Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 46 (2005), No. 1, 61-70.

Isotone Analogs of Results by Mal’tsev and Rosenberg

Benoit Larose

Department of Mathematics and Statistics, Concordia University 1455 de Maisonneuve West, Montréal, Qc, Canada, H3G 1M8 e-mail: larose@mathstat.concordia.ca

Abstract. We prove an analog of a lemma by Mal’tsev and deduce the following analog of a result of Rosenberg [11]: let Q be a finite poset with n elements, let k denote the k-element chain, and let h be an integer such that 2 ≤ h < n ≤ k. Consider the set of all order-preserving maps from Q to k whose image contains at most h elements, viewed as an n-ary relation μ_{Q,h} on k. Then an l-ary orderpreserving operation f on k preserves this relation if and only if it is either (i) essentially unary or (ii) the cardinality of f(e(Q)) is at most h for every isotone map e : Q → k^l. In other words, if an increasing k-colouring of the grid k^l assigns more than h colours to a homomorphic image of the poset Q, then there is such an image that lies in a subgrid G_1 × . . . × G_l where each G_i has size at most h, or otherwise the colouring depends only on one variable. MSC 2000: 06A11, 08A99, 08B05 Keywords: order-preserving operation, chain, clone

1. Introduction and Results

Let k ≥ 2 be a positive integer. We let k denote the k-element chain, i.e. the poset on k = {1, 2, . . . , k} with the usual ordering of the integers. Let A be a finite set, |A| ≥ 2 and let l ≥ 1 be a positive integer. An operation of arity l on A is a function f : A^l → A. An operation of arity l is also said to be l-ary. Let G_1, . . . , G_l, H be non-empty sets, and let S ⊆ G_1 × G_2 × · · · × G_l. A function f : S −→ H 0138-4821/93 $ 2.50 cfl 2005 Heldermann Verlag

62 B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg

is said to depend on the j-th variable if there exist a_i ∈ G_i (i = 1, . . . , l) and b_j ∈ G_j such that f(a_1, . . . , a_{j−1}, a_j, a_{j+1}, . . . , a_l) ≠ f(a_1, . . . , a_{j−1}, b_j, a_{j+1}, . . . , a_l). The function f is essentially unary if it depends on at most one of its variables; otherwise it is essentially at least binary. In 1958, Jablonskii proved the following:

Lemma 1.1. [5] Let f be an l-ary operation on k, k ≥ 3. If f is essentially at least binary and its image contains at least 3 elements then there exist l sets G_i ⊆ k each containing at most 2 elements, and l-tuples x = (x_1, . . . , x_l), y = (y_1, . . . , y_l) and z = (z_1, . . . , z_l) such that x_i, y_i, z_i ∈ G_i for all i = 1, . . . , l and f(x), f(y) and f(z) are distinct.

This was later improved slightly by Mal’tsev:

Lemma 1.2. [9] Let f be an l-ary operation on k, k ≥ 3. If f is essentially at least binary and its image contains at least 3 elements then there exist l-tuples x = (x_1, . . . , x_l), y = (y_1, . . . , y_l) and z = (z_1, . . . , z_l) and an index 1 ≤ i ≤ l such that x_j = y_j for all j ≠ i, y_i = z_i, and f(x), f(y) and f(z) are distinct.

If f is an s-ary operation on A and g_1, . . . , g_s are operations on A of arity l, then the composition of f and g_1, . . . , g_s is the l-ary operation h defined by h(x_1, . . . , x_l) = f(g_1(x_1, . . . , x_l), . . . , g_s(x_1, . . . , x_l)). A projection is an operation π which satisfies π(x_1, . . . , x_l) = x_i for all x_1, . . . , x_l ∈ A. A clone on A is a set of operations of finite arity on A which contains all projections and is closed under composition.^1 It is well-known that clones admit a purely relational presentation, which we proceed to describe. Let n ≥ 1 be a positive integer. A relation of arity n on A is a subset of A^n. We say that the l-ary operation f preserves the n-ary relation θ if the following holds: given any n × l matrix M whose columns are in θ, if we apply f to the rows of M then the resulting column is in θ. If R is a set of relations of finite arity on A then P ol R denotes the set of all operations on A that preserve each relation in R. It is easy to verify that P ol R is a clone, and in fact, it can be shown that every clone on A is of this form.

Let h be an integer such that 2 ≤ h < k. It is well-known and easy to verify that the following sets of operations are clones: B_h consists of all operations whose image contains at most h elements or that are essentially unary. These so-called Burle clones (see [1]) admit a simple relational description, first stated by I. G. Rosenberg in 1977. Let n be a positive integer such that 2 ≤ h < n ≤ k. Define μ_{n,h} as the n-ary relation on k that consists of all n-tuples a = (a_1, . . . , a_n) such that |{a_1, . . . , a_n}| ≤ h. Rosenberg’s result is easy to deduce from Mal’tsev’s lemma:

1We refer the reader to [13] for basic results and terminology concerning clones.

B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg 63

Theorem 1.3. [11] Let 2 ≤ h < n ≤ k. An l-ary operation f on k is in P ol μ_{n,h} if and only if either (i) f is unary or (ii) the image of f contains at most h elements.

Proof. If f is unary or the image of f contains at most h elements then it clearly preserves the relation μ_{n,h}. Conversely suppose that f depends on at least two variables and that its image contains at least h + 1 elements. Let a_1, . . . , a_{h+1} be distinct values in the image of f, and let u_i be elements of k^l such that f(u_i) = a_i for all i. We may assume that x = u_1, y = u_2 and z = u_3 are l-tuples with the properties guaranteed by the last lemma. Let M be any n × l matrix whose h + 1 first rows are the u_i. Then M has all its columns in μ_{n,h}, but f maps it to an n-tuple with at least h + 1 distinct entries, so f does not preserve μ_{n,h}. 2

A class of clones that has attracted a great deal of attention in the last few years is that of so-called isotone clones, i.e. clones of the form P ol ≤ where ≤ is a partial order on A (see for example [2], [3], [4], [6], [7], [8], [10], [12].) While studying clones of the form P ol ≤ where ≤ denotes a total order, we discovered with A. Krokhin that many of their subclones admit a description not unlike that of the Burle clones. Our characterisation required a result concerning the relational description of these clones which is the main result of the present paper. More precisely, let P ol ≤ denote the clone of all order-preserving operations on the k-element chain (as usual, a map f from a poset P to a poset Q is order-preserving if f(x) ≤ f(y) in Q whenever x ≤ y in P ). We determined in [4] that for k ≤ 5 the number of subclones of P ol ≤ that contain all unary order-preserving maps (the so-called monoidal interval, see [13]) is finite. This question remains open for k ≥ 6, but our investigations showed that the interval of clones, although possibly finite, has a very intricate structure. We now describe some of the clones in this interval.

As above, let k, h, n be integers such that 2 ≤ h < n ≤ k. Let Q be a poset on n elements. We say that the poset Q^′ is an extension of Q if Q and Q^′ have the same base set and every comparability of Q is also a comparability of Q^′. We shall assume that the base set of Q is {1, 2, . . . , n} and we’ll use the symbol ⊑ to denote the ordering of Q. An n-tuple a = (a_1, . . . , a_n) of elements of k respects the ordering Q if a_i ≤ a_j whenever i ⊑ j. Define μ_{Q,h} as the n-ary relation on k that consists of all n-tuples a that respect the ordering Q and such that |{a_1, . . . , a_n}| ≤ h. Let C_{Q,h} denote the set of all order-preserving operations on k that are either (i) essentially unary or that satisfy the following: (ii) f is l-ary and for every order-preserving map e : Q → (k)^l the set f(e(Q)) contains at most h elements. For convenience, let C_{n,h} denote the clone C_{Q,h} when Q is the n-element antichain; obviously we have that C_{n,h} = B_h ∩ P ol ≤. Notice also that if Q is the n-element antichain, then μ_{Q,h} = μ_{n,h}. To illustrate, consider the 4-element poset Q (the 4-crown) on {1, 2, 3, 4} where 3 and 4 cover 1 and 2 and these are the only coverings. Then for any 2 ≤ h ≤ 3 the relation μ_{Q,h} consists of all tuples (a, b, c, d) with at most h distinct entries and such that a ≤ c, a ≤ d, b ≤ c and b ≤ d. For another example, consider an ordering Q on {1, 2, . . . , n} where only 1 and 2 are comparable. Then it is easy to verify that the clone C_{Q,h} consists of all order-preserving operations f on k that are either essentially unary, or have the following property: if the image under f of an (h + 1)-element set S ⊆ k^l contains h + 1 distinct elements, then S must be an

64 B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg

antichain. However, suppose that the image of f contains more than h elements; certainly there are two comparable elements in k^l with different values under f, but this means we can find a set S as above which is not an antichain; hence f is essentially unary. This shows that for this particular choice of Q we have C_{Q,h} = C_{n,h}.

Clearly the clones P ol μ_{Q,h} and C_{Q,h} are subclones of the clone P ol ≤ of all order-preserving operations on the k-element chain, unless Q is the n-element antichain. Indeed, if Q has at least one comparability it guarantees that every operation that preserves μ_{Q,h} is orderpreserving. The system of inclusions between these clones appears intricate and quite interesting. We have the following easy inclusion:

Lemma 1.4. Let 2 ≤ h < n ≤ k. Then C_{Q,h} ⊆ P ol μ_{Q,h} for all n-element posets Q.

Proof. Let f ∈ C_{Q,h} be l-ary and let M be an n × l matrix whose columns are in μ_{Q,h}. If we apply f to the rows of M then the resulting column f(M) respects the ordering of Q since f is order-preserving. If f is unary and depends only on the i-th variable, it follows that f(M) contains at most h entries, since the i-th column contains at most h entries; thus f preserves μ_{Q,h}. If f is not essentially unary, consider the map e : Q → (k)^l that sends i to the i-th row of M. By definition of μ_{Q,h} this map is order-preserving, and hence f(M) = f(e(Q)) contains at most h elements. Consequently, f(M) ∈ μ_{Q,h} and this completes the proof. 2

Our main result is that in fact C_{Q,h} = P ol μ_{Q,h} for all h and for all non-trivial n-element posets Q. In other words, for any Q, the order-preserving operations that preserve μ_{Q,h} are exactly those operations in C_{Q,h}.

Theorem 1.5. Let 2 ≤ h < n ≤ k. Let Q be a finite poset on n elements. An l-ary order-preserving operation f on k is in P ol μ_{Q,h} if and only if either (i) f is unary or (ii) |f(e(Q))| ≤ h for any isotone map e : Q → (k)^l.

Notice that if Q in an antichain, then our result is Rosenberg’s Theorem 1.3 restricted to order-preserving operations on k.

We may state this result in a more combinatorial way.

Theorem 1.6. Let 2 ≤ h < n ≤ k, and let Q be a finite poset on n elements. Let f be a colouring of the grid k^l by k colours which is non-decreasing on every path from (1, . . . , 1) to (k, . . . , k). Suppose that the colouring assigns more than h colours to some homomorphic image of Q in k^l; then either it assigns more than h colours to a homomorphic image of Q which lies in a subgrid G_1 × . . . × G_l where each G_i has size at most h, or the colouring depends only on one variable.

Our proof will follow the pattern of that of Theorem 1.3, and for this we shall require an order-theoretic analog of Mal’tsev’s lemma:

Lemma 1.7. Let k_1, . . . , k_l be positive integers. Let f be an order-preserving map from k_1 × k_2 × . . . × k_l onto the 3-element chain that depends on at least two variables. Then there exist l-tuples x = (x_1, . . . , x_l), y = (y_1, . . . , y_l) and z = (z_1, . . . , z_l) in k_1 × k_2 × . . . × k_l and an index 1 ≤ i ≤ l such that

B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg 65

1. x_j = y_j for all j ≠ i and y_i = z_i, 2. {x, y, z} is a chain, and 3. f(x), f(y) and f(z) are distinct.

2. Proofs

To prove Theorem 1.5 we shall proceed as follows: first we prove the analog of Mal’tsev’s lemma, Lemma 1.7. From this we will deduce a special case of the main result, namely for Q a chain. This will provide us with our induction base, as we’ll prove our main result by induction on the number of incomparabilities in the poset Q. Notice that by the remarks following the statement of Theorem 1.5 we may assume throughout that Q contains at least one comparability.

Before we begin, we make one slight simplification: we claim that it will suffice to prove our result for n = h + 1. Let Q be a poset. We say that Q^′ is an induced subposet of Q if the base set of Q^′ is a subset of the base set of Q and its ordering is the restriction of the ordering of Q to this subset.

Lemma 2.1. [4] P ol μ_{Q,h} = ∩_Q0_{∈A}P ol μ_Q0_{,h} where A is the set of all (h + 1)-element induced subposets Q^′ of Q.

If n = h + 1 then we shall drop the subscript h and simply write μ_Q and C_Q respectively.

Lemma 2.2. If the statement of Theorem 1.5 holds when h = n + 1 then it holds for all values of h.

Proof. Fix a non-trivial poset Q on n elements. By Lemma 1.4 it suffices to show that P ol μ_{Q,h} ⊆ C_{Q,h}. By the last lemma, we have that P ol μ_{Q,h} ⊆ P ol μ_Q0 ⊆ C_Q0 for every (h + 1)-element induced subposet Q^′ of Q. Suppose there exists an isotone map e : Q → k^l such that |f(e(Q))| > h. Then there certainly exists an (h + 1)-element induced subposet Q^′ of Q such that the restriction e^′ of e to Q^′ satisfies |f(e^′(Q^′))| > h. It follows that f must be essentially unary, and we’re done. 2

Proof of Lemma 1.7. We use induction on S = P k_i. Certainly S ≥ 4, and if S = 4 we have without loss of generality that k_1 = k_2 = 2 and l = 2. The claim is now obvious. So fix k_1, . . . , k_l such that the result holds for all S^′ < S. Let f be an order-preserving map of k_1 × k_2 × . . . × k_l onto {1, 2, 3}. Certainly we have that f(1, . . . , 1) = 1 and f(k_1, . . . , k_l) = 3. By induction hypothesis, may suppose that f depends on all its variables. Choose some variable x_i, 1 ≤ i ≤ l. For ease of presentation we’ll assume that i = 1. Clearly if f(1, k_2, . . . , k_l) = 2 or f(k_1, 1, . . . , 1) = 2 we are done. Now suppose that f(1, k_2, . . . , k_l) = f(k_1, 1, . . . , 1) = 1. There exists some tuple (t_1, . . . , t_l) that f maps to 2; it follows that f(k_1, t_2, . . . , t_l) ∈ {2, 3}, f(1, t_2, . . . , t_l) = 1 and f(t_1, 1, . . . , 1) = 1. Hence either we have f(1, t_2, . . . , t_l) = 1, f(k_1, t_2, . . . , t_l) = 2 and f(k_1, . . . , k_l) = 3 and we’re done, or else

66 B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg

f(t_1, 1, . . . , 1) = 1, f(t_1, . . . , t_l) = 2 and f(k_1, t_2, . . . , t_l) = 3 which proves our claim. The case where f(1, k_2, . . . , k_l) = f(k_1, 1, . . . , 1) = 3 is dual. So we are left with the following cases: Case A. Suppose that f(1, k_2, . . . , k_l) = 1 and f(k_1, 1, . . . , 1) = 3.

Since f is isotone we have that f(1, x_2, . . . , x_l) = 1 and f(k_1, x_2, . . . , x_l) = 3 for all x_i. Since f depends on all its variables, for each j > 1 there are tuples such that f(a_1, . . . , a_{j−1}, a_j, a_{j+1}, . . . , a_l) ≠ f(a_1, . . . , a_{j−1}, b_j, a_{j+1}, . . . , a_l). Let X = {2, . . . , k_1} and let Y = {1, 2, . . . , k_1 − 1}. Obviously a_1 ∈ X ∩ Y = {2, . . . , k_1 − 1}. Let f_X and f_Y denote the restrictions of f to X × k_2 × . . . × k_l and to Y × k_2 × . . . × k_l respectively.

Claim 1. f_X and f_Y depend on at least two variables.

Proof of Claim 1. Since f is onto there exists a tuple such that f(t_1, . . . , t_l) = 2. Since f(k_1, t_2, . . . , t_l) = 3, and obviously t_1 ≠ 1, we have that the restriction of f to X × k_2 × . . . × k_l depends on its first variable. The tuples (a_1, . . . , a_{j−1}, a_j, a_{j+1}, . . . , a_l) and (a_1, . . . , a_{j−1}, b_j, a_{j+1}, . . . , a_l) defined above show that f_X depends also on its j-th variable. The proof for Y is similar.

As we remarked in the proof of Claim 1, the images of f_X and f_Y contain 2; and certainly the image of f_X contains 3 and the image of f_Y contains 1. Since we have f(a_1, . . . , a_{j−1}, a_j, a_{j+1}, . . . , a_l) ≠ f(a_1, . . . , a_{j−1}, b_j, a_{j+1}, . . . , a_l), one of these values is not equal to 2. It follows that either f_X or f_Y is onto. By Claim 1 and by induction hypothesis we are done.

Case B. f(k_1, 1, . . . , 1) = 1 and f(1, k_2, . . . , k_l) = 3.

Since f is isotone we have that f(x, k_2, . . . , k_l) = 3 and f(x, 1, . . . , 1) = 1 for all x. Suppose for a contradiction that there is no triple (x, y, z) for f. We claim that in this case, if f(t_1, . . . , t_l) = 2 then f(x, t_2, . . . , t_l) = 2 for all x ∈ k_1. Indeed, we have that f(t_1, 1, . . . , 1) = 1 and f(t_1, . . . , t_l) = 2 so if f has no triple then f(k_1, t_2, . . . , t_l) = 2. Similarly, since f(t_1, t_2, . . . , t_l) = 2 and f(t_1, k_2, . . . , k_l) = 3 we conclude that f(1, t_2, . . . , t_l) = 2. Hence 2 ≤ f(x, t_2, . . . , t_l) ≤ 2 for all x ∈ k_1.

Since we had chosen the variable x_i of f arbitrarily, we have obtained the following: if there is no triple for f, then for any 1 ≤ i ≤ l, if f(t_1, . . . , t_{i−1}, t_i, t_{i+1}, . . . , t_l) = 2 then f(t_1, . . . , t_{i−1}, x, t_{i+1}, . . . , t_l) = 2 for all x ∈ k_i, from which it follows that f is constant, a contradiction. 2

The next auxiliary result will be used in the proofs of Lemma 2.4 and Theorem 1.5.

Lemma 2.3. Let h ≥ 2. Let f be an l-ary order-preserving operation on k, and let α_1 < . . . < α_{h+1} be an (h + 1)-element chain in the image of f, where α_1 = 1 and α_{h+1} = k. Then there exists an order-preserving map g : k → k with the following properties:

1. the image of g is equal to {1, 2, . . . , h + 1};

B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg 67

2. g(α_i) = i for all 1 ≤ i ≤ h + 1; 3. if g ∘ f is essentially unary then so is f.

Proof. Assume that f depends on at least two variables, without loss of generality suppose they are the first and last. Hence there exist tuples u and v which share all the coordinates but the first such that f(u) = a ≠ b = f(v), and similarly there are tuples u^′ and v^′ which have the same coordinates but the last such that f(u^′) = a^′ ≠ b^′ = f(v^′). Hence it will suffice to find an order-preserving map g : k → k that satisfies the following:

(1) the image of g is equal to {1, 2, . . . , h + 1}; (2) g(α_i) = i for all 1 ≤ i ≤ h + 1; (3) g(a) ≠ g(b) and g(a^′) ≠ g(b^′).

Maps that satisfy conditions (1) and (2) are easily described: it suffices to map the elements between each α_i and α_{i+1} to {i, i + 1} in an order-preserving way. Let {a, b, a^′, b^′} = {u_1, u_2, u_3, u_4} where u_1 ≤ u_2 ≤ u_3 ≤ u_4. There are 3 cases: (i) if {u_2, u_3} = {a, b} or {u_2, u_3} = {a^′, b^′}, choose g as follows: send u_j to the largest i such that α_i ≤ u_j if j = 1, 2 and to the smallest i such that α_i ≥ u_j if j = 3, 4. Otherwise, we have two possibilities: (ii) if u_2 ≠ u_3, send u_j to the largest i such that α_i ≤ u_j if j = 1, 3 and to the smallest i such that α_i ≥ u_j if j = 2, 4. It is easy to see that condition (3) is satisfied in both cases. It remains to consider the case where u_2 = u_3; in fact, one sees easily that we may suppose that there exists an i such that α_i ≤ u_1 < u_2 = u_3 < u_4 ≤ α_{i+1}. We may suppose without loss of generality that i < h, that {u_1, u_2} = {a, b} and that {u_3, u_4} = {a^′, b^′}. Since the image of f contains elements above α_{i+1}, there exist tuples u^{′′} and v^{′′} which differ in one coordinate only such that f(u^{′′}) = α_{i+1} < f(v^{′′}). If these tuples differ in any coordinate but the first, then we’re back in case (ii) by choosing u_1, u_2, α_{i+1}, f(w^′) instead of {u_1, u_2, u_3, u_4}. Otherwise, u^{′′} and v^{′′} differ in the first coordinate. We may then choose g as follows: send u_1, u_2 to i, send u_4 to i + 1 and send f(v^{′′}) to i + 2. Then g(a^′) ≠ g(b^′) implies that g ∘ f depends on its last variable; and g(f(u^{′′})) = i + 1 ≠ i + 2 = g(f(v^{′′})) implies that g ∘ f depends on its first variable. 2

Lemma 2.4. Let Q be a chain. Then P ol μ_Q = C_Q.

Proof. By Lemma 1.4 it suffices to prove that P ol μ_Q ⊆ C_Q. We proceed as follows: Let f be an l-ary order-preserving operation on k that maps some chain onto h + 1 distinct elements. Let this chain be denoted by {e_1, e_2, . . . , e_{h+1}} where e_1 < e_2 < . . . < e_{h+1}, and let f(e_i) = α_i for all i. We may certainly assume without loss of generality that α_1 = 1 and α_{h+1} = k, and consequently we may also assume that e_1 = (1, 1, . . . , 1) and e_{h+1} = (k, k, . . . , k).

We show that if f ∈ P ol μ_Q then f is essentially unary. Let g be the map whose existence is guaranteed by Lemma 2.3. Since f ∈ P ol μ_Q then so is gf; and if we can show that gf is essentially unary it will follow that f is also essentially unary. Thus it will suffice to prove our claim for the map gf, whose image is precisely {1, 2, . . . , h + 1} and such that gf(1, 1, . . . , 1) = 1 and gf(k, k, . . . , k) = h + 1. For convenience, we simply assume that f (instead of gf) has these properties.

If a < b in k^l let [a, b] denote the set of all x ∈ k^l such that a ≤ x ≤ b.

68 B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg

Claim 1. Let X = {x_1, x_2, . . . , x_{h+1}} where x_1 < x_2 < . . . < x_{h+1} be any chain such that |f(X)| = h + 1. Then for every 1 ≤ s ≤ h − 1, the restriction of f to the interval [x_s, x_{s+2}] is essentially unary.

Proof of Claim 1. Fix 1 ≤ s ≤ h − 1, and let f^′ denote the restriction of f to [x_s, x_{s+2}]. It is clear that f^′ is onto {s, s + 1, s + 2}. By Lemma 1.7, if f^′ were not essentially unary, we could find l-tuples x = (x_1, . . . , x_l), y = (y_1, . . . , y_l) and z = (z_1, . . . , z_l) in [x_s, x_{s+2}] and an index 1 ≤ i ≤ l such that

1. x_j = y_j for all j ≠ i and y_i = z_i, 2. {x, y, z} is a chain, and 3. f^′(x), f^′(y) and f^′(z) are distinct.

We may assume without loss of generality that x < y < z (the case z < y < x is similar). Consider the n × l matrix M whose rows are x_1, . . . , x_{i−1}, x, y, z, x_{i+3}, . . . , x_{h+1}. Clearly the columns are in μ_Q, but the column f^′(M) is not, since f maps x, y, z onto {i, i + 1, i + 2}. Since f preserves μ_Q we conclude that f^′ is essentially unary.

Recall that a subset X of a poset Q is convex if it satisfies the following condition: if a ≤ b ≤ c and a, c ∈ X then b ∈ X. Claim 2. Let X and Y be sets such that the restrictions of f to X and to Y are essentially unary. If X ∩ Y is convex and there exist u < v in X ∩ Y such that f(u) ≠ f(v) then the restrictions of f to X and to Y depend on the same variable.

Proof of Claim 2. It is clear that there exist u^′ and v^′ between u and v such that f(u^′) ≠ f(v^′) and v^′ covers u^′. In particular, u^′ and v^′ differ in exactly one coordinate. Since X ∩ Y is convex it contains both u^′ and v^′. Since the restrictions of f to X and to Y are essentially unary, the coordinate in which u^′ and v^′ differ must be the variable on which the restrictions depend.

By Claim 1 we may assume without loss of generality that f depends only on the first variable on the interval [e_1, e_3]. We prove by induction that f depends only on the first variable on the interval [e_1, e_{h+1}] = k^l. Suppose this is true for [e_1, e_r], and we now wish to prove it for [e_1, e_{r+1}]. Let e^′_i denote the smallest element of [e_1, e_r] that is mapped to i, say e^′_i = (a^{(i)}, 1, 1, . . . , 1) for all 1 ≤ i ≤ r. By Claims 1 and 2 f depends only on its first variable on the interval [e^′_{r−1}, e_{r+1}]. Let e_r = (y_1, . . . , y_l). Let x ∈ [e_1, e_{r+1}] which is not in the subintervals [e_1, e_r] nor [e^′_{r−1}, e_{r+1}], i.e. x = (t_1, t_2, . . . , t_l) where t_1 < a^{(r−1)} and t_i > y_i for some 2 ≤ i ≤ l. We must show that f(x) = f(t_1, 1, . . . , 1). We proceed by induction: choose x maximal with the property that f(x) ≠ f(t_1, 1, . . . , 1). Suppose that f(t_1, 1, . . . , 1) = p. This means that a^{(i)} > t_1 for all i > p, and in particular f(x ∨ e^′_i) = i for all i > p, by maximality of x (here ∨ denotes as usual the join operation on k^l). Consider then the n × l matrix M whose rows are e^′_1, . . . , e^′_{p−1}, (t_1, 1, . . . , 1), x, x ∨ e^′_{p+2}, . . . , x ∨ e^′_r, e_{r+1}, . . . , e_{h+1}. Clearly its columns are in μ_Q. f maps the first p rows to {1, 2, . . . , p}. Since f(x) > p and f(x) ≤ f(x ∨ e^′_{p+1}) = p + 1 we must have that f(x) = p + 1. Thus f maps the rows of M onto h + 1 distinct elements, which contradicts our hypothesis that f ∈ P ol μ_Q. 2

B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg 69

Proof of Theorem 1.5. It suffices by Lemma 2.2 to prove the result for n = h + 1, i.e. to prove that P ol μ_Q = C_Q; and by Lemma 1.4 it will suffice to prove that P ol μ_Q ⊆ C_Q. We use induction on the number of incomparabilities in Q: suppose the result does not hold, and choose Q with the largest number of comparabilities such that C_Q is a proper subset of P ol μ_Q. Notice that Q has at least one comparability by Theorem 1.3. Let f ∈ P ol μ_Q such that f ∉ C_Q; then f is essentially at least binary of arity l and there exists an isotone map e : Q → k^l such that |f(e(Q))| = n. Let P = {x_1, . . . , x_n} be the image of Q under e, where f(x_i) < f(x_j) if i < j. In fact, by using Lemma 2.3 we may assume without loss of generality that f(x_i) = i for all 1 ≤ i ≤ n. Since f is isotone and x_1 is minimal in P , we may assume that x_1 ≤ x_i for all i = 1, . . . , n; indeed, simply replace x_1 by the meet of all the x_i and modify e accordingly. By Lemma 2.4 there exists at least one pair of incomparable elements in Q. It follows that we may assume that there exists an integer 1 ≤ m ≤ n − 2 such that (a) x_1 < x_2 < . . . < x_{m−1} < x_m , (b) x_i ≥ x_m for all i ≥ m and (c) there exist at least two upper covers of x_m in P . Define an element y of k^l as follows: y = x_{m+1} ∧ x_{m+2} ∧ · · · ∧ x_n. Let M denote the n × l matrix whose rows are x_1, . . . , x_n, and let M^′ be the matrix obtained from M by replacing the m-th row by y. Claim 1. The columns of M^′ are in μ_Q.

Proof of Claim 1. Let z denote the j-th column of M, and z^′ the corresponding column of M^′. Clearly z respects the ordering Q. Since we have that x_m ≤ y < x_i for all i > m, it follows that z^′ also respects the ordering Q. By definition the j-th coordinate of y is the j-th coordinate of some x_i with i > m which implies that z^′ must contain this coordinate twice. Claim 2. f(y) = m + 1.

Proof of Claim 2. Since f ∈ P ol μ_Q, we must have f(M^′) ∈ μ_Q; in particular, the set {f(x_1), . . . , f(x_{m−1}), f(y), f(x_{m+1}), . . . , f(x_n)} contains at most n − 1 elements. But since f(x_i) = i for all 1 ≤ i ≤ n, this means that f(y) ≠ m. But x_m < y < x_{m+1} means that m ≤ f(y) ≤ m + 1 so the claim follows.

Consider the map γ : P → k^l defined by

γ(x_i) =

(_{y if i = m + 1,}

x_i otherwise.

Since x_{m+1} covers x_m in P it is easy to see that γ is order-preserving. Let P^′ denote the image of γ; it certainly contains more comparabilities than P does. This means that there exists a proper extension Q^′ of Q and an order-preserving map e^′ : Q^′ → P^′. Indeed, if e(a) = x_{m+1} and e(b) = x_{m+2} add the comparability a < b to ⊑ and take the transitive closure; the map e^′ = γ ∘ e is then an order-preserving map of Q^′ onto P^′.

Claim 3. If Q contains at least one comparability and if Q^′ is an extension of Q then P ol μ_Q ⊆ P ol μ_Q0 . Proof of Claim 3. Consider the relation θ which consists of all tuples in μ_Q that respect the ordering Q^′. Since Q has at least one comparability all the operations in P ol μ_Q are

70 B. Larose: Isotone Analogs of Results by Mal’tsev and Rosenberg

order-preserving, and it follows easily that P ol μ_Q ⊆ P ol θ. It is also easy to see that if Q^′ is an extension of Q then θ = μ_Q0 .

It follows from Claim 3 that f ∈ P ol μ_Q0 which is equal to C_Q0 by induction hypothesis. Since f is essentially at least binary, it follows that |f(e^′(Q^′))| should be at most n − 1. However, by Claim 2 we have that f(e^′(Q^′)) = f(P^′) = {1, 2, . . . , n}, a contradiction. 2

References

[1] Burle, G. A.: Classes of k-valued logic which contain all functions of a single variable.

(Russian) Diskret. Analiz 10 (1967), 3–7. Zbl 0147.25304 [2] Davey, B. A.: Monotone clones and congruence modularity. Order 6(4) (1990), 389–400. Zbl 0711.08008 [3] Demetrovics, J.; Rónyai, L.: Algebraic properties of crowns and fences. Order 6(1) (1988), 91–100. Zbl 0695.08005 [4] Krokhin, A.; Larose, B.: A finite monoïdal interval of isotone functions. Acta Sci. Math.

(Szeged), 68 (2002), 37–62. cf. A monoideal of isotone clones on a finite chain, ibidem. Zbl 1006.08002 [5] Yablonskij, S. V.: Functional constructions in a k-valued logic. (Russian) Tr. Mat. Inst.

Steklova, 51 (1958), 5–142. Zbl 0092.25101 [6] Kun, G.; Szabó, Cs.: Order varieties and monotone retractions of finite posets. Order 18 (2001), 79–88. Zbl 0992.06001 [7] Larose, B.; Zádori, L.: Finite posets and topological spaces in locally finite varieties. 17 pages, Algebra Universalis, to appear.

[8] Larose, B.; Zádori, L.: Algebraic properties and dismantlability of finite posets. Discrete Math. 163 (1997), 89–99. Zbl 0872.06001 [9] Mal’tsev, A. I.: A strengthening of the theorems of Jablonskii and Salomaa. (Russian, English summary). Algebra Logika (Sem) 6(3) (1967), 61–75. cf. Über eine Verschärfung der Sätze von Slupecki und Jablonski, (Russian), ibidem. Zbl 0166.25601 [10] McKenzie, R.: Monotone clones, residual smallness and congruence distributivity. Bull.

Austral. Math. Soc. 41(2) (1990), 283–300. Zbl 0695.08012 [11] Rosenberg, I. G.: Completeness properties of multiple-valued logic algebras. Computer Science and Multiple-Valued Logic, Theory and Applications, D. C. Rine (ed.), North- Holland 1977, 142–186.

[12] Szabó, Cs.; Zádori, L.: Idempotent totally symmetric operations on finite posets. Order 18 (2001), 39–47. Zbl 0992.06002 [13] Szendrei, Á.: Clones in universal algebra. Sém. de Mathématiques Supérieures, 99, Séminaire Scientifique OTAN, les presses de l’Université de Montréal 1986. Zbl 0603.08004

Received January 6, 2003; revised version January 20, 2004