Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 47 (2006), No. 1, 271-274.

On Groups Satisfying |G^′| > [G : Z(G)]^{1/2}

Gil Kaplan^1 Arieh Lev

School of Computer Sciences, The Academic College of Tel-Aviv-Yaffo 4 Antokolsky st., Tel-Aviv, Israel 64044 1corresponding author, e-mail: gilk@mta.ac.il

Abstract. We study conditions under which the commutator subgroup G^′ of a finite group G satisfies the inequality |G^′| > [G : Z(G)]^{1/2}. Keywords: commutator subgroup, centre, Sylow subgroups

1. Introduction

All groups in this paper are finite. We use the standard notation Z(G), Φ(G) for the centre and the Frattini subgroup of G. We study conditions under which the commutator subgroup G^′ of a group G satisfies |G^′| > [G : Z(G)]^{1/2}. As is shown in Example A3 of [2] (see also [1]), the inequality |G^′| > [G : Z(G)]^{1/2} does not hold for all non-abelian groups, and not even for all solvable non-abelian groups. The groups in that example have order 2p^α, where p is an odd prime, and their Sylow p-subgroup is metabelian. Hence, a natural question is whether the inequality above holds when all the Sylow subgroups of G are abelian. We prove the following theorem, which gives an affirmative answer to that question.

Theorem A. Let G be a non-abelian group with all Sylow subgroups abelian. Then |G^′| > [G : Z(G)]^{1/2}.

Our next result, which extends Corollary B1 in [2], provides another type of condition ensuring |G^′| > [G : Z(G)]^{1/2}.

Theorem B. Let G be a non-abelian group such that G/G^′ is cyclic. Then |G^′| > [G : Z(G)]^{1/2}.

0138-4821/93 $ 2.50 © 2006 Heldermann Verlag

272 G. Kaplan; A. Lev: On Groups Satisfying |G^′| > [G : Z(G)]^{1/2}

As has been already mentioned, Theorem A can not be extended to groups having a non-abelian Sylow subgroup. However, assuming solvability and Φ(G) = 1, the following was obtained in [2], Corollary A1:

Theorem 1. Let G ≠ 1 be a solvable group such that Z(G) = Φ(G) = 1. Then |G^′| > |G|^{1/3}.

It was conjectured^1 in [2] that the inequality of Theorem 1 may be strengthened to |G^′| > |G|^{1/2}. Our Theorems A and B provide this stronger inequality for certain families of groups, without the assumptions that G is solvable and Φ(G) = 1 (for another type of results on “large” commutator subgroups, see [5]).

We note that the family of Frobenius groups of order p(p − 1), where p is a prime, shows that the inequality in Theorems A and B can not be strengthened.

2. Proofs

Lemma 1.

(i) Let G be a group and let N � G satisfy N ∩ G^′ = 1 (notice that N must be central in G). Then Z(G/N) = Z(G)/N.

(ii) Let G be a group with all Sylow subgroups abelian, and let N ≤ Z(G). Then Z(G/N) = Z(G)/N. In particular, Z(G/Z(G)) = 1.

Proof. (i) Let gN ∈ Z(G/N). Then [g, x] ∈ G^′ ∩ N = 1 for all x ∈ G. Hence g ∈ Z(G) and the result follows.

(ii) This follows by (i), since a group with all Sylow subgroups abelian satisfies Z(G) ∩ G^′ = 1 ([7], Ex. 549(i)). �

We are ready now for the proofs of Theorems A and B.

Proof of Theorem A. We prove by induction on |G|. Suppose first that G > Z(G) > 1, and notice that G^′ ∩ Z(G) = 1 ([7], Ex. 549(i)) and Z(G/Z(G)) = 1 by Lemma 1. Thus, by induction applied on the group G/Z(G), we have |G^′| = [G^′Z(G) : Z(G)] = |(G/Z(G))^′| > |G/Z(G)|^{1/2} as required. Hence, we suppose from now on that Z(G) = 1. We must show that |G^′| > |G|^{1/2}.

Assume first that F := F it(G) > 1 (where F it(G) denotes the Fitting subgroup of G). For any prime divisor p of |G| denote O_p = O_p(G) and A_p = G/C_G(O_p). Then A_p is a p^′-group since the Sylow p-subgroups of G are abelian. Considering the action of A_p on the abelian group O_p we have, by a well-known result on coprime actions ([6], 8.4.2), the decomposition O_p = [G, O_p]×(O_p ∩Z(G)). Since Z(G) = 1 we obtain by these decompositions that

F ≤ G^′. (1)

Put K/F = Z(G/F ), then the group K is nilpotent by abelian, and it follows by [2], Theorem D, that |F | = |F it(K)| > |K|^{1/2}. Thus, the proof is completed

1In the meantime, this conjecture was proved in [3]

G. Kaplan; A. Lev: On Groups Satisfying |G^′| > [G : Z(G)]^{1/2} 273

in this case by (1) if K = G. We may assume then that G > K. Note that Z(G/K) = 1 by Lemma 1, since G/K is isomorphic to (G/F )/(Z(G/F )). Hence by induction |G^′K/K| = |(G/K)^′| > |G/K|^{1/2}, thus

[G^′ : G^′ ∩ K] > |G/K|^{1/2}. (2)

By (1) we have |G^′ ∩ K| ≥ |F | > |K|^{1/2}. Taking this in account together with (2) we obtain |G^′| > |G|^{1/2} as required.

It remains to consider the case F = F it(G) = 1. Suppose, by contradiction, that the claim does not hold. Then |G^′| ≤ |G|^{1/2}. By [7], Ex. 622, there exists a nilpotent subgroup B < G such that G = G^′B. As B is a nilpotent group with all Sylow subgroups abelian, B is abelian. Hence, by a result of Zenkov ([8], Theorem 1), there exists g ∈ G such that B ∩ B^g ≤ F it(G). Now BB^g ≠ G since a group is not a product of two conjugates of a proper subgroup. Since |B| ≥ |G|^{1/2}, it follows that B ∩ B^g > 1, implying F it(G) > 1, which is the desired contradiction. �

Proof of Theorem B. The case Z(G) = 1 was proved in [2], Corollary B1. We assume then that G > Z(G) > 1 and apply induction on |G|. Case (i). G^′ ∩ Z(G) = 1. Then Z(G/Z(G)) = 1 by Lemma 1, and (G/Z(G))/(G/ Z(G))^′ is cyclic. Thus by induction |G^′| = |G^′Z(G)/Z(G)| = |(G/Z(G))^′| > |G/Z(G)|^{1/2}, and the proof is completed.

Case (ii). N := G^′ ∩ Z(G) > 1. Then (G/N)/(G/N)^′ is cyclic. Hence, if G/N is abelian then it is also cyclic, and so G/Z(G) is cyclic. This implies ([7], Ex. 125) that G is abelian, a contradiction. Thus G/N is non-abelian and by induction

|G^′/N| = |(G/N)^′| > [(G/N) : Z(G/N)]^{1/2}. (3)

Put L/N = Z(G/N), then L ≥ Z(G), and by (3) we have [G^′ : N] > [G : L]^{1/2}, implying |G^′| > |G|^{1/2}/[L : N]^{1/2}. The proof will be completed by showing [L : N] ≤ |Z(G)|. We should only consider the case L > Z(G).

Choose g ∈ L. Since [G, L] ≤ N ≤ Z(G), the function x → [g, x] is a homomorphism from G to N. We denote this homomorphism by θ_g. Given g, h ∈ L, we note that θ_g ≠ θ_h if and only if gZ(G) ≠ hZ(G). Thus |{θ_g | g ∈ L}| = [L : Z(G)]. For any g ∈ L, the centralizer C_G(g) is a normal subgroup of G, since it is equal to C_G(⟨g⟩Z(G)) and ⟨g⟩Z(G) � G. By [4], Corollary 2.1, since G/G^′ is cyclic, the group G is generated by one of its conjugacy classes. Hence G is not a union of proper normal subgroups. Consequently, there exists u ∈ G which does not centralize any element of L − Z(G). Thus for any g, h ∈ L with gZ(G) ≠ hZ(G) we have [g, u] ≠ [h, u], i.e. θ_g(u) ≠ θ_h(u). Since θ_k(u) ∈ N for all k ∈ L, we obtain [L : Z(G)] ≤ |N|, implying [L : N] ≤ |Z(G)| as required. �

References

[1] Bianchi, M.; Gillio, A.; Heineken, H.; Verardi, L.: Groups with big centralizers. Istituto Lombardo (Rend. Sc.) A 130 (1996), 25–42.

274 G. Kaplan; A. Lev: On Groups Satisfying |G^′| > [G : Z(G)]^{1/2}

[2] Herzog, M.; Kaplan, G.; Lev, A.: On the commutator and the center of finite groups. J. Algebra 278(2) (2004), 494–501. Zbl 1060.20018 [3] Herzog, M.; Kaplan, G.; Lev, A.: The size of the commutator subgroup of finite groups. Submitted.

[4] Kaplan, G.; Lev, A.: On the dimension and basis concepts in finite groups.

Commun. Algebra 31(6) (2003), 2707–2717. Zbl 1038.20020 [5] Kaplan, G.; Lev, A.: The existence of large commutator subgroups in factors and subgroups of non-nilpotent groups. Arch. Math. 85(3) (2005), 197–202. Zbl pre02223875 [6] Kurzweil, H.; Stellmacher, B.: Theorie der endlichen Gruppen. Eine Einführung. Springer-Lehrbuch. Springer-Verlag, Berlin 1998. Zbl 0902.20006 [7] Rose, J. S.: A course on group theory. Cambridge University Press, Cambridge etc. 1978. Zbl 0371.20001 [8] Zenkov, V. I.: Intersections of abelian subgroups in finite groups. Math. Notes 56(2) (1994), 869–871. Translation from Mat. Zametki 56(2) (1994), 150–152. Zbl 0839.20032

Received September 5, 2005