k� i=1 λ_{n−1}(S_i|T M). (9)

Let i ∈ {1, . . . , k}, and let u_i be the outer unit normal vector of DP^x at its facet S_i. We have

S_i = F (DP^x, u_i) = F (P^x, u_i) + F (−P^x, u_i) = F ((P − x)^o, u_i) − F ((P − x)^o, −u_i).

According to (7), it follows that

S_i = R(P − x, u_i)^∗ − R(P − x, −u_i)^∗.

Writing R(P − x, u_i) =: F − x and R(P − x, −u_i) =: G − x, so that F and G are faces of P , we have dim F +dim G ≤ n−1, since dim[(F −x)^∗ −(G−x)^∗] = n−1. There are numbers λ, μ > 0 with x + λu_i ∈ F and x − μu_i ∈ G, hence the point x lies on a segment with one endpoint in F and the other in G. We set

Δ(F, G) := C ∩ conv(F ∪ G)

and denote by T the set of all triples (F, G, y) consisting of two distinct faces F, G of P with dim F + dim G ≤ n − 1 and a point y ∈ Δ(F, G). If the pair of faces

R. Schneider: Crofton Measures in Polytopal Hilbert Geometries 483

F, G is complementary, which means that the dimensions of F and G add up to n − 1 and together they affinely span R^n, then every point y ∈ Δ(F, G) lies on a unique segment with one endpoint in F and the other in G.

For (F, G, x) ∈ T , let

Q^{F,G}_x := (F − x)^∗ − (G − x)^∗

where (F − x)^∗ denotes the face of the polar polytope (P − x)^o that is conjugate to F − x. Thus, each facet S_i of DP^x is of the form S_i = Q^{F,G}_x with (F, G, x) ∈ T . Conversely, if (F, G, x) ∈ T , then Q^{F,G}_x is a face of DP^x, but λ_{n−1}(Q^{F,G}_x ) = 0 if it is not a facet. From (5) and (9) it now follows that

vol_{n−1}(M) = 1 κ_{n−1} � M 1 2 � (F,G,x)∈T

λ_{n−1}(Q^{F,G}_x |T M)1_{Δ(F,G)}(x) λ_{n−1}(dx) = 1 2 � (F,G) 1 κ_{n−1} � M λ_{n−1}(Q^{F,G}_x |T M)1_{Δ(F,G)}(x) λ_{n−1}(dx),

where the last sum extends over all pairs (F, G) of distinct faces of P with dim F + dim G ≤ n − 1. Here we need only sum over the complementary pairs (F, G). In fact, suppose that F and G are faces of P for which S := aff(F ∪ G) ≠ R^n. If M ⊄ S, then dim M ∩ S < n − 1, hence � M 1_{Δ(F,G)}(x) λ_{n−1}(dx) = 0.

If M ⊂ S and x ∈ M, then the normal cones of aff(F − x)^∗ and aff(G − x)^∗, and hence that of aff[(F − x)^∗ − (G − x)^∗], are subspaces of S − x. It follows that dim Q^{F,G}_x |T M < n − 1 and hence λ_{n−1}(Q^{F,G}_x |T M) = 0.

For every ordered pair (F, G) of complementary faces, we define a partial area vol_{F,G} by

vol_{F,G}(M) := 1 κ_{n−1} � M λ_{n−1}(Q^{F,G}_x |T M)1_{Δ(F,G)}(x) λ_{n−1}(dx), (10)

for M ∈ M. Thus, we have shown that

vol_{n−1}(M) = 1 2 � (F,G)

vol_{F,G}(M), (11)

where the sum extends over all ordered pairs (F, G) of complementary faces of P .

For a pair (F, G) of complementary faces of P we denote by A(F, G) ⊂ A(n, 1) the set of all lines that meet F and G.

We will show that there exists a positive measure η_{F,G} on A(n, 1) which is concentrated on A(F, G) and satisfies

vol_{F,G}(M) = � A(n,1)

card(L ∩ M) η_{F,G}(dL) (12)

484 R. Schneider: Crofton Measures in Polytopal Hilbert Geometries

for M ∈ M. We fix a complementary pair (F, G) and explain how the measure η_{F,G} is constructed.

Let x ∈ Δ(F, G). By Carathéodory’s theorem, there is a representation x = m� i=0 α_ia_i with α_i ≥ 0, a_i ∈ F ∪ G for i = 0, . . . , m, m� i=0 α_i = 1,

where a_0, . . . , a_m are affinely independent; without loss of generality, a_0, . . . , a_j ∈ F and a_{j+1}, . . . , a_m ∈ G, with j ∈ {0, . . . , m − 1}. The number μ :=

�_m

i=j+1 αi

satisfies μ /∈ {0, 1}, since x /∈ F ∪ G. With

y := m� i=0 α_i 1 − μ a_i, z := m� i=j+1

α_i μ a_i

we have y ∈ F , z ∈ G and x = (1−μ)y +μz. The representation x = (1−μ)y +μz with y ∈ aff F , z ∈ aff G and μ ∈ (0, 1) is unique. Thus, every point x ∈ Δ(F, G) lies on a unique line L(x) ∈ A(F, G), meeting F in a point y = y_x and G in a point z = z_x.

With x, y, z as before, let t_x be the unit vector which is a positive multiple of y − z. The local polar unit ball B^o_x has a facet Q^{F,G}_x with outer normal vector t_x, and this facet is given by

Q^{F,G}_x = R(P − x, t_x)^∗ − R(P − x, −t_x)^∗,

where R(P − x, t_x) = F − x and R(P − x, −t_x) = G − x.

Let H be the hyperplane parallel to aff F + aff G and at the same distance from F and G. Then every point x ∈ H ∩ Δ(F, G) has the unique representation x = (y + z)/2 with y ∈ L(x) ∩ F , z ∈ L(x) ∩ G. For L ∈ A(F, G), let π(L) be the point in L ∩ H. The map π : A(F, G) → H is injective.

For a Borel set B ⊂ A(n, 1) of lines, we define

η_{F,G}(B) := 1 κ_{n−1} � H λ_{n−1}(Q^{F,G}_x |H)1_{π(B∩A(F,G))}(x) λ_{n−1}(dx). (13)

Then η_{F,G} is a positive measure, concentrated on A(F, G). We assert that it satisfies (12).

To prove this, let M ∈ M and E := aff M. For a line L, the intersection L ∩ M is either empty or contains one or infinitely many points; in the latter case, L ⊂ E. Set L(M) := {L ∈ A(F, G) : card(L ∩ M) = ∞}.

If x ∈ π(L(M)), then the line L(x) is contained in E, hence x ∈ H ∩ E. It follows that λ_{n−1}(π(L(M))) = 0 and hence, by (13), that η_{F,G}(L(M)) = 0.

We write

M^′ := (M ∩ Δ(F, G)) \ {x ∈ Δ(F, G) : L(x) ∈ L(M)} and M_H := {x ∈ H : L(x) ∩ M^′ ≠ ∅}.

R. Schneider: Crofton Measures in Polytopal Hilbert Geometries 485

There is a bijective mapping α : M_H → M^′ such that α(x) is the intersection point of the line L(x) with E.

Denoting the right-hand side of (12) by I(M), we have, by definition (13),

I(M) = � A(F,G)\L(M)

card(L ∩ M) η_{F,G}(dL) = 1 κ_{n−1} � M_H

λ_{n−1}(Q^{F,G}_x |H) λ_{n−1}(dx). (14)

We assert that also

I(M) = 1 κ_{n−1} � M^′

λ_{n−1}(Q^{F,G}_w |E) λ_{n−1}(dw). (15)

By (10), the right-hand side is equal to vol_{F,G}(M). In fact, if x ∈ (M ∩ Δ(F, G)) \ M^′, then L(x) ⊂ E and, hence, λ_{n−1}(Q^{F,G}_x |E) = 0. Thus, if (15) is established, then (12) follows.

To prove (15), we use the map α to transform (14) in an integral over M^′. For this, we first relate λ_{n−1}(Q^{F,G}_x ) to λ_{n−1}(Q^{F,G}_w ) if L(x) = L(w).

Let x ∈ Δ(F, G), let y ∈ L(x) ∩ F , z ∈ L(x) ∩ G. Let

H^−_{ui,⟨y,ui⟩} := {p ∈ R^n : ⟨p, u_i⟩ ≤ ⟨y, u_i⟩}, i = 1, . . . , m

be the supporting halfspaces of P that contain F in their boundary, and let

H^−_{vi,⟨z,vi⟩}, i = 1, . . . , l

be the supporting halfspaces of P that contain G in their boundary. By (8), the face of (P − x)^o that is conjugate to the face F − x of P − x is given by

(F − x)^∗ = conv � u_1 ⟨y − x, u_1⟩

, . . . , u_m ⟨y − x, u_m⟩ � . Similarly, (G − x)^∗ = conv � v_1 ⟨z − x, v_1⟩

, . . . , v_l ⟨z − x, v_l⟩ � . We write q := y − z, then y − x = μq with μ ∈ (0, 1) and x − z = (1 − μ)q. Since

Q^{F,G}_x = (F − x)^∗ − (G − x)^∗,

we obtain, with dim F =: j and dim G = n − 1 − j,

λ_{n−1}(Q^{F,G}_x ) = λ_{n−1−j}((F − x)^∗)λ_j((G − x)^∗)s(F, G) = 1 μ^{n−1−j} 1 (1 − μ)^j

· V (x)

where s(F, G) depends only on the relative position of aff F and aff G, and where

V (x) :=

s(F, G)λ_{n−1−j} � conv � u_i ⟨q, u_i⟩

: i = 1, . . . , m � λ_j � conv � v_i ⟨q, v_i⟩

: i = 1, . . . , l � .

486 R. Schneider: Crofton Measures in Polytopal Hilbert Geometries

Let w ∈ L(x), y − w = νq, w − z = (1 − ν)q. Then it follows that

λ_{n−1}(Q^{F,G}_x ) λ_{n−1}(Q^{F,G}w ) = � ν μ �_{n−1−j} � 1 − ν 1 − μ

�_j . Now suppose that the hyperplane H has unit normal vector u and the hyperplane E has unit normal vector v. Let x ∈ M_H and w = α(x). Then we obtain

λ_{n−1}(Q^{F,G}_x |H) λ_{n−1}(Q^{F,G}w |E) = λ_{n−1}(Q^{F,G}_x )|⟨t, u⟩| λ_{n−1}(Q^{F,G}w )|⟨t, v⟩| = � ν μ �_{n−1−j} � 1 − ν 1 − μ

�_j

|⟨t, u⟩| |⟨t, v⟩| , where t = t_x = t_w := (y − z)/|y − z| and μ = 1/2.

The map α : M_H → M^′ is a diffeomorphism. We have to determine the factor D(α, x) by which it distorts the Euclidean (n − 1)-volume at a point x (i.e., the absolute determinant of the differential of α at x, with respect to the Euclidean metrics in the tangent spaces). For this, we fix a point x_0 ∈ M_H , with image α(x_0) = w_0 and corresponding parameter ν_0. We represent α as the composition of two differentiable maps φ and ψ. The map φ is defined by

φ(x) := (1 − ν_0)y + ν_0z,

where x = (1 − μ)y + μz with y ∈ F , z ∈ G and μ = 1/2. Thus, φ(M_H ) lies in the hyperplane H_0 through w_0 parallel to H. Instead of x, we may equivalently use y, z as independent variables. Writing φ(x) =: x, we have, in a self-explanatory notation, λ_{n−1}(dx) = (1 − ν_0)^jν^{n−1−j}_0 s(F, G)λ_j(dy)λ_{n−1−j}(dz), where s(F, G) depends only on the relative position of F and G, and

λ_{n−1}(dx) = (1 − μ)^jμ^{n−1−j}s(F, G)λ_j(dy)λ_{n−1−j}(dz),

hence D(φ, x) = � ν_0 μ �_{n−1−j} � 1 − ν_0 1 − μ

�_j . The map ψ : φ(M_H ) → M^′ is defined by letting ψ(x) be the intersection point of the line L(x) = L(x) with E. One finds that

D(ψ, w_0) =

|⟨t, u⟩| |⟨t, v⟩|

with t := t_{x0} = t_{w0} . For this, it is convenient to choose in the tangent space to H_0 at w_0 an orthonormal basis with one vector orthogonal to the ((n−2)-dimensional) direction of the intersection of H_0 and E. The distortion factor of the length of this vector under the differential of ψ at w_0 is then easily determined using the sine rule; the lengths of the other basis vectors remain unchanged. Altogether we get D(α, x_0) = D(ψ, w_0)D(φ, x_0) = � ν_0 μ �_{n−1−j} � 1 − ν_0 1 − μ

�_j |⟨t, u⟩| |⟨t, v⟩| = λ_{n−1}(Q^{F,G}_{x0} |H) λ_{n−1}(Q^{F,G}w_0 |E) .

R. Schneider: Crofton Measures in Polytopal Hilbert Geometries 487

Since x_0 ∈ M_H was arbitrary, this shows that (15) holds.

Remark. For x ∈ Δ(F, G) and vectors ξ_1, . . . , ξ_{n−1} ∈ R^n, we may define

γ(x, ξ_1, . . . , ξ_{n−1}) := λ_{n−1}(Q^{F,G}_x )| det(t_x, ξ_1, . . . , ξ_{n−1})|.

Since the right-hand side depends only on the simple (n − 1)-vector ξ_1 ∧ · · ·∧ ξ_{n−1}, this defines a (smooth) (n − 1)-density γ on the n-manifold Δ(F, G) (we identify every tangent space T_xR^n with R^n). For M ∈ M, with unit normal vector u_M , we see from the preceding result that � M γ = � M λ_{n−1}(Q^{F,G}_x )|⟨t_x, u_M ⟩| λ_{n−1}(dx) = � M λ_{n−1}(Q^{F,G}_x |T M)| λ_{n−1}(dx)

= vol_{F,G}(M).

Finally, we define a measure η_1 on A(n, 1) by

η_1 := 1 2 � (F,G)

η_{F,G)}, (16)

where the sum extends over all ordered pairs (F, G) of complementary faces of P . Then (11) and (12) together show that

vol_{n−1}(M) = � A(n,1)

card(L ∩ M) η_1(dL)

for M ∈ M. Thus, η_1 is a (positive) Crofton measure for the Holmes-Thompson area vol_{n−1}. As shown in [12], it is uniquely determined.

We observe that the line measure in a polytopal Hilbert geometry has a similar singularity property as the line measure in a polytopal Minkowski space: the measure η_1 is concentrated on a subset of A(n, 1) of dimension n − 1, whereas A(n, 1) itself has dimension 2(n − 1).

References

[1] Alexander, R.: Planes for which the lines are the shortest paths between points. Ill. J. Math. 22 (1978), 177–190. Zbl 0379.50002 [2] Alexander, R.: Zonoid theory and Hilbert’s fourth problem. Geom. Dedicata 28 (1988), 199–211. Zbl 0659.61022 [3] Alexander, R.; Berg, I. D.; Foote, R.: Integral-geometric formulas for perimeter in S^2, H^2, and Hilbert planes. Rocky Mt. J. Math. 35(6) (2005), 1825– 1859. Zbl pre05038870 [4] Álvarez Paiva, J. C.; Fernandes, E.: Crofton formulas in projective Finsler spaces. Electron. Res. Announc. Amer. Math. Soc. 4 (1998), 91–100. Zbl 0910.53044

488 R. Schneider: Crofton Measures in Polytopal Hilbert Geometries

[5] Álvarez Paiva, J. C.; Fernandes, E.: Fourier transforms and the Holmes- Thompson volume of Finsler manifolds. Int. Math. Res. Not. 19 (1999), 1031– 1042. Zbl 0973.53061 [6] Álvarez Paiva, J. C.; Fernandes, E.: What is a Crofton formula? Math.

Notae 42 (2003/04), 95–108.

[7] Álvarez Paiva, J. C.; Fernandes, E.: Gelfand transforms and Crofton formulas. Selecta Math. (to appear).

[8] Álvarez Paiva, J. C.; Thompson, A. C.: Volumes on normed and Finsler spaces. In: A Sampler of Riemann-Finsler Geometry (D. Bao, R.L. Bryant, S.- S. Chern, Z. Shen, eds.), pp. 1–48, MSRI Publ., vol. 50, Cambridge University Press 2004.

[9] Fernandes, E.: Double fibrations: a modern approach to integral geometry and Crofton formulas in projective Finsler spaces. Ph.D. Thesis, Louvain-la- Neuve 2002.

[10] Gelfand, I. M.; Smirnov, M. M.: Lagrangians satisfying Crofton formulas, Radon transforms, and nonlocal differentials. Adv. Math. 109 (1994), 188– 227. Zbl 0813.53045 [11] Schneider, R.: Convex Bodies: the Brunn-Minkowski Theory. Encyclopedia of Math. and Its Applications, vol. 44, Cambridge University Press, Cambridge 1993. Zbl 0798.52001 [12] Schneider, R.: Crofton formulas in hypermetric projective Finsler spaces.

Arch. Math. 77 (2001), 85–97. Zbl 1004.53054 [13] Schneider, R.: On integral geometry in projective Finsler spaces. Izvestija NAN Armenii. Matematika 37 (2002), 34–51.

[14] Schneider, R.: Crofton measures in projective Finsler spaces. (submitted). [15] Schneider, R.; Wieacker, J. A.: Integral geometry in Minkowski spaces. Adv.

Math. 129 (1997), 222–260. Zbl 0893.53028 [16] Thompson, A. C.: Minkowski Geometry. Encyclopedia of Mathematics and Its Applications, vol. 63, Cambridge University Press, Cambridge 1996. Zbl 0868.52001

Received September 29, 2005