Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 47 (2006), No. 2, 489-503.

On Boundary Arcs Joining Antipodal Points of a Planar Convex Body

Gennadiy Averkov^∗

Faculty of Mathematics, University of Technology D-09107 Chemnitz, Germany e-mail: g.averkov@mathematik.tu-chemnitz.de

Abstract.

Using notions of Minkowski geometry (i.e., of the geometry of finite dimensional Banach spaces) we find new characterizations of centrally symmetric convex bodies, equiframed curves, bodies of constant width and certain convex bodies with modified constant width property. In particular, we show that straightforward extensions of some properties of bodies of constant Euclidean width are also valid for bodies of constant Minkowskian width if the underlying Minkowskian circle is an equiframed curve. All obtained characterizations are restricted to the case of the plane and involve certain measures of boundary arcs that join antipodal points of a planar convex body. MSC 2000: 52A10, 52A38 Keywords: central symmetry, constant tangential width, constant width, equiframed curve, isoperimetrix, Minkowski plane, Minkowski space, Radon curve

1. Introduction

We refer to the next section for all standard notations from Euclidean and convex geometry. It should be noticed that our standard notations are mostly borrowed

∗Research supported by the German Research Foundation, Project AV 85/1-1, and by the Marie Curie Research Training Network within the project Phenomena in High Dimensions, contract number: MRTN-CT-2004-511953

0138-4821/93 $ 2.50 © 2006 Heldermann Verlag

490 G. Averkov: On Boundary Arcs Joining Antipodal Points . . .

from [29]. Let B be a convex body in E^2 centered at the origin o. Then M^2(B) denotes the Minkowski plane (i.e., two-dimensional real normed space) with unit ball B. The norm of M^2(B) is denoted by ‖ . ‖_B. Basic information on Minkowski spaces can be found in [31] and the surveys [27] and [25]. A homothetical copy of B is called a Minkowskian ball in M^2(B), the corresponding homothety coefficient the Minkowskian radius of this Minkowskian ball. The isoperimetrix B̃ in M^2(B) is defined as the dual body of B rotated by the angle^π_2 . Obviously, the body B is the isoperimetrix in the Minkowski plane M^2(B̃), i.e., B̃ = B. Let K be an arbitrary convex body in M^2(B). If u ∈ M^2(B) \ {o}, then the Minkowskian distance between the two different supporting lines orthogonal to the direction u is called the Minkowskian width of K at direction u (notation: w_{K,B}(u)). It is known that w_{K,B}(u) = w_K(u) h_B(u)

. (1)

See [18] and [5] for results on cross-section measures in Minkowski spaces as well as [19] for computational problems for Minkowskian cross-section measures.

Given a Euclidean unit vector u in E^2, let α_B(u) > 0 be such that 4α_B(u) is the minimal area of a parallelogram which is circumscribed about B and has two opposite sides orthogonal to u. The quantity α_B(u) is expressed analytically by

α_B(u) = h_B(u)r_B(v), (2)

where v is a Euclidean unit vector orthogonal to u. Clearly, (2) yields

α_B(u) = h_B(u) h~_B(u)

. (3)

It is easy to see that the boundary of every planar convex body can be parameterized by a Lipschitz function. Indeed, let K be a planar convex body in E^2, let perim(K) be the Euclidean perimeter of bd K, and p(t), t ∈ [0, perim(K)], be a parameterization of bd K by arc length (that is, t is the length of the arc {p(s) : 0 ≤ s ≤ t}). Since |t_1 −t_2| is the length of a boundary arc of K joining p(t_1) with p(t_2) we infer that |p(t_1) − p(t_2)| ≤ |t_1 − t_2| for every t_1, t_2 ∈ [0, perim(K)], which implies that p(t) is a Lipschitz function. In this paper a parameterization p(t), t ∈ [t_0, t_1] (t_0 < t_1), of a curve γ ⊆ E^2 is defined as a Lipschitz continuous function such that for every point x from {p(t) : t_0 < t < t_1} the pre-image {t ∈ [t_0, t_1] : p(t) = x} of the point x is a segment in R probably degenerate to a singleton, i.e., for t ranging from t_1 to t_2, the point p(t) moves on γ from p(t_0) to p(t_1) according to some orientation of γ.

Two boundary points p and q of a convex body K ⊆ E^2 are said to be antipodal if they lie in different parallel supporting lines of K. A chord of K joining two antipodal points of K is called an affine diameter of K. A parameterization p(t), t ∈ [0, 2π], of bd K is called antipodality preserving if p(t) is antipodal to p(t + π) for every t ∈ [0, π]. It turns out that the following lemma holds.

Lemma 1. The boundary of every planar convex body possesses an antipodality preserving parameterization.

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 491

Given a Minkowski plane M^2(B), a convex body K ⊆ E^2, and an antipodality preserving parameterization p(t) of bd K, we introduce the following functions of t. (For definiteness we assume that p(t) has counterclockwise orientation.) For t ∈ [0, 2π] let u(t) be an outward Euclidean unit normal of K at the point p(t) (if K is non-smooth, u(t) is discontinuous). By w_B(t) we shall denote the Minkowskian width of K ⊆ M^2(B) at direction u(t). Let γ(t) denote the counterclockwise oriented boundary arc of K starting at p(t) and terminating at p(t + π), see Figure 1. By l_B(t) we denote the length of γ(t) measured in M^2(B), and by v(t) the area of conv γ(t) (see Figure 1). Further on, let α_B(t) := α_B(u(t)), see Figure 2. The above functions depending on t can be extended periodically. Hence they will be considered for t ranging over the whole real axis.

K γ(t) u(t)

u(t + π)

B o u(t)

u(t + π)

Figure 1: conv γ(t) is filled by gray color

Figure 2: Illustration to α_B(t)

The following theorem presents two differential relations involving the functions v(t), w_B(t), l_B(t), l~_B(t), and α_B(t). The abbreviation a.e. stands for almost everywhere. It is used to mark those relations which are fulfilled for almost all values (in the sense of measure) of the parameter involved in the relation.

Theorem 2. Let K be an arbitrary convex body in a Minkowski plane M^2(B), and p(t) be an antipodality preserving parameterization of bd K. Then the quantities w_B(t), l_B(t), l~_B(t), α_B(t) and v(t), associated with p(t), are related by the following two equalities:

w_B(t)l^′_{B̃}(t) − 2v^′(t)^{a.e.}= 0 (t ∈ R), (4)

α_B(t)w_B(t)l^′_B(t) − 2v^′(t)^{a.e.}= 0 (t ∈ R). (5)

A convex body K ⊆ M^2(B) is said to be of constant Minkowskian width if K has the same Minkowskian width at any direction. We introduce a modification of the notion constant width, which is involved in the statements of our main results. A vector u ∈ E^2 \{o} is an extreme normal of K if u is either left or right or unique normal of K at some point p ∈ bd K (cf. also [29, p. 74]). Any quantity w_{K,B}(u), where u is an extreme normal of K, is said to be a tangential width of

492 G. Averkov: On Boundary Arcs Joining Antipodal Points . . .

K in M^2(B). A convex body K ∈ M^2(B) is said to be of constant tangential width in M^2(B) if its tangential width in M^2(B) is determined uniquely, i.e., w_{K,B}(u) = const for each extreme normal u ∈ S^1 of DK (where DK denotes the difference body of K). Given an antipodality preserving parameterization p(t) of bd K, it is not hard to prove that K ∈ M^2(B) is of constant tangential width in M^2(B) if and only if wB(t)^{a.e.}= const. It is known that K is of constant width λ > 0 in M^2(B) if and only if DK = λB. In contrast to this, K is of constant tangential width in M^2(B) if and only if DK is a tangential body of λB (for the definition of tangential body see [29, pp. 69–70]). Clearly, strictly convex bodies of constant tangential width are necessarily of constant width in the classical sense.

The results on bodies of constant width in Euclidean and Minkowski spaces are surveyed in [10], [13], [21, Section 5], and [25]. Let λ > 0 and p_1, p_2, p_3 be points in M^2(B) such that ‖p_i − p_j‖ = λ for i, j ∈ {1, 2, 3}, i ≠ j. Then the intersection of three Minkowskian circles of radius λ centered at p_1, p_2, and p_3 is called a Minkowskian Reuleaux triangle. Reuleaux triangles are the best known non-trivial examples of planar bodies of constant width (we shall need Reuleaux triangles in the proof of one of our theorems). Applying Theorem 2 we obtain the following characterizations of planar convex bodies of constant width and constant tangential width.

Theorem 3. Let K ⊆ E^2 be a planar convex body, and p(t) be an antipodality preserving parameterization of bd K. Then for functions l~_B(t), l_B(t), w_B(t), α_B(t), and v(t), associated with p(t), the following statements hold:

I. The body K is of constant tangential width in M^d(B) if and only if

w_B(t)l~_B(t) − 2v(t)^{a.e.}= const (t ∈ R). (6)

II. The body K is of constant width in M^2(B) if and only if

w_B(t)l~_B(t) − 2v(t)^{a.e.}= 1 2 w_B(t)^2V (B) − V (K) (t ∈ R). (7)

III. The body K is of constant tangential width in M^2(B̃) if and only if

α_B(t)w_B(t)l_B(t) − 2v(t)^{a.e.}= const (t ∈ R).

IV. The body K is of constant width in M^2(B̃) if and only if

α_B(t)w_B(t)l_B(t) − 2v(t)^{a.e.}= 1 2 α_B(t)^2w_B(t)^2V (B̃) − V (K) (t ∈ R).

Let M^2(B) be a Minkowski plane with strictly convex B and let K be a planar strictly convex body. Further on, let p(t) denote the antipodality preserving parameterization of K for which u(t) = (cos t, sin t). Then, by Theorem 3 (Part I), K is of constant width in M^2(B) if and only if w_B(t)l~_B(t) − 2v(t) = const. In the Euclidean plane this characterization of planar bodies of constant width was proved in [10, p. 41], the necessity for the Euclidean plane was derived in [11].

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 493

Other recent characterizations of constant Minkowskian width are presented in [2], [1], [4], and [7].

We also derive the following characterization of planar centrally symmetric convex bodies.

Theorem 4. A convex body K in a Minkowski plane M^2(B) is centrally symmetric if and only if every chord of K that bisects the Minkowskian perimeter of K is necessarily an affine diameter of K.

The Euclidean version of the above theorem was established in [32] for the case that K is strictly convex and bd K has continuous curvature and in [22] for an arbitrary convex body K ⊆ E^2. Also, in [22] it was stated without proof that Theorem 4 holds for an arbitrary Minkowski plane. Further characterizations of centrally symmetric convex bodies are collected in [21, Section 4] and [9, §14].

Theorem 4 can be applied for deriving characterizations of centrally symmetric members within classes of special convex bodies (e.g., characterizations of unit Minkowskian balls within the class of planar bodies of constant Minkowskian width). Some characterizations of Minkowskian unit balls within the class of planar convex bodies of constant Minkowskian width that were obtained in [14] are straightforward corollaries of Theorem 4 (see also [20] for the Euclidean version of the mentioned results from [14]). The statement of Theorem 4 for an arbitrary convex body in E^2 was obtained by several authors using various methods, cf. [8], [30], and [24]. The statement of Theorem 4 has recently been carried over to convex bodies in Minkowski spaces of any dimension (cf. [3]). The Euclidean version of some of the results in Minkowski spaces obtained in [3] was presented in [28].

Let M^2(B) be a Minkowski plane such that the isoperimetrix B̃ is a homothetical copy of B. Then the homothetical copies of bd B are called Radon curves, cf. [31, p. 128]. If every boundary point p of B is touched by a circumscribed parallelogram of B having minimal area, then the homothetical copies of bd B are called equiframed curves, cf. [26]. It is known that every Radon curve is necessarily equiframed, and that the converse is not true in general.

Let p(t) be an arbitrary antipodality preserving parameterization of a planar convex body K ⊆ M^2(B). In view of the results from [26, Section 4], bd B is an equiframed curve if and only if α_B(t)^{a.e.}= const (t ∈ R).

The following theorem presents some characterizations of equiframed curves and related characteristic properties of bodies of constant width and constant tangential width in Minkowski planes whose unit Minkowskian circle is an equiframed curve. See also [16] and [17] for a related characterization of Radon and equiframed curves and [15] for a characterization of ellipsoids in terms of equiframed sections.

Theorem 5. Let M^2(B) be an arbitrary Minkowski plane. Then the following statements hold true.

I. The following conditions are equivalent:

(i) The boundary of B is an equiframed curve.

494 G. Averkov: On Boundary Arcs Joining Antipodal Points . . .

(ii) There exists a constant α > 0 such that for every convex body K in M^2(B) and every antipodality preserving parameterization p(t) of bd K we have αw_B(t)l^′_B(t) − 2v^′(t)^{a.e.}= 0 (t ∈ R). (8)

(iii) For every convex body K and every antipodality preserving parameterization p(t) of bd K there exists a constant α_K > 0 such that

α_Kw_B(t)l^′_B(t) − 2v^′(t)^{a.e.}= 0 (t ∈ R). (9)

(iv) For some convex body K in M^2(B) whose boundary possesses an antipodality preserving parameterization p(t) with l^′_B(t) ≠ 0 almost everywhere and for some α_K > 0 we have:

α_Kw_B(t)l_B(t) − 2v(t)^{a.e.}= const (t ∈ R). (10)

II. If bd B is an equiframed curve, α := α_B(t), and K is an arbitrary convex body in M^2(B̃), then (a) the equality

αl_B(t)w_B(t) − 2v(t)^{a.e.}= const (t ∈ R)

holds if and only if K is of constant tangential width in M^2(B̃); (b) the equality

αl_B(t)w_B(t) − 2v(t)^{a.e.}= 1 2 α^2w_B(t)^2V (B̃) − V (K) (t ∈ R)

holds if and only if K is of constant width in M^2(B̃).

2. Preliminaries

The Euclidean plane is denoted by E^2, o stands for the origin and | . | for the norm in E^2. We also use | . | to denote the absolute value of scalars. The length in E^2 is denoted by μ. In analytic expressions the elements of E^2 will be identified with pairs of real numbers. By S^1 we denote the unit circle in E^2. Given x, y ∈ E^2, by [x, y] we denote the segment joining x and y. A convex body in E^2 is a compact, convex set with nonempty interior, cf. [9] and [29]. The area of a convex body K ⊆ E^2 is denoted by V (K). The Minkowski sum K_1 + K_2 of two convex bodies K_1 and K_2 in E^2 is given by K_1 + K_2 := {x_1 + x_2 : x_1 ∈ K_1, x_2 ∈ K_2}. If K is a convex body in E^2, then the Minkowski sum K + (−K) is denoted by DK and called the difference body of K. The abbreviations conv and bd stand for convex hull and boundary, respectively. The support and width functions of a convex body K ⊆ E^2 are given by the formulas h_K(u) := max {⟨x, u⟩ : x ∈ K} and w_K(u) := h_K(u) + h_K(−u), u ∈ E^2), respectively. If we assume that the origin is contained in the interior of K, then the radius function of K is introduced by r_K(u) := max {α > 0 : αu ∈ K} , u ∈ E^2 \{o}, and the dual body of K is

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 495

defined by K^∗ := {u ∈ E^2 : h_K (u) ≤ 1}. It can be shown that K^{∗∗} = K and r_K∗ (u)h_K(u) = 1 for every u ∈ E^2 \{o}.

Let I be a segment in R. Then a scalar function f(t), t ∈ I, is said to be a Lipschitz function if for some α ≥ 0 and every t_1, t_2 ∈ I we have |f(t_1) − f(t_2)| ≤ α|t_1 − t_2|. It is known that Lipschitz functions possess derivatives which are Lebesgue integrable functions, cf. [23]. Analogously, a vector function p(t), t ∈ I, with values in E^2 is called a Lipschitz function if for some C ≥ 0 and every t_1, t_2 ∈ I we have |p(t_1) − p(t_2)| ≤ C|t_1 − t_2|.

It is not hard to verify that p(t) is a Lipschitz vector function if and only if both its coordinates are Lipschitz scalar functions.

For a Lebesgue measurable subset ω of S^1 the reverse spherical image τ(K, ω) of ω with respect to a convex body K ⊆ E^2 is the set of those boundary points p of K that have an outward normal belonging to ω (cf. [29, p. 78]). Let S_K (ω) denote the length (i.e., one-dimensional measure) of τ(K, ω). It is known that for any measurable ω ⊆ S^1 and any convex bodies K_1 and K_2 in E^2 we have

S_{K1+K2} (ω) = S_{K1} (ω) + S_{K2} (ω), (11)

cf. [29, Section 4.3]

Given x, y ∈ E^2, det(x, y) stands for the determinant of the 2 × 2 matrix with columns x and y (in that order). Geometrically, det(x, y) is twice the signed area of the triangle conv{o, x, y} with the sign determined by the orientation of the system of vectors x, y.

Let us consider an arbitrary convex body K ⊆ E^2 and a parameterization x(t), t ∈ [t_0, t_1] (t_0 < t_1), of bd K. Then by Green’s formula the area of K can be expressed by

V (K) = 1 2 �_{t1}

t_0

det(x(t), x^′(t)) dt. (12)

If x(t) and y(t) are Lipschitz vector functions taking values in E^2, then it is well known that d dt det(x(t), y(t))^{a.e.}= det(x^′(t), y(t)) + det(x(t), y^′(t)) (t ∈ R). (13)

Let T be a triangle in a Minkowski plane M^2(B), I be a side of T , and u be a Euclidean normal of I. By ã we denote the length of I measured in M^2(B̃), and by h the quantity w_{T,B}(u), i.e., the Minkowskian width of T at direction u measured in M^2(B). The quantity h is called the Minkowskian height of T corresponding to the base I. Then the area of T can be given by the Minkowskian formula

V (T ) = 1 2 hã, (14)

for the proof see [31, Section 4.6] and [6, Section 5]. We remark that (14) is a Minkowskian analogue of the Euclidean formula^1_2 height × base for the area of a triangle.

496 G. Averkov: On Boundary Arcs Joining Antipodal Points . . .

The mixed area V (K_1, K_2) is a functional depending on planar convex bodies K_1 and K_2 in E^2 and determined by the equality

V (K_1 + K_2) = V (K_1) + 2V (K_1, K_2) + V (K_2).

One can show that for any positive scalars α_1, α_2 and any K_1 and K_2 we have V (α_1K_1, α_2K_2) = α_1α_2V (K_1, K_2). Furthermore, it is easy to see that for every planar convex body K ⊆ E^2 we have V (K, K) = V (K). More detailed information on the theory of mixed volumes and mixed areas can be found in the monograph [29] and [12, Chapter 4]. The Minkowskian perimeter perim_B(K) of K is the Minkowskian length of bd K ⊆ M^2(B). It is known that

perim_B(K) = 2V (K, B̃), (15)

see equality (4.8) in [31]. On can show that the Minkowskian perimeters of K and DK are related by

perim_B(DK) = 2 perim_B(K). (16)

The Euclidean perimeter of K ⊆ E^2 will be denoted by perim(K).

3. The proofs

The following proof of Lemma 1 is rather technical and relatively long, so it can be skipped by the readers not interested in technical details.

Proof of Lemma 1. Let q_0 be a boundary point of DK and q(t), t ∈ [0, π], be a parameterization of a boundary arc of DK such that q(t) starts at q_0, terminates at −q_0, has the counterclockwise orientation with respect to DK and the scaled parameterization q(^π_{perim(K)} s), s ∈ [0, perim(K)], is a parameterization by the Euclidean arc length. Clearly, q(t) is a Lipschitz function and, moreover, for every t_1, t_2 ∈ [0, π] we have |p(t_1) − p(t_2)| ≤^{perim(K)}_π · |t_1 − t_2|. For every t ∈ [0, π] let I(t) denote the minimal (with respect to inclusion) exposed face of DK containing the point q(t). Since DK is two-dimensional, I(t) is a segment probably degenerate to a singleton. Let a_1(t) and a_2(t) be the endpoints of I(t) chosen so that for a_1(t) ≠ a_2(t) the vectors a_1(t), a_2(t) (in that order) form a right system. Let b_1(t), b_2(t), b_1(t + π), b_2(t + π) be the uniquely determined boundary points of K such that a_i(t) = b_i(t) − b_i(t + π), where i = 1, 2. Then then segments J(t) := [b_1(t), b_2(t)] and J(t + π) := [b_1(t + π), b_2(t + π)] are exposed faces of K such that I(t) = J(t) − J(t + π). If a_1(t) ≠ a_2(t), the segment I(t) is split by q(t) in the ratio λ(t) : (1 − λ(t)), where λ(t) :=^{|q(t)−a1(t)|}_{|a2(t)−a1(t)|} . Consequently, q(t) = (1 − λ(t)) · a_1(t) + λ(t) · a_2(t). For the case when a_1(t) = a_2(t) the scalar λ(t) can be defined arbitrarily. Let us introduce the points p(t) and p(t + π) such that J(t) and J(t + π) are split by p(t) and p(t + π), respectively, in the same ratio as I(t) by the point q(t). More precisely, we put

p(t) := (1 − λ(t)) · b_1(t) + λ(t) · b_2(t) p(t + π) := (1 − λ(t)) · b_1(t + π) + λ(t) · b_2(t + π).

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 497

By construction p(t) is antipodal to p(t + π) for every t ∈ [0, π]. Thus, it only remains to verify that p(t) is a Lipschitz function.

First we extend p(t), b_1(t), and b_2(t) periodically to the whole real axis. We also extend λ(t) by the equality λ(t + π) := λ(t) (t ∈ [0, π]) to the segment [0, 2π] and then periodically to the whole real axis. The function q(t) is extended to [0, 2π] by q(t + π) := −q(t) (t ∈ [0, π]) and then periodically to R. The functions I(t), a_1(t), and a_2(t) are extended in the same manner as q(t).

In order to show that p(t) is a Lipschitz function we take arbitrary distinct values t_1, t_2 in [0, 2π] and show that |p(t_1) − p(t_2)| ≤ α · |t_1 − t_2|, where α is a constant independent on t_1 and t_2. Without loss of generality let t_1 < t_2. Then bd K is split by the points p(t_1) and p(t_2) into two boundary arcs p(I_1) and p(I_2), where I_1 := [t_1, t_2] and I_2 := [t_2, 2π + t_1]. Then the length of one of the above two segments does not exceed π; for definiteness we assume that this holds for I_1. Consequently, the segments I_1 and I^′_1 := I_1 +π = [t_1 +π, t_2 +π] are disjoint. Let us show that the length of the boundary arc q(I_1) of DK is equal to the total length of the boundary arcs p(I_1) and p(I^′_1) of K. For t ∈ R let u(t) denote the outward Euclidean unit vector such that τ_K({u(t)}) = J(t). Let ω denote the set of those Euclidean unit vectors that lie inside the angle between u(t_1) and u(t_2) (i.e., lie in the positive hull of u(t_1) and u(t_2)). Then the reverse spherical image τ_K (ω) can be represented by τ_K (ω) = p(I_1) ∪ [b_1(t_1), p(t_1)] ∪ [p(t_2), b_2(t_2)], see Figure 3. K

b_1(t_1) b_2(t_1)

p(t_1) b_1(t_2) b_2(t_2)

p(t_2)

b_1(t_1 + π)

b_2(t_1 + π) p(t_1 + π)

b_1(t_2 + π) b_2(t_2 + π) p(t_2 + π)

Figure 3

Hence

S_K(ω) = μ(p(I_1)) + |b_1(t_1) − p(t_1)| + |p(t_2) − b(t_2)|

or, equivalently,

S_K(ω) = μ(p(I_1)) + λ(t_1) · |b_1(t_1) − b_2(t_1)| + (1 − λ(t_2)) · |b_1(t_2) − b_2(t_2)|. (17)

In the same manner we can derive the following two equalities:

S_K(−ω) = μ(p(I^′_1)) + λ(t_1) · |b_1(t_1 + π) − b_2(t_1 + π)| +(1 − λ(t_2)) · |b_1(t_2 + π) − b_2(t_2 + π)|, (18) S_{DK} (ω) = μ(q(I_1)) + λ(t_1) · |a_1(t_1) − a_2(t_1)| +(1 − λ(t_2)) · |a_1(t_2) − a_2(t_2)|. (19)

498 G. Averkov: On Boundary Arcs Joining Antipodal Points . . . Summing up (17) with (18) and then applying (11) (for bodies K and −K) we get S_{DK}(ω) = μ(p(I_1))+μ(p(I^′_1))+λ(t_1)·(|b_1(t_1)−b_2(t_1)|+|b_1(t_1 +π)−b_2(t_1 +π)|)+ (1 − λ(t_2)) · (|b_1(t_2) − b_2(t_2)| + |b_1(t_2 + π) − b_2(t_2 + π)|).

In view of the equality I(t) = J(t) − J(t + π) the latter amounts to S_{DK}(ω) = μ(p(I_1)) + μ(p(I^′_1)) + λ(t_1) · |a_1(t_1) − a_2(t_1)| +(1 − λ(t_2)) · |a_1(t_2) − a_2(t_2)|.

Thus, taking into account (19), we arrive at μ(q(I_1)) = μ(p(I_1)) + μ(p(I^′_1)).

Consequently, we have |p(t_1) − p(t_2)| ≤ μ(p(I_1)) ≤ μ(p(I_1)) + μ(p(I^′_1))=μ(q(I_1)) ≤ perim(K) π · |t_1 − t_2|, which shows that p(t) is a Lipschitz function.

Proof of Theorem 2. It can be proved that for an arbitrary Minkowski plane M^2(B) we have l_B(t) =

�_{t+π} t ‖p^′(s)‖_B ds.

Consequently, differentiating the above equality we get l^′_B(t)^{a.e.}= ‖p^′(t + π)‖_B − ‖p^′(t)‖_B (t ∈ R). (20) Now let us evaluate v(t), which was defined as V (conv γ(t)). The domain conv γ(t) is bounded by the boundary arc γ(t) and the segment [p(t), p(t+π)]. The arc γ(t) is parameterized by p(s), where s ∈ [t, t + π], while [p(t), p(t + π)] can be parameterized by the vector function (1 − s) · p(t) + s · p(t + π) with s ranging over [0, 1]. Thus, arranging the parameterization of bd conv γ(t) from the parameterizations of γ(t) and [p(t), p(t + π)] indicated above, and then using Green’s formula for this specific parameterization, we get 2v(t) =

�_{t+π} t det(p(s), p^′(s)) ds − det(p(t), p(t + π)).

Differentiating with respect to t we arrive at

2v^′(t)^{a.e.}= det(p(t + π), p^′(t + π)) − det(p(t), p^′(t)) − det(p^′(t), p(t + π)) − det(p(t), p^′(t + π)), which is equivalent to

2v^′(t)^{a.e.}= det(p(t + π) − p(t), p^′(t + π)) + det(p(t + π) − p(t), p^′(t)). (21)

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 499

We express the determinants appearing in (21) by areas of the triangles T (t) := conv{o, p^′(t), p(t + π) − p(t)} and reformulate (21) in the form

2v^′(t)^{a.e.}= 2V (T (t + π)) − 2V (T (t)).

For t ∈ [0, 2π] the Minkowskian height of the triangle T ⊆ M^2(B) with respect to the base [o, p^′(t)] is obviously equal to w_B(t). Therefore, we use (14) and get

2v^′(t)^{a.e.}= ‖p^′(t + π)‖~_Bw_B(t) − ‖p^′(t)‖~_Bw_B(t).

Further on, applying (20) for B replaced by B̃, we obtain the equality

2v^′(t)^{a.e.}= l^′_{B̃}(t)w_B(t),

which is equivalent to (4).

Now let us prove (5). Interchanging in (4) B and B̃ we get w~_B(t)l^′_B(t)−2v^′(t) = 0. Consequently, in order to prove (5) it is sufficient to obtain the equality

w~_B(t) = α_B(t)w_B(t), (22)

which can be done as follows:

w~_B(t)^{(1)}= w_K(u(t)) h~_B(u(t)) = w_K(u(t)) h_B(u(t)) · h_B(u(t)) h~_B(u(t))

(1),(3)

= w_B(t)α_B(t).

Proof of Theorem 3. I. Suppose K is of constant tangential width in M^2(B). Then w_B(t)^{a.e.}= const (t ∈ R). Consequently, integrating (4) we get the necessity. Conversely, let c(K) = w_B(t)l~_B(t) − 2v(t) for some c(K) ∈ R and almost all t ∈ R. Replacing t by t + π we get c(K) = w_B(t + π)l~_B(t + π) − 2v(t + π). Summing up the above two expressions for c(K) and applying the trivial equalities w_B(t)^{a.e.}= w_B(t + π), l~_B(t) + l~_B(t) = perim~_B(K), v(t) + v(t + π) = V (K), we arrive at c(K)^{a.e.}= 1 2 w_B(t) perim~_B(K) − V (K) (t ∈ R).

In view of (15) and (16) the latter amounts to

c(K)^{a.e.}= 1 2 w_B(t)V (DK, B) − V (K) (t ∈ R), (23)

and it follows that w_B(t)^{a.e.}= const, i.e., K of constant tangential width in M^2(B). From the above considerations we see that (23) is valid for every K of constant tangential width in M^2(B) and an appropriate c(K) ∈ R.

II. Let K be of constant width λ in M^2(B). Every body of constant width in M^2(B) is necessarily of constant tangential width in M^2(B). Hence (23) holds. Applying DK = λB and the properties of mixed area we transform (23) to (7). Conversely, if (7) holds, let us sum up (7) together with (7) applied for t replaced

500 G. Averkov: On Boundary Arcs Joining Antipodal Points . . .

by t + π. We obtain w_B(t) perim~_B(K) − 2V (K)^{a.e.}= w(t)^2V (B) − 2V (K), and, in view of perim~_B(K) = V (DK, B), we have

V (DK, B)^{a.e.}= w_B(t)V (B). (24)

Hence w_B(t) = λ for λ := V (DK, B)/V (B) and almost all t ∈ R, and by this K is of constant tangential width in M^2(B). The latter is equivalent to the fact that DK is a tangential body of λB. Then

V (DK, B) ≥ V (λB, B) = λV (B)^{a.e.}= w_B(t)V (B) (25)

where the inequality from (25) is degenerate to equality if and only if DK = λB (i.e., if and only if K is of constant Minkowskian width in M^2(B)). But, in view of (24), the equality in (25) is attained. Hence K is indeed of constant width in M^2(B).

III, IV. In view of (22) Parts III and IV follow directly from Parts I and II, respectively.

Proof of Theorem 4. The necessity is obvious. Let us show the suffciency. Assume that every chord bisecting the Minkowskian perimeter of K is necessarily an affine diameter. Let p_0(t), t ∈ [0, perim_B(K)], be a parameterization of bd K by the Minkowskian arc length with respect to M^2(B). Then, by assumption, the parameterization p(t) := p_0(^{perimB(K)}_{2π} · t), t ∈ [0, 2π], is antipodality preserving. Furthermore, it is easy to see, that for l_B(t), associated with p(t), we have l_B(t) = const =^1_2 perim_B(K). Without loss of generality we suppose that

p(π) = −p(0). (26)

We have l^′_B(t) = 0 and hence by (20)

‖p^′(t + π)‖_B^{a.e.}= ‖p^′(t)‖_B (t ∈ R). (27)

Obviously, p^′(t) and p^′(t + π) are tangent vectors of K at points p(t) and p(t + π), respectively. The points p(t) and p(t + π) lie in two different supporting lines of K. Therefore p^′(t) and p^′(t + π) are parallel and have opposite directions (almost everywhere). In view of (27), the latter implies that

p^′(t + π)^{a.e.}= −p^′(t) (t ∈ R). (28)

Integrating (28) from 0 to s ∈ [0, π] and taking into account (26), we get the equality p(s + π) = −p(s) for an arbitrary s ∈ [0, π], which shows the central symmetry of K.

Proof of Theorem 5. The implication (i) ⇒ (ii) follows directly from (5) (we recall that bd B is equiframed if and only if α_B(t)^{a.e.}= const). The implication (ii) ⇒ (iii) is trivial.

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 501

Let us show (iii) ⇒ (iv). We wish to construct a convex body K having constant Minkowskian width and find an antipodality preserving parameterization p(t) of K such that l^′_B(t) ≠ 0 almost everywhere. Assuming that (iii) is fulfilled we may take K to be a Minkowski sum of a Reuleaux triangle of Minkowskian width λ > 0 and a Minkowskian ball of radius r > 0. Then the boundary of K can be represented as the union γ_1 ∪ γ_2, where γ_1 and γ_2 are the unions of Minkowskian circle arcs of radius r_1 := r and r_2 := λ + r, respectively. We choose the parameterization p(t) of bd K such that ‖p^′(t)‖_B = r_i almost everywhere for p(t) ∈ γ_i (i = 1, 2).

It is easy to see that for such p(t) we have |l^′_B(t)| = |r_1 − r_2| = λ ≠ 0 almost everywhere. Since w_B(t) = const, the integration of (9) yields (10). Let us show (iv) ⇒ (i). We assume that

c_1(K) = α_K w_B(t)l_B(t) − 2v(t) (29)

for some c_1(K) ∈ R and almost every t ∈ R. Replacing t by t + π we transform (29) to c_1(K)^{a.e.}= α_K l_B(t + π)w_B(t) − 2v(t + π). Summing up (29) and the latter equality we get 2c_1(K) := α_Kw_B(t) perim_B(K) − 2V (K),

which implies that w_B(t)^{a.e.}= λ for some λ > 0, i.e., K is of constant tangential width λ in M^2(B). Thus, (29) amounts to

c_1(K) = α_Kλl_B(t) − 2v(t),

and differentiating we get α_Kλl^′_B(t) − 2v^′(t)^{a.e.}= 0. On the other hand, by (5) we obtain λα_B(t)l^′_B(t) − 2v^′(t)^{a.e.}= 0. Taking the difference of the above two equalities we arrive at λ(α_B(t) − α_K)l^′_B(t) = 0

Since l^′_B(t) ≠ 0 almost everywhere, we obtain that α_B(t)^{a.e.}= α_K . Consequently, bd B is an equiframed curve.

Part II of the theorem follows directly from Parts III and IV of Theorem 3.

References

[1] Averkov, G.; Heppes, A.: Constant Minkowskian width in terms of boundary cuts. Rev. Roum. Math. Pures Appl. 50(5–6) (2005), 423–429. Zbl pre05059600 [2] Averkov, G.; Martini, H.: A characterization of constant width in Minkowski planes. Aequationes Math. 68(1–2) (2004), 38–45. Zbl 1071.52001 [3] Averkov, Jr., G; Makai, E.; Martini, H.: A characterization of central symmetry in Minkowski spaces. 15pp., submitted.

[4] Averkov, G.: Constant Minkowskian width in terms of double normals. J.

Geom. 77(1–2) (2003), 1–7. Zbl 1031.52003

502 G. Averkov: On Boundary Arcs Joining Antipodal Points . . .

[5] : On cross-section measures in Minkowski spaces. Extr. Math. 18(2) (2003), 201–208. Zbl 1042.52003 [6] : On the geometry of simplices in Minkowski spaces. Stud. Zbl 1055.52004 [7] : A monotonicity lemma for bodies of constant Minkowskian width. J.

Geom. 84(1–2) (2005), 23–29. cf. A monotonicity lemma in higher dimension. ibidem Zbl pre05024131 [8] Besicovitch, A. S.: A problem on a circle. J. Lond. Math. Soc. 36 (1961), 241–244. Zbl 0097.38201 [9] Bonnesen, T.; Fenchel, W.: Theorie der konvexen Körper. Springer-Verlag, Berlin 1974, Berichtigter Reprint. Zbl 0277.52001 [10] Beretta, L.; Maxia, A.: Insiemi convessi e orbiformi. Rend. Mat., Univ.

Roma, V. Ser. 1 (1940), 1-64. and Univ. Roma Ist. Naz. Alta Mat.. Rend. Mat. sue Appl. (5) 1 (1940), 1–64. Zbl 0022.40101 JFM 66.0900.04 [11] Bückner, H.: Zur Differentialgeometrie der Kurven und Flächen fester Breite.

Schr. d. Königsberg. gel. Ges. Jg. 14, H.1; Halle a.d. S., Max Niemeyer 1937, and Schr. Königsberger gel. Ges. naturw. Abt. 14 1 (1937). Zbl 0017.18805 JFM 63.0671.05 [12] Burago, Yu. D.; Zalgaller, A. A.: Geometricheskie Neravenstva. Nauka, Leningrad. Otdel., Leningrad 1980. Zbl 0436.52009 [13] Chakerian, G. D.; Groemer, H.: Convex bodies of constant width. Convexity and its Applications, Eds. P.M. Gruber and J.M. Wills, Birkhäuser, Basel 1983, pp. 49–96. Zbl 0518.52002 [14] Chai, Y. D.; Yong Il Kim: Curves of constant relative breadth. Kyungpook Math. J. 37(2) (1997), 365–370. Zbl 0937.53003 [15] Düvelmeyer, N.: On convex bodies all whose two-dimensional sections are equiframed. 8pp., Archiv der Mathematik, to appear.

[16] : A new characterization of Radon curves via angular bisectors. J.

Geom. 80(1–2) (2004), 75–81. Zbl 1053.51009 [17] : Angle measures and bisectors in Minkowski planes. Can. Math. Bull.

48(4) (2005), 523–534. Zbl 1093.52002 [18] Gritzmann, P; Klee, V.: Inner and outer j-radii of convex bodies in finitedimensional normed spaces. Discrete Comput. Geom. 7(3) (1992), 255–280. Zbl 0747.52003 [19] : Computational complexity of inner and outer j-radii of polytopes in finite-dimensional normed spaces. Math. Program., Ser. A 59(2) (1993), 163–213. Zbl 0784.90076 [20] Hirakawa, J.: On a characteristic propery of the circle. Tôhoku Math. J. 37 (1933), 175–178. JFM 59.0714.02 Zbl 0007.31803 [21] Heil, E.; Martini, H.: Special convex bodies. Handbook of Convex Geometry, Vol. A, Eds. P.M. Gruber and J.M. Wills, North-Holland, Amsterdam 1993, 347–385. Zbl 0794.52002

G. Averkov: On Boundary Arcs Joining Antipodal Points . . . 503

[22] Hammer, P. C.; Smith, T. J.: Conditions equivalent to central symmetry of convex curves. Proc. Camb. Philos. Soc. 60 (1964), 779–785. Zbl 0128.40602 [23] Maz’ja, V. G.: Sobolev spaces. Springer Series in Soviet Mathematics, Springer-Verlag, Berlin 1985, Translated from the Russian by T. O. Shaposhnikova. Zbl 0692.46023 [24] Miller, K. G.: Characterization of the circle and the circular disk. Senior thesis, Macalester College, 1969.

[25] Martini, H.; Swanepoel, K. J.: The geometry of Minkowski spaces – a survey, Part II. Expo. Math. 22 (2003), 93–144.

[26] : Equiframed curves—a generalization of Radon curves. Monatsh.

Math. 141(4) (2004), 301–314. Zbl 1071.52002 [27] Martini, H.; Swanepoel, K. J.; Weiß, G.: The geometry of Minkowski spaces – a survey, Part I. Expo. Math. 19(2) (2001), 97–142. Zbl 0984.52004 [28] Schneider, R.: Über eine Integralgleichung in der Theorie der konvexen Körper. Math. Nachr. 44 (1970), 55–75. Zbl 0162.54302 [29] : Convex Bodies: The Brunn-Minkowski Theory. Encyclopedia of Mathematics and its Applications, vol. 44, Cambridge University Press, Cambridge, 1993. Zbl 0798.52001 [30] Smith, T. J.: Planar line families. Ph.D. thesis, University of Washington, 1961.

[31] Thompson, A. C.: Minkowski Geometry. Encyclopedia of Mathematics and its Applications, vol. 63, Cambridge University Press, Cambridge 1996. Zbl 0868.52001 [32] Zindler, K.: Über konvexe Gebilde, II. Teil. Monatsch. Math. Phys. 31 (1921), 25–56. Jbuch. 48, p.833. JFM 48.0833.05

Received May 27, 2005