Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 46 (2005), No. 1, 151-167.

The Maximum of the Smallest Maximal Coordinate of the Minimum Vectors in 6-lattices Equals 1

A. Végh

KF GAMF, Institute of Mathematics and Physics 6000 Kecskemeét, Izsáki u. 10, Hungary

Abstract. This paper is related to the question of Á. G. Horváth [3]: How to find a basis of any n-lattice in E^n such that the maximal coordinate belonging to the minima of this lattice are “small as possible”. We prove that in the 6-dimensional case, in every lattice there exists a basis for which all the coordinates of the minima are −1, 0, 1.

Introduction

Let E^n (0, V^n (R, ⟨ , ⟩)) be the Euclidean n-space with a distinguished origin 0, with the

n-vector space V^n, over the real numbers R, of the translation of E^n and with the positive definite symmetric scalar product ⟨ , ⟩ : V^n × V^n → R, (x, y) → ⟨x, y⟩. Let A = {a_1, . . . , a_n} = {a_i} be a basis of V^n with the Gramian G := (a_{ij}) := (⟨a_i, a_j⟩) that defines

also the length |v| of any vector v :=^n ∑ i=1 v_ia_i by |v| = √_n ∑ i,j=1 a_{ij}v_iv_j = √ v^T Gv.

A Z-lattice to the basis A is defined as

Λ(A, Z) = [a_1, . . . , a_n] = {_n ∑ i=1 x_ia_i : x_i ∈ Z for any i = 1, 2, . . . , n } . As usual, Z is the set of integer numbers. The minimum m(Λ) of the lattice Λ is defined by

m(Λ) ∈ R^+ : m(Λ) = |m| ≤ |v| for an m ∈ Λ \ {0} =: Λ̇ and for any v ∈ Λ̇.

0138-4821/93 $ 2.50 cfl 2005 Heldermann Verlag

152 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

We may assume (by similarity of E^n ) that m(Λ) = 1. The set of minimum vectors is called minima of Λ and denoted by

M(Λ) := {m ∈ Λ : |m| =: m(Λ) =: 1}.

The maximal A-coordinate of the minima of Λ is defined by

L (A) := max { x_i ∈ Z : n∑ i=1 x_ia_i = m, m ∈ M(Λ) } ∈ N. Consider the minimum of these maximal A-coordinates of the minima of Λ by changing the basis A in Λ, i.e. define

L(Λ) := min{L(A) ∈ N : A is any basis ofΛ}.

Finally, vary the lattices Λ in E^n . Then

L_n := L(E^n ) := max {L(Λ) ∈ N : Λ is any lattice of Λ ∈ E^n }

has to be determined as a “max-min-max-min problem”. The problem is solved for n ≤ 5 in [3] where the unique existence and increasing of L_n by n are also discussed. Our result is that L_6 = 1, our conjecture is that L_7 = 1, too. However, Á. G. Horváth conjectures that L_8 = 2, he has proved L_8 > 1 by the famous lattice E_8 in E^8 .

For the proof we need a clear strategy. In details: L_n ≥ L(Λ) for any lattice Λ in E^n , however there is a lattice Λ_0 ⊂ E^n for which L_n = L(Λ_0). L(Λ_0) ≤ L(A) for any basis A in Λ_0, but there is a basis A_0 ⊂ Λ_0 for which L(Λ_0) = L(A_0). L(A_0) ≥ x_i for any x_i where

A_0 = {a_i},^n ∑ i=1 x_ia_i =: m ∈ M(Λ_0), 1 = |m| and 1 ≤ |l| for any l ∈ Λ_0, but there is x_{ik} in a n∑ i=1 x_{ik}a_i =: m_k ∈ M(Λ_0) for which L(A_0) = x_{ik}.

By Ryshkov’s observation to the Minkowski reduction of lattice bases, we may assume that any lattice Λ ⊂ E^n considered has n independent minima of Λ. These minima {a_1, . . . , a_n} span a sublattice Λ̄ ⊂ Λ such that Λ is an admissible extension of Λ̄, i.e. m(Λ) = m(Λ̄), the minimum does not decrease under the extension. Centering is also used instead of extension, but we use the term extension in this paper, because a centering – in the newer terminology of higher dimensional crystallography – keeps the symmetries of a geometric crystal class (rational, i.e. Q -class) of the starting lattice. Our extension is not related with such a symmetry assumption. The index of the admissible extension is defined by the number ind ( Λ/Λ̄ ) = v (¯ Λ ) /v (Λ), where v (Λ) is the volume of a basic parallelepiped in the lattice Λ (see [3], [4], [5]). In other words the factor group Λ \ Λ̄ is a finite Abelian group of order p and this order is called the index of the extension. Thus, studying the admissible extensions of lattices in E^n (as by S. S. Ryshkov [9] and N. V. Zaharova-Novikova [10] up to n ≤ 8 ) and the basis changes of Λ, we shall solve our problem completely. Namely, S. S. Ryshkov’s Theorem 10 from [9] guarantees these balanced bases. Moreover, Z. Major’s concept of non-isomorphic lattice extension by finite Abelian groups makes a clearer situation for studying lattice bases with the optimally small maximal coordinate of all minimum lattice vectors [6].

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 153

1. The theorem and its proving strategy

Theorem 1. L_6 is equal to one, i.e., speaking in the above sense, to every Euclidean 6-lattice Λ there is a basis in which the maximal coordinate of all the minimum vectors of Λ is equal to 1, at most.

In a few words we sketch the strategy of the proof. In the following we suppose that Λ ⊂ E^6 is a lattice possessing 6 independent minima according to the introduction. Let {a_1, . . . , a_6} be a basis of the sublattice Λ̄ ⊂ Λ, where a_i are minimum vectors of length 1. The lattice Λ is an admissible extension of the lattice Λ̄. Consider the lattice Λ̄, for which ind ( Λ/Λ̄ ) is maximal. The Gramian of the lattice Λ̄ is denoted by G.

Ryshkov [9] has classified the admissible extensions for n = 6, too. There are three admissible extensions with index 2, one with index 3 and one with index 4. The proof of the theorem is divided into three statements according to these indices. In Statement 1 we shall investigate the case in which the index of the admissible extension is four. Up to similarity only one lattice has an admissible extension with index four. This easily follows from [9], but we shall give a new proof for it by estimating the sum of the elements of the Gram matrix. Such estimations will be useful in other cases, too. In this lattice the characteristic matrix, i.e. the system of all different minima of the lattice, can be written easily. This matrix will be denoted by [m_1, . . . , m_σ] (see [9], [3], [4]) where ±m_1, . . . , ±m_σ are all different minima of the lattice. Finally, changing the basis of the lattice all elements of the characteristic matrix will be 0, −1, +1, respectively.

In Statement 2 we study lattice extensions with index three and, by estimating the sum of the elements of the Gramian, we get very interesting conditions. In accordance with these conditions, we order the lattices into two classes. In the first case, writing all possible minima of each lattice of this class, we can change the basis of these lattices such that the coordinates of all possible minima of these lattices are 0, −1, +1. In the second case, we prove that for any lattice Λ in this class M (Λ) ⊆ M (E_6) holds, where M (Λ) denotes all the minima of Λ. Á. G. Horváth proved the following

Theorem 2. [4] L(C_n) = L(A_n) = L(D_n) = L(E_6) = L(E_7) = 1 and L(E_8) = 2.

In this theorem the lattices C_n, A_n, D_n, E_6, E_7, E_8 are the famous special lattices with a lot of minima (see [2], [4]). Using this statement and the properties of the lattice E_6, this case will also be solved. In the proof we give a new construction of E_6, namely, as the special extension of a lattice in the role of above Λ̄. This construction stresses the geometric and symmetry properties of E_6. We remark that lattices with maximal symmetry in E^6 were given by W. Plesken and M. Pohst [8]. In the proof we use that the lattice E_6 has maximal minimum vectors and maximal symmetry.

In Statement 3 we examine admissible extensions with index two. The proof is divided into three parts, according to the three admissible extensions of index two. The basic idea of the proof is similar to that of [4]. In all the three cases we write all possible minima of every lattice in E^6 and we prove that, with respect to a suitable basis of Λ, the coordinates of the minima of are ±1, 0.

154 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

2. The proof

Statement 1. Let Λ ⊂ E^6 and Λ̄ ⊂ Λ be any lattice having 6 independent minima. If ind ( Λ/Λ̄ ) = 4, then with respect to a suitable basis of Λ, the coordinates of the minima of Λ are ±1, 0, respectively.

Lemma 2.1. If ind ( Λ/Λ̄ ) = 4, then the lattice Λ̄ = [a_1, . . . , a_6] is the 6-dimensional cube lattice and the minima of lattice Λ can be written with respect to the basis {a_1, . . . , a_6} in the characteristic matrix form:

±1 0 0 0 0 0 ±^1_2 0 ±^1_2 0 ±1 0 0 0 0 ±^1_2 0 ±^1_2 0 0 ±1 0 0 0 ±^1_2 ±^1_2 0 0 0 0 ±1 0 0 ±^1_2 ±^1_2 0 0 0 0 0 ±1 0 0 ±^1_2 ±^1_2 0 0 0 0 0 ±1 0 ±^1_2 ±^1_2

A basis of the lattice Λ is {m_1, a_2, a_3, a_4, a_5, m_2}, where m_1

(_1 2 ,^1_2 ,^1_2 ,^1_2 , 0, 0 )_T and m_2 ( 0, 0,^1_2 ,^1_2 ,^1_2 ,^1_2 )_T . Proof. We shall distinguish two main cases.

1. Suppose that the lattice Λ has two sublattices Λ^{d1}_1 ⊂ Λ and Λ^{d2}_2 ⊂ Λ, where any above dimension d_j < 6. Let Λ^{dj}_j ⊂ Λ^{dj}_j be such that the lattice Λ^{dj}_j is an admissible extension of

the lattice Λ^{dj}_j and ind ( Λ^{dj}_j /Λ^{dj}_j ) = 2. Then the dimension d_j > 3 so we have the following cases.

In the first subcase d_1 = d_2 = 4. The sublattices Λ^4_1 and Λ^4_2 are the well-known fourdimensional space-centered cubic lattices, see e.g. [9], and the 4-lattice [a_1, a_2, a_3, a_4] = Λ^4_1 ⊂ Λ^4_1 is the 4-dimensional cubic lattice. Thus m_1 =^1_2 a_1 +^1_2 a_2 +^1_2 a_3 +^1_2 a_4 ∈ Λ^4_1. If [a_3, a_4, a_5, a_6] = Λ^4_2 ⊂ Λ^4_2, then m_2 =^1_2 a_3 +^1_2 a_4 +^1_2 a_5 +^1_2 a_6 ∈ Λ^4_2. Thus |m_1 − m_2| = 1. The lattice Λ spanned by {m_1, a_2, a_3, a_4, a_5, m_2} is an admissible extension of a 6- dimensional cubic lattice with index 4. The intersection of the lattice Λ with the space of sublattice Λ^4_3 = [a_1, a_2, a_5, a_6] is also a 4-dimensional space-centered cubic lattice, since 1 2 a_1 +^1_2 a_2 +^1_2 a_5 +^1_2 a_6 = m_1 +m_2 −a_3 −a_4 ∈ Λ. Thus m_3

(_1 2 ,^1_2 , 0, 0,^1_2 ,^1_2 )_T ∈ Λ^4_3. The minima of the lattice can be expressed with respect to the basis {a_i} like in the statement.

If [a_2, a_3, a_4, a_5] = Λ^4 ⊂ Λ^4, then m_4 =^1_2 a_2 +^1_2 a_3 +^1_2 a_4 +^1_2 a_5 ∈ Λ^4. Then |m_1 −m_4| =^{√2}_2 would lead to a contradiction.

If d_1 = 4, d_2 = 5, then m_1

(_1 2 ,^1_2 ,^1_2 ,^1_2 , 0, 0 )_T ∈ Λ^4_1 and m_2 ( 0,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 )_T ∈ Λ^5_2 hold in the basis {a_i}, hence |m_1 − m_2| < 1. Analogously, if d_1 = d_2 = 5, then m_1

(_1 2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 , 0 )_T ∈ Λ^5_1 and m_2 ( 0,^1_2 ,^1_2 ,^1_2 ,^1_2 ,^1_2 )_T ∈ Λ^5_2 hold in the basis {a_i}, hence |m_1 − m_2| < 1. Both are impossible.

2. Suppose that the lattice Λ has a sublattice Λ^d ⊂ Λ and Λ^d is an admissible extension of the lattice Λ^d. It is well-known that there is no lattice Λ^d for which d < 6 and ind ( Λ^d/Λ^d ) = 4.

(We can prove this by analogy with case d = 6.) Therefore, d = 6 and ind ( Λ/Λ̄ ) = 4 hold

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 155

for lattice Λ̄ ⊂ Λ. Then there is a lattice vector m =^1_4 a_1 +^1_4 a_2 +^1_4 a_3 +^1_4 a_4 +^1_4 a_5 +^1_4 a_6 ∈ Λ. Thus

|m|^2 = m^T Gm ≥ 1

means 3 8 + 1 8 ∑ i<j a_{ij} ≥ 1,

hence ∑ i<j a_{ij} ≥ 5.

On the other hand, clearly |m − a_k|^2 ≥ 1 holds, where k = 1, . . . , 6.

|m − a_1|^2 = 7 8 − 3 8 6∑ j=2 a_{1j} + 1 8 ∑ 1<i<j a_{ij} ≥ 1, . . |m − a_6|^2 = 7 8 − 3 8 5∑ i=1 a_{i6} + 1 8 ∑ i<j<6 a_{ij} ≥ 1. Summing up these inequalities, we get 21 4 − 1 4 ∑ i<j a_{ij} ≥ 6,

hence ∑ i<j a_{ij} ≤ −3. This is a contradiction. �

Proof of Statement 1. It follows from Lemma 2.1, that the characteristic matrix of the minima of Λ can be expressed with respect to the basis {m_1, e_2, e_3, e_4, e_5, m_2} in the following way:

e_1 e_2 e_3 e_4 e_5 e_6 m_1 m_2 2 0 0 0 0 0 1 −1 1 1 1 −1 −1 −1 0 −1 1 0 0 0 0 0 1 −1 0 0 0 1 1 0 −1 0 1 0 0 −1 0 1 0 −1 0 1 0 1 0 −1 0 0 1 0 −1 0 1 0 0 −1 1 1 0 0 0 0 0 0 1 −1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 2 0 0 0 0 0 0 0 0 1

156 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

m_3 0 0 0 0 0 0 0 1 −1 1 1 1 −1 −1 −1 0 0 0 0 0 0 0 0 1 −1 0 0 0 1 1 1 0 0 −1 1 1 0 −1 0 −1 −1 0 0 0 1 1 0 −1 0 1 0 1 −1 0 −1 −1 0 0 0 1 1 −1 0 0 0 1 1 0 0 0 −1 1 0 −1 1 −1 1 1 1 −1 −1 −1 1 1 1 1 −1 1 1 −1

Linear operation with the rows of the characteristic matrix is equivalent to a basis-change of the lattice (see [3], [4]). Adding the second row to the first one and the fifth row to the last one, we get that the elements of the characteristic matrix are 0, 1, −1. Thus, in the suitable basis, the minima of the lattice can be written with coordinates 0, 1, −1.

Statement 2. Let Λ ⊂ E^6 and Λ̄ ⊂ Λ be any lattice possessing 6 independent minima. If ind ( Λ/Λ̄ ) = 3, then with respect to a suitable basis of Λ, the coordinates of the minima of Λ are ±1, 0, respectively.

In the following lemmas we investigate the properties of the 6-lattices with index 3. In Lemma 2.2 we estimate the sum of the elements of the Gram matrix. In Lemma 2.3 we describe the vectors that can be the minima of the lattice. By the last two lemmas we order the 6-lattices with index 3 into two types. Lattices of the first type do not contain a 4-dimensional spacecentered cubic lattice. Those of the other type have a 4-dimensional space-centered cubic lattice.

Lemma 2.2. Let {a1, . . . , a6} of E^6 be a basis of the lattice Λ̄ and |a_i| = 1 = |−−→OA_i|. Let ind ( Λ/Λ̄ ) be equal to 3. Consider the points B_j (_j 6 , . . . ,^j_6 ) with respect to the basis a_i, then −−→ OB_2, −−→OB_4 ∈ Λ. If G = (a_{ij}) is the Gram matrix of a_i, then we have: 3 2 ≤ ∑ i<j a_{ij} ≤ 15 4 (1)

and the length of the segment −−→A_iB_2 is equal to 1 (Fig. 1).

Proof. Let −−→OB_2 = b_2

(_1 3 , . . . ,^1_3 )_T . Clearly

|b_2|^2 = b^T_2 Gb_2 ≥ 1

holds. Thus 2 9 ∑ i<j a_{ij} + 2 3 ≥ 1, ∑ i<j a_{ij} ≥ 3 2 . (2)

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 157

Consider now the points C_{kl} with −−→OC_{kl} := a_k + a_l, where 1 ≤ k < l ≤ 6. |−−−→C_{kl}B_2|^2 ≥ 1 for every pair of indices k, l. Since the extension is admissible we have: |−−−→ C_{12}B_2|^2 = 8 9 a_{12} − 4 9 2∑ i=1 6∑ j=3 a_{ij} + 2 9 ∑ 2<i<j a_{ij} + 4 3 ≥ 1. . . |−−−→ C_{56}B_2|^2 = 8 9 a_{56} − 4 9 4∑ i=1 6∑ j=5 a_{ij} + 2 9 ∑ i<j<5 a_{ij} + 4 3 ≥ 1.

Summing up the ( 6 2 ) = 15 inequalities |C_{kl}B_2|^2 ≥ 1, we get the following:

− 4 3 ∑ i<j a_{ij} + 4 3 · 15 ≥ 15 ∑ i<j a_{ij} ≤ 15 4 . (3)

The inequality (1) follows from (2) and (3).

Analogously, we have |−−−→A_kB_2|^2 ≥ 1 for every k = 1, . . . , 6. |−−−→ A_1B_2|^2 = 1 − 4 9 6∑ j=2 a_{1j} + 2 9 ∑ 1<i<j a_{ij} ≥ 1. . . |−−−→ A_6B_2|^2 = 1 − 4 9 5∑ j=1 a_{6j} + 2 9 ∑ i<j<6 a_{ij} ≥ 1. Again, by summing up the above inequalities we get |−−−→ A_1B_2|^2 + · · · + |−−−→A_6B_2|^2 = 6 + ( − 4 9 · 2 + 2 9 · 4 ) ∑ i<j a_{ij} = 6 ≥ 6.

The equality holds if and only if |−−−→A_kB_2|^2 = 1 for every k, as we stated. � Corollary. The points A_i, i = 1, . . . , 6 and point B_1 above lie in the same 5-dimensional hyperplane. We will denote this hyperplane by H_1. Since |OB_1| = |B_1B_2| and |OA_i| = 1 = |A_iB_2|, the hyperplane H_1 is perpendicular to the segment OB_2. We denote by H_i the hyperplane orthogonal to the line OB_i through B_i (Fig. 1).

158 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

Figure 1

Lemma 2.3. Let {a1, . . . , a6} of E^6 be a basis of the lattice Λ̄, |a_i| = 1 = |−−→OA_i| and consider that ind ( Λ/Λ̄ ) be equal to 3. Then the following vectors are the possible minima of the lattice Λ: ±a_i, ±b_2, ± (a_i − a_j), ± (a_i − b_2), ± ((a_i + a_j) − b_2), ± ((a_i + a_j + a_k) − b_2), where i, j, k = 1, . . . , 6 and i, j, k are pairwise distinct indices, as above b_2 is^1_3 (a_1 + a_2 + a_3+ a_4 + a_5 + a_6) (Fig. 1).

Proof. Let π be a parallelepiped spanned by the vectors {a1, . . . , a6}. We show that the minima of the lattice Λ̄ can be represented by vectors corresponding to certain diagonals and the edges of the parallelepiped π. In fact, if a minimum vector m from the origin properly intersects e.g. the facet of π parallel to that spanned by the vectors {a1, . . . , a5} of π, then v (π^′) > v (π), where π^′ is the parallelepiped of {a1, . . . , a5, m}. It would be ind (Λ/Λ^′) > 3 for Λ^′ = [a_1, . . . , a_5, m]. This would be a contradiction.

We will prove that the length of some diagonals of the parallelepiped π is greater than 1. So only other diagonals and edges can be the minima of the parallelepiped π, i.e. the minima of the lattice Λ̄. It can easily be seen that the other minimum vectors of the lattice Λ can be ±b_2, ± (a_i − b_2), ± ((a_i + a_j) − b_2), ± ((a_i + a_j + a_k) − b_2), where i, j, k = 1, . . . , 6 and i, j, k are pairwise distinct indices.

We prove that | (a_i + a_j) − (a_k + a_l) | > 1, where i, j, k, l = 1, . . . , 6 and i, j, k, l are pairwise distinct indices. Let c_{12} = a_1 + a_2, c_{34} = a_3 + a_4, c_{56} = a_5 + a_6. Clearly |c_{kl}| < 2. As c_{12} + c_{34} + c_{56} = −−→OB_6 with c_{kl} = −−→OC_{kl}, C_{kl} ∈ H_2 and H_2 ⊥ −−→OB_6, the vectors c_{kl} can be written in the following form: c_{kl} = c^⊥_{kl} + c^‖_{kl}, where c^⊥_{kl} = −−−→B_2C_{kl} ∈ H_2 and c^‖_{kl} = −−→OB_2. Consequently, c^⊥_{12} + c^⊥_{34} + c^⊥_{56} = 0, i.e. c^⊥_{56} = − ( c^⊥_{12} + c^⊥_{34} ) therefore |c^⊥_{56}| = |c^⊥_{12} + c^⊥_{34}|. If we suppose that |c_{12} − c_{34}| = 1, then |c^⊥_{12} − c^⊥_{34}| = 1. As |c^⊥_{kl}| ≥ 1, |c^⊥_{56}| = |c^⊥_{12} + c^⊥_{34}| ≥ √ 3, thus inequality |c_{56}| ≥ 2 follows from |c^‖_{56}| ≥ 1 . This is a contradiction, hence |c_{12} − c_{34}| ≠ 1 and | (a_i + a_j) − (a_k + a_l) | > 1.

Finally, it can be seen that | (a_i + a_j + a_k) − (a_l + a_m + a_n) | > 1 where i, j, k, l, m, n = 1, . . . , 6 and i, j, k, l, m, n are pairwise distinct indices. Denote a_1 + a_2 + a_3 by c_{123} and a_4 +a_5 +a_6 by c_{456}. Suppose that |c_{123} −c_{456}| = 1. Since point C_{456} with −−−−→C_{456}B_6 = c_{456} is the reflected image of C_{123} with −−−→OC_{123} = c_{123} in the point B_3, we have |−−−−→B_3C_{123}| = |−−−−→B_3C_{456}| =^1_2 .

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 159

On the other hand, |−−−→ B_2B_3|^2 = |−−→OB_1|^2 = |b_1|^2 = b^T_1 Gb_1 = 1 18 ∑ i<j a_{ij} + 1 6 . It follows from (3) that ∑ i<j a_{ij} ≤ 15 4 . Hence |−−−→ B_2B_3|^2 ≤ 1 18 · 15 4 + 1 6 = 3 8 , i.e.

|−−−→ B_2B_3| ≤ √ 3 8 . Since −−−→B_2B_3 is perpendicular to −−−−→B_3C_{123}, |−−−−→B_2C_{123}| ≤

√_5

8 . This is impossible, because |−−−−→B_2C_{123}| ≥ 1. This proves Lemma 2.3.

Lemma 2.4. Consider the lattices Λ and Λ̄ possessing 6 independent minima. Let {a1, . . . , a6} of E^6 be a basis of Λ̄ and |a_i| = 1. Let ind ( Λ/Λ̄ ) be equal to 3. If |−−→P B_2| > 1 for every P ∈ H_3 for which −→OP ∈ Λ, then the possible minima of lattice Λ can be found (in the basis {a_i} choosing an appropriate order of vectors {a_i}) in the following blocks of coordinates:

a_1 a_2 a_3 a_4 a_5 a_6 b_2 m_1 m_2 m_3 m_4 m_5 m_6 1 0 0 0 0 0^1_3 1 0 0 0 0 −1 0 1 0 0 0 0^1_3 −1 1 0 0 0 0 0 0 1 0 0 0^1_3 0 −1 1 0 0 0 0 0 0 1 0 0^1_3 0 0 −1 1 0 0 0 0 0 0 1 0^1_3 0 0 0 −1 1 0 0 0 0 0 0 1^1_3 0 0 0 0 −1 1

m_7 . . . m_{12} m_{13} m_{14} . . . m_{27} −^2_3 . . .^1_3 −^2_3 −^2_3 . . .^1_3 1 3 . . .^1_3 −^2_3^1_3 . . .^1_3 1 3 . . .^1_3^1_3 −^2_3 . . .^1_3 1 3 . . .^1_3^1_3^1_3 . . .^1_3 1 3 . . .^1_3^1_3^1_3 . . . −^2_3 1 3 . . . −^2_3^1_3^1_3 . . . −^2_3

We remark that a special lattice Λ, in general, does not contain all types of the above minimum vectors, however every type of minimum vectors of a lattice Λ can be found among the above vectors.

160 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

Proof. Clearly, a_i are minimum vectors, where i = 1, . . . , 6. If |−−→OB_2| = 1, then b_2 is also a minimum vector. First we prove that at most two elements a_{ij} of a row of the Gramian G can be equal to^1_2 . Suppose that in the first row we have three^1_2 elements. By Lemma 2.2 |−−−→ A_1B_2|^2 = 1 − 4 9 (a_{12} + · · · + a_{16}) + 2 9 (a_{23} + · · · + a_{56}) = 1,

thus

2 (a_{12} + · · · + a_{16}) = (a_{23} + · · · + a_{56}) .

But we have (a_{12} + · · · + a_{16}) ≥^3_2 by assumption, therefore (a_{23} + · · · + a_{56}) ≥^6_2 and (a_{12} + · · · + a_{56}) ≥^9_2 . This leads to a contradiction by the inequality (3) in Lemma 2.2. Therefore, the matrix G can be written in the following form:

G = 1^1_2 a_{13} a_{14} a_{15}^1_2 1 2 1^1_2 a_{24} a_{25} a_{26} a_{13}^1_2 1^1_2 a_{35} a_{36} a_{14} a_{24}^1_2 1^1_2 a_{46} a_{15} a_{25} a_{35}^1_2 1^1_2 1 2 a_{26} a_{36} a_{46}^1_2 1 (4)

(Indeed, if at most two elements a_{ij} of a row of the matrix G are equal to^1_2 and G is not in the above form (4), then it can easily be seen that we get the above form by changing the order of vectors a_i.) Thus a_{12} = a_{23} = a_{34} = a_{45} = a_{56} = a_{16} =^1_2 , therefore vectors a_1 − a_2, a_2 − a_3, a_3 − a_4, a_4 − a_5, a_5 − a_6, a_6 − a_1 are minima, too.

Secondly, by Lemma 2.2 |A_iB_2| = 1 in this lattice Λ, thus m_i, where i = 7, . . . , 12 are minimum vectors. If by the notation of Lemma 2.2 |C_{ij}B_2| = 1 holds in a lattice Λ, then vectors m_i, where i = 13, . . . , 27 are also minima of the lattice Λ. From Lemma 2.3 and the condition of |−−→P B_2| > 1 it is clear that other minimum vectors do not exist in Λ. We have verified the statement.

Lemma 2.5. Considering the lattices Λ and Λ̄ possessing 6 independent minima, let {a_1, . . . , a_6} of E^6 be a basis of Λ̄ where |a_i| = 1. Let ind ( Λ/Λ̄ ) be equal to 3. If ∃P for which |−−→P B_2| = 1 , where P ∈ H_3 and −→OP ∈ Λ, then M (Λ) ⊆ M (E_6).

Proof. Because |B_2B_3| = |B_3B_4| and hyperplane H_3 is perpendicular to B_2B_4, |P B_2| = |P B_4| = 1. Let −−→P B_4 = m_1 and −−→B_2P = m_2, respectively Λ̄^4_1 = [a_1, a_2, a_3, m_1], Λ^4_1 = [a_1, a_2, a_3, b_2] Λ̄^4_2 = [a_4, a_5, a_6, m_2] and Λ^4_2 = [a_4, a_5, a_6, b_2]. If p = a_1 + a_2 + a_3, then a_1 + a_2 + a_3 + m_1 =^2_3 (a_1 + · · · + a_6) = 2b_2 and a_4 + a_5 + a_6 + m_2 =^2_3 (a_1 + · · · + a_6) = 2b_2. Hence ind ( Λ^4_i /Λ̄^4_i ) = 2, where i = 1, 2, namely lattices Λ^4_1 and Λ^4_2 are the well-known spacecentered cubic lattices. Therefore the scalar products of vectors are: ⟨b_2, a_1⟩ = ⟨b_2, a_2⟩ = ⟨b_2, a_3⟩ = ⟨b_2, m_1⟩ =^1_2 , ⟨a_1, a_2⟩ = ⟨a_1, a_3⟩ = ⟨a_1, m_1⟩ = ⟨a_2, a_3⟩ = ⟨a_2, m_1⟩ = ⟨a_3, m_1⟩ = 0, resp. ⟨b_2, a_4⟩ = ⟨b_2, a_5⟩ = ⟨b_2, a_6⟩ = ⟨b_2, m_2⟩ =^1_2 , ⟨a_4, a_5⟩ = ⟨a_4, a_6⟩ = ⟨a_4, m_2⟩ = ⟨a_5, a_6⟩ = ⟨a_5, m_2⟩ = ⟨a_6, m_2⟩ = 0, ⟨b_2, b_2⟩ = 1. Multiplied the equalities a_1 +a_2 +a_3 +m_1 =

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 161

2b_2 and a_4 + a_5 + a_6 + m_2 = 2b_2 consequently by m_1, m_2, a_1, . . . , a_6, we get the following form of the Gram matrix:

G = 1 0 0 a_{14} a_{15} a_{16} 0 1 0 a_{24} a_{25} a_{26} 0 0 1 a_{34} a_{35} a_{36} a_{14} a_{24} a_{34} 1 0 0 a_{15} a_{25} a_{35} 0 1 0 a_{16} a_{26} a_{36} 0 0 1 ,

where the following equalities hold:

a_{14} + a_{15} + a_{16} =^1_2 a_{24} + a_{25} + a_{26} =^1_2 a_{34} + a_{35} + a_{36} =^1_2 a_{14} + a_{24} + a_{34} =^1_2 a_{15} + a_{25} + a_{35} =^1_2 a_{16} + a_{26} + a_{36} =^1_2 .

(5)

It can easily be seen that the minimum vectors are in the lattice Λ: ±a_i, ± (a_i − b_2), where i = 1, . . . , 6, ±b_2, ±m_1, ±m_2, ± (a_1 + a_2 − b_2), ± (a_1 + a_3 − b_2), ± (a_2 + a_3 − b_2), ± (a_4 + a_5 − b_2), ± (a_4 + a_6 − b_2), ± (a_5 + a_6 − b_2). Thus, if there exists −→OP ∈ Λ such that |−−→P B_2| = 1 and P ∈ H_3, then lattice Λ has these minimum vectors. Denote the set of these minimum vectors by M(Λ), as before.

Let m_3 = a_1 + a_2 + a_4 − b_2 and m_4 = a_3 + a_5 + a_6 − b_2, resp. Λ̄^4_3 = [a_3, a_5, a_6, m_3], Λ^4_3 = [a_3, a_5, a_6, b_2], Λ̄^4 = [a_1, a_2, a_4, m_4] and Λ^4 = [a_1, a_2, a_4, b_2]. If |m_3| = |m_4| = 1, then ind ( Λ^4_i /Λ̄^4_i ) = 2, where i = 3, 4, namely lattices Λ^4_3 and Λ^4 are the well-known spacecentered cubic lattices, too. So a_{14} = a_{24} = a_{35} = a_{36} = 0 and by (5) we get that a_{34} =^1_2 , i.e. |a_3 − a_4| = 1. Therefore the new minimum vectors are: ±m_3, ±m_4, ± (a_3 − a_4), ± (a_1 + a_4 − b_2), ± (a_2 + a_4 − b_2), ± (a_3 + a_5 − b_2), ± (a_3 + a_6 − b_2).

Let m_5 = a_1 + a_3 + a_5 − b_2 and m_6 = a_2 + a_4 + a_6 − b_2, resp. Λ̄^4_5 = [a_2, a_4, a_6, m_5], Λ^4_5 = [a_2, a_4, a_6, b_2], Λ̄^4_6 = [a_1, a_3, a_5, m_6] and Λ^4_6 = [a_1, a_3, a_5, b_2]. If |m_5| = |m_6| = 1, then ind ( Λ^4_i /Λ̄^4_i ) = 2, where i = 5, 6, namely lattices Λ^4_5 and Λ^4_6 are the space-centered cubic 4-lattices, too. Hence a_{15} = a_{26} = 0 and by (5) we get a_{25} =^1_2 and finally a_{16} =^1_2 , i.e. |a_2 − a_5| = 1 and |a_1 − a_6| = 1. We remark that |m_7| = |m_8| = 1 and Λ^4_7 and Λ^4_8 are the space-centered cubic 4-lattices, too, where m_7 = a_1 + a_4 + a_5 − b_2, m_8 = a_2 + a_3 + a_6 − b_2 and Λ^4_7 = [a_2, a_3, a_6, b_2], Λ^4_8 = [a_1, a_4, a_5, b_2]. In this case the minimum vectors are: ±m_5, ±m_6, ±m_7, ±m_8, ± (a_2 − a_5), ± (a_1 − a_6), ± (a_1 + a_5 − b_2), ± (a_2 + a_6 − b_2). This lattice has 72 minimum vectors, therefore this is the lattice E_6.

Suppose that the vector m is a minimum of the lattice Λ, but not a minimum of the lattice E_6. So by Lemma 2.3 the vector m can be from among the vectors a_i −a_j or a_i +a_j −b_2 or a_i + a_j + a_k − b_2. On the other hand, by the assumption of the lemma we can prove that minima of Λ belong to the above set of minima of E_6. For example, if the minimum vector of Λ is of the from m = a_i + a_j + a_k − b_2, where i, j, k = 1, . . . , 6, then we get m = m_i or we have this form by changing the order of the vectors a_i. If m = a_i + a_j − b_2 or m = a_i − a_j,

162 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

then it can be seen that by changing the order of the vectors a_i we get the above minimum vectors. It follows from (5) that there is no other minimum vector. The lemma has been proved.

Proof of Statement 2. If ind ( Λ/Λ̄ ) is equal to 3 and |−−→P B_2| > 1 for every P ∈ H_3, −→OP ∈ Λ, then it follows from Lemma 2.4 that the possible minima of the lattice can be written with respect to the basis a_1, a_2, a_3, a_4, a_5, b_2 in the following form:

e_1 e_2 e_3 e_4 e_5 e_6 b_2 m_1 m_2 m_3 m_4 m_5 m_6 m_7 m_8 m_9 m_{10} 1 0 0 0 0 −1 0 1 0 0 0 1 −2 −1 0 0 0 0 1 0 0 0 −1 0 −1 1 0 0 1 −1 0 −1 0 0 0 0 1 0 0 −1 0 0 −1 1 0 1 −1 0 0 −1 0 0 0 0 1 0 −1 0 0 0 −1 1 1 −1 0 0 0 −1 0 0 0 0 1 −1 0 0 0 0 −1 2 −1 0 0 0 0 0 0 0 0 0 3 1 0 0 0 0 −3 3 0 1 1 1

0 1 −1 −1 −1 −1 0 0 0 0 1 0 0 1 0 1 1 0 1 −1 0 0 0 1 −1 −1 −1 0 0 0 1 0 1 1 0 1 0 −1 0 0 1 −1 0 0 1 −1 −1 0 0 1 1 0 1 0 0 −1 0 1 0 −1 0 1 −1 0 1 −1 0 1 −1 1 0 0 0 −1 1 0 0 −1 1 0 −1 1 −1 1 0 1 −2 1 1 1 1 −2 1 1 1 −2 1 1 −2 1 −2 −2

Adding the third and fourth rows to the last row and subtracting the third row from the first and fifth one, the elements of the characteristic matrix are 0, 1, −1. Thus the coordinates of the minima of the lattice are 0, 1, −1 in this basis.

If there exists −→OP ∈ Λ such that |−−→P B_2| = 1 and P ∈ H_3, then it follows from Lemma 2.5 that M (Λ) ⊆ M (E_6), moreover, by Theorem 3 the minima of the lattice E_6 can be written with 0, 1, −1 coordinates in a suitable basis. We have verified the statement.

Statement 3. Let Λ ⊂ E^6 and Λ̄ ⊂ Λ be any lattice possessing 6 independent minima. If ind ( Λ/Λ̄ ) = 2, then with respect to a suitable basis of Λ the coordinates of the minima of Λ are ±1, 0, respectively.

Proof. In the paper of Á. G. Horváth [3] we can see a construction of a basis A = {a_1, . . . , a_n} of an n-lattice for the minimum parallelepiped π (m_1, . . . , m_n) with minimal volume which

has the property that the edge vectors m_j =^n ∑ i=1 v_{ji}a_i with coordinates v_{ji} satisfy the following

inequalities: (i) v_{jj} > 0, j = 1, . . . , n v_{ji} = 0 for 1 ≤ j < i ≤ n (ii) 0 ≤ v_{ji} < v_{jj} for 1 ≤ i < j ≤ n. With respect to this basis each of the minima can be expressed in the form

m_l = n∑ j=1 α_{lj}m_j = n∑ i=1 (_n ∑ j=i α_{lj}v_{ji} ) a_i, where 1 ≤ l ≤ σ.

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 163

Then the coordinates of the minimum vectors are: m_{il} = n∑ j=i α_{lj}v_{ji}. (6)

Let now be n = 6. We distinguish three cases.

3.1. If the lattice Λ does not have a sublattice Λ^d (d < 6) with index 2, then the characteristic matrix can be started in the following way:

1 0 0 0 0 1 . . . 0 1 0 0 0 1 . . . 0 0 1 0 0 1 . . . 0 0 0 1 0 1 . . . 0 0 0 0 1 1 . . . 0 0 0 0 0 2 . . .

There stand v_{11} = · · · = v_{55} = v_{6i} = 1 if 1 ≤ i < 6, v_{66} = 2 and the other v_{ji} = 0 in equation (6). Therefore

m_{il} = α_{li} + α_{l6}, m_{6l} = 2α_{l6}.

Assume that m_{6l} ≥ 0.

First we investigate that m_{6l} = 2 hence α_{l6} = 1. Because |α_{li}| ≤ 1, hold m_{il} = 0, 1, 2, where i = 1, . . . , 5. If there is a zero among m_{il}, for example m_{1l} = 0, then the vectors m_2, m_3, m_4, m_5, m_l form a minimum system with index 2. This is a contradiction. If there is a 2 among m_{il}, where i = 1, . . . , 5, for example m_{1l} = 2, then the sublattice Λ^5 spanned by a_2, a_3, a_4, a_5, a_1 + a_6 determines the minimum parallelepiped π (m_2, m_3, m_4, m_5, m_l) with volume 2. This case leads also to a contradiction. Hence if m_{6l} = 2, then m_{il} = 1, where i = 1, . . . , 5, namely m_l = m_6.

Secondly, we assume m_{6l} = 1 and α_{l6} =^1_2 , then the coordinates m_{il}, where i = 1, . . . , 5, are equal to zero or one. Denote the matrix of these minimum vectors by A.

Finally, if m_{6l} = 0, then the coordinates m_{il}, where i = 1, . . . , 5, are −1, 0, 1. Let matrix A^′ contain these minimum vectors.

Thus the characteristic matrix can be written in the following block form:

1 0 0 0 0 1 0 1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 0 2

A A^′

Subtracting the first row from the last one, it can easily be seen that every element of the characteristic matrix is −1, 0, 1, so coordinates of the minima of the lattice are also −1, 0, 1 in a suitable basis.

164 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

3.2. If the lattice Λ has a sublattice Λ^5 with index 2, then the characteristic matrix can be written in the following blocks:

1 0 0 0 1 0 0 1 0 0 1 0 0 0 1 0 1 0 0 0 0 1 1 0 0 0 0 0 2 0 0 0 0 0 0 1

A 0 . . . 0 0 . . . 0

A^′ 1 . . . 1 0 . . . 0

B

C 1 . . . 1 where elements of the matrix A are −1, 0, 1 and elements of A^′ are 0, 1 (see [3]). Matrix B has four rows and C is a one-row vector. If an element of C is equal to 2 resp. −2, then C does not have any negative resp. positive coordinate. In fact, for example if m_i = (m_{1i}, m_{2i}, m_{3i}, m_{4i}, 2, 1)^T and m_j = (m_{1j} , m_{2j}, m_{3j}, m_{4j}, −1, 1)^T , then

det 1 0 0 0 m_{1i} m_{1j} 0 1 0 0 m_{2i} m_{2j} 0 0 1 0 m_{3i} m_{3j} 0 0 0 1 m_{4i} m_{4j} 0 0 0 0 2 −1 0 0 0 0 1 1

= 3 > 2.

If an element of C is equal to 2 resp. −2, then subtracting the last row from, resp. adding the last row to the row containing C, elements of C become −1, 0, 1. Therefore, we may assume that the elements of C are −1, 0, 1. Let m = [x_1, x_2, x_3, x_4, x_5, 1] be a minimum vector, where coordinates x_1, x_2, x_3, x_4 are elements of a column of B and x_5 is equal to −1, 0, 1. Thus the volume of the parallelepiped π = π (m, m_2, m_3, m_4, m_5, m_6) is of maximum two. Suppose that B has such an element (for example x_1) whose absolute value is greater then one. Hence

v (π) = |det x_1 0 0 0 1 0 x_2 1 0 0 1 0 x_3 0 1 0 1 0 x_4 0 0 1 1 0 x_5 0 0 0 2 0 1 0 0 0 0 1

| = |2x_1 − x_5| > 2,

this is a contradiction. For this reason the elements of B are −1, 0, 1. Thus every element of the characteristic matrix is −1, 0, 1 except of m_{55} = 2. The elements of the matrix A are −1, 0, 1 and the elements of A^′ are 0, 1. Subtracting the first row from the fifth one, we get that the characteristic matrix has elements −1, 0, 1 except if x_5 = −x_1 = ±1. In this case

v (π) = |2x_1 − x_5| = |3x_1| = 3 > 2.

However, this case leads to a contradiction.

3.3. If the lattice Λ has a sublattice Λ^4 with index 2 (this sublattice is a 4-dimensional space-centered cubic lattice), then the characteristic matrix can be written in the following

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 165

blocks:

1 0 0 0 1 0 0 0 1 0 0 0 1 1 1 0 1 0 0 1 0 0 0 0 1 0 1 0 1 1 0 0 1 0 1 0 0 0 0 0 1 1 1 0 1 0 0 0 1 2 0 0 1 1 1 1 1 1 1 1 0 0 0 0 0 1 0 0 0 0 0 0 0 0 0 0 0 0 0 0 0 1 0 0 0 0 0 0 0 0

A B 1 . . . 1 0 . . . 0

C D 0 . . . 0 1 . . . 1

E F 1 . . . 1 1 . . . 1 where A, C, E have three rows and B, D, F are one-row vectors.

If an element of B, D or F is equal to 2 resp. −2, then B and F , D and F or F , B and D do not have any negative resp. positive coordinates. In fact, for example if m_i (m_{1i}, m_{2i}, m_{3i}, 2, 1, 0)^T and m_j (m_{1j}, m_{2j}, m_{3j}, −1, 1, 0)^T , m_k (m_{1k}, m_{2k}, m_{3k}, −1, 1, 1)^T , then

det 1 0 0 0 m_{1i} m_{1j} 0 1 0 0 m_{2i} m_{2j} 0 0 1 0 m_{3i} m_{3j} 0 0 0 0 2 −1 0 0 0 0 1 1 0 0 0 1 0 0

= det

1 0 0 0 m_{1i} m_{1k} 0 1 0 0 m_{2i} m_{2k} 0 0 1 0 m_{3i} m_{3k} 0 0 0 0 2 −1 0 0 0 0 1 1 0 0 0 1 0 1

= 3 > 2.

The proof is analogous if an element of D or F is equal to 2 resp. −2.

From this it follows that if an element of B is equal to 2 resp. −2 and an element of D is equal to −2 resp. 2, then F has 0 elements.

If an element of B and D is also equal to 2 resp. −2, then elements of F are 2 resp. −2. For example, let m_i (m_{1i}, m_{2i}, m_{3i}, 2, 1, 0)^T , m_j (m_{1j}, m_{2j}, m_{3j}, 2, 0, 1)^T , m_k (m_{1k}, m_{2k}, m_{3k}, x, 1, 1)^T.

det 1 0 0 m_{1i} m_{1j} m_{1k} 0 1 0 m_{2i} m_{2j} m_{2k} 0 0 1 m_{3i} m_{3j} m_{3k} 0 0 0 2 2 x 0 0 0 1 0 1 0 0 0 0 1 1

= | − 4 + x| ≤ 2

This inequality holds for x = 2. So every element of F is equal to 2.

We distinguish the following cases:

If B, D, F do not have an element −2. Suppose that B has an element 2, but D does not have an element 2. Then every element of F is 0, 1, 2. Then subtracting the fifth row from the

166 A. Végh: The Maximum of the Smallest Maximal Coordinate of : : :

fourth row, we get that elements of B, D, F are −1, 0, 1. Analogously, if D has an element 2 but D does not have an element 2, then subtracting the sixth row from the fourth row, we get that elements of B, D, F are −1, 0, 1. If F has an element 2, but B and D do not have an element 2, then each element of B and D is 0, 1. By subtracting the fifth row from the fourth row, we get that elements of B, D, F are −1, 0, 1. If B, D have an element 2, then every element of F is 2 and elements of B, D are positive or zero. Subtracting the fifth and the sixth rows from the fourth row, the elements of B, D, F are −1, 0, 1.

If B, D, F do not have an element 2, then the proof is analogous.

Suppose that there is 2 and −2 among the elements of B, D, F . If F has an element 2, then coordinates B and D are positive or zero. Therefore B has an element 2, D has an element −2, so every element of F is 0. Subtracting the fifth row from the fourth row and adding the last row to the fourth row, every element of B, D, F becomes −1, 0, 1. If an element of B is −2 and an element of D is 2, then the proof is analogous. Let either m_i = [x_1, x_2, x_3, x_4, 1, 0]^T or m_j = [x_1, x_2, x_3, x_4, 0, 1]^T or m_k = [x_1, x_2, x_3, x_4, 1, 1]^T be a minimum vector, whose coordinates x_1, x_2, x_3 are elements of a column of A or C or E and x_4 is equal to −1, 0, 1. Suppose that A or C or E has such an element (for example x_1) whose absolute value is greater than one. Hence

|det x_1 0 0 1 0 0 x_2 1 0 1 0 0 x_3 0 1 1 0 0 x_4 0 0 2 0 0 1 0 0 0 1 0 0 0 0 0 0 1

| = |det x_1 0 0 1 0 0 x_2 1 0 1 0 0 x_3 0 1 1 0 0 x_4 0 0 2 0 0 0 0 0 0 1 0 1 0 0 0 0 1 | =

= |det x_1 0 0 1 0 0 x_2 1 0 1 0 0 x_3 0 1 1 0 0 x_4 0 0 2 0 0 1 0 0 0 1 0 1 0 0 0 0 1

| = |2x_1 − x_4| > 2.

Thus the elements of A, C and E are equal to −1, 0, 1. Because of m_{44} = 2, subtracting the first row from the fourth row, we get that the characteristic matrix has elements −1, 0, 1 except if x_4 = −x_1 = ±1. In this case

|2x_1 − x_4| = |3x_1| = 3 > 2.

However, this case leads to a contradiction. We have verified the statement. Our Theorem 1 is completely proved.

References

[1] Cassels, J. W. S.: An introduction to the geometry of numbers. Die Grundlehren der math.

Wissenschaften, Bd. 99, Springer-Verlag, Berlin 1959. Zbl 0086.26203

A. Végh: The Maximum of the Smallest Maximal Coordinate of : : : 167

[2] Conway, J. M.; Sloane, N. J.: Sphere Packings, Lattices and Groups. Springer-Verlag, 1988. Zbl 0634.52002 [3] Horváth, Á. G.: On the coordinates of minimum vectors in n-lattices. Studia Sci. Math.

Hungarica 29 (1994), 169–175. Zbl 0808.52018 [4] Horváth, Á. G.: Lower bounds of the maximal coordinates of minimum vectors. 4^{th} International Congress of Geometry, Congress Proceeding Thessaloniki (1996), 179–186. Zbl 0882.11040 [5] Gruber, P. M.; Lekkerkerker, C. G.: Geometry of numbers. North-Holland Amsterdam- New York-Oxford-Tokyo 1987. Zbl 0611.10017 [6] Major, Z.: On centering of lattices. Annales Univ. Sci. Math. 28 (1985), 165–172. (in Russian) Zbl 0599.10020 [7] Minkowski, H.: Diskontinuitätsbereich für arithmetische Äquivalenz. J. Reine Angew.

Math. 129 (1905), 220–274. JFM 37.0251.02 [8] Plesken, W.; Pohst, M.: Constructing integral lattices with prescribed minimum I. Math.

of Comput. 45(1) (1985), 209–221. Zbl 0581.10014 [9] Ryshkov, S. S.: On the problem of determining perfect quadratic forms of several variables.

(Russian) Trudy Mat. Inst. Steklov 142 (1976), 215–239, 270–271. English translation: Proc. of the Steklov Inst. of Math. 1979(3), 223–259. Zbl 0416.10026 [10] Zaharova, N. V.: Centerings of eight-dimensional lattices that preserve a frame of successive minima, Geometry of positive quadratic forms. Trudy Mat. Inst. Steklov 152 (1980),97–123, 237 (Russian) Correction: N. V. Novikova, Three admissible centerings of eight-dimensional lattices, Deposited in VINITI, No. 4842-81 Dep., 1981, I. 8 (Russian)

Received March 4, 2004