Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 47 (2006), No. 2, 363-383.

On Converses of Napoleon’s Theorem and a Modified Shape Function

Mowaffaq Hajja^∗ Horst Martini Margarita Spirova

Department of Mathematics, Yarmouk University Irbid, Jordan

Faculty of Mathematics, Chemnitz University of Technology 09107 Chemnitz, Germany

Faculty of Mathematics and Informatics, University of Sofia 5, James Bourchier Blvd., 1164 Sofia, Bulgaria

Abstract. The (negative) Torricelli triangle T_1(ABC) of a nondegenerate (positively oriented) triangle ABC is defined to be the triangle A_1B_1C_1, where ABC_1, BCA_1, and CAB_1 are the equilateral triangles drawn outwardly on the sides of ABC. It is known that not every triangle is the Torricelli triangle of some initial triangle, and triangles that are not Torricelli triangles are characterized in [28]. In the present article it is shown that, by extending the definition of T_1 such that degenerate triangles are included, the mapping T_1 becomes bijective and every triangle is then the Torricelli triangle of a unique triangle. It is also shown that T_1 has the smoothing property, i.e., that the process of iterating the operations T_1 converges, in shape, to an equilateral triangle for any initial triangle. Analogous statements are obtained for internally erected equilateral triangles, and the proofs give rise to a slightly modified form of June Lester’s shape function which is expected to be useful also in other contexts. Several further results pertaining to the various triangles that arise from the configuration created by ABC_1, BCA_1, and CAB_1 are derived. These refer to Brocard angles, perspectivity properties, and (oriented) areas.

∗The first named author was supported by a research grant from Yarmouk University

0138-4821/93 $ 2.50 © 2006 Heldermann Verlag

364 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

Keywords: anti-medial triangle, anti-similar triangle, area, Brocard angle, complementary triangle, complex number, Gaussian plane, medial triangle, Möbius transformation, Napoleon configuration, Napoleon triangle, oriented area, perspectivity, shape function, similar triangles, smoothing iteration, Torricelli configuration, Torricelli triangle

1. Introduction

For an arbitrary triangle ABC in the Euclidean plane let ABC_1, BCA_1 and CAB_1 denote the equilateral triangles erected externally on the sides AB, BC, and CA of ABC, and α_1, β_1, and γ_1 be their circumcenters, respectively. This yields the so-called “Napoleon figure” of ABC, and the famous Napoleon theorem says that the triangle α_1β_1γ_1 is equilateral and that the analogous statement holds for internally erected equilateral triangles. For the history and many generalizations of this theorem we refer to the survey [20] and to [26]. For example, instead of equilateral erected triangles one might consider similar ones (see [15], [16], [26], and of [20], § 4), or one can start with affine regular n-gons and erect regular n-gons (cf. [1], [10], and § 6 of [20]). And even figures given like in the original Napoleon theorem, but with only two erected triangles have interesting geometric properties; see [8] and § 8 in [20].

However, closer to the converses of Napoleon’s theorem considered in the present paper are the so-called Petr-Douglas-Neumann theorems (cf. [29], Chapters 6, 7, 8, and 9, [9], and [20], § 7), since they refer to the free vertices of triangles erected on the sides of given n-gons yielding, by iterations, vertex sets of regular n-gons. Converses to this were explicitly studied in [5].

In the spirit of such converses one can also ask the following: If only the triangle A_1B_1C_1 of free vertices of the “Napoleon figure” described above is given, to what extent is the original triangle determined? Moreover, can the vertices of any triangle be free vertices of such a figure? Results in this direction were obtained in the papers [17], [31], [34], and [35]; see also [28] and [20], § 2.

We want to complete related contributions, particularly given [34], [35], and [28], to the following new and in a sense final results: Any triangle A_1B_1C_1 can be interpreted as the triangle of free vertices in a unique Napoleon figure (i.e., the initial triangle ABC of A_1B_1C_1 is unique), if the construction of A_1B_1C_1 is extended such that also degenerate triangles are taken into consideration. Analogous statements are presented for internally erected triangles, and also a related perspectivity result is derived. Furthermore we will show that iterations of such extended constructions have the so-called smoothing property, i.e., by iterating the described construction (with A_1B_1C_1 as starting point, etc.) we get a convergence to the shape of an equilateral triangle. For getting this and further results in our paper, we present a new modification of June Lester’s shape function (see [14], [15], and [16]). We continue by using this new shape function for deriving a sequence of theorems on Brocard angles and (oriented) areas of different triangles

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 365

occurring in Napoleon figures created from ex- and internally erected equilateral triangles. This seems to manifest that this new shape function can be successfully used also in many other related contexts. So it is our hope that the methods developed here can also be generalized or applied to “more general Napoleon figures”, e.g., with respect to higher dimensions or non-Euclidean geometries; see [23], [21], and [22]. And one might also look for possible extensions of other results, related to polygons with erected triangles or erected n-gons; see the surveys and papers [18], [19], [20], [14], [8], and [30] for many results in this direction.

Since our results should be expressed in terms of oriented triangles, we have to continue with some more precise notation regarding triangles.

2. Terminology regarding triangles

A triangle ABC is defined to be any ordered triple (A, B, C) of points in the Euclidean plane. Thus, in general there are six different triangles having the same set of vertices.

A triangle is called degenerate if its vertices are collinear, and non-degenerate otherwise. It is called trivial if the three vertices coincide.

A non-degenerate triangle ABC is said to be positively oriented if the motion A → B → C is counterclockwise, and negatively oriented if this motion is clockwise. Since a degenerate triangle has no apriori orientation, and since we need all our triangles to be oriented, we stipulate that there are two copies of every degenerate triangle ABC; one of them is positively oriented, and the other one is negatively oriented. Thus, if we refer to a degenerate triangle ABC, we assume that its orientation is also specified. From now on, all our triangles are oriented and non-trivial, but not necessarily non-degenerate.

Two triangles ABC and A^′B^′C^′ are said to be similar if they have the same orientation and

‖A − B‖ : ‖A^′ − B^′‖ = ‖B − C‖ : ‖B^′ − C^′‖ = ‖C − A‖ : ‖C^′ − A^′‖ (1)

holds. They are said to be anti-similar if (1) holds and they have different orientations.

3. Napoleon-Torricelli configurations

In a refined manner we will now describe and analyse the geometric configuration which is usually called “Napoleon configuration” (or can be extended to the socalled “Torricelli configuration”; see [20], [26], and [23]).

Let ABC be a given triangle, and let ABC_1, BCA_1, and CAB_1 be the negatively oriented equilateral triangles drawn on the sides of ABC. These are the triangles erected outwardly or inwardly on the sides of ABC according to the case whether ABC is positively or negatively oriented, respectively. They will be referred to as the negative ear triangles of ABC. The triangle A_1B_1C_1, formed by the new or free vertices, will be called the negative Torricelli triangle of ABC and denoted by T_1(ABC). Figure 1 shows the negative ear triangles ABC_1, BCA_1,

366 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

Figure 1

and CAB_1 for a positively oriented triangle ABC. Note that the negative ear triangles of ACB are the inwardly erected triangles AC_2B, BA_2C, and CB_2A. If α_1, β_1, and γ_1 are the circumcenters of the triangles ABC_1, BCA_1, and CAB_1, respectively, then a well-known theorem, customarily attributed to Napoleon Bonaparte, states that α_1β_1γ_1 is equilateral; see again Figure 1. We shall call α_1β_1γ_1 the negative Napoleon triangle of ABC and denote it by N_1(ABC); see [35]. Note once more that the negative ear, Torricelli, and Napoleon triangles are defined for all triangles.

As already mentioned, the negative Napoleon configuration described above corresponds to what is known as the outward Napoleon configuration if ABC is positively oriented, and to the inward Napoleon configuration if ABC is negatively oriented. Our Figure 2 consists of two pictures. In each of them A_1B_1C_1 is the negative Torricelli triangle T_1(ABC), and A_2B_2C_2 is the positive Torricelli triangle T_2(ABC) of ABC.

Figure 2

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 367

In studying the process of iterating the Napoleon operations, it is relevant to note that the negative Torricelli and Napoleon triangles T_1(ABC) and N_1(ABC) of ABC do not necessarily have the same orientation as ABC. However, it is proved in Corollary 5.1 that T_1 eventually preserves orientation in the sense that for a given triangle ABC, the derived triangles T^n_1 (ABC) will all have the same orientation for all n that are sufficiently large.

The positive ear, Torricelli, and Napoleon triangles are defined analogously, and the corresponding statements can be easily formulated and checked. The positive Torricelli and Napoleon triangles of ABC will be denoted by T_2(ABC) and N_2(ABC), respectively.

It should be remarked here that when ABC is negatively oriented, then the negative and positive Torricelli triangles T_1(ABC) and T_2(ABC) correspond to what the author of [4] calls the first Fermat and second Fermat triangles of ABC, respectively. Things are reversed when ABC is positively oriented.

4. The arbitrariness of the Torricelli triangles

It is very useful to identify the Euclidean plane with the Gaussian plane C of complex numbers; see [7], [11], and [12] for many related and elegant approaches to interesting theorems. A triangle is then an ordered triple (A, B, C) of complex numbers, and still we will denote it by ABC, except when there is a possibility of misinterpreting this (to mean the product ABC).

The next theorem expresses the vertices of the negative and positive Torricelli and Napoleon triangles of ABC in terms of A, B, and C, and conversely. Here, and throughout this paper, ζ will denote the primitive third root e^{2πi/3} of 1. Thus ζ = −1 + i √ 3 2 , ζ^2 =

−1 − i √ 3 2 . Theorem 4.1. Let A_1B_1C_1 and A_2B_2C_2 be the negative and positive Torricelli triangles of triangle ABC, and let α_1β_1γ_1 and α_2β_2γ_2 be the negative and positive Napoleon triangles. Then � � A_1 B_1 C_1 � �= � � 0 −ζ^2 −ζ −ζ 0 −ζ^2 −ζ^2 −ζ 0 � � � � A B C � � , � � A_2 B_2 C_2 � �= � � 0 −ζ −ζ^2 −ζ^2 0 −ζ −ζ −ζ^2 0 � � � � A B C � � , � � 2A 2B 2C � �= � � 1 −ζ^2 −ζ −ζ 1 −ζ^2 −ζ^2 −ζ 1 � � � � A_1 B_1 C_1 � � = � � 1 −ζ −ζ^2 −ζ^2 1 −ζ −ζ −ζ^2 1 � � � � A_2 B_2 C_2 � � , � � α_1 β_1 γ_1 � � = 1 − ζ 3 � � 0 −ζ^2 1 1 0 −ζ^2 −ζ^2 1 0 � � � � A B C � � , � � α_2 β_2 γ_2 � � = 1 − ζ 3 � � 0 1 −ζ^2 −ζ^2 0 1 1 −ζ^2 0 � � � � A B C � � .

368 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

Proof. Since AC_1 is obtained by rotating AB counterclockwise by 60^∘, it follows that C_1 − A = −ζ(B − A), and therefore C_1 = −ζ^2A − ζB. The remaining relations are analogous. □

Corollary 4.1. Every triangle is the negative Torricelli triangle of a unique triangle. An analogous statement holds for positive triangles.

Proof. This follows from Theorem 4.1, where one can also read off a method for recovering a triangle from each of its Torricelli triangles. □

Note 4.1. The corollary above would take a much less pleasant form if we would exclude degenerate triangles. Thus the question which non-degenerate triangle is the negative Torricelli triangle of some non-degenerate triangle has a two-fold drawback, and it constitutes the Monthly’s Problem 3257. According to the solution in [28], such a triangle ABC is characterized by either of the equivalent conditions

10 sin α sin β sin γ > √ 3 (sin^2 α + sin^2 β + sin^2 γ), (2) 11(a^2 + b^2 + c^2)^2 > 25(a^4 + b^4 + c^4) (3)

with a, b, and c as side lengths and α, β, and γ as angles of ABC.

Corollary 4.2. If A_1B_1C_1 and A_2B_2C_2 are the negative and positive Torricelli triangles of ABC, and if α_1β_1γ_1 and α_2β_2γ_2 are the corresponding negative and positive Napoleon triangles, then the centroids of ABC, A_1B_1C_1, A_2B_2C_2, α_1β_1γ_1, and α_2β_2γ_2 coincide.

Proof. It follows from Theorem 4.1 that

A_1 = −ζ^2B − ζC, B_1 = −ζA − ζ^2C, C_1 = −ζ^2A − ζB.

Therefore

A_1 + B_1 + C_1 = (−ζ^2 − ζ)(A + B + C) = (A + B + C). (4)

Analogously,

A_2 + B_2 + C_2 = (−ζ^2 − ζ)(A + B + C) = (A + B + C). (5)

The relations (4) and (5) mean that the centroids of ABC, A_1B_1C_1, and A_2B_2C_2 coincide. The other triangles are treated similarly. □

We end this section by remarking that the importance of the Napoleon-Torricelli configuration has much to do with its role in locating the Fermat-Torricelli point F of a given triangle ABC, i.e., the unique point having minimal sum of distances of A, B, and C (see Chapter II of [3]). Referring to Figure 1, it turns out that F is nothing but the intersection point of the lines AA_1, BB_1, and CC_1. In terms of perspectivities, this says that the triangles ABC and A_1B_1C_1 are perspective and

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 369

that their point of perspectivity is F . In addition it is known that for all triangles ABC the negative and positive Napoleon triangles are perspective with respect to the circumcenter of ABC, see [33], and that the negative Torricelli triangle and ABC are perspective with respect to F , cf. [13]. The following simple proposition exhibits one more perspectivity in the Napoleon-Torricelli configuration.

Proposition 4.1. The negative and positive Torricelli triangles of any triangle ABC are perspective and their point of perspectivity is the circumcenter of ABC. In fact, this is still true in the more general configuration where the six relevant ear triangles are isosceles of arbitrary shapes.

Proof. Let A_1B_1C_1 and A_2B_2C_2 be the negative and positive Torricelli triangles of a triangle ABC. Then A_1BCA_2 is a rhombus and therefore A_1A_2 is the perpendicular bisector of BC. Similar statements hold for B_1B_2 and C_1C_2, and the rest follows from the fact that the perpendicular bisectors of the sides of ABC concur at the circumcenter.

For the general statement, the quadrilateral A_1BCA_2 is not necessarily a rhombus but it has the properties that A_1B = A_1C and A_2B = A_2C. Letting M be the point of intersection of A_1A_2 and BC, one uses the obvious congruence of the triangles A_1BA_2 and A_1CA_2 to show that the triangles A_1BM and A_1CM are also congruent, and to conclude again that A_1A_2 is the perpendicular bisector of BC. □

5. The smoothing property of the Torricelli iterations and a new shape function ϕ

Using the SAS similarity theorem and the geometric interpretation of the quotient of two complex numbers, it is easy to see that the non-degenerate triangles ABC and A^′B^′C^′ are similar (respectively, anti-similar) if and only if the fractions (A−C)/(A−B) and (A^′−C^′)/(A^′−B^′) are equal (respectively, reciprocal). In fact, this still holds for all non-zero triangles as long as the fraction (A − C)/(A − B) is assigned the value ∞ when A = B ≠ C. The quantity (A − C)/(A − B) is called the shape of the triangle ABC and is studied in great detail in [14], [15], and [16]. Denoting the shape of ABC by S(ABC), it is easy to see that S can assume all values in the extended complex plane C_∞. In fact, for fixed B and C the function (A − B)/(A − C) is a Möbius transformation (see [25], pp. 206–223) in A and therefore surjective. (The shape of the zero triangle A = B = C is not defined.)

We summarize the properties of the shape function S in the first two columns of Table 1 below, where statements in the same row are equivalent, and where ζ = e^{2πi/3}, as before. The third column refers to the shape function ϕ defined below. Note that the positively and negatively oriented copies of a degenerate triangle are both similar and anti-similar.

When studying Torricelli triangles (and expectedly in other contexts), we find

370 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

it much more convenient to work with the modified shape ϕ defined by

ϕ(ABC) =

A + ζB + ζ^2C A + ζ^2B + ζC

; (6)

see also the beginning of Section 6 below. It is easy to check that (A + ζB + ζ^2C) and (A + ζ^2B + ζC) are both zero if and only if A = B = C, in which case ϕ(ABC) is not defined. It is also easy to see that S and ϕ are related by the Möbius transformations (cf. again [25], pp. 206–223) ϕ = 1 + ζS ζ + S

, S = ζϕ − 1 ζ − ϕ . It follows that ϕ and S define each other uniquely, and also that ϕ assumes all the values in the extended complex plane C_∞. The properties of ϕ are exhibited in Table 1, where again the three entries in each row are equivalent. They are immediate, except, possibly, for the properties in rows 3–5 which are proved in Theorem 6.1.

It is obvious that if two triangles are similar, then so are their negative Torricelli triangles. Similar statements hold for anti-similar triangles and for positive Torricelli triangles. Also, we point out that the negative (analogously, positive) Torricelli triangle of a non-degenerate triangle can be degenerate, and vice versa.

The next theorem shows that ϕ∘T_1 and ϕ∘T_2 are, as functions on the similarity classes of triangles, one-to-one onto. In other words, every triangle is similar to the negative (similarly, positive) Torricelli triangle of some triangle that is unique up to shape. It also shows that iterating T_1 (similarly T_2) is a smoothing process.

Theorem 5.1. Let T_1(ABC) and T_2(ABC) be the negative and positive Torricelli triangles of a triangle ABC, respectively. Then

ϕ(T_1(ABC)) = −1 2 ϕ(ABC), ϕ(T_2(ABC)) = −2ϕ(ABC).

Consequently, the process of constructing either of the Torricelli triangles is a smoothing iteration in the sense that it always results in an equilateral triangle. In other words, the limit of the shapes of each of T^n_1 (ABC) and T^n_2 (ABC) is the shape of the equilateral triangle.

Proof. Using the first equations in Theorem 4.1 and the definition of ϕ, we see that

ϕ(A_1B_1C_1) =

A_1 + ζB_1 + ζ^2C_1 A_1 + ζ^2B_1 + ζC_1 = A + ζB + ζ^2C −2(A + ζ^2B + ζC) = −ϕ(ABC) 2 . Analogously, we can go on with ϕ(A_2B_2C_2).

The last statement follows from the fact that the limits of (−2s)^n and of (−s/2)^n, as n tends to infinity, are either 0 or infinity for all s in the extended complex plane C_∞. □

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 371

1 ABC and UV W S(ABC) = S(UV W ). ϕ(ABC) = ϕ(UV W ).

are similar.

2 ABC and UV W S(ABC) = S(UV W ). ϕ(ABC) ϕ(UV W ) = 1.

are anti-similar.

3 ABC is S(ABC) is real. ‖ϕ(ABC)‖ = 1.

degenerate.

4 ABC is Im(S) > 0. ‖ϕ(ABC)‖ < 1.

non-degenerate and positively oriented.

5 ABC is Im(S) < 0. ‖ϕ(ABC)‖ > 1.

non-degenerate and negatively oriented.

6 The vertices C S(ABC) = 0. ϕ(ABC) = ζ^2.

and A coincide.

7 The vertices B S(ABC) = ∞. ϕ(ABC) = ζ.

and A coincide.

8 The vertices B S(ABC) = 1. ϕ(ABC) = 1.

and C coincide.

9 ABC is S(ABC) = −1. ϕ(ABC) = ±1.

degenerate and isosceles with apex at A.

10 ABC is S(ABC) = −ζ or −ζ^2. ϕ(ABC) = 0 or ∞.

equilateral.

11 ABC is S(ABC) = ζ or ζ^2. ϕ(ABC) = −2 or −1/2.

isosceles with vertex angle 120^∘ at A.

Table 1

Corollary 5.1. Let ABC be a given non-equilateral triangle. Then there exists an n_0 such that T^n_1 (ABC) is positively oriented and T^n_2 (ABC) is negatively oriented for all n ≥ n_0.

372 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

Proof. Since ϕ(ABC) is not 0 and since ‖ϕ(T^n_2 (ABC))‖ = 2^n‖ϕ(ABC)‖, it follows that for sufficiently large n we have ‖ϕ(T^n_2 (ABC))‖ > 1, and therefore T^n_2 (ABC) is negatively oriented. Here we have used Theorem 5.1 and row 5 of Table 1.

For the statement about T_1 we use row 4 of Table 1 and the fact that ‖ϕ(ABC)‖ ≠ ∞. We remark that the statements in rows 3–5 of Table 1 are proved in Theorem 6.1. □

Another immediate consequence of Theorem 5.1 is that both T_1(T_2(ABC)) and T_2(T_1(ABC)) have the same shape as ABC (since (-2)(-1/2) = 1). However, much more can be said about both the sizes and locations of these triangles relative to ABC. Recalling that the medial triangle M(XY Z) of a triangle XY Z is the triangle whose vertices are the mid-points of the sides Y Z, ZX, and XY , respectively, the next corollary says that T_1(T_2(ABC)) and T_2(T_1(ABC)) coincide, and that they coincide with what one may call the anti-medial triangle M^{−1}(ABC) of ABC. This is the triangle A_0B_0C_0 whose medial triangle is ABC, as shown in Figure 3 below. In particular, the composition T_2 ∘ T_1, identical with T_1 ∘ T_2, has a linear magnification factor 2. It may be added that medial and anti-medial triangles are sometimes referred to as complementary and anti-complementary triangles; see [2], p. 122.

Figure 3

Corollary 5.2. The negative Torricelli triangle of the positive Torricelli triangle of ABC and the positive Torricelli triangle of the negative Torricelli triangle of ABC coincide, and ABC is their medial triangle. In other words,

T_1(T_2(ABC)) = T_2(T_1(ABC)) = M^{−1}(ABC),

where M^{−1}(ABC) is the pre-medial triangle A_0B_0C_0 of ABC shown in Figure 3.

Proof. Let T_1(T_2(ABC)) = A_{21}B_{21}C_{21} be the negative Torricelli triangle of the positive Torricelli triangle of ABC. From Theorem 4.1 we get � � A_{21} B_{21} C_{21} � � = � � 0 −ζ^2 −ζ −ζ 0 −ζ^2 −ζ^2 −ζ 0 � � � � A_2 B_2 C_2 � �

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 373

= � � 0 −ζ^2 −ζ −ζ 0 −ζ^2 −ζ^2 −ζ 0 � � � � 0 −ζ −ζ^2 −ζ^2 0 −ζ −ζ −ζ^2 0 � � � � A B C � �

= � � −1 1 1 1 −1 1 1 1 −1 � � � � A B C � �

or A_{21} = −A + B + C, B_{21} = A − B + C, C_{21} = A + B − C.

Therefore A = B_{21} + C_{21} 2 , B =

C_{21} + A_{21} 2 , C =

A_{21} + B_{21} 2 , and ABC is the medial triangle of A_{21}B_{21}C_{21}, i.e., of T_1(T_2(ABC)). The same holds for T_2(T_1(ABC)). □

It is easy to see that

ϕ(BCA) = ζϕ(ABC), ϕ(ACB) = 1 ϕ(ABC) . Using Theorem 5.1, it follows that if ABC is not equilateral, then neither of the triangles T_1(ABC) and T_2(ABC) can be similar to any cyclic permutation of ABC. However, the next theorem says that the same is not true for a general permutation.

Corollary 5.3. There is a positively oriented triangle ABC for which the triangle T_1(ABC) is similar to the triangle ACB. This triangle is unique up to shape and its angles α, β, and γ (in the standard order) are such that α =^π_6 and

cos β =

3 − 2 √ 6 2 � 9 − 3 √ 6 , cos γ =

3 + 2 √ 6 2 � 9 + 3 √ 6 . Similar statements hold for negatively oriented triangles and for T_2.

Proof. In view of Theorem 5.1 and the fact that ϕ(ACB) = 1/ϕ(ABC), it follows that T_1(ABC) and ACB are similar if and only if ϕ^2(ABC) =^{−1}_2 . For positively oriented ABC, this is equivalent, by row 4 of Table 1, to ϕ(ABC) = i/ √ 2. Without loss of generality, take A = 0. Then

ϕ(ABC) = i √ 2 ⇐⇒ √ 2(ζB + ζ^2C) = i(ζ^2B + ζC)

⇐⇒ ( √ 2 − iζ)B = (i − ζ √ 2)C ⇐⇒ B = i − ζ √ 2 and C = √ 2 − iζ, up to similarity.

374 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

For these A, B, and C we have

‖B‖^2 = (i − ζ √ 2)(−i − ζ^2 √ 2) = 3 − √ 6, ‖C‖^2 = ( √ 2 − iζ)( √ 2 + iζ^2) = 3 + √ 6, ‖B − C‖^2 = ‖ − ζ^2(i + √ 2)‖^2 = 3.

The rest follows by using the law of cosines. □

6. Relations of ‖ϕ‖ to the Brocard angle and the areas of the Napoleon and Torricelli triangles

The definition of ϕ given earlier in (6) was, in a sense, forced by Theorem 5.1. Specifically, using the ordinary shape function S defined by S = (A−C)/(A−B), we find that the shape S^′ of the negative Torricelli triangle of a triangle with shape S is given by

S^′ =

S − (1 − ζ) (1 − ζ)S + ζ

. (7)

Using the standard method for diagonalizing the associated system

f^′ = f − (1 − ζ)g, g^′ = (1 − ζ)f + ζg

of difference equations, one finds that the eigenfunction of (7) is Φ = S + ζ^2 S + ζ , with Φ^′ =^{−1}_2 Φ. Writing Φ in terms of A, B, and C, we obtain Φ = A + ζB + ζ^2C A + ζ^2B + ζC , i.e., Φ = ϕ. Thus the shape function ϕ is the right function for dealing with the Torricelli triangle iterations. However, due to its symmetry and simplicity, we expect it to be useful in other contexts, too.

In general, one may define a shape function (or simply a shape) to be a function σ that assigns to every triangle ABC an extended complex number σ(ABC) in such a way that ABC and A^′B^′C^′ are similar if and only if σ(ABC) and σ(A^′B^′C^′) are equal. Then it is trivial that every triangle is completely determined by its shape (for any shape function) and its area, and that any two shape functions determine each other uniquely. Thus, if ABC is a triangle, say of area 1 for simplicity, then all the elements of ABC and of any configurations arising from ABC are functions of σ(ABC) for every shape function σ. However, it would be an advantage for a shape function σ if the various elements of ABC have simple expressions in terms of σ(ABC). It would also be an advantage for σ if certain natural elements of ABC can be expressed in terms of ‖σ(ABC)‖, or

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 375

equivalently if ‖σ(ABC)‖ has an interesting geometric significance. With this in mind, Theorems 6.2–6.5 below must come as pleasant surprises and also as further testimony to the advantage that the shape ϕ has over the usual shape S. It should be emphasized here that if σ_1(ABC) and σ_2(ABC) are two shape functions, then ‖σ_1(ABC)‖ and ‖σ_2(ABC)‖ do not necessarily determine each other. This is true in particular for the aforementioned shapes ϕ and S, and it explains why Theorems 6.2–6.5 have no analogues in terms of S.

Before proving the main theorems, we introduce the notion of oriented area and prove a simple theorem.

Definition 6.1. Let (a_1, a_2), (b_1, b_2), and (c_1, c_2) be the cartesian coordinates of the vertices A, B, and C, respectively, of a triangle ABC. The oriented area of ABC, denoted by [ABC], is defined by

[ABC] = 1 2 � � � 1 1 1 a_1 b_1 c_1 a_2 b_2 c_2

� � � . It is clear that the oriented area of ABC is numerically equal to the usual area of ABC and that the oriented area is positive or negative depending on whether ABC is positively or negatively oriented, respectively; see [27, (9.2.8), p. 198 and 9.7.6, p. 220]. For ease of reference, we include this in the next theorem.

Theorem 6.1. Let ABC be a triangle and let

x = AB + BC + CA, (8) y = AB + BC + CA (= x), (9) K = x − y, (10)

where z denotes the complex conjugate of z. Then

[ABC] = iK 4 . (11)

If ABC is non-degenerate, then

ABC is positively oriented ⇐⇒ ‖ϕ(ABC)‖<1 ⇐⇒ [ABC]>0 ⇐⇒ iK >0, ABC is negatively oriented ⇐⇒ ‖ϕ(ABC)‖>1 ⇐⇒ [ABC]<0 ⇐⇒ iK <0.

If ABC is degenerate, then ‖ϕ(ABC)‖ = 1 and area(ABC) = [ABC] = K = 0.

Proof. Using the relations 2a_1 = A + A, 2ia_2 = A − A, etc., we see that

[ABC] = 1 8i � � � 1 1 1 A + A B + B C + C A − A B − B C − C

� � � = −i 8 (−2) � BA + CB + AC � − � AB + BC + CA � = iK 4 .

376 M. Hajja et al.: On Converses of Napoleon’s Theorem. . . Next, let v = ‖A‖^2 + ‖B‖^2 + ‖C‖^2. (12) Then ‖ϕ(ABC)‖^2 =

(A + ζB + ζ^2C)(A + ζ^2B + ζC) (A + ζ^2B + ζC)(A + ζB + ζ^2C) = v + ζ^2x + ζy v + ζx + ζ^2y . Therefore ‖ϕ(ABC)‖^2 < 1 ⇐⇒ v + ζ^2x + ζy < v + ζx + ζ^2y ⇐⇒ (ζ − ζ^2)(x − y) > 0 ⇐⇒ (ζ − ζ^2)K > 0 ⇐⇒ i √ 3K > 0 ⇐⇒ iK > 0.

The remaining implications follow, as mentioned earlier, from [27, (9.2.8), p. 198 and 9.7.6, p. 220]. □ The next theorem shows the close relation between ‖ϕ(ABC)‖ and the Brocard angle ω of ABC. Here, the Brocard angle ω of a triangle ABC is defined to be the angle ∠BAP where P is the (unique) point inside ABC for which ∠BAP = ∠CBP = ∠ACP ;

see [32].

Theorem 6.2. Let ω be the Brocard angle of a triangle ABC and let ρ = ‖ϕ(ABC)‖^2.

1. If ABC is positively oriented, then ρ = cos(60^∘ + ω) cos(60^∘ − ω)

, cot ω =

(1 + ρ) √ 3 1 − ρ . 2. If ABC is negatively oriented, then ρ = cos(60^∘ − ω) cos(60^∘ + ω)

, cot ω =

(ρ + 1) √ 3 ρ − 1 . Proof. Let x, y, K, and v be as defined in (8), (9), (10), and (12), and let V = ‖A − B‖^2 + ‖B − C‖^2 + ‖C − A‖^2. (13) Then

V = (A − B)(A − B) + (B − C)(B − C) + (C − A)(C − A) = 2v − x − y = 2(v − y) − K,

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 377

and therefore

2(v − y) = V + K. (14)

Using (13) and (14), we see that ρ = v − y + ζ^2K v − y + ζK = V + K + 2ζ^2K V + K + 2ζK = V − iK √ 3 V + iK √ 3 . Therefore 1 − ρ 1 + ρ = iK √ 3 V . (15)

(a) Suppose now that ABC is positively oriented. Thus ρ < 1 and [ABC] = area(ABC). By [32, Proposition 3], we have 4[ABC] cot ω = V. From this and (11), it follows that

V = iK cot ω. (16)

Plugging this in (15), we see that ρ = iK cot ω − iK √ 3 iK cot ω + iK √ 3 = cot ω − √ 3 cot ω + √ 3 (17) = cos ω − √ 3 sin ω cos ω + √ 3 sin ω = cos ω cos 60^∘ − sin ω sin 60^∘ cos ω cos 60^∘ + sin ω sin 60^∘ = cos(60^∘ + ω) cos(60^∘ − ω) . This proves the first statement. The second one follows from (17). (b) If ABC is negatively oriented, then ACB is positively oriented and has the same Brocard angle. Applying (a) to ACB and using the fact that ϕ(ACB) ϕ(ABC) = 1, we get the desired result. □

It follows from Corollary 5.2 that � �[T^1(T^2(ABC))] [ABC] � � = � �[T^2(T^1(ABC))] [ABC] � � = 4.

The following theorem answers natural questions that this relation raises.

Theorem 6.3. Let T_1(ABC) and T_2(ABC) be the negative and positive Torricelli triangles of a triangle ABC, and let N_1(ABC) and N_2(ABC) be the negative and positive Napoleon triangles of ABC. Let ρ = ‖ϕ(ABC)‖^2. Then

[T_1(ABC)]

[ABC] = 4 − ρ 1 − ρ , [T_2(ABC)]

[ABC] = 1 − 4ρ 1 − ρ

, (18)

[N_1(ABC)]

[ABC] = 1 1 − ρ , [N_2(ABC)]

[ABC] = ρ 1 − ρ

. (19)

378 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

Proof. Let x, y, K, and v be defined as in (8), (9), (10), and (12), and let A_1B_1C_1 = T_1(ABC). Letting

x_1 = A_1B_1 + B_1C_1 + C_1A_1 y_1 = A_1B_1 + B_1C_1 + C_1A_1 (= x_1) K_1 = x_1 − y_1

and using Theorem 4.1, we see that

x_1 = (ζ^2B + ζC)(ζ^2A + ζC) + (ζ^2C + ζA)(ζ^2B + ζA) + (ζ^2A + ζB)(ζ^2C + ζB) = ζ^2v + 2x + ζy.

From this and the definition K = x − y we see that

K_1 = x_1 − y_1 = x_1 − x_1 = (ζ^2 − ζ)v + 2(x − y) + ζy − ζ^2x = (ζ^2 − ζ)v + 2K + ζy − ζ^2(y + K) = (ζ^2 − ζ)(v − y) + (2 − ζ^2)K. (20)

It also follows from (13) that ρ = v − y + ζ^2K v − y + ζK , and therefore

(v − y)(1 − ρ) = (ζρ − ζ^2)K. (21)

Multiplying (20) by (1 − ρ) and using (21), we see that

(1 − ρ)K_1 = (ζ^2 − ζ)(ζρ − ζ^2)K + (2 − ζ^2)(1 − ρ)K = (4 − ρ)K,

and therefore K_1 K = 4 − ρ 1 − ρ . Using (11), we conclude that

[T_1(ABC)]

[ABC] = [A_1B_1C_1] [ABC] = K_1 K = 4 − ρ 1 − ρ , as desired.

To prove the statement pertaining to T_2, let T_2(ABC) = A_2B_2C_2. Then it is easy to see that T_1(ACB) = A_2C_2B_2 and that ϕ(ACB) = 1/ϕ(ABC). Using this and the part that we have just proved, we see that

[T_2(ABC)]

[ABC] = [A_2B_2C_2] [ABC] = −[A_2C_2B_2] −[ACB] = [T_1(ACB)] [ACB] = 4 − 1/ρ 1 − 1/ρ = 1 − 4ρ 1 − ρ ,

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 379

as desired. This proves (18).

To prove (19), let α_1β_1γ_1 = N_1(ABC) and let

ξ_1 = α_1β_1 + β_1γ_1 + γ_1α_1 η_1 = α_1β_1 + β_1γ_1 + γ_1α_1 (= ξ_1) κ_1 = ξ_1 − η_1.

Using Theorem 4.1, we see that

ξ_1 =

1 − ζ 3 1 − ζ^2 3 Q = 1 3 Q, where

Q = (−ζ^2B + C)(A − ζC) + (−ζ^2C + A)(B − ζA) + (−ζ^2A + B)(C − ζB) = −ζv + 2x − ζ^2y.

Therefore

3κ_1 = 3(ξ_1 − η_1) = 3(ξ_1 − ξ_1) = Q − Q = v(ζ^2 − ζ) + 2(x − y) − ζ^2y + ζx = v(ζ^2 − ζ) + 2K − ζ^2y + ζ(y + K) = (ζ^2 − ζ)(v − y) + (2 + ζ)K. (22)

Multiplying (22) by (1−ρ) and using (21), we obtain (1−ρ)κ_1 = K, and therefore κ_1 K = 1 1 − ρ . Using (11), we see that

[N_1(ABC)] [ABC] = [α_1β_1γ_1] [ABC] = κ_1 K = 1 1 − ρ , as desired.

To prove the statement pertaining to N_2, let N_2(ABC) = α_2β_2γ_2. Then it is easy to see that N_1(ACB) = α_2γ_2β_2 and that ϕ(ACB) = 1/ϕ(ABC). Using this and the part that we have just proved, we see that

[N_2(ABC)]

[ABC] = [α_2β_2γ_2] [ABC] = − [α_2γ_2β_2] [ABC] = − [N_1(ACB)] [ABC] = − 1 1 − 1/ρ = ρ 1 − ρ , as desired. This completes the proof. □

It is well-known that the difference between the areas of the negative and positive Napoleon triangles of ABC is equal to that of ABC. This, as well as the seemingly unknown analogue for the Torricelli triangles, follows immediately from the previous theorem. We record these in Theorem 6.4.

380 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

Theorem 6.4. Let U and W be the areas of the negative and positive Torricelli triangles of a triangle ABC, and let u and w be the areas of the negative and positive Napoleon triangles. Let Δ be the area of ABC and let ρ = ‖ϕ(ABC)‖^2. Then

(a) |u − w| = Δ.

(b) If^1_4 < ρ < 4, then |U − W | = 5Δ. Otherwise, U + W = 5Δ.

Part (b) of Theorem 6.4 raises a natural question regarding a geometric equivalent of the condition^1_4 < ρ < 4. The following theorem provides an answer.

Theorem 6.5. Let ω be the Brocard angle of a triangle ABC and let ρ = ‖ϕ(ABC)‖^2. Then

ρ = 4 or ρ = 1 4 ⇐⇒ cot ω = 5 √ 3 3 , ρ > 4 or ρ < 1 4 ⇐⇒ cot ω < 5 √ 3 3 , 1 4 < ρ < 4 ⇐⇒ cot ω > 5 √ 3 3 . Proof. Since ‖ϕ(ABC)‖ ‖ϕ(ACB)‖ = 1 and since ABC and ACB have the same Brocard angles, we may restrict our attention to positively oriented triangles. So let ABC be positively oriented. Letting V and K be as defined in (13) and (10), we see that ρ < 1 4 ⇐⇒ V − iK √ 3 V + iK √ 3 < 1 4 , by (15),

⇐⇒ 4V − 4iK √ 3 < V + iK √ 3 ⇐⇒ 3V < 5iK √ 3 ⇐⇒ 3iK cot ω < 5iK √ 3, by (16),

⇐⇒ cot ω < 5 √ 3 3 , because iK > 0 by Theorem 6.1.

This proves the theorem. □

It is not apparent whether the condition cot ω <^{5√3}_3 has an interpretation that is more geometric. However, letting Δ be the area of ABC and V be the sum a^2 + b^2 + c^2 of the squares of its side-lengths, it follows from (16) that

4Δ cot ω = V , (23)

and it follows from Heron’s formula [27, (9.2.9), p. 198] that

16Δ^2 = 2(a^2b^2 + b^2c^2 + c^2a^2) − (a^4 + b^4 + c^4). (24)

Squaring (23) and using (24), we obtain � 2(a^2b^2 + b^2c^2 + c^2a^2) − (a^4 + b^4 + c^4) � cot^2 ω = V^2,

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 381

or equivalently

cot^2 ω =

V^2 V^2 − 2P , where P = a^4 + b^4 + c^4. It follows that

cot ω < 5 √ 3 3 ⇐⇒ cot^2 ω < 25 3 ⇐⇒ V^2 V^2 − 2P < 25 3 ⇐⇒ 25P < 11V^2.

The surprise that the last inequality 25P < 11V^2 is nothing but inequality (3) of Note 4.1 has an explanation. In fact, a continuity argument applied to Theorem 6.5 shows that the condition cot ω =^{5√3}_3 takes place when U or W changes sign, i.e., when U or W is 0. This happens when one of the Torricelli triangles is degenerate – an unacceptable triangle according to [28]. For ease of reference, we include this in the next theorem.

Theorem 6.6. Let ABC be a triangle with side-lengths a, b, and c, and with Brocard angle ω. Then the following statements are equivalent.

(a) T_1(ABC) is degenerate. (b) T_2(ABC) is degenerate. (c) T^{−1}_1 (ABC) is degenerate. (d) T^{−1}_2 (ABC) is degenerate. (e) cot ω =^{5√3}_3 . (f) ‖ϕ(ABC)‖ = 2 or^1_2 . (g) 25(a^4 + b^4 + c^4) = 11(a^2 + b^2 + c^2)^2.

Proof. The equivalence of (a), (e), (f), and (g) is established above. The equivalence of (a) and (b) follows from the fact that (e) holds for ABC if and only if it holds for ACB, the fact that if T_1(ABC) = A_1B_1C_1, then T_2(ACB) = A_1C_1B_1, and the fact that A_1B_1C_1 is degenerate if and only if A_1C_1B_1 is degenerate. As for (c), one uses that

T^{−1}_1 (ABC) ∼ M^{−1}(T^{−1}_1 (ABC)) = (T_2T_1)(T^{−1}_1 (ABC)) = T_2(ABC).

Similarly for (d). □

References

[1] Barlotti, A.: Una proprietà degli n-agoni che si ottengono trasformando in una affinità un n-agono regolare. Boll. Unione Mat. Ital., III. Ser. 10 (1955), 96–98. Zbl 0064.39806 [2] Berele, A., Goldman, J.: Geometry – Theorems and Constructions. Prentice Hall, New Jersey, 2001.

[3] Boltyanski, V., Martini, H., Soltan, V.: Geometric methods and optimization problems. Kluwer Academic Publishers, Dordrecht, 1999. Zbl 0933.90002 [4] Boutte, G.: The Napoleon configuration. Forum Geom. 2 (2002), 39–46. Zbl 1005.51004

382 M. Hajja et al.: On Converses of Napoleon’s Theorem. . .

[5] Chang, G., Davis, P. J.: A circulant formulation of the Napoleon-Douglas- Neumann theorem. Linear Algebra Appl. 54 (1983), 87–95. Zbl 0529.51011 [6] Chang, G., Sedeberg, T. W.: Over and over again. New Mathematical Library 39. The Mathematical Association of America, Washington, D. C., 1997. Zbl 0891.00004 [7] Douglas, J.: Geometry of polygons in the complex plane. J. Math. Phys., Mass. Inst. Techn. 19 (1940), 93–130. Zbl 0023.35905 [8] Finney, R. L.: Dynamic proofs of Euclidean theorems. Math. Mag. 43 (1970), 177–186. Zbl 0202.19702 [9] Fisher, J. C., Ruoff, D., Shilleto, J.: Polygons and polynomials. In: The geometric vein, The Coxeter Festschr., Eds. C. Davis, B. Grünbaum, and F. A. Sherk, Springer 1982, 321–333. Zbl 0497.51018 [10] Gerber, L.: Napoleon’s theorem and the parallelogram inequality for affineregular polygons. Am. Math. Mon. 87 (1980), 644–648. Zbl 0458.51018 [11] Hofmann, J. E.: Zur elementaren Dreiecksgeometrie in der komplexen Ebene. Enseign. Math., II. Sér., 4 (1958), 178–211. Zbl 0085.14803 [12] Jeger, M.: Komplexe Zahlen in der Elementargeometrie. Elem. Math. 37 (1982), 136–147.

[13] van Lamoen, F.: Napoleon triangles and Kiepert perspectors. Forum Geom. 3 (2002), 65–71, electronic only. Zbl 1024.51015 [14] Lester, J. A.: Triangles. I: Shapes. Aequationes Math. 52 (1996), 30–54. Zbl 0860.51009 [15] Lester, J. A.: Triangles. II: Complex triangle coordinates. Aequationes Math. 52(3) (1996), 215–245. Zbl 0860.51010 [16] Lester, J. A.: Triangles. III: Complex triangle functions. Aequationes Math. 53(1–2) (1997), 4–35. Zbl 0868.51018 [17] Kiepert, L.: Solution de question 864. Nouv. Ann. Math. 8 (1869), 40–42. [18] Martini, H.: Neuere Ergebnisse der Elementargeometrie. In: Geometrie und ihre Anwendungen, Giering, O. (ed.) et al., Carl Hanser Verlag, München und Wien, 1994, 9–42. Zbl 0815.51002 [19] Martini, H.: Zur Geometrie der Hexagone. Nieuw Arch. Wiskd., IV. Ser.

14(3) (1996), 329–342. Zbl 0914.51019 [20] Martini, H.: On the theorem of Napoleon and related topics. Math.

Semesterber. 43(1) (1996), 47–64. Zbl 0864.51009 [21] Martini, H., Spirova, M.: On similar triangles in the isotropic plane.

Revue Roumaine Math. Pures Appl. 51 (2006), 57–64.

[22] Martini, H., Spirova, M.: On Napoleon’s theorem in the isotropic plane.

Period. Math. Hung. 53 (2006), 199–208.

[23] Martini, H., Weißbach, B.: Napoleon’s theorem with weights in n-space.

Geom. Dedicata 74(2) (1999), 213–223. Zbl 0920.51008

M. Hajja et al.: On Converses of Napoleon’s Theorem. . . 383

[24] Neumann, B. H.: Some remarks on polygons. J. Lond. Math. Soc. 16 (1941), 230–245. Zbl 0060.34801 [25] Pedoe, D.: Geometry. A comprehensive course. Repr. of the orig., publ.

by Cambridge University Press, 1970. Dover Books on Advanced Mathematics. Dover Publications, New York 1988. Zbl 0716.51002 [26] Rigby, J. F.: Napoleon revisited. J. Geom. 33(1/2) (1988), 129–146. Zbl 0655.52003 [27] Roe, J.: Elementary geometry. Oxford Univ. Press, Oxford 1993. Zbl 0770.51001 [28] Sakmar, I. A.: Problem E3257. Amer. Math. Monthly 95 (1988), 259;

solution: ibid 98 (1991), 55–57.

[29] Schoenberg, I. J.: Mathematical time exposures. The Mathematical Association of America, Washington, D. C., 1982. Zbl 0519.00002 [30] Schuster, W.: Polygonfolgen und Napoleonsätze. Math. Semesterber.

41(1) (1994), 23–42. Zbl 0798.51024 [31] Steiner, H. G.: Bewegungsgeometrische Lösung einer Dreieckskonstruktion. Math.-Phys. Semesterber. 5 (1956), 132–137. Zbl 0074.36203 [32] Stroeker, R. J.; Hoogland, H. J.T.: Brocardian geometry revisited or some remarkable inequalities. Nieuw Arch. Wiskd., IV. Ser. 2 (1984), 281–310. Zbl 0545.51014 [33] Weisstein, E. W.: Perspector, available at http://mathworld.wolfram.com [34] Wetzel, J. E.: An elaboration on an example of H. G. Steiner. Math.

Semesterber. 37(1) (1990), 88–95. Zbl 0708.51015 [35] Wetzel, J. E.: Converses of Napoleon’s theorem. Am. Math. Mon. 99(4) (1992), 339–354. Zbl 0756.51017 [36] Yaglom, I. M.: Complex Numbers in Geometry, Academic Press, New York-London 1966. Zbl 0147.20201

Received March 13, 2006