Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 46 (2005), No. 2, 301-309.

Conic Sections in Space Defined by Intersection Conditions

Hans-Peter Schröcker

Institute of Discrete Mathematics and Geometry Technical University Vienna

Abstract. We investigate and visualize the set of planes in complex projective three-space P^3 that intersect m conics C_i and n = 6 − 2m straight lines L_j in a total of six points of a conic. The solution manifold S_m is algebraic and of class 8 − m. It contains the pencils of planes through L_j with multiplicity two and the planes of the conics C_i with multiplicity three.

1. Introduction

This text generalizes and extends results on a certain class of incidence problems related to conic sections. We consider the set of planes in complex projective three-space P^3 that intersect m ≤ 3 conic sections C_i and n = 6 − 2m straight lines L_j in six points of a conic section. The case of m = 0 has been treated in [7] while m = 1 is the topic of [8]. In this paper we also consider m = 2 and m = 3.

Dual to the set of solution planes is the vertex locus of those quadratic cones that share two tangent planes with m given quadratic cones and have n given straight lines as tangents. This viewpoint relates this article to a number of publications during the last twenty years. In [5, 6, 9, 10, 11, 4, 12] similar problems were considered, usually with additional metric constraints while the purely projective viewpoint (that will also be taken in this text) dates back to the 19th century ([2]).

Of course, we also may consider P^3 as projective extension of a euclidean space with the base conic C_0 as absolute circle. Doing so, we contribute to the task of finding circles that intersect m − 1 conic sections in two points and n straight lines in one point. This approach allowed the advantageous use of the geometry of circles in space ([1]) in [8] but seems inappropriate for the other cases.

0138-4821/93 $ 2.50 © 2005 Heldermann Verlag

302 H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions

In general, we can expect a two-parametric set S_m of solution planes. For m ∈ {0, 1}, the following facts have been shown in [7] and [8]:

1. The solution manifold S_m is algebraic and of class 8 − m.

2. The base lines L_j are double lines, the planes γ_i of the base conics C_i are triple planes of S_m.

In this paper, we want to extend these results to m ∈ {2, 3} while at the same time attaching importance to a consistent treatment of all four cases. Thus we obtain further insight into the general problem and new proofs for the known results.

After introducing a few basic notions and facts in Section 2, we dedicate Section 3 to the computation of a reduced algebraic equation of S_m. We do this in several steps: At first, we compute a non-algebraic equation in a very straightforward way. A closer inspection will suggest a modification that yields an algebraic but still reducible equation. We eliminate the unwanted components, compute a reduced algebraic equation and determine the class of S_m.

In Section 4 we compute the multiplicity of the pencils of planes through the base lines L_j and the base conic planes γ_i. Using ideas from the preceding section, this turns out to be quite simple and straightforward. Finally, we present visualizations of the dual solution manifold.

2. Basic notions and facts

Given are m ≤ 3 conic sections C_0, . . . , C_{m−1} and n = 6 − 2m straight lines L_m, . . . , L_{n−1} in complex projective three space P^3. They will be referred to as base conics and base lines, respectively. A plane ε is called solution plane if it contains a conic C that intersects all base lines in at least one and all base conics in at least two, possibly coinciding, points. Obviously, the supporting planes γ_i of the base conics and the planes in the pencils through the base lines are solution planes.

The union S_m of all solution planes will be called the solution manifold. In general, it is a two-parameter variety of planes. There are many ways of seeing that it is algebraic (one of them will be presented in this text). For the time being, we take this for granted and try to identify those singular configurations, where all planes of P^3 are solution planes.

We consider the set of straight lines L that contain at least three points on base conics or base lines. If two base conics or one base conic and two base lines or four base lines are coplanar, we already have a singular configuration. Otherwise, the line-set L is one-parametric and generates a (reducible) algebraic ruled surface Φ. By assumption, a generic tangent plane of Φ contains two rulings, i.e., it is a double plane of Φ. This is only possible, if Φ is of degree two and we have:

Theorem 1. All planes of P^3 are solution planes, if two base conics, one base conic and two base lines or four base lines are co-planar or if all base conics and lines lie on a common quadric.

We exclude singular configurations from now on. For the rest of this paper, the solution manifold S_m is always assumed to be a one-dimensional surface in dual space.

H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions 303

3. The solution manifold’s equation

We want to find an algebraic equation G_m = 0 that describes the solution manifold S_m in homogeneous plane coordinates. A non-algebraic equation Ĝ_m = 0 of a super-manifold Ŝ_m of the actual solution manifold S_m can be found by straightforward computation. A closer investigation of Ĝ_m will yield the desired algebraic equation and provide tools for further investigations.

3.1. A non-algebraic equation

We start with a yet undetermined plane

ε: u_0x_0 + u_1x_1 + u_2x_2 + u_3x_3 = 0

in P^3. Its intersection points with the base conics and base lines be c_0, . . . , c_5. We choose the indices so that the two intersection points of ε and the base conic C_i are c_{2i} and c_{2i+1}. The intersection point of ε and the base line L_j be c_j. In order to apply a handy conic criterion to these points, we cancel their last coordinate. This is equivalent to projecting them from the center z with homogeneous coordinate vector [0 : 0 : 0 : 1] onto the image plane π with equation x_3 = 0 and identifying π with P^2. Doing so, we implicitly assume that both z and π have a generic position with respect to the base conics and base lines. Of course, this is no loss of generality.

The projected points be denoted by c^′_i, their homogeneous coordinates be [c_{i0} : c_{i1} : c_{i2}]. If the points c^′_i lie on a conic section, the determinant Ĝ_m of the matrix M = (m^T_0 , . . . , m^T_5 ) with

m_i = (c^2_{i0}, c^2_{i1}, c^2_{i2}, 2c_{i0}c_{01}, 2c_{i0}c_{02}, 2c_{i1}c_{02}) (1)

necessarily vanishes. This is easy to see and also referenced, for example in [3]. Unfortunately, this criterion is not sufficient. It fails precisely if the plane ε

• contains the projection center z or • is a tangent plane of a base conic.

Therefore, the manifold of planes Ŝ_m described by the equation Ĝ_m = 0 consists of 1. the solution manifold S_m, 2. the bundle of planes z(ε) through z and 3. the tangent planes of the base conics.

Furthermore, Ĝ_m is not algebraic, at least not for m > 0. In order to find an algebraic equation, we have a closer look at the matrix M whose columns are given by (1).

304 H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions

3.2. The star product

We define a bilinear composition (“star product”) on the vector space C^3: � � p_0 p_1 p_2 � � ⋆ � � q_0 q_1 q_2 � � :=

� � � � � p_0q_0 p_1q_1 p_2q_2 p_0q_1 + p_1q_0 p_0q_2 + p_2q_0 p_1q_2 + p_2q_1

� � � � � . (2)

It induces a binary composition in the complex projective plane that associates a point r ∈ P^5 to two points p, q ∈ P^2. For reasons of simplicity, we will denote this composition by the same symbol “ ⋆ ”. With the help of this star product, we can write the equation of Ŝ_m as

Ĝ_m = det(c^′_0 ⋆ c^′_0, . . . , c^′_5 ⋆ c^′_5). (3)

The geometric meaning of the star product can be revealed if we identify P^5 with the projective space of dual conics in P^2 via the usual embedding that maps the dual conic with equation

C^⋆ : d_0u^2_0 + d_1u^2_1 + d_2u^2 + 2d_3u_0u_1 + 2d_4u_0u_2 + 2d_5u_1u_2 = 0

to the point with homogeneous coordinates [d_0 : · · · : d_5]. Since the entries of the star product (p_0, p_1, p_2)^T ⋆ (q_0, q_1, q_2)^T are the coefficients of the polynomial

(p_0u_0 + p_1u_1 + p_2u_2)(q_0u_0 + q_1u_1 + q_2u_2)

with respect to the monomial basis {u_iu_j}, the point p ⋆ q represents the singular dual conic consisting of the two pencils of lines p(P ) and q(Q) through p and q. The star product r ⋆ r of a point with itself is a pencil of lines that is counted with multiplicity two (“double point”).

When successively expanding (3) according to Laplace’s theorem by the first and second column, wedge products of the form

(c^′_{2i} ⋆ c^′_{2i}) ∧ (c^′_{2i+1} ⋆ c^′_{2i+1})

arise. They describe pencils of dual conics in P^5 that are spanned by the double points c^′_{2i} ⋆c^′_{2i} and c^′_{2i+1} ⋆ c^′_{2i+1}. All dual conics of these pencils are singular and contain the span E_i of c^′_{2i} and c^′_{2i+1}. Furthermore, the following simple lemma from elementary projective geometry holds:

Lemma 1. Let p ⋆ p and q ⋆ q be two double points in P^2. The singular dual conic r ⋆ s lies in the pencil of dual conics spanned by p ⋆ p and q ⋆ q iff the quadruple (p, q, r, s) is harmonic.

H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions 305

3.3. An algebraic equation

According to Lemma 1, the mixed star product a ⋆ b can replace c^′_{2i} ⋆ c^′_{2i} or c^′_{2i+1} ⋆ c^′_{2i+1} in the Laplace expansion of (3), if the quadruple

(c^′_{2i}, c^′_{2i+1}, a, b)

is harmonic. This provides the key for finding an algebraic equation of S_m.

(a) (b)

Figure 1. The construction of the points k_{ij} and k^⋆_{ij} (a) and its singularities (b).

We slightly alter the expansion of the solution manifold’s equation (3). Let K_0 and K_1 be two arbitrary straight lines in P^2. For i ≤ m we denote the intersection point of K_j with the straight line E_i through c^′_{2i} and c^′_{2i+1} by k_{ij}. The conjugate point of k_{ij} on E_i with respect to the projection C^′_i of the base conic C_i be k^⋆_{ij} (Figure 1a). Since the quadruple

(c^′_{2i}, c^′_{2i+1}, k_{ij}, k^⋆_{ij})

is harmonic, we can simultaneously replace the entry c^′_{2i} ⋆c^′_{2i} in (3) by k_{i0} ⋆k^⋆_{i0} and c^′_{2i+1} ⋆c^′_{2i+1} by k_{i1} ⋆ k^⋆_{i1}. We do this for all values i < m and denote the determinant of the resulting matrix by G̃_m. The point k_{ij} is linear in the coordinates u_i of the plane ε and k^⋆_{ij} is quadratic. Therefore, the equation G̃_m is algebraic and of degree 12 + 2m. It describes a super-manifold S̃_m of the solution manifold S_m and the bundle of planes z(ε).

In order to find the unwanted components of S̃_m, we have to study the singularities of the above construction. In contrast to Section 3.1, the tangent planes of C_i are not among them: For coinciding points c^′_{2i} and c^′_{2i+1} we can replace E_i by the appropriate tangent of C^′_i. Our method fails precisely if k_{i0} = k_{i1} or k_{i0} = k^⋆_{i1} (which implies k^⋆_{i1} = k_{i0}, Figure 1b). The first instance occurs if E_i contains the intersection point k^′ of K_0 and K_1, the latter, if E_i is generated by the projectivity ν between K_0 and K_1 that is induced by the polar system of C^′_i. The union of these straight lines is a dual conic V^′_i . In Figure 1b it is visualized as hull-curve. All in all, S̃_m consists of

1. the solution manifold S_m, 2. the bundle of planes through z,

306 H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions

3. the bundles of planes through the back-projection of k^′ into the base conic plane γ_i and 4. the tangent planes of the back-projection V_i of V^′_i into the base conic plane γ_i.

The unwanted components of G̃_m with exception of z(ε) have a total multiplicity of 3m. Splitting them off, we obtain an algebraic equation Ḡ_m of degree 12 − m that describes S_m and, with yet unknown multiplicity, the bundle of planes z(ε). This multiplicity has to be determined in the final step.

3.4. The solution manifold’s class

We consider a generic straight line E ⊂ P^3. The pencil of planes E(ε) through E be parameterized linearly by ε = ε(t) such that ε(0) describes the span of z and E. The parameterization ε(t) induces linear parameterizations of the points c_j, linear parameterizations of the points k_{ik} and quadratic parameterizations of k^⋆_{ik} (i ≤ m, j > 2m, k = 0, 1). These points define a polynomial equation Ḡ_m(t) of degree 12 − m. For t = 0, all points c_j(t) and k_{ik}(t) are collinear and t = 0 is a zero of Ḡ_m. We are done, if we can show that its multiplicity is four. This will be a consequence of the following lemma.

Lemma 2. For i ∈ {0, . . . , 5} let a_i(t) be a rational parameterized equation of degree one with coefficients a_{ij} ∈ C^3 and b_i(t) a like parameterization of degree two with coefficients b_{ij}. If all points a_{i0} = a_i(0) and b_{i0} = b_i(0) lie on a straight line E, the parameter value t = 0 is a zero of multiplicity four of the polynomial

D(t) := det � a_0 ⋆ b_0, . . . , a_5 ⋆ b_5 � . (4)

Proof. Because of the star product’s bilinearity, the determinant (4) can be expanded to a polynomial of degree 18 in t where the coefficient to t^i is

D_i = � det(a_{0k0} ⋆ b_{0l0} , . . . , a_{5k5} ⋆ b_{5l5} ) (5)

and the sum ranges over all indices k_j and l_j that add up to i. If for any j ∈ {0, . . . , 5} either k_j or l_j vanishes, the singular dual conics described by the star products a_{ikj} ⋆ b_{ilj} lie in a four-dimensional subspace of P^5 (the subspace of all dual conics through the straight line E). The same is true, if at least four index pairs (k_j, l_j) vanish simultaneously. In this case, the four corresponding dual conics lie in a plane of P^5. It is easy to see that either the first or second instance occurs for all summands of D_i if i ≤ 3. Thus, t = 0 is really a zero of multiplicity four of D(t).

Using Lemma 2 with a_i = k_{i0} and b_i = k^⋆_{i0} for i < m and a_i = b_i = c_i (implying b_{i2} = o) for i ≥ m we see that the multiplicity of the bundle of planes z(ε) as component of Ḡ_m is four. An algebraic equation that describes precisely the planes of S_m is given as G_m = Ḡ_m · u^{−4}_3 . This is the desired reduced algebraic equation of S_m. It allows us to state

Theorem 2. The solution manifold S_m is algebraic and of class 8 − m.

The fact that increasing m yields solution manifolds of lower class is perhaps a surprise. One might assume that the presence of conic sections increases the problem’s complexity.

H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions 307

A glance of the above calculations shows, however, that this is not true. For i < m (base conics), the wedge product

(k_{i0} ⋆ k^⋆_{i0}) ∧ (k_{i1} ⋆ k^⋆_{i1})

occurs in the Laplace expansion of (4). It is of degree six but only a cubic factor is relevant. The wedge product to a base line is of the shape

(c_j ⋆ c_j) ∧ (c_{j+1} ⋆ c_{j+1}).

It is of degree four and produces no unwanted components. Thus, replacing two base lines by one conic section reduces the class of the solution manifold by one.

4. Special lines and planes

(a) m = 3 (b) m = 2

Figure 2. Dual solution surfaces

Now we turn to the investigation of special lines and planes in S_m. After our considerations in the preceding section, this turns out to be quite easy. We already mentioned that the base lines are double lines of S_0 and S_1 and the base conic plane γ_0 is a triple plane of S_1 ([7, 8]). In order to verify these results and to extend them to the cases of m = 2 and m = 3, we proceed similar to Section 3.3.

We consider a generic transversal line E of the base line L_j. The pencil of planes E(ε) be parameterized linearly according to ε = ε(t) so that the span of E and L_j belongs to the parameter value t = ∞. As in Section 3.3, we compute G̃_m(t) – the algebraic equation of S_m plus certain additional components. The straight line L_j is a double line, if G̃_m is of degree 16 and not, as in the generic case, of degree 18. In order to prove this, we may also consider the situation of Lemma 2 with the additional constraint that a_5(t) and hence also b_5(t) are constant (i.e., a_{51} = b_{51} = b_{52} = o). It is easy to see that this implies D_{17} = D_{18} = 0 which is exactly what has to be shown.

308 H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions

Now we turn to the base conic plane γ_i. We consider a straight line E ⊂ γ_i and the pencil of planes ε = ε(t) through E. The plane γ_i shall be assigned the parameter value t = ∞. Since the intersection points of ε(t) with the base conic C_i remain fixed, we can consider the situation of Lemma 2 with

a_{41} = b_{41} = b_{42} = a_{51} = b_{51} = b_{52} = o.

Again, it is easy to see that this implies a degree reduction of D(t) by four. Therefore we have

Theorem 3. The base lines are double lines, the base conic planes are triple planes of the solution manifold S_m.

The contents of Theorem 3 are illustrated in Figure 2. There, we present visualizations of solution manifolds, obtained by dualization at the quadric with equation x^2_0 +x^2_1 +x^2 +x^2_3 = 0. The resulting surfaces contain m triple points and n double lines that stem from the base conic planes and base lines.

We restrict ourselves to visualizing the solution manifold in case of m = 2 and m = 3. Similar images of the two remaining cases can be found in [7] and [8].

References

[1] Coolidge, J. J: A treatise on the circle and the sphere. (2nd edition). Chelsea, New York 1971. Zbl 0251.50002 [2] Hierholzer, C.: Über eine Fläche der vierten Ordnung. Math. Ann. 4 (1871), 172–180. JFM 03.0394.03 [3] Kimberling, C.: Triangle Centers and Central Triangles. 129 of Congr. Numerantium 129 (1998), 1–285. Zbl 0912.51009 [4] Mick, S.: Drehkegel des zweifach isotropen Raumes durch vier gegebene Punkte. Stud.

Sci. Math. Hung. 30 (1995), 217–229. Zbl 0838.51015 [5] Schaal, H.: Ein geometrisches Problem der metrischen Getriebesynthese. Sitzungsber.

Abt. II Österr. Akad. Wiss. Math.-Natur. Kl. 194 (1985), 39–53. Zbl 0574.51027 [6] Schaal, H.: Konstruktion der Drehzylinder durch vier Punkte einer Ebene. Sitzungsber.

Abt. II Österr. Akad. Wiss. Math.-Natur. Kl. 195 (1986), 405–418. Zbl 0624.53005 [7] Schröcker, H.-P.: The Intersection Conics of Six Straight Lines. 2004, submitted for publication.

[8] Schröcker, H.-P.: The Manifold of Planes that Intersect Four Straight Lines in Points of a Circle. J. Geometry Graphics 8(1) (2004), 59–68.

[9] Strobel, U.: Über die Drehkegel durch vier Punkte. Sitzungsber. Abt. II Österr. Akad.

Wiss. Math.-Natur. Kl. 198 (1989), 281–293. Zbl 0712.51020 [10] Strobel, U.: Über die Drehkegel durch vier Punkte II. Sitzungsber. Abt. II Österr. Akad.

Wiss. Math.-Natur. Kl. 200 (1991), 91–109. Zbl 0763.51010

H.-P. Schröcker: Conic Sections in Space Defined by Intersection Conditions 309

[11] Wunderlich, T.: Die gefährlichen Örter der Pseudostreckenortung. Wiss. Arb. d. Fachr.

Vermessungswesen d. Univ. Hannover 190 (1993).

[12] Zsombor-Murray, P. J.; Gervasi, P.: Congruence of circular cylinders on three given points. Robotica 15 (1997), 355–360.

Received January 20, 2004