Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 47 (2006), No. 2, 397-417.

On the Invariant Theory of the Bézoutiant

Jaydeep V. Chipalkatti

433 Machray Hall, Department of Mathematics, University of Manitoba Winnipeg R3T 2N2, Canada e-mail: jaydeep@cc.umanitoba.ca

Abstract. We study the classical invariant theory of the Bézoutiant R(A, B) of a pair of binary forms A, B. It is shown that R(A, B) admits a Taylor expansion whose coefficients are (essentially) the odd transvectants (A, B)_{2r+1}; moreover R(A, B) is entirely determined by the first two terms M = (A, B)_1, N = (A, B)_3. Using the Plücker relations, we give equivariant formulae which express the higher transvectants (A, B)_5, (A, B)_7 in terms of M, N. We also describe a ‘generic reduction formula’ which recovers B from R(A, B) and A. MSC 2000: 13A50 Keywords: binary forms, Bézoutiant, transvectant, covariant, Grassmannian

1. Introduction

We begin by recalling the construction of the Bézoutiant of two binary forms. Let x = (x_0, x_1), y = (y_0, y_1) be pairs of variables, and write ω = x_0 y_1 − x_1 y_0. If A, B are (homogeneous) forms of order d in x, then their Bézoutiant is defined to be

R(A, B) = 1 ω [ A(x_0, x_1)B(y_0, y_1) − B(x_0, x_1)A(y_0, y_1)].

Since R is symmetric in x and y of order (d − 1) in each, it can be seen as a quadratic form over the vector space of binary forms of order (d − 1).

0138-4821/93 $ 2.50 © 2006 Heldermann Verlag

398 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

If V = Span {x_0, x_1}, then the construction of R corresponds to the isomorphism of SL(V )-representations

∧^2 Sym^d V^∼−→ Sym^2(Sym^{d−1} V ), A ∧ B −→ R(A, B).

It is easy to see that

R(α A + β B, γ A + δ B) = (α δ − β γ) R(A, B),

i.e., up to a scalar, R depends only on the pencil spanned by A, B (denoted Π_{A,B}). Conversely, R determines the pair (A, B) up to a unimodular transformation.

Bézoutiants have been principally studied for their use in elimination theory (e.g., see [8] or [11, vol. I, §136 ff]). In contradistinction, our interest lies in their invariant theoretic properties (understood in the sense of Grace and Young [5]).

1.1. A summary of results

In Section 2, we recall some fundamental facts about transvectants. We will show that R(A, B) admits a ‘Taylor series’ in ω as follows:

R(A, B) = c_0 T^p_1 + c_1 ω^2 T^p_3 + c_2 ω^4 T^p_5 + · · · ,

where

∘ T_{2r+1} denotes the (2r + 1)-th transvectant of A, B, ∘ p denotes the operation of symmetric polarization, and ∘ c_r are rational constants dependent on d and r.

Hence, from our viewpoint, a study of R(A, B) will be tantamount to a study of the odd transvectants {T_{2r+1} : r ≥ 0} of A and B.

In Section 3, we formulate a second order differential equation derived from T_1, T_3 whose solution space is Π_{A,B}. This shows that the terms of degree ≤ 2 in the Taylor series implicitly determine those of higher degree. The former cannot be chosen arbitrarily, and we give an algebraic characterization of terms which can so appear. Specifically, we construct a set of joint covariants Φ_0, . . . , Φ_d with arguments M, N, with the following property: There exist A, B such that M = (A, B)_1, N = (A, B)_3, if and only if Φ_0(M, N) = · · · = Φ_d(M, N) = 0. We have remarked earlier that R determines Π_{A,B}. Hence, given A and R, the form B is determined up to an additive multiple of A. In Section 4, we give an equivariant formula for B in terms of A and R. This is called a ‘generic reduction formula’, in analogy with a device introduced by D’Alembert in the theory of differential equations.

In Section 5, we use the classical Plücker relations to describe formulae which calculate T_5, T_7 from a knowledge of T_1 and T_3. The question of a formula in the general case of T_{2r+1}, (r ≥ 4) is left open. Three more open problems (with some supporting examples) are given in Section 6.

Acknowledgements. It is a pleasure to thank my colleague A. Abdesselam for several helpful conversations. I also thank Jim Carrell and Zinovy Reichstein for an invitation to the University of British Columbia, where this work was done.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 399

2. Preliminaries

We will heavily use [5] as a standard reference for classical invariant theory. Glenn’s treatise [2] covers substantially the same ground. In particular, we assume some familiarity with transvectants, covariants, and the symbolic calculus. A more recent exposition of this material is given in [12]. Basic facts about the representation theory of SL_2 can be found in [1, 15, 16].

The base field is throughout C. A form will always mean a homogeneous polynomial in x. By contrast, an xy-form will involve both sets of variables, and will be homogeneous in each set. The x-degree of a form will be called its order (to avoid conflict with [5]). The order of an xy-form is a pair of integers.

Sometimes we will let k denote a nonzero constant which need not be precisely specified.

2.1. SL_2-modules

Let V be a C-vector space of dimension two with the natural action of SL(V ). We write S_e for the symmetric power representation Sym^e V , and S_e(S_f ) for Sym^e(Sym^f V ) etc.

The {S_e : e ≥ 0} are a complete set of finite dimensional irreducible SL(V )- modules. By complete reducibility, each finite dimensional SL(V )-module is isomorphic to a direct sum of the S_e. If {x_0, x_1} is a basis of V , then an element of S_e is a form of order e in x. We identify the projective space P^e with PS_e, and write A ∈ P^e for the point represented by a (nonzero) form A. By convention, S_e = 0 if e < 0.

2.2. Transvectants

For integers e, f ≥ 0, we have a decomposition of SL(V )-modules

S_e ⊗ S_f ≃

min{e,f} � r=0 S_{e+f−2r}. (1)

If E, F are forms of orders e, f, the image of the projection of E ⊗ F into the r-th summand is called their r-th transvectant, denoted (E, F )_r. It is a form of order e + f − 2r, whose coefficients are linear in the coefficients of E and F . In coordinates, it is given by the formula

(E, F )_r =

(e − r)!(f − r)!

e!f! r� i=0 (−1)^i � r i � ∂^rE ∂x^{r−i}_0 ∂x^i_1

∂^rF ∂x^i_0 ∂x^{r−i}_1 (2) (The initial scaling factor is conventional, some authors choose it differently.) In particular (E, F )_0 = E F , and (E, F )_1 = k × Jacobian(E, F ). Note that

(E, F )_r = (−1)^r(F, E)_r, (3) (E, F )_r = 0 for r > min{e, f}. (4)

400 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

If E, F have the same order, then

(α E + β F, γ E + δ F )_{2r+1} = (α δ − β γ) (E, F )_{2r+1}, (5)

for arbitrary constants α, β, γ, δ. This shows that the odd transvectants (E, F )_{2r+1} are combinants of E, F , i.e., up to a scalar, they depend only on the pencil spanned by E, F .

If E, F are given symbolically, then [5, §49] gives an algorithm for calculating their transvectants. See Proposition 3.2 for a typical instance of its use.

The following lemma is elementary (see [3, Lemma 2.2]).

Lemma 2.1. If E, F are nonzero forms of order e such that (E, F )_1 = 0, then E = k F . □

2.3.

Each representation S_e is self-dual, i.e., we have an isomorphism

S_e^∼−→ S^∗_e = Hom_{SL(V )}(S_e, C).

This map sends an order e form E to the functional

δ_E : S_e −→ C, F −→ (E, F )_e.

2.4. The Gordan series Given three forms E, F, G, this very useful series describes certain linear dependency relations between transvectants of the type ((E, F )_⋆, G)_⋆ and ((E, G)_⋆, F )_⋆.

Let E, F, G be of orders e, f, g respectively, and a_1, a_2, a_3 three integers satisfying the following conditions:

∘ a_2 + a_3 ≤ e, a_1 + a_3 ≤ f, a_1 + a_2 ≤ g, and ∘ either a_1 = 0 or a_2 + a_3 = e (or both).

Then we have an identity � i≥0 �_{f−a1−a3} i �_{a2} i � �_{e+f−2a3−i+1} i � ((E, F )_{a3+i}, G)_{a1+a2−i}

= (−1)^{a1} � i≥0 �_{g−a1−a2} i �_{a3} i � �_{e+g−2a2−i+1} i � ((E, G)_{a2+i}, F )_{a1+a3−i} . (6)

This identity is usually denoted � � E F G e f g a_1 a_2 a_3 � �.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 401 2.5. The Clebsch-Gordan series Let y ∂_x denote the polarization operator

y_0 ∂ ∂x_0

+ y_1 ∂ ∂x_1 . If E is a form of order e, then define its m-th polar to be

E^{⟨m⟩} =

(e − m)! e! (y ∂_x)^m E,

which is an xy-form of order (e − m, m). By Euler’s theorem, we can recover E from E^{⟨m⟩} by the substitution y := x. If e is even, we will denote E^{⟨e/2⟩} by E^p. It is symmetric in x, y, and naturally thought of as an element of S_2(S_{e/2}).

The Clebsch-Gordan series is a more precise statement of decomposition (1). For forms E, F of orders e, f, it gives an identity

E(x) F (y) =

min{e,f} � r=0 �_e r �_f r � �_{e+f−r+1} r � ω^r (E, F )^{⟨f−r⟩}_r . (7)

Remark 2.2. The notional distinction between the Gordan series and Clebsch- Gordan series is merely for convenience of reference, and has no historical basis. In fact (7) directly leads to (6) (see [5, §52]).

Now let U ∈ S_2(S_{d−1}). We identify U with an xy-form of order (d − 1, d − 1) which is symmetric in both sets of variables. It can then be expressed as a ‘Taylor series’ in ω. Define constants

c_r = 2 �_d

2r+1

�_2 �_{2d−2r}

2r+1

� for 0 ≤ r ≤ ⌊ d − 1 2 ⌋. (8)

Proposition 2.3. There exists a unique sequence of forms U_• = (U_1, U_3, . . . , U_{2r+1}, . . . ), where ord U_{2r+1} = 2(d − 2r − 1), such that U = � r≥0 c_r ω^{2r} (U_{2r+1})^p.

Proof. First we prove the existence. Since U is symmetric in x and y, it is a linear combination of expressions of the form ⟨i j⟩ = x^{d−1−i}_0 x^i_1 y^{d−1−j}_0 y^j_1 + x^{d−1−j}_0 x^j_1 y^{d−1−i}_0 y^i_1.

Let A = x^{d−1−i}_0 x^i_1, B = x^{d−1−j}_0 x^j_1, so ⟨i j⟩ = A(x)B(y) + B(x)A(y).

402 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

Rewrite the right-hand side as a sum of two Clebsch-Gordan series. By property (3), only the even powers of ω will survive. This shows the existence claim for ⟨ij⟩, and hence in general by linearity.

Conversely, let U_•, U^′_• be two such sequences for U. By the substitution y := x, we deduce U_1 = U^′_1. Now divide U − U_1 by ω^2 and again let y := x etc., then we successively see that U_{2r+1} = U^′_{2r+1} for all r. □

Henceforth, A, B will always denote linearly independent forms of order d. We will write T_i := (A, B)_i, Π_{A,B} := Span{A, B} ⊆ S_d. (9)

Proposition 2.4. With notation as above,

R(A, B) = � r≥0 c_r ω^{2r} (T_{2r+1})^p. (10)

Proof. Express A(x)B(y) and B(x)A(y) as Gordan series and subtract. By property (3), only the odd powers of ω will survive. Now divide by ω, then they all become even powers. □

It follows that the collection {T_{2r+1} : r ≥ 0} determines R(A, B). It will be shown below that the terms r = 0, 1 are already sufficient.

3. The Wronskian o.d.e.

3.1. Generalities on Wronskians Given integers p, q with q ≤ p+1, there is an isomorphism of SL(V )-modules (see [1, §11]) ∧^qS_p^∼−→ S_q(S_{p−q+1}). (11) Composing it with the natural surjection

S_q(S_{p−q+1}) −→ S_{q(p−q+1)}, (12)

we get the Wronskian map

Θ : ∧^qS_p −→ S_{q(p−q+1)}.

If F_1, . . . , F_q are order p forms, then their Wronskian Θ(F_1 ∧ · · · ∧ F_q) is given by the q × q determinant

(i, j) −→

∂^{q−1}F_i ∂x^{q−j}_0 ∂x^{j−1}_1 for 1 ≤ i, j ≤ q.

The crucial property of the construction is that Θ is nonzero on decomposable tensors, i.e., Θ(F_1 ∧ · · · ∧ F_q) = 0 ⇐⇒ F_1 ∧ · · · ∧ F_q = 0 ⇐⇒ the F_i are linearly dependent.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 403

3.2.

Now let A, B, F be of order d, with Wronskian

W = Θ(A ∧ B ∧ F ) = � � � A_x2_0 A_{x0x1} A_x2_1 B_x2_0 B_{x0x1} B_x2_1 F_x2_0 F_{x0x1} F_x2_1

� � � . We will evaluate W symbolically. Let us write A = α^d_x, B = β^d_x, F = f^d_x . (13) As usual, α_x stands for the symbolic linear form α_0x_0 +α_1x_1, and (α β) for α_0 β_1 − α_1 β_0 etc.

Lemma 3.1. With notation as above, 1 (d^2 − d)^3

W = (α β)(α f)(β f) α^{d−2}_x β^{d−2}_x f^{d−2}_x . (14)

Proof. Differentiating (13), we get expressions such as A_{x0x1} = d(d − 1) α^{d−2}_x α_0 α_1.

Substitute these into W and factor out α^{d−2}_x β^{d−2}_x f^{d−2}_x . We are left with a Vandermonde determinant which evaluates to (α β)(α f)(β f). □ Now we will rewrite W in terms of transvectants. Proposition 3.2. With notation as in (9), we have an identity 1 (d^2 − d)^3

W = (T_1, F )_2 − d − 2 4d − 6

T_3 F.

Proof. Symbolically, the transvectants can be written as T_1 = (α β) α^{d−1}_x β^{d−1}_x , T_3 = (α β)^3 α^{d−3}_x β^{d−3}_x .

First we calculate the transvectant (T_1, F )_2 using the algorithm given in (see [5, §49]):

∘ Calculate the second polar T_1. It is equal to

(2d − 4)! (2d − 2)!

(y ∂_x)^2 T_1 = 1 (2d − 2)(2d − 3)

(α β) α^{d−3}_x β^{d−3}_x × {(d − 1)(d − 2) α^2_x β^2_y + 2(d − 1)^2 α_x β_x α_y β_y + (d − 1)(d − 2) β^2_x α^2_y}.

∘ Make substitutions α_y := (α f), β_y := (β f), and multiply by f^{d−2}_x . The result is (T_1, F )_2 = d − 2 4d − 6

(α β) α^{d−3}_x β^{d−3}_x f^{d−2}_x × {(β f)^2 α^2_x + 2d − 2 d − 2

(α f)(β f) α_xβ_x + (α f)^2 β^2_x}.

(15)

404 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant We would like to compare (14) and (15), so we will rewrite both of them in terms of standard monomials (see [16, Ch. 3]). Order the variables as α < β < f < x. The monomial (β f) α_x is nonstandard, so use the Plücker syzygy to rewrite it as (β f) α_x = (α f) β_x − (α β)f_x.

Substitute this into the right hand sides of (14) and (15). Subtracting the two expressions, we get

(T_1, F )_2 − 1 (d^2 − d)^3 W = d − 2 4d − 6

(α β)^3 α^{d−3}_x β^{d−3}_x f^d_x = d − 2 4d − 6

T_3 F.

This completes the proof. □

3.3.

If M, N are forms of orders 2d − 2, 2d − 6 respectively, then we define ψ_{M,N} (F ) := (M, F )_2 − d − 2 4d − 6

N F. (16) We are interested in the differential equation ψ_{M,N} (F ) = 0, (17) which we may call the Wronskian (second order) ordinary differential equation with parameters M, N. (It is always assumed that M ≠ 0, otherwise the equation is of no interest.) The following corollary is immediate. Corollary 3.3. If F is of order d, then F ∈ Π_{A,B} iff ψ_{T1,T3} (F ) = 0. Proof. Indeed, ψ_{T1,T3} (F ) = 0 iff A, B, F are linearly dependent. □ Hence, given T_1, T_3, the pair {A, B} is determined up to a unimodular transformation (cf. (5)). It follows that T_1, T_3 together determine all the T_{2r+1}. Proposition 3.4. Let M, N be of orders 2d − 2, 2d − 6. Assume that (17) has two linearly independent solutions A, B of order d. Then there exists a nonzero constant λ such that M = λ T_1, N = λ T_3.

Proof. Multiply the identities ψ_{M,N} (A) = 0, ψ_{M,N} (B) = 0 by B, A respectively and subtract, this gives B (M, A)_2 = A (M, B)_2. Now the Gordan series � � A M B d 2d − 2 d 0 0 2 � � , � � B M A d 2d − 2 d 0 0 2 � �

respectively give identities

(A, M)_2 B = (AB, M)_2 + ((A, B)_1, M)_1 + d 4d − 2

(A, B)_2 M

(B, M)_2 A = (BA, M)_2 + ((B, A)_1, M)_1 + d 4d − 2

(B, A)_2 M.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 405

Subtracting and using property (3) for A, B, we get ((A, B)_1, M)_1 = 0. Now (A, B)_1 ≠ 0 since A, B are independent, but then Lemma 2.1 implies that M = λ (A, B)_1 for some λ. Finally d − 2 4d − 6

NA = (M, A)_2 = λ (T_1, A)_2 = λ d − 2 4d − 6

T_3 A, hence N = λ T_3. □

3.4.

We have shown that the following conditions are equivalent for the pair (M, N).

(i) There exist A, B such that M = (A, B)_1, N = (A, B)_3. (ii) There exist A, B such that R(A, B) = c_0 M^p + c_1 ω^2 N^p + O(ω^4).

(iii) The dimension of the kernel of the map ψ_{M,N} : S_d −→ S_{3d−6} is two. (Since we have a second order o.d.e., it can never exceed two in any case.)

We can now construct the covariants Φ_r as in the introduction. Clearly (iii) is equivalent to the condition that the map ∧^dψ_{M,N} : ∧^dS_d −→ ∧^d(S_{3d−6}) be zero. Identify ∧^dS_d with S_d via (11). Let f_1 denote the image of ∧^dψ_{M,N} via the isomorphism Hom_{SL(V )}(S_d, ∧^dS_{3d−6}) ≃ Hom_{SL(V )}(C, ∧^dS_{3d−6} ⊗ S_d).

Consider the composite morphism

C^{f1}−→ ∧^dS_{3d−6} ⊗ S_d^{f2}−→ S_d(S_{2d−5}) ⊗ S_d^{f3}−→ S_{d(2d−5)} ⊗ S_d, where f_2 comes from the isomorphism (11), and f_3 from the natural surjection (12). For each 0 ≤ r ≤ d, we have projection maps π_r : S_{d(2d−5)} ⊗ S_d −→ S_{d(2d−4)−2r} induced by the decomposition (1).

Define Φ_r(M, N) to be the image of 1 ∈ C via the map π_r ∘f_3 ∘f_2 ∘f_1. This is a joint covariant of M, N of order d(2d − 4) − 2r. We will describe it in coordinates. For 0 ≤ i ≤ d, define

w_i = (−1)^i 1 i!(d − i)! Θ( d� s=0 s≠i

ψ_{M,N} (x^s_0 x^{d−s}_1 )),

which is an element of S_{d(2d−5)}. Then

(f_3 ∘ f_2 ∘ f_1)(1) = d� i=0 w_i ⊗ x^i_0 x^{d−i}_1 , and Φ_r = d� i=0 (w_i, x^i_0 x^{d−i}_1 )_r.

All of this is straightforward and follows by chasing through the f_i. Each Φ_r has total degree d in the coefficients of M, N (because w_i does).

406 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

Theorem 3.5. Let M, N be orders 2d − 2, 2d − 6 respectively. Then the pair (M, N) satisfies the (equivalent) conditions (i)–(iii) if and only if

Φ_r(M, N) = 0 for 0 ≤ r ≤ d.

Proof. If (iii) holds, then f_1 = 0, which shows the ‘only if’ part. Conversely, assume that all the Φ_r vanish. Then (f_3 ∘f_2 ∘f_1)(1) = 0, which implies that all the w_i vanish. By the fundamental property of Wronskians, the forms

ψ_{M,N} (x^s_0 x^{d−s}_1 ), 0 ≤ s ≤ d, s ≠ i

are linearly dependent for any i. But then the map ∧^dψ_{M,N} is zero on every basis element of ∧^dS_d, hence it is zero. This implies (iii). □

3.5. The incomplete Plücker imbedding The fact that R is determined by T_1, T_3 has the following geometric interpretation. Assume d ≥ 3, and let G = G(2, S_d) denote the Grassmannian of two-dimensional subspaces in S_d. (See [6, Lecture 6] for generalities on Grassmannians.) The line bundle O_G(1) has global sections

H^0(G, O_G(1)) ≃ ∧^2S_d ≃ S_2(S_{d−1}) ≃ d−1 2� r=0 S_{2d−4r−2}.

The usual Plücker imbedding is given by the complete linear system |O_G(1)|. Consider the subspace W = S_{2d−2} ⊕ S_{2d−6} ⊆ H^0(O_G(1)). Proposition 3.6. The map

μ : G −→ P W, P Π_{A,B} −→ [ T_1 ⊕ T_3 ]

is an imbedding.

The usual conventions ([7, Ch. II, §7]) dictate that the imbedding is in PW^∗, but note the self-duality in §2.3.

Proof. We have already shown that μ is a set-theoretic injection. To complete the proof, it suffices to show that it is an injection on tangent spaces at every point (cf. [7, Ch. II, Prop. 7.3]). The Zariski tangent space to G at Π = Π_{A,B} is canonically isomorphic to Hom(Π, S_d/Π) (see [6, Lecture 16]). Let α : Π −→ S_d/Π be a tangent vector, and say

α(A) = Q + Π, α(B) = P + Π,

for some forms P, Q of order d.

The tangent space to PW at [T_1 ⊕ T_3] is isomorphic to W/⟨T_1 ⊕ T_3⟩. Let dμ : T_{G,Π} −→ T_{P,μ(Π)} denote the induced map on tangent spaces. Then dμ(α) is the element ((A, P )_1 + (Q, B)_1) ⊕ ((A, P )_3 + (Q, B)_3) ∈ W

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 407

considered modulo T_1 ⊕ T_3. (To see this, let ϵ be an ‘infinitesimal’. Now expand (A + ϵ Q, B + ϵ P )_i, i = 1, 3, and set ϵ^2 = 0.)

We would like to show that dμ is injective, hence suppose that dμ(α) = 0. Then there exists a constant c such that (A, P )_1 + (Q, B)_1 = c (A, B)_1, (A, P )_3 + (Q, B)_3 = c (A, B)_3.

Substitute P + c B for P (which does not change α), then (A, P )_1 = (B, Q)_1, (A, P )_3 = (B, Q)_3.

If the first pair is zero, then P, Q are respectively constant multiples of A, B, hence α = 0. If not, then Π_{A,P} = Π_{Q,B} by Corollary 3.3. But this implies Π_{A,B} = Π_{P,Q}, again forcing α = 0. □ Remark 3.7. Let a ⊆ Sym^• W denote the ideal generated by the coefficients of Φ_0, . . . , Φ_d, and J the homogeneous ideal of the image μ(G) ⊆ PW . Since a defines the image set-theoretically, ( √ a)_{sat} = J. In general a and J are different ideals (e.g., for d = 3, the former is generated in degree 3 and the latter in degree 2). I do not know if one can state a more precise relation between them.

4. Generic reduction formulae

4.1.

We begin with the example which eventually led to the main result of this section.

Let A, B be of order 2. The series � � A B A 2 2 2 0 1 1 � � implies the relation

((A, B)_1, A)_1 + 1 2 (A, B)_2 A = 1 2 (A, A)_2 B;

which can be rewritten as − 2 (A, A)_2

(A, T_1)_1 = B −

(A, B)_2 (A, A)_2 A. Hence, given R (which involves only T_1 in this case) and A, the function

(A, T_1) −→ − 2 (A, A)_2

(A, T_1)_1 (18)

recovers B up to an additive multiple of A. (Since R(A, B + k A) = R(A, B), the last proviso is indispensable.) We will show that there exist such formulae for every d.

We may call (18) a reduction formula in the following sense. If we are given a linear second order o.d.e., together with one of its solutions, then a second solution can be found by the method of ‘reduction of order’ (see [14, §44]). In our case, we are to find B, given the equation ψ_{T1,T3} (F ) = 0 with one solution A. However, this analogy is inexact in two respects:

408 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

∘ our formula will involve all the {T_{2r+1}}, and not merely T_1, T_3, ∘ the process is algebraic and involves no integration.

Moreover, the formula is generic in the sense that it is only defined over an open subset, e.g., the set {A ∈ P^2 : (A, A)_2 ≠ 0} above.

4.2.

Throughout this section we assume that A, B are order d forms whose coefficients are algebraically independent indeterminates. Write A = d� p=0 � d p � a_p x^{d−p}_0 x^p_1. (19)

Let J be an invariant of A of degree (say) n. We define its first evectant (cf. [17]) to be

E_J =

(−1)^d n d� q=0 (−1)^q ∂J ∂a_q x^q_0 x^{d−q}_1 , (20)

it is a covariant of degree-order (n − 1, d). Lemma 4.1. We have an identity (E_J, A)_d = J.

Proof. Substitute (19) and (20) in formula (2). We get a nonzero term whenever p = q and i = d − p, hence

(E_J, A)_d =

(−1)^{2d} n (d !)^2 d� p=0 (p!(d − p)!)^2 � d d − p

�_2 a_p ∂J ∂a_p = 1 n � p a_p ∂J ∂a_p

= J,

the last equality is by Euler’s theorem. □

Now our generic reduction formula is as follows. Let

β(A, R) = − 1 J � r≥0 c_r (E_J, T_{2r+1})_{d−2r−1}, (21)

with the c_r as in (8).

Theorem 4.2. With notation as above,

β(A, R) = B −

(E_J, B)_d J A.

Hence, as long as A stays away from the hypersurface {J = 0}, we can recover B from A and R(A, B).

Remark 4.3. If d is even, then we can take J to be the unique degree two invariant (A, A)_2. There is no invariant in degrees ≤ 3 if d is odd, but then there exists a degree four invariant J = ((A, A)_{d−1}, (A, A)_{d−1})_2.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 409 4.3.

The proof of the theorem will emerge from the discussion below. The element A ∧ B ∈ ∧^2S_d defines a map σ_{A∧B} : S_d −→ S_d, F −→ (F, B)_d A − (F, A)_d B.

We identify the codomain of σ = σ_{A∧B} with S^∗_d as in Subsection 2.3. Lemma 4.4. With the convention above, σ is skew-symmetric, i.e., δ_{σ(F )}(G) = −δ_{σ(G)}(F ), for F, G ∈ S_d.

Proof. Unwinding the definitions, this becomes

(F, B)_d(A, G)_d − (F, A)_d(B, G)_d = −{(G, B)_d(A, F )_d − (G, A)_d(B, F )_d}, which is clear. □ Lemma 4.5. With notation as above, σ(F ) = [ (F, R)^x_{d−1} ]_{y:=x} . (22) The right hand side of this identity is interpreted as follows: calculate the (d − 1)- th transvectant of F and R as x-forms (treating the y in R as constants). This produces an xy-form of order (1, d − 1); finally replacing y by x gives a form of order d.

Proof. We will calculate both sides symbolically. Let A = α^d_x, B = β^d_x, F = f^d_x , then R = A(x)B(y) − A(y)B(x) ω = α^d_x β^d_y − α^d_y β^d_x ω = (α_x β_y − α_y β_x)^{d−1} � i=0 (α_x β_y)^{d−1−i}(α_y β_x)^i ω = (α β) � i (α_x β_y)^{d−1−i}(α_y β_x)^i.

Now calculate the (d − 1)-th transvectant of F with each summand in the last expression (treating α_y, β_y as constants). Using the algorithm of [5, §49], (f^d_x , α^{d−1−i}_x β^i_x)_{d−1} = (−1)^{d−1}(α f)^{d−1−i} (β f)^i f_x.

Hence,

[ (F, R)^x_{d−1} ]_{y:=x} = (−1)^{d−1}(α β) f_x � i (α f)^{d−1−i} (β f)^i α^i_x β^{d−1−i}_x . (23)

410 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant Now directly from the definition,

σ(F ) = {(f β)^d α^d_x − (f α)^d β^d_x} = (−1)^d{(β f)^d α^d_x − (α f)^d β^d_x} = (−1)^d{(β f) α_x − (α f) β_x} � i (α f)^{d−1−i} (β f)^i α^i_x β^{d−1−i}_x .

Since (β f)α_x − (α f)β_x = −(α β)f_x, the last expression is identical to (23). □ Lemma 4.6. Let T be an arbitrary form of order 2d − 4r − 2. Then [ (F, ω^{2r} T^p)^x_{d−1} ]_{y:=x} = (F, T)_{d−2r−1}.

Proof. Let T = t^{2d−4r−2}_x , so that T^p = t^{d−2r−1}_x t^{d−2r−1}_y . Then make a calculation as in the previous lemma. □ Now substitute the Taylor series (10) into the right hand side of (22), and use the previous lemma. This gives the formula σ(F ) = � r≥0 c_r (F, T_{2r+1})_{d−2r−1}. (24)

Now specialize to F = E_J. Then σ(E_J) = (E_J, B)_d A − (E_J, A)_d B = (E_J, B)_d A − J B, hence β(A, R) = − 1 J σ(E_J) = B −

(E_J, B)_d J A. This completes the proof of Theorem 4.2. □

5. Formulae for T_5 and T_7 We have observed that T_1, T_3 determine the higher odd transvectants T_{2r+1}. However this dependence is rather indirect, and it is unclear if one can give a formula for the latter in terms of the former. In this section we give such explicit formulae for T_5 and T_7.

5.1. The Plücker relations Let G ⊆ P(∧^2S_d) = P( � r≥0 S_{2d−4r−2})

be the usual Plücker imbedding, and let I denote the homogeneous ideal of the image. It is well-known that I is generated by its quadratic part I_2, usually called the module of Plücker relations.

Lemma 5.1. As SL(V )-modules, I_2 ≃ ∧^4S_d.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 411

Proof. Consider the short exact sequence

0 → I_2 → H^0(O_{P(∧}2_{Sd)}(2)) → H^0(O_G(2)) → 0.

(The exactness on the right comes from the projective normality of the imbedding.) Using the plethysm formula of [10, §I.8, Example 9], the middle term is isomorphic to S_2(∧^2S_d) ≃ S_{(2,2)}(S_d) ⊕ ∧^4S_d.

By the Borel-Weil theorem (see [13, p. 687]), H^0(O_G(2)) ≃ S_{(2,2)}(S_d). This completes the proof. □

Each Plücker relation corresponds to an algebraic identity between the {T_{2r+1}}. To be more precise, let {M_{2r+1} : r ≥ 0} be generic forms of orders 2d−4r −2, and S_e^ξ→ I_2 an inclusion of SL(V )-modules. Then ξ corresponds to a joint covariant Ξ (M_1, M_3, . . . ) of order e and total degree two in the {M_{2r+1}}, such that

Ξ (T_1, T_3, . . . ) = 0, for any A, B of order d.

Example 5.2. Assume d = 4. In this case I_2 ≃ S_4, so we look for an order 4 covariant in M_1, M_3. There are three ‘monomials’ of total degree 2 and order 4, namely (M_1, M_1)_4, (M_1, M_3)_2, M^2_3 . Our covariant must be a linear combination of these, i.e.,

Ξ(M_1, M_3) = α_1 (M_1, M_1)_4 + α_2 (M_1, M_3)_2 + α_3 M^2_3 ,

for some constants α_i.

Now specialize to A = x^4_0, B = x^4_1, and use formula (2) to calculate T_1, T_3 and Ξ explicitly. Since Ξ(T_1, T_3) must vanish identically, its coefficients give 5 linear equations for the α_i. Solving these (they must admit a nontrivial solution), we deduce that [α_1 : α_2 : α_3] = [25 : −10 : −4],

which determines Ξ (of course, up to a scalar). This ‘method of undetermined coefficients’ (specializing the forms followed by solving linear equations) will be liberally used in the sequel.

Example 5.3. For d = 3, the Grassmannian is a quadric hypersurface defined by Ξ(M_1, M_3) = (M_1, M_1)_4 − 1 6 M^2_3 .

5.2.

We begin with a technical lemma about the irreducible submodules of I_2.

Lemma 5.4. If d ≥ 4, then there exists exactly one copy each of the modules S_{4d−12}, S_{4d−16} inside I_2.

412 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

Proof. There are isomorphisms

I_2 ≃ ∧^4S_d ≃ S_4(S_{d−3}) ≃ S_{d−3}(S_4),

where the second isomorphism is from (11), and the third is Hermite reciprocity. Hence we may as well work with S_{d−3}(S_4). Now the following are in bijective correspondence (see [9] for details):

∘ inclusions S_e ⊆ S_{d−3}(S_4) of SL(V )-modules, ∘ covariants of degree-order (d − 3, e) (distinguished up to scalars) for binary quartics.

Fortunately, a complete set of generators for the covariants of binary quartics is known (see [5, §89]). It contains five elements, conventionally called f, H, t, i, j, having degree-orders

(1, 4), (2, 4), (3, 6), (2, 0), (4, 0).

(It is unnecessary for us to know how they are defined.) Each covariant of quartics is a polynomial in the elements of this set.

Now it is elementary to see that only one expression of degree-order (d − 3, 4d − 12) is possible, namely f^{d−3}. Similarly, the only possible expression for degree-order (d − 3, 4d − 16) is f^{d−5} H. Hence there is exactly one copy each of S_{4d−12} and S_{4d−16}. □

5.3.

We will find the joint covariant Ξ corresponding to S_{4d−12} ⊆ I_2. We look for degree two monomials of order 4d − 12 in the {T_{2r+1}}; any such monomial must be of the form (T_{2a+1}, T_{2b+1})_s, where

∘ (2d − 4a − 2) + (2d − 4b − 2) − 2s = 4d − 12, ∘ a, b ≤ ⌊^{d−1}_2 ⌋, ∘ s ≤ min{2d − 4a − 2, 2d − 4b − 2}, ∘ if a = b, then s is even.

The first condition comes from the order, the rest are forced by properties (3), (4) of transvectants. Sifting through these conditions gives only four possibilities, namely (T_1, T_1)_4, (T_1, T_3)_2, T^2_3 , T_1T_5.

Hence we have an identical relation of the form

α_1 (T_1, T_1)_4 + α_2(T_1, T_3)_2 + α_3 T^2_3 − α_4 T_1 T_5 = 0.

Specialize A, B successively to the pairs

(x^d_0, x^d_1), (x^{d−1}_0 x_1, x^d_1), (x^{d−2}_0 x^2_1, x^d_1), (x^{d−1}_0 x_1, x_0 x^{d−1}_1 ),

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 413

and use the method of undetermined coefficients. Up to a scalar, the solution is

α_1 = −^{2(2d−3)2}_{d(d−2)} α_2 =^{4(2d−3)(d−3)}_{d(d−2)} α_3 = 1 α_4 =^{(d−3)(d−4)(2d−3)2}

d(2d−5)(2d−7)(d−2) .

This gives a formula for T_5.

Theorem 5.5. Assume d ≥ 5, then

T_5 = 1 T_1 ( α_1 α_4

(T_1, T_1)_4 + α_2 α_4

(T_1, T_3)_2 + α_3 α_4

T^2_3 ).

We can make a similar argument with S_{4d−16}, which leads to a formula for T_7. Define β_1 = −^{8(2d−5)(2d−7)(2d−3)}

d(d−1)(4d−13) β2 = −

60(2d−7)(2d−5) d(d−1)(4d−13)

β_3 =^{12(2d−3)(d−5)}

d(4d−13) β4 =

20(2d−5)(2d−7)(d−3) (d−1)(4d−13)(2d−3)

β_5 = 1 β_6 =^{(d−5)(d−6)(2d−3)(2d−5)}

d(d−1)(2d−9)(2d−11)

Theorem 5.6. For d ≥ 7,

T_7 = 1 T_1 ( β_1 β_6

(T_1, T_1)_6 + β_2 β_6

(T_1, T_3)_4 + β_3 β_6

(T_1, T_5)_2 + β_4 β_6

(T_3, T_3)_2 + β_5 β_6

T_3 T_5).

(Of course we can substitute for T_5 using the previous result, but this would make the formula very untidy.)

This method breaks down for higher transvectants, so a new idea will be needed for the general case. My colleague A. Abdesselam, when shown the formulae above, remarked that the coefficients look very similar to those appearing in the classical hypergeometric series. Perhaps there is something to this suggestion.

6. Open problems

This section contains a series of miscellaneous calculations and examples, all of them for small specific values of d. They should serve simultaneously as a source of open questions and further lines of inquiry.

6.1. The Jacobian predicate

Let A, M be forms of orders d, 2d − 2. Consider the following predicate

J(A, M) : there exists an order d form B such that (A, B)_1 = M.

If J(A, M) holds, then (A, M)_2 = k T_3 A, hence A must divide (A, M)_2. We will see below that this condition is sufficient for d = 2, 3, but not for d = 4.

Proposition 6.1. Assume d = 2. Then

J(A, M) ⇐⇒ (A, M)_2 = 0.

414 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant Proof. The forward implication is clear. For the converse, assume (A, M)_2 = 0. Then � � A M A 2 2 2 0 1 1 � � implies that ((A, M)_1, A)_1 = −^1_2 (A, A)_2 M. If (A, A)_2 ≠ 0, then let B = 2 (A, A)_2

(A, M)_1.

If (A, A)_2 = 0, then by a change of variable, we may assume A = x^2_0. Then (A, M)_2 = 0 implies that M = c_1 x^2_0 + c_2 x_0x_1. Now let B = c_1 x_0x_1 +^{c2}_2 x^2_1. In either case, (A, B)_1 = M. □ Proposition 6.2. Assume d = 3, then J(A, M) ⇐⇒ ((A, M)_2, A)_1 = 0.

Proof. By Lemma 2.1, ((A, M)_2, A)_1 = 0 iff (A, M)_2 = k A. This shows the forward implication.

Conversely, assume that (A, M)_2 = c A for some constant c. I claim that the map ψ_{M,6 c} : S_3 −→ S_3, F −→ (M, F )_2 − c F is skew-symmetric. Indeed, δ_{ψM,6 c(F )}(G) = ((M, F )_2, G)_3 − c (F, G)_3.

Using � � M F G 4 3 3 1 2 2 � �, this can be transformed into

−((M, G)_2, F )_3 + c (G, F )_3 = −δ_{ψM,6 c(G)}(F ).

This proves the claim, and implies that the rank of ψ_{M,6 c} must be even. Suppose that A and another form B span its kernel. Then by Proposition 3.4, (A, B)_1 = M (after multiplying B by a constant if necessary). □ Example 6.3. Assume d = 4, and let A = (x_0x_1)^2, M = (x_0x_1)^3. Then A divides (A, M)_2 = k (x_0x_1)^3. However there exists no B such that (A, B)_1 = M. Indeed, (A, B)_1 = k x_0 x_1(x_1B_{x1} − x_0B_{x0} ) = (x_0 x_1)^3 would imply x_1B_{x1} −x_0B_{x0} = k (x_0x_1)^2. But then B = k (x_0x_1)^2, which is absurd. The two propositions above suggest the following natural problem: Problem 6.4. Find a (finite) number of joint covariants of A, M which simultaneously vanish iff J(A, M) holds.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 415

6.2. The resultant Let Res(A, B) denote the resultant of A, B. Up to a scalar, it is equal to the discriminant of R(A, B) (regarded as a quadratic form). Since the latter implicitly depends only on T_1, T_3, the following problem is natural:

Problem 6.5. Give an explicit formula (in a reasonable sense) for Res(A, B) as a joint invariant of T_1 and T_3.

For instance, if d = 2 then k Res(A, B) = (T_1, T_1)_2. Proposition 6.6. If d = 3, then

k Res(A, B) = T_3 (T_1, T_1)_4 − 6 (T_1, (T_1, T_1)_2)_4.

Proof. By construction, Res = Res(A, B) is joint invariant of total degree 3 in T_1, T_3. Every joint invariant is a linear combination of compound transvectants (see [2, p. 92]), hence Res is a linear combination of terms of the form

(X_1, (X_2, X_3)_a)_b,

where a, b are integers, and each X_i stands for either T_1 or T_3. Since the total order must be zero, � i ord X_i = 2(a + b). Using properties (3), (4), we are left with only two possibilities, namely

(T_3, (T_1, T_1)_4)_0, (T_1, (T_1, T_1)_2)_4.

Now specialize to A = x_0x_1(x_0 − x_1), B = x_0(x_0 + x_1)(x_0 + 2x_1) and use the method of undetermined coefficients. □

Gordan [4] has given a formula for the resultant in terms of all the odd order transvectants {T_{2r+1} : r ≥ 0}.

6.3. The minimal equation for T_3 Consider the following equivalence relation on pairs (A, B) of independent order d forms:

(A, B) ∼ (αA + βB, γA + δB) if αδ − βγ = 1.

An equivalence class determines and is determined by T_1, T_3. Let F denote the set of equivalence classes, and consider the map

π : F −→ A^{2d−1}, (A, B) −→ T_1.

It is known that π has finite fibres, and the cardinality of the general fibre is equal to the Catalan number ρ(d) =^1_d

�_{2d−2} d−1 � (see [3, Theorem 1.3]).

Now assume d = 4, then ρ(4) = 5. Let A, B be forms of order 4 with indeterminate coefficients, and write

T_1 = 6� i=0 � 6 i � u_i x^{6−i}_0 x^i_1, T_3 = 2� j=0 � 2 j � v_j x^{2−j}_0 x^j_1,

416 J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant

where u_i, v_j are functions of the coefficients of A, B. The map π corresponds to a degree 5 field extension K ⊆ L, where K = C(u_0, . . . , u_6), L = K(v_0, v_1, v_2).

We recall the concept of a seminvariant of a form: it is an expression in the coefficients of the form which remains unchanged by a substitution x_0 −→ x_0 + c x_1, x_1 −→ x_1; c ∈ C. (25) An alternative is to define it as the leading coefficient of a covariant (see [5, §32]). Let v^5_0 + 5� i=1 l_i v^{5−i}_0 = 0, l_i ∈ K, (26)

denote the unique minimal equation of v_0 over K. Firstly, since v_0 is a seminvariant of T_3 and substitutions in (25) must leave (26) unchanged, all the l_i are seminvariants of T_1. Secondly, by the main theorem of [5, §33], any algebraic relation between the seminvariants lifts to a relation between the corresponding covariants. That is to say, we must have an identity

T^5_3 + 5� i=1 Λ_i T^{5−i}_3 = 0, (27)

where Λ_i are covariants of T_1, and (27) reduces to (26) by the substitution x_0 := 1, x_1 := 0. By homogeneity, Λ_i must have degree-order (i, 2i).

6.4.

A complete set of generators for the ring of covariants of order 6 forms is given in [5, §134]. It is then a routine matter to identify the Λ_i by the method of undetermined coefficients. I omit all calculations and merely state the result. Define the following covariants of T_1. q_{20} = (T_1, T_1)_6, q_{24} = (T_1, T_1)_4, q_{28} = (T_1, T_1)_2, q_{32} = (T_1, q_{24})_4, q_{36} = (T_1, q_{24})_2, q_{38} = (T_1, q_{24})_1, q_{44} = (T_1, q_{32})_2.

These are all taken from the table in [5, p. 156], but the notation is modified so that q_{ab} is of degree-order (a, b). There can be no covariant of degree-order (1, 2), hence Λ_1 = 0. The others are

Λ_2 = − 125 8 q_{24}

Λ_3 = 625 24 q_{36} + 125 36 T_1 q_{20}

Λ_4 =

3125 48 q^2_4 − 625 96 q_{20} q_{28} −

3125 96 T_1 q_{32}

Λ_5 =

3125 64 T_1 q_{44} +

3125 64 q_{32} q_{28} −

3125 16 q_{36} q_{24} −

3125 192 T_1 q_{20} q_{24}.

Problem 6.7. Find the equation analogous to (27) for arbitrary d.

J. V. Chipalkatti: On the Invariant Theory of the Bézoutiant 417

References

[1] Fulton, W.; Harris, J.: Representation Theory. A First Course. Graduate Texts in Mathematics. Springer-Verlag, New York 1991. Zbl 0744.22001 [2] Glenn, O.: The Theory of Invariants. Ginn and Co., Boston 1915. (Available gratis as an e-Book from the ‘Project Gutenberg’ at www.gutenberg.net) [3] Goldberg, L.: Catalan numbers and branched coverings by the Riemann sphere. Adv. Math. 85(2) (1991), 129–144. Zbl 0732.14013 [4] Gordan., P.: Die Resultante binärer Formen. Palermo Rend, 22 (1906), 161–196. JFM 37.0192.08 [5] Grace, J. H.; Young, A.: The Algebra of Invariants. University Press, Cambridge 1903. Reprinted by Chelsea Publishing Co., New York 1965. JFM 34.0114.01 [6] Harris, J.: Algebraic Geometry, A First Course. Graduate Texts in Mathematics. Springer-Verlag, New York 1992. Zbl 0779.14001 [7] Hartshorne, R.: Algebraic Geometry. Graduate Texts in Mathematics 52, Springer-Verlag, New York 1977. Zbl 0367.14001 [8] Householder, A. S.: Bézoutiants, elimination and localization. SIAM Review 12(1) (1970), 73–78.

[9] Littlewood, D. E.: Invariant theory, tensors and group characters. Philo.

Trans. Royal Soc. London. (Ser. A), 239 (1944), 305–365.

[10] MacDonald, I. G.: Symmetric Functions and Hall Polynomials. Oxford University Press, 2nd edition, 1995.

[11] Netto, E.: Vorlesungen über Algebra. Teubner, Leipzig 1896. JFM 27.0058.01 [12] Olver, P.: Classical Invariant Theory. London Mathematical Society Student Texts. Cambridge University Press, 1999. Zbl 0971.13004 [13] Porras, O.: Rank varieties and their resolutions. J. Algebra 186(3) (1996), 677–723. Zbl 0884.14022 [14] Rainville, E.; Bedient, P.: Elementary differential equations. Macmillan Publishing Co., 6th edition, New York 1981.

[15] Springer, T. A.: Invariant Theory. Springer Lecture Notes in Mathematics 585 (1977). Zbl 0346.20020 [16] Sturmfels, B.: Algorithms in Invariant Theory. Texts and Monographs in Symbolic Computation. Springer-Verlag, Wien New York 1993. Zbl 0802.13002 [17] Sylvester, J. J.: A remarkable theorem in the theory of multiple roots. Collected Mathematical Papers I (1904), 184–197. Cambridge University Press.

Received August 1, 2004