Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 47 (2006), No. 1, 1-14.

Wild Kernels for Higher K-theory of Division and Semi-simple Algebras

Xuejun Guo Aderemi Kuku

Department of Mathematics, Nanjing University Nanjing, Jiangsu 210093, The People’s Republic of China and The Abdus Salam International Center for Theoretical Physics, Trieste, Italy

Institute for Advanced Study, Princeton, NJ, USA

Abstract. Let Σ be a semi-simple algebra over a number field F . In this paper, we prove that for all n ≥ 0, the wild kernel W K_n(Σ) := Ker(K_n(Σ) −→ � finite v

K_n(Σ_v)) is contained in the torsion part of the

image of the natural homomorphism K_n(Λ) −→ K_n(Σ), where Λ is a maximal order in Σ. In particular, W K_n(Σ) is finite. In the process, we prove that if Λ is a maximal order in a central division algebra D over F , then the kernel of the reduction map K_{2n−1}(Λ)^{πv}−→ � finite v

K_{2n−1}(d_v)

is finite. In Section 3 we investigate the connections between W K_n(D) and div(K_n(D)) and prove that divK_2(Σ) ⊂ W K_2(Σ); if the index of D is square free, then div(K_2(D)) ≃ div(K_2(F )) , W K_2(F ) ≃ W K_2(D) and |W K_2(D)/div(K_2(D))| ≤ 2. Finally we prove that if D is a central division algebra over F with [D : F ] = m^2, then (1) div(K_n(D))_l = W K_n(D)_l for all odd primes l and n ≤ 2; (2) if l does not divide m, then div(K_3(D))_l = W K_3(D)_l = 0; (3) if F = Q and l does not divide m, then div(K_n(D))_l ⊂ W K_n(D)_l for all n. MSC 2000: 19C99, 19F27, 11S45 Keywords: wild kernel, K_n group, semi-simple algebra

0138-4821/93 $ 2.50 © 2006 Heldermann Verlag

2 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

1. Introduction

Let F be a number field and R the ring of integers of F . For all n ≥ 0, the wild kernel W K_n(F ) is defined in [4] by

W K_n(F ) := Ker(K_n(F ) −→ � finite v

K_n(F_v)),

where v runs through all the finite places of F and F_v is the completion of F at v. In Proposition A of [4], it is proved that W K_n(F ) is contained in the torsion part of K_n(R) and in particular that W K_n(F ) is finite.

In this paper, we at first generalize this result to the non-commutative case. Let D be a central division algebra over F and let Λ be a maximal R-order in D. We define the wild kernel W K_n(D) of D to be the kernel of

K_n(D) −→ � finite v

K_n(D_v),

and prove that W K_n(D) is a finite group for all n ≥ 0. We shall denote by W^′ K_n(D) the kernel of

K_n(D) −→ � non complex v

K_n(D_v),

which is a generalization of the definition

W^′ K_2(F ) = Ker(K_2(F ) −→ � non complex v

K_2(F_v))

given in [3], with the observation that W^′ K_n(D) is a subgroup of W K_n(D) for any n ≥ 0. We shall refer to W^′ K_n(D) as pseudo-wild-kernel of D.

The above definitions of W K_n(D) and W^′ K_n(D) extend naturally to W K_n(Σ) and W^′ K_n(Σ), where Σ is a semi-simple algebra over F .

Soulé had proved in [22] that the natural homomorphism

K_n(R) −→ K_n(F )

is always injective for all n ≥ 1. However this is not true in the non-commutative case since if n is odd and Λ is a maximal order in a semi-simple F -algebra Σ, then

K_n(Λ) −→ K_n(Σ)

is not always injective (cf. Theorem 2 of [11]). So K_n(Λ) can not be regarded as a subgroup of K_n(Σ) if n is odd, even though it is known that

SK_n(Λ) := Ker(K_n(Λ) −→ K_n(Σ))

is finite for all n ≥ 0 and SK_{2n}(Λ) = 0 (see [13], [14]). We apply these considerations to the proof of finiteness of W K_{2n−1}(D) (cf. Proposition 2.3).

X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . . 3

Let R be the ring of integers in a number field F . In [1], Arlettaz and Banaszak proved that the kernel of the reduction map

K_{2n−1}(R)^{πv}−→ � finite v

K_{2n−1}(k_v)

is finite, where k_v is the residue field of R at the finite place v. First we generalize this result to the non-commutative case. Let D be a central division algebra over a number field F and Λ a maximal R-order in D. Then for any finite place v of F , the residue ring of Λ_v is a matrix ring over d_v, where d_v is a finite field extension of k_v (see [20], IV, Theorem 5.9). We prove (Theorem 2.2) that the kernel of the reduction map K_{2n−1}(Λ)^{πv}−→ � finite v

K_{2n−1}(d_v)

is finite, and then deduce that the kernel of

K_{2n−1}(Λ) −→ K_{2n−1}(Λ_v)

is finite.

By making use of Theorem 2.2, we prove that for all n ≥ 1, W K_{2n−1}(D) is finite if D is a central division algebra over F (Proposition 2.3) and that also W K_{2n}(D) is finite (see Proposition 2.4). We then generalize these two results to the case of semi-simple algebras in Theorem 2.5.

In [4], Banaszak et al. conjectured that for all number fields F and all n ≥ 0, we should have W K_n(F )_l = div(K_n(F ))_l.

They proved that under certain hypotheses, the above conjecture is equivalent to the Quillen-Lichtenbaum Conjecture (see Theorem C of [4]). They also proved that the above conjecture holds for all number fields F for 0 ≤ n ≤ 3 and that when F = Q, the conjecture is true for n = 4. Motivated by above results and considerations, we investigate the connection between W K_n(D), W^′ K_n(D) and div(K_n(D)) in Section 3 of this paper.

At the beginning of Section 3, we prove (Theorem 3.1) that if F is a number field and Σ is a semi-simple algebra over F , then W K_n(Σ)/W^′ K_n(Σ) is a finite 2-group with 8 rank 0 if n ≡ 0, 4, 6 (mod 8), and with 16 rank 0 if n ≡ 2 (mod 8). We also prove that if D is a central division algebra over a number field F , then div(K_2(D)) ⊂ W K_2(D). If the index of D is square free, then div(K_2(D)) ≃ div(K_2(F )), W K_2(F ) ≃ W K_2(D) and |W K_2(D)/div(K_2(D))| ≤ 2. This result is then extended to semi-simple algebras Σ (Theorem 3.3).

Finally we prove that if D is a central division algebra over number field F with [D : F ] = m^2, then

(1) div(K_n(D))_l = W K_n(D)_l for all odd primes l and n ≤ 2; (2) if l does not divide m, then div(K_3(D))_l = W K_3(D)_l = 0; (3) if F = Q and l does not divide m, then div(K_n(D))_l ⊂W K_n(D)_l for all n.

We conjecture that div(K_n(Σ))⊂W K_n(Σ) for all n and all semi-simple algebras Σ.

4 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

Notes on Notations If F is a number field, we shall write D for a central division algebra over F , Σ for a semi-simple algebra over F , Λ for a maximal order in D or Σ and Λ_v, D_v, Σ_v for the completions of Λ, D, Σ respectively at a place v of F .

For any ring S, define K_n(S) = π_{n+1}(BQ(P(S))) for all n ≥ 0 (cf. [19]), where P(S) is the category of finitely generated projective S-modules, or K_n(S) = π_n(BGL(S)^+) for n ≥ 1 (cf. [15]). For an abelian group G, we shall write div(G) for � n≥1 G^n and G_l for � k≥1 G[l^k], the l-torsion subgroup of G, where G[l^k] = {g ∈ G|g^{lk} = 1}. Call div(G) the subgroup of divisible elements of G. The group SK_n(Λ) is defined for all n ≥ 1 by SK_n(Λ) := Ker(K_n(Λ) −→ K_n(Σ)), where Λ is a maximal order in Σ.

The wild kernel W K_n(Σ) := Ker(K_n(Σ) −→ � finite v

K_n(Σ_v)), and the pseudowild-kernel is W^′ K_n(Σ) := Ker(K_n(Σ) −→ � non complex v

K_n(Σ_v)). For any group G, we shall write |G| for the number of elements in G.

2. The wild kernel W Kn(D) for central division algebras D The aim of this section is to prove 2.2–2.5 below. However we start with proof of Lemma 2.1 which is used to prove the other results. We observe that Lemma 2.1 is proved in the K_2 case in [9].

Lemma 2.1. Let D be a division algebra of dimension m^2 over its center F . For n ≥ 0, let i_n : K_n(F ) −→ K_n(D) be the homomorphism induced by the inclusion map i : F → D; and tr_n : K_n(D) −→ K_n(F ) the transfer map. Then for all n ≥ 0, each of i_n ∘ tr_n and tr_n ∘ i_n is multiplication by m^2.

Proof. Every element d of D acts on the vector space D of dimension m^2 over F via left multiplication, i.e., there is a natural inclusion t : D −→ M_m2 (F ).

This inclusion induces the transfer homomorphism of K-groups t_n : K_n(D) −→ K_n(M_m2 (F )) ≃ K_n(F ).

The composition of t with i : F → D, namely,

F^i−→ D^t−→ M_m2 (F )

X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . . 5

is diagonal, i.e., t ∘ i(x) = diag(x, x, . . . , x).

So by Lemma 1 of [7], tr_n ∘ i_n is multiplication by m^2.

The composition D^t−→ M_m2 (F )^i−→ M_m2 (D)

is not diagonal. But we will prove that it is equivalent to the diagonal map. By Noether-Skolem Theorem, there is an inner automorphism φ such that the following diagram commutes,

D^t� M_m2 (F )

M_m2 (D)

diag � φ � M_m2 (D) � i

where diag is the diagonal map. By the Lemma 2 of [7], the induced homomorphism K_n(φ) is an identity. So i_n ∘ tr_n is multiplication by m^2, also by Lemma 1 of [7].

Theorem 2.2. Let F be a number field and D a central division algebra of dimension m^2 over F . Let R be the ring of integers of F and Λ a maximal R-order in D. For any place v of F , let k_v be the residue ring of R at v. Then the residue ring of Λ_v is a matrix ring over d_v, where d_v is a finite field extension of k_v and the kernel of the reduction map

K_{2n−1}(Λ)^{(πv)}−→ � finite v

K_{2n−1}(d_v)

is finite. Hence the kernel of

K_{2n−1}(Λ)^{(φ)}−→ � finite v

K_{2n−1}(Λ_v)

is finite.

Proof. It is well known that the residue ring of Λ_v is a matrix ring over d_v, where d_v is a finite field extension of k_v (see [11], [20]).

By [14] or [13], K_{2n−1}(Λ) is finitely generated. So it suffices to prove that the kernel of the reduction map is a torsion group, in order to show that it is finite. Let i : K_{2n−1}(R) −→ K_{2n−1}(Λ)

be the homomorphism induced by inclusion and let

tr : K_{2n−1}(Λ) −→ K_{2n−1}(R)

6 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

be the transfer homomorphism. Then

i ∘ tr(x) = x^{m2}

for any x ∈ K_{2n−1}(Λ) by a suitable modification of the proof of Lemma 2.1 above.

So if there is a torsion free element x ∈ Ker(π_v), then tr(x) is a torsion free element in K_{2n−1}(R). Consider the following commutative diagram

K_{2n−1}(R)^{(πv′)}� � finite v

K_{2n−1}(k_v)

K_{2n−1}(Λ) ι � (πv) � � finite v

K_{2n−1}(d_v) , � (ιv )

By Theorem 1 of [1], the kernel of (π^′_v) is finite. So (ι_v) ∘ (π^′_v) ∘ tr(x) is torsion free. But x ∈ ker(π_v) and so (ι_v) ∘ (π^′_v) ∘ tr(x) must be 0 since from the above diagram (ι_v) ∘ (π^′_v) ∘ tr(x) = (π_v)(x^{m2} ) = 0.

This is a contradiction. Hence Ker(π_v) is finite.

The last statement follows from the following commutative diagram

K_{2n−1}(Λ) � � finite v

K_{2n−1}(Λ_v) � � � � πv � � � �^{φv} � finite v

K_{2n−1}(d_v)

and the fact that Ker(π_v) is finite (as proved above).

Proposition 2.3. Let F be a number field, D a central division algebra over F . Then the wild kernel W K_{2n−1}(D) is finite.

Proof. By the Theorem 2 of [11], the following sequence is exact

0 −→ � finite v

K_{2n−1}(d_v)/K_{2n−1}(k_v) −→ K_{2n−1}(Λ) −→ K_{2n−1}(D) −→ 0. (I)

Since K_{2n−1}(d_v)/K_{2n−1}(k_v) is trivial for almost all v, it follows that � finite v

K_{2n−1}(d_v)/K_{2n−1}(k_v)

is a finite group. Kuku had proved in [13] and [14] that K_{2n−1}(Λ) is finitely generated. So K_{2n−1}(D) is finitely generated which implies that W K_{2n−1}(D) is finitely generated. So it suffices to prove that W K_{2n−1}(D) is a torsion group.

X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . . 7

If x ∈ W K_{2n−1}(D) ⊂ K_{2n−1}(D) is torsion free, then from (I) above, we can find an element x_1 ∈ K_{2n−1}(Λ) such that the image of x_1 under the homomorphism i : K_{2n−1}(Λ) −→ K_{2n−1}(D) is x, and x_1 is also torsion free. By Theorem 2.2, the kernel of the composite of the following maps K_{2n−1}(Λ) −→ � finite v

K_{2n−1}(Λ_v) −→ � finite v

K_{2n−1}(d_v)

is finite. If x_2 is the image of x_1 in � finite v

K_{2n−1}(Λ_v), then x_2 is torsion free. Consider the following commutative diagram (II) with the maps of elements illustrated in diagram (III) K_{2n−1}(Λ) � � finite v

K_{2n−1}(Λ_v)

K_{2n−1}(D) � � � finite v

K_{2n−1}(D_v) , �

x_1 � x_2

x � � x_3 , �

(II)

(III)

where x_3 is the image of x_2 in � finite v

K_{2n−1}(D_v). Since D is ramified at finitely many places of F , k_v = d_v for almost all v. So K_{2n−1}(Λ_v) ≃ K_{2n−1}(D_v) for almost all v by Theorem 1 of [11]. Hence the kernel of the right vertical arrow in diagram (II) is finite. So x_3 is torsion free. However x ∈ W K_{2n−1}(D) and so x_3 = 0. This is a contradiction. Hence W K_{2n−1}(D) is finite.

Proposition 2.4. Let F be a number field and D a central division algebra over F . Then for all n ≥ 0 the wild kernel W K_{2n}(D) is contained in the image of K_{2n}(Λ) −→ K_{2n}(D). In particular, W K_{2n}(D) is finite. Proof. Consider the following commutative diagram 0 � W K_{2n}(D) � K_{2n}(D) f � � v K_{2n}(D)

0 � K_{2n}(Λ) � � K_{2n}(D) = � g � � v K_{2n−1}(d_v) , � τ

8 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

where the middle vertical arrow is an identity. By this commutative diagram, g = τ ∘ f which implies kerf ⊂ kerg. So W K_{2n}(D) ⊂ K_{2n}(Λ). Let tr : K_{2n}(Λ) −→ K_{2n}(R) be the transfer homomorphism and let i : K_{2n}(R) −→ K_{2n}(Λ) be the homomorphism induced by the inclusion. Then for any x ∈ K_{2n}(Λ), i ∘ tr(x) = x^{m2} , where m^2 is the dimension of D over F . Since K_{2n}(R) is a torsion group, K_{2n}(Λ) is also a torsion group. So it must be finite which implies W K_{2n}(D) is finite. Theorem 2.5. Let Σ be a semi-simple algebra over a number field F . Then the wild kernel W K_n(Σ) is contained in the torsion part of the image of the homomorphism K_n(Λ) −→ K_n(Σ), where Λ is a maximal order of Σ. In particular, W K_n(Σ) is finite.

Proof. Assume Σ =^k � i=1 M_{ni} (D_i), where D_i is a finite dimensional F -division algebra with center E_i. Let Λ be a maximal order of Σ. We know that Λ = k� i=1 M_{ni} (Λ_i), where Λ_i is maximal order of D_i. So W K_n(Σ) =^k � i=1 (W K_n(D_i)) and

K_n(Λ) =^k � i=1 K_n(Λ_i). This theorem follows from Proposition 2.3 and 2.4.

3. Connections between W Kn(D), W^0 Kn(D) and div(Kn(D)) Theorem 3.1. Let F be a number field and Σ a semi-simple algebra over F . Then W K_n(Σ)/W^′ K_n(Σ) is a finite 2-group with 8-rank 0 if n ≡ 0, 4, 6 (mod 8), and with 16-rank 0 if n ≡ 2 (mod 8).

Proof. (1) If n ≡ 0, 4, 6 (mod 8), then K_n(R) is a uniquely divisible group by Corollary 2.9.2 of [23]. Let D be a central division algebra over F . If D is not ramified at a real place v, then D_v = D ⊗ F_v = D ⊗ R is a matrix ring over R. So K_n(D_v) ≃ K_n(R) is a uniquely divisible group. Since K_n(F ) is a torsion group for even n (see [5] or [6]) , then by Lemma 2.1 K_n(D) is also a torsion group for even n. The image of a torsion element in a uniquely divisible group must be 0. So, if D is not ramified at a real place v, then the map K_n(D) −→ K_n(D_v) ≃ K_n(R)

X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . . 9

is 0. If D is ramified at a real place v, then D_v is a matrix ring over the Hamilton quaternion algebra H. For any torsion element x ∈ K_n(H), we have x^4 = 0 by Lemma 2.1. So if D is ramified at a real place v, then every element of the image of K_n(D) −→ K_n(D_v) ≃ K_n(H)

is a 4-torsion element. Using the same arguments as in the proof of Theorem 2.5, we know the image of

K_n(Σ) −→ � real places v

K_n(Σ_v)

is a finite 2-group with 8-rank 0. By the definitions of wild kernel and pseudowild-kernel, W K_n(Σ)/W^′ K_n(Σ) is isomorphic to a subgroup of the image of

K_n(Σ) −→ � real places v

K_n(Σ ⊗ R).

So W K_n(Σ)/W^′ K_n(Σ) is a finite 2-group with 8-rank 0 if n ≡ 0, 4, 6 (mod 8).

If n ≡ 2 (mod 8), then the torsion part of K_n(R) is Z/2Z. Using the same arguments as above, we have W K_n(Σ)/W^′ K_n(Σ) is a finite 2-group with 16-rank 0.

Theorem 3.2. Let F be a number field and D a central division algebra over F . Then (1) div (K_2(D)) ⊂ W K_2(D). If the index of D is square free, then (2) div (K_2(D)) ≃ div (K_2(F )), (3) W K_2(D) ≃ W K_2(F ), (4) |W K_2(D)/div (K_2(D))| ≤ 2.

Proof. (1) Let v be a non-complex place of F . It is known that K_2(F_v) is a direct sum of cyclic group r and an infinitely divisible torsion free group (K_2(F_v))^s, where s is the number of roots of unity of F (cf. Theorem A.14 of [18]). Let E be the maximal divisible subgroup of K_2(D_v). By Theorem 3 in §5 of [10], E is a direct summand of K_2(D_v), i.e., there is a subgroup T such that K_2(D_v) = E ⊕T . By Lemma 2.1, the reduced norm Nrd_2 induces an isomorphism E ≃ (K_2(F_v))^s. So T must be a torsion group. If [D : F ] = m^2, then T^{sm2} = 1 by Lemma 2.1.

Consider the following commutative diagram

K_2(D)^{(iD)}� � non complex v

K_2(D_v)

K_2(F )

Nrd_2 � (i_F ) � � non complex v

K_2(F_v), � (Nrd^v_2 )

10 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

where the map Nrd_2 and (Nrd^v_2) are the reduced norms, (i_D) and (i_F ) are the homomorphisms induced by the inclusion. For any x ∈ div(K_2(D)), (i_D)(x) is divisible and torsion in � non complex v

K_2(D_v) since K_2(D) is a torsion group. So

(i_D)(x) = 0 which implies div(K_2(D)) ⊂ W K_2(D).

(2) If the index of D is square free, then by [17], Proposition 26.6 and Theorem 26.7 of [24], Nrd_2 is injective. So we need only to prove that the restriction map

div(K_2(D)) −→ div(K_2(F ))

is surjective.

Since K_2(F ) is a torsion group and K_2(R) is the direct sum of a divisible group and Z/2Z, we have

div(K_2(F )) ⊂ Ker(K_2(F ) −→ � real ramified v

Z/2Z).

Let K^+_2 F be the subgroup of K_2F generated by the Steinberg symbols {a, b} with a ∈ F^∗ and b ∈ F^+ = {b ∈ F |v(b) > 0 for all real places v such that D is ramified at v}. Since every element of F^+ is a norm of some element of D^∗, K^+_2 F is generated by the Steinberg symbols {a, n(d)} with a ∈ F^∗ and d ∈ D^∗, where n is the reduced norm of D. By Theorem 1 of [2] and Theorem 2.2 of [8], the image of the reduced norm Nrd_2 is

K^+_2 F = Ker(K_2(F ) −→ � real ramified v

Z/2Z). So div(K_2(F )) ⊂ Nrd_2(K_2(D)).

Since K_2(F ) −→ � real ramified v

Z/2Z

is split (cf. 2.1 of [12]), we can write K_2(F ) as

K^+_2 F � ( � real ramified v

Z/2Z). So x ∈ div(K_2(F )) = div(K^+_2 F � ( � real ramified v

Z/2Z))

= div(K^+_2 F ) � div( � real ramified v

Z/2Z)

= div(K^+_2 F ) ⊂ Nrd_2(K_2(D)).

So for x ∈ div(K_2(F )), we can find y ∈ div(K_2(D)) such that

x = Nrd_2(y).

X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . . 11 So Nrd_2 : div(K_2(D)) −→ div(K_2(F )) is an isomorphism.

(3) Consider the following commutative diagram 1 � W K_2(D) � K_2(D) � � non complex v

K_2(D_v)

1 � W K_2(F ) � Nrd^w_2

� K_2(F ) � Nrd_2

� � non complex v

K_2(F_v) � (Nrd^v_2 )

By [17] and Proposition 26.6, Theorem 26.7 of [24] Nrd_2 is injective. So Nrd^w_2 is injective. Next we will prove that Nrd^w_2 : W K_2(D) −→ W K_2(F ) is surjective.

By Theorem 1 of [2], W K_2(F ) = Ker(K_2F −→ � non complex v

K_2(F_v))

⊂ Ker(K_2F −→ � real ramified v

K_2(F_v))

= Image(Nrd_2 : K_2D −→ K_2F ). By [17] and [25], (Nrd^v_2) is injective. So Nrd_2^{−1}(W K_2(F )) = W K_2(D).

So Nrd_2 : W K_2(D) −→ W K_2(F ) is surjective which implies it is bijective. (4) Tate had proved that |W K_2(F )/div(K_2(F ))| ≤ 2 (cf. page 250 of [3]). So (4) follows from (2) and (3).

By Theorem 3.2 and the arguments in the proof of Theorem 2.5, we have the following theorem.

Theorem 3.3. Let F be a number field, Σ =^k � i=1 M_{ni} (D_i) a semi-simple algebra over F , where each D_i is a finite dimensional division algebra over F with square free index. Then div(K_2(Σ)) ⊂ W K_2(Σ) and W K_2(Σ)/div(K_2(Σ)) is an elementary abelian 2-group, with 2-rank less than or equal to k. Theorem 3.4. Let F be a number field and D a central division algebra over F with [D : F ] = m^2. Then (1) div(K_n(D))_l = W K_n(D)_l for all odd primes l and n ≤ 2; (2) if l does not divide m, then div(K_3(D))_l = W K_3(D)_l = 0;

12 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

(3) if F = Q and l does not divide m, then div(K_n(D))_l ⊂ W K_n(D)_l for all n.

Proof. (1) If n ≤ 1, then div(K_n(D)) = W K_n(D) = 0. If n = 2, this result follows from Theorem 3.3.

(2) By Theorem 5.5 of [4], div(K_3(F ))_l = W K_3(F )_l for any odd prime l. However K_3(F ) is finitely generated, so div(K_3(F )) = 0 which implies W K_3(F )_l = 0 for any odd prime l. Consider the composite of following maps.

W K_3(D)^{tr3}−→ W K_3(F )^{i3}−→ W K_3(D), where tr_3 is the transfer map and i_3 is the map induced by the inclusion. For any x ∈ W K_3(D), i_3 ∘ tr_3(x) = x^{m2} .

Since W K_3(F )_l = 0, tr_3(x) ∈ W K_3(F )_2. So x^{m2} = i_3 ∘ tr_3(x) ∈ W K_3(D)_2.

However l does not divide m, and so, x ∈ W K_3(D)_2, i.e., W K_3(D)_l = 0 for any odd prime l. So if l does not divide m, then W K_3(D)_l = div(K_3(D))_l = 0.

(3) If Λ is a maximal order of the semi-simple algebra Σ, then K_{2n−1}(Σ) is a quotient of K_{2n−1}(Λ) and K_{2n−1}(Λ) is finite by Quillen’s localization sequence (cf. [13]). Kuku proved in [13] and [14] that K_n(Λ) is finitely generated if n > 1. So K_{2n−1}(Σ) must be finitely generated which implies div(K_{2n−1}(Σ)) = 0 if n ≥ 1. So we need only to prove this assertion for K_{2n}. By (4.2) of [4], K_{2n}(Q_v)_l is finite.

By Lemma 2.1, the composite of following maps

K_{2n}(D_v)_l^{trv2n}−→ K_{2n}(Q_v)_l^{iv2n}−→ K_{2n}(D_v)_l is multiplication by m^2, where tr^v_{2n} is the transfer and i^v_{2n} is the map induced by inclusion. Since (l, m) = 1, this composite is injective. So K_{2n}(D_v)_l is a finite group also. Assume |K_{2n}(D_v)_l| = a_v. Consider the following sequence

0 −→ div(K_{2n}(D))^i−→ K_{2n}(D)^{iv}−→ K_{2n}(D_v).

If x ∈ div(K_{2n}(D))_l, then we can find y ∈ K_{2n}(D) such that y^{av} = x. Since i_v ∘ i(x) ∈ (K_{2n}(D_v))_l, we have i_v ∘ i(x) = i_v(y)^{av} = 0. So div(K_{2n}(D))_l ⊂ Ker(K_{2n}(D) −→ K_{2n}(D_v))

X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . . 13

for any finite v. So

div(K_{2n}(D))_l ⊂ Ker(K_{2n}(D) −→ � finite v

K_{2n}(D_v))

which implies div(K_{2n}(D))_l ⊂ W K_{2n}(D)_l.

So if F = Q, then div(K_n(D))_l ⊂ W K_n(D)_l for all n and all odd primes l such that l does not divide m.

References

[1] Arlettaz, D.; Banaszak, G.: On the non-torsion elements in the algebraic K-theory of rings of integers. J. Reine Angew. Math. 461 (1995), 63–79. Zbl 0813.19001 [2] Bak, A.: A norm theorem for K_2 of global fields. In: Madsen, I.(ed.); Oliver, B.(ed.): Algebraic topology. Aarhus, August 1–7, 1982. Lecture Notes in Mathematics 1051, Springer-Verlag, Berlin 1984. Zbl 0527.00016 [3] Bass, H.: K_2 des corps globaux. Sem. Bourbaki, 23 e année, Vol. 394, 1970– 1971. cf. Lect. Notes Math. 244 (1971), 233–255. Zbl 0227.12004 [4] Banaszak, G.; Gajda, W.; Krasoń, P.; Zelewski, P.: A note on the Quillen- Lichtenbaum conjecture and the arithmetic of square rings. K-Theory 16(3) (1999), 229–243. Zbl 0922.19003 [5] Borel, A.: Stable real cohomology of arithmetic groups. Ann. Sci. Éc. Norm.

Supér., V. Ser. 7 (1974), 235–272. Zbl 0316.57026 [6] Grayson, D.: On the K-theory of fields. Algebraic K-theory and algebraic number theory. Contemp. Math. 83 (1989), 31–55. Zbl 0705.19004 [7] Green, S.; Handelman, D.; Roberts, P.: K-theory of finite dimensional division algebras. J. Pure Appl. Algebra 12(2) (1978), 153–158. Zbl 0372.16018 [8] Guo, X.; Qin, H.: A remark on the positivity of K_2 groups. J. Algebra 270(2) (2003), 369–373. Zbl 1049.11127 [9] Harris, B.; Stasheff, J.: Suspensions, automorphisms and division algebras.

Lecture Notes in Mathematics 342 (1973), 337–346, Springer-Verlag, Berlin- Heidelberg-New York 1973. Zbl 0265.00008 [10] Kaplansky, I.: Infinite abelian groups. (Revised edition), The University of Michigan Press, Ann Arbor, Mich. 1969. Zbl 0194.04402 [11] Keating, M. E.: A transfer map in K-theory. J. Lond. Math. Soc., II. Ser.

16(1) (1977), 38–42. Zbl 0375.18005 [12] Keune, F.: On the structure of K_2 of the ring of integers in a number field.

K-theory 2 (1989), 625–645. Zbl 0705.19007 [13] Kuku, A. O.: K-theory of group-rings of finite groups over maximal orders in division algebras. J. Algebra 91 (1984), 18–31. Zbl 0548.16009

14 X. Guo, A. Kuku: Wild Kernels for Higher K-theory of Division and . . .

[14] Kuku, A. O.: Some finiteness results in the higher K-theory of orders and group-rings. Topology Appl. 25 (1987), 185–191. Zbl 0608.18005 [15] Loday, J.-L.: K-théorie algébrique et représentations de groupes. Ann. Sci.

Éc. Norm. Supér., IV. Sér. 9 (1976), 309–377. Zbl 0362.18014

[16] Merkur’ev, A. S.: The group SK_2 for quaternion algebras. (Russian), Dokl.

Akad. Nauk SSSR 298(3) (1988), 548–550; translation in: Sov. Math. Dokl. 37(1) (1988), 118–120. Zbl 0725.19002 [17] Merkur’ev, A. S.; Suslin, A. A.: K-cohomology of Severi-Brauer varieties and norm residue homomorphism. Izv. Akad. Nauk SSSR 46(5) (1982), 1011– 1046. Zbl 0525.18008 [18] Milnor, J.: Introduction to algebraic K-theory. Annals of Mathematics Studies 72, Princeton University Press, 1971. Zbl 0237.18005 [19] Quillen, D.: Higher algebraic K-theory. I. Lect. Notes Math. 341, 85–147, Springer-Verlag, New York 1973. Zbl 0292.18004 [20] Roggenkamp, K. W.; Huber-Dyson, V.: Lattices over Orders I. Lecture Notes in Mathematics 115, Springer-Verlag, Berlin 1970. Zbl 0205.33501 [21] Rost, M.: Injectivity of K_2D −→ K_2F for quaternion algebras. Preprint, Regensberg 1986.

[22] Soulé, C.: K-théorie des anneaux d’entiers de corps de nombres et cohomologie étale. Invent. Math. 55(3) (1979), 251–295. Zbl 0437.12008 [23] Suslin, A. A.: Algebraic K-theory of fields. Proc. Int. Congr. Math., Berkeley/Calif. 1986, 1, 222–244, Am. Math. Soc., Providence, RI 1987. Zbl 0675.12005 [24] Suslin, A. A.: Algebraic K-theory and the norm residue homomorphism.

(Russian). Current problems in mathematics, 25, 115–207, Itogi Nauki i Tekhniki, Akad. Nauk SSSR, Vsesoyuz. Inst. Nauchn. i Tekh. , Moscow, 1984. Zbl 0558.12013 [25] Suslin, A. A.: Algebraic K-theory. (Russian). Itogi Nauki Tekh., Ser. Algebra, Topologiya, Geom. 20 (1982), 71–152, 196. Zbl 0519.18011

Received April 20, 2005