Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 2, 637-647.

A Classification and some Constructions of p-harmonic Morphisms

Ye-Lin Ou^1 Shihshu Walter Wei^2

Department of Mathematics, The University of Oklahoma Norman, OK 73019, U. S. A.

e-mail: ylou@ou.edu wwei@math.ou.edu

1. Introduction

We give a classification of p-harmonic morphisms between Riemannian manifolds of equal dimensions (Theorem 3.1), which generalizes the corresponding results of B. Fuglede on harmonic morphisms in [13] on one hand, and on p-harmonic morphisms between Euclidean domains in [25] on the other. We also prove that pre- or post-composition by a horizontally homothetic harmonic map makes a weakly conformal map a p-harmonic morphism, for p = dim M or dim N. This can be used to construct infinitely many p-harmonic morphisms which are not harmonic morphisms. Our examples include the well-known Hopf fibration φ : S^{2n−1} −→ S^n (n = 2, 4, or 8), which becomes a p-harmonic morphism for p = 3, 4, 7, 8, or 15, and thus solving globally the over-determined system div � |dφ|^{p−2} dφ � = 0 g^{ij}

∂φ^α ∂x_i

∂φ^β ∂x_j

= λ^2(x)h^{αβ}

of p-Laplace equations for maps between compact manifolds, after a suitable conformal change of the metric on the domain or target manifold is made.

1Partially supported by NSF, Guangxi 0007015, and by “The Special Funding for the Young Talents”, Guangxi, P. R. China 2Partially supported by the University of Oklahoma Research Award

0138-4821/93 $ 2.50 © 2004 Heldermann Verlag

638 Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms

A map φ : (M^m, g) −→ (N^n, h) between two Riemannian manifolds is called a harmonic map if the divergence of its differential vanishes. Such maps are the extrema of the energy functional

E_2 (φ, Ω) = 1 2 � Ω |dφ|^2 dx

for all compact subsets Ω in M. For a detailed account of harmonic maps we refer to [10],[11],[12],[27] and the references therein.

Harmonic morphisms are a special subclass of harmonic maps which preserve solutions of Laplace’s equation in the sense that, for any harmonic function f : U −→ R, defined on an open subset U of N with φ^{−1}(U) non-empty, f ∘ φ : φ^{−1}(U) −→ R is a harmonic function. In other words, φ pulls back germs of harmonic functions on N to germs of harmonic functions on M. In stochastic theory, harmonic morphisms are known as Brownian path preserving maps meaning that they send a Brownian motion on M to a Brownian motion on N(see [6],[21]). The following well-known characterization of harmonic morphisms is due to independently B. Fuglede and T. Ishihara.

Theorem 1.1. ([13],[18]) A non-constant map φ : (M, g) −→ (N, h) is a harmonic morphism if and only if it is a horizontally weakly conformal harmonic map.

In case of equal dimensions, B. Fuglede obtained the following classification:

Theorem 1.2. ([13]) Let dim M = dim N = n, and φ : (M, g) −→ (N, h) be a non-constant C^2 map. Then:

1) For 2 = n, φ is a harmonic morphism if and only if it is weakly conformal. 2) For 2 ≠ n, φ is a harmonic morphism if and only if it is weakly conformal with constant dilation.

In recent years, much work has been done in constructing and classifying harmonic morphisms between certain model spaces. Many interesting results (see the recent monograph [5]) have shown that the study of such maps can help us to understand the topology and geometry of the domain and target manifolds. For a complete bibliography of harmonic morphisms, see [15].

A natural generalization of harmonic maps are p-harmonic maps which are critical points of the p-energy functional (see Definition 2.1). Likewise, it is natural to define and study maps between Riemannian manifolds which preserve the local solutions of p-Laplace’s equations. This was first done in [25], in which the authors prove the following:

Theorem 1.3. ([25]) Let φ : U −→ V be a non-constant p-harmonic morphism between two domains of the Euclidean space R^n.

1) If p = n and φ is sense-preserving, then φ is 1-quasiregular mapping. In particular, φ is the restriction of a Möbius transformation when n ≥ 3.

2) If 1 < p < ∞ and p ≠ n, and if φ is discrete, then it is the restriction of a Euclidean similarity, i.e., φ(x) = λAx + b for some λ ∈ (0, ∞), b ∈ R^n and A ∈ O(n).

Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms 639

Very recently, E. Loubeau [22] obtained the following characterization of a p-harmonic morphism similar to that of harmonic morphisms given by B. Fuglede and T. Ishihara.

Theorem 1.4. ([22], [8]) A non-constant C^2-map φ : (M, g) −→ (N, h) is a p-harmonic morphism with p ∈ (1, ∞) if and only if it is a horizontally weakly conformal p-harmonic map.

Clearly, a harmonic morphism is a p-harmonic morphism with p = 2. It is natural and important to ask if there can be any example of a p-harmonic morphism which is not a harmonic morphism. It seems that few such examples have been found in the literature (see [7], [19], [22], [23], and [26] for recent papers on p-harmonic morphisms). In this paper, we first give a classification of p-harmonic morphisms between Riemannian manifolds of the same dimension. Then we use the compositions of weakly conformal maps and horizontally homothetic harmonic maps to construct many interesting p-harmonic morphisms which are not harmonic morphisms.

2. Preliminaries

2.1. p-harmonic maps and morphisms

Definition 2.1. Let (M, g) and (N, h) be two Riemannian manifolds, Ω a compact subset in M, and p ∈ (1, ∞). For φ ∈ L^{1,p}(Ω, N), we define the p-energy of φ by

E_p (φ, Ω) = 1 p � Ω |dφ|^p dx .

A map φ : (M, g) −→ (N, h) is called p-harmonic if φ|Ω is a critical point of the p-energy for every compact subset Ω of M.

The striking difference between harmonic and p-harmonic (p ≠ 2) maps is their behavior with respect to regularity. For the regularity and the existence of p-harmonic maps we refer to [9], [17], [24], [28], [29], [30], [31]. In this paper we assume that all our objects, manifolds, vector fields, and maps are smooth, and p-harmonic maps are understood in the strong sense.

Lemma 2.2. (see e.g. [2]) A map φ : (M, g) −→ (N, h) is p-harmonic if and only if its p-tension field τ_p(φ) ≡ 0, where

τ_p(φ) = |dφ|^{p−2} τ_2(φ) + (p − 2) |dφ|^{p−3} dφ(grad |dφ|) (1)

with τ_2(φ) = trace∇dφ denoting the tension field of φ.

Notice that when |dφ| ≠ 0 we can write

τ_p(φ) = |dφ|^{p−2} [τ_2(φ) + (p − 2)dφ(grad ln |dφ|)] . (2)

As an immediate consequence, we have:

640 Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms

Corollary 2.3. If φ : (M, g) −→ (N, h) is both a p_1-harmonic and p_2-harmonic map for p_1 ≠ p_2, then it is a p-harmonic map for any p ∈ (1, ∞).

Definition 2.4. A map φ : (M, g) −→ (N, h) is called a p-harmonic morphism if for any p-harmonic function f : U ⊂ N −→ R, defined on an open subset U of N with φ^{−1}(U) non-empty, f ∘ φ : φ^{−1}(U) ⊂ M −→ R is a p-harmonic function.

From the definition we easily have:

Corollary 2.5. If φ : (M, g) −→ (N, h) and ψ : (N, h) −→ (Q, k) are p-harmonic morphisms, then their composition ψ ∘ φ is a p-harmonic morphism.

A function f : (M, g) −→ R is called p-subharmonic (p-superharmonic, resp.) if τ_p(f) ≥ 0 (≤ 0, resp.). We can prove the following:

Proposition 2.6. A map φ : (M, g) −→ (N, h) is a p-harmonic morphism if and only if it pulls back germs of p-subharmonic (p-superharmonic) functions on N to germs of psubharmonic (p-superharmonic) functions on M.

Proof. If φ is a p-harmonic morphism, then by [22] we have τ_p(f ∘ φ) = λ^pτ_p(f) ∘ φ which gives the “only if” part of the statement. To prove the “if” part of the statement, take any p-harmonic function f locally defined on N then, by definition, it is p-subharmonic hence we have, τ_p(f ∘φ) ≥ 0. Notice that −f is also p-harmonic, hence p-subharmonic. By assumption, −f ∘ φ is p-subharmonic, thus

τ_p(−f ∘ φ) = |d(−f ∘ φ)|^{p−2} [τ_2(−f ∘ φ) + (p − 2)d(−f ∘ φ)(grad ln |−f ∘ φ|)] = − τ_p(f ∘ φ) ≥ 0.

It follows that τ_p(f ∘φ) ≤ 0. These two inequalities show that τ_p(f ∘φ) = 0 for any p-harmonic function f locally defined on N. Therefore, by definition, φ is a p-harmonic morphism. □

2.2 Horizontally weakly conformal maps

Let φ : (M, g) −→ (N, h) be a map and x ∈ M. We call V_x = ker dφ_x the vertical space at x and its orthogonal complement H_x in T_xM the horizontal space at x, to have T_xM = V_x ⊕H_x. The map φ is called horizontally weakly conformal if, for each x ∈ M at which dφ_x ≠ 0, the restriction dφ_x|_{Hx} : H_x −→ T_{φ(x)}N is conformal and surjective. Thus it follows that there is a number λ(x) ∈ (0, ∞) such that h(dφ(X), dφ(Y )) = λ^2(x)g(X, Y ) for any X, Y ∈ H_x. Note that, at the point x ∈ M where dφ_x = 0, we let λ(x) = 0 to obtain a continuous function λ : M −→ R called the dilation of the horizontally weakly conformal map φ. A non-constant horizontally weakly conformal map φ is called horizontally homothetic if the gradient of λ^2(x) is vertical i.e., H(grad λ^2) ≡ 0, where H denotes the horizontal distribution. One can easily check that (i) if dim M = dim N, horizontally weakly conformal is equivalent to weakly conformal, meaning that φ is conformal away from the points at which dφ = 0, (ii) a Riemannian submersion is horizontally homothetic with λ ≡ 1, and (iii) if dim M < dim N any horizontally weakly conformal map is constant.

Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms 641

3. A classification of p-harmonic morphisms

In this section we prove the following theorem which gives a classification of p-harmonic morphisms between Riemannian manifolds of the same dimension.

Theorem 3.1. Let φ : (M, g) −→ (N, h) be a non-constant map between Riemannian manifolds with dim M = dim N = n ≥ 2. Then 1) φ is a p-harmonic morphism with p = n if and only if φ is weakly conformal, 2) φ is a p-harmonic morphism with p ≠ n if and only if φ is weakly conformal with constant dilation.

Remark 3.2. As special p-harmonic maps, p-harmonic morphisms for different values of p ∈ (1, ∞) can be very different. Theorem 3.1 gives a complete classification of all p-harmonic morphisms between Riemannian manifolds of equal dimensions. That is, n-harmonic morphisms, which are precisely weakly conformal mappings, or, “trivial” p-harmonic morphisms, meaning that they are p-harmonic morphisms for any p ∈ (1, ∞), i.e. weakly conformal mappings with constant dilations.

To prove Theorem 3.1 we need the following:

Lemma 3.3. Let φ : (M, g) −→ (N, h) be a non-constant map with dim M = dim N = n ≥ 2. Then φ is an n-harmonic morphism if and only if it is weakly conformal.

Proof. As we remark in Section 2.2, horizontal weak conformality is equivalent to weak conformality since dim M = dim N. It follows from Theorem 1.4 that to prove the Lemma it suffices to show that a weak conformal map is a p-harmonic map with p = dim M = dim N = n. To this end, let φ : (M, g) −→ (N, h) be a non-constant map which is weakly conformal with φ^∗h = λ^2g. We need to show that τ_n(φ) ≡ 0. For any x ∈ M, if dφ_x = 0, then by (1) we have τ_n(φ) = 0 at x. If dφ_x ≠ 0, then by the weak conformality of φ and the continuity of λ =^{|dφ|√}_n we can choose a coordinate neighborhood U of x such that φ : (U, g) −→ (N, h) is a conformal diffeomorphism. This means that φ^∗h = λ^2g is a Riemannian metric on U. Let ∇ and ~∇ be the Levi-Civita connections on U with respect to g and φ^∗h = λ^2g, respectively. Let ∇^φ denote the pull-back connection on the pull-back bundle φ^{−1}T N −→ M. By definition of tension field, we have,

τ_2(φ) = n� i=1 {∇^φ_{ei} dφ(e_i) − dφ(∇_{ei} e_i)} (3)

for an orthonormal frame field {e_i} in U ⊆ M. Since the map φ : (U, φ^∗h = λ^2g) −→ (N, h) becomes an isometry between manifolds of the same dimension it is totally geodesic. It follows that

∇^φ_{ei} dφ(e_j) = dφ( ~∇_{ei} e_j) (4)

for any i, j = 1, 2, . . . , n. On the other hand, since φ^∗h = λ^2g is conformal to g on U we can easily check that

~∇_X Y − ∇_X Y = (X(lnλ))Y + (Y (lnλ))X − g(X, Y )grad(lnλ) (5)

642 Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms

holds for any vector fields X, Y on U. Substituting (4) into (3) and applying (5) we have

τ_2(φ) = (2 − n)dφ(grad lnλ) (6)

on U. Since |dφ| = λ √ n ≠ 0 on U, we see from (2) and (6) that

τ_n(φ) = |dφ|^{n−2} [τ_2(φ) + (n − 2)dφ(grad ln |dφ|)] ≡ 0

on U. Thus in either case we have τ_n(φ) = 0 at x. Since x ∈ M is arbitrary we have τ_n(φ) ≡ 0 on M. This proves the lemma. □

Proof of Theorem 3.1. Clearly, statement 1) follows immediately from Lemma 3.3. To prove statement 2), let us suppose that φ is a p-harmonic morphism with p ≠ n. It follows from Theorem 1.4 that φ is a horizontally weakly conformal p-harmonic map. In particular, φ is weakly conformal since dim M = dim N = n. By Lemma 3.3, φ is an n-harmonic morphism and hence an n-harmonic map. Since φ is both p-harmonic and n-harmonic with p ≠ n, we know from Corollary 2.3 that φ is harmonic. Therefore, it follows from (2) that

0 ≡ τ_p(φ) = |dφ|^{p−2} [τ_2(φ) + (p − 2)dφ(grad ln |λ|)] (7) =(p − 2) |dφ|^{p−2} dφ(grad ln |λ|).

Now if p = 2 then 2 ≠ n for p ≠ n, and in this case we get statement 2) from B. Fuglede’s Theorem 1.2. If p ≠ 2, it follows from (6) that dφ(grad ln |λ|) = 0, which implies that λ is a constant since dim M = dim N and the horizontal subspace equals the whole tangent space.

Conversely, if φ : (M, g) −→ (N, h) is a weakly conformal map with constant dilation λ, then it follows that

τ_p(φ) = |dφ|^{p−2} [τ_2(φ) + (p − 2)dφ(grad ln |λ|)] = |dφ|^{p−2} τ_2(φ).

This, together with Theorem 1.2 shows that φ is a p-harmonic morphism for any p, which completes the proof of 2). Therefore, we obtain Theorem 3.1. □

Remark 3.4. 1) For p = 2, our Theorem 3.1 gives exactly B. Fuglede’s classification Theorem 1.2 for harmonic morphisms between Riemannian manifolds of equal dimensions. 2) It is also clear that our Theorem 3.1 generalizes Manfredi and Vespri’s results (Theorem 1.3) which gave a partial classification of p-harmonic morphisms between domains of a Euclidean space.

From Theorem 3.1 we can easily deduce the following two corollaries.

Corollary 3.5. Two Riemannian metrics g and h on the same manifold M determine the same p-harmonic sheaf on M (that is, the same p-harmonic functions on open subsets of M) if and only if they are conformally related, i.e., h = λ^2g, with a constant λ > 0 in case dim M ≠ p.

Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms 643

Corollary 3.6. a) A non-constant map φ : M^2 −→ N^2 between two Riemann surfaces is a p-harmonic morphism if and only if:

(i) for p = 2, φ is holomorphic or anti-holomorphic; (ii) for p ≠ 2, φ is a homothety.

b) For n ≥ 3, any non-constant p-harmonic morphism with 1 < p < ∞ from a domain of R^n into R^n is the restriction of a Möbius transformation.

4. Constructions of p-harmonic morphisms

In this section, we will use the following composition theorem to construct examples of pharmonic morphisms which are not harmonic morphisms.

Theorem 4.1. Let φ : (M^m, g) −→ (N^n, h) (n ≥ 2) be a horizontally homothetic harmonic map, and let φ_1 : (P^m, g_1) −→ (M^m, g) and φ_2 : (N^n, h) −→ (Q^n, h_2) be weakly conformal maps. Then φ ∘ φ_1 : (P^m, g_1) −→ (N^n, h) is an m-harmonic morphism, and φ_2 ∘ φ : (M^m, g) −→ (Q^n, h_2) is an n-harmonic morphism.

Proof. It follows from [22] that a horizontally homothetic harmonic map φ is also a pharmonic morphism for p ≠ 2. Hence it is a p-harmonic morphism for any p ∈ (1, ∞) by Corollary 2.3. From this and Corollary 2.5 we get Theorem 4.1. □ As a consequence, we have:

Corollary 4.2. Let φ : (M^m, g) −→ (N^n, h) (n ≥ 2) be a horizontally homothetic harmonic map with dilation λ_1. Let i_1 : (M^m, (λ_2 ∘ φ)^{−2}g) −→ (M^m, g) (resp. i_2 : (N^n, h) −→ (N^n, λ^2h)) be the identity map on M (resp. N), where λ_2 : N −→ (0, ∞) be a non-constant function. Then,

(i) φ_1 = φ ∘ i_1 is an m-harmonic morphism which is not a harmonic morphism, (ii) φ_2 = i_2 ∘ φ is an n-harmonic morphism which is not a harmonic morphism.

Proof. For Statement (i), we first note that φ_1 is an m-harmonic morphism by Theorem 4.1. The dilation of φ_1 is λ_1(λ_2 ∘ φ), since h(dφ_1(X), dφ_1(Y )) = λ_1^2g(di_1(X), di_1(Y )) = λ_1(λ_2∘φ)^2g(X, Y ) for any horizontal vector fields X and Y . To show that φ_1 is not a harmonic morphism is equivalent to check that it is not horizontally homothetic by (1). To see this, it is enough to show that there is a horizontal vector field X such that X(λ_1(λ_2 ∘ φ)) ≠ 0 at some point. Now λ_2 is not constant by our choice, there exists a vector field Y on N such that Y (λ_2) does not vanish identically. We notice that φ is submersive, and it is well known (cf. e.g. [2]) that there is a horizontal vector field X on M which is φ-related to Y i.e. dφ(X) = Y . It follows that X(λ_1(λ_2 ∘ φ)) = λ_1d(λ_2 ∘ φ)(X) = λ_1dφ(X)(λ_2) = λ_1Y (λ_2), which is not identically zero by the assumption on λ_2 and the choice of Y . Therefore, φ_1 is not horizontally homothetic and hence it can not be a harmonic morphism. The proof of statement (ii) is similar and is omitted. □

Since the Hopf fibration S^{2n−1} −→ S^n (n = 2, 4, or 8) is a harmonic morphism with constant dilation (hence a horizontally homothetic harmonic map) we get:

644 Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms

Proposition 4.3. For n = 2, 4 or 8, the composition of any weakly conformal map of S^{2n−1} or of S^n with the Hopf fibration S^{2n−1} −→ S^n is a p-harmonic morphism with p = 2n − 1 or n. In particular, the Hopf fibration H : S^{2n−1} −→ S^n becomes a p-harmonic morphism for p = 3, 7, 15, 4 or 8 which is not a harmonic morphism after a suitable conformal change of the standard metric on the domain or target sphere is made.

Example 4.4. We identify (S^3, g_3) with (R̂^3,^4_{(1+|u|2)2}

�_{i=3} i=1 du_i^2) through stereographic projection, then it is not difficult to check that σ : (S^3, g_3) −→ (S^3, g_3) given by σ(u_1, u_2, u_3) = (u_1 − u_2, u_1 + u_2, √ 2u_3) is a conformal diffeomorphism such that σ^∗g_3 = e^{2ψ}g_3, where ψ =^1_2 ln{^{2(1+}

P_{i=3i=1 u2i )2}

(1+2 P^{i=3}_{i=1} u^2_i )^2 }. Then by Proposition 4.3 we have a 3-harmonic morphism H ∘ σ :

(S^3, g_3) −→ (S^2, g_2). Using Corollary 4.2 we see that the Hopf fibration H : (S^3, (λ_2 ∘ H)^2g_3) −→ (S^2, g_2) is a 3-harmonic morphism which is not a harmonic morphism for any non-constant function λ_2 : S^2 −→ (0, ∞).

Remark 4.5. Note that in their effort to construct non-trivial (i.e., not harmonic) examples of p-harmonic morphisms, the authors in [8] start with a horizontally weakly conformal map ϕ : (S^3, g_3) −→ (S^2, g_2) given by

(cos se^{ia}, sin se^{ib}) −→ (cos α(s), sin α(s)e^{i(ka+lb)}),

where the function α(s) is chosen such that ϕ is horizontally weakly conformal, where s ∈ [0, π/2], a, b ∈ [0, 2π[. Then they reduce the partial differential equations for p-harmonic map to an ordinary differential equation which is solved to produce p-harmonic morphisms ϕ : (S^3,

�_{sin α}

sin^2 2s

�_{2(p−2)/(p−3)} (k^2 sin^2 s + l^2 cos^2 s)^{(p−1)/(p−3)}g_3) −→ (S^2, g_2). Notice that in their examples, if p ≠ 2 then the metric, and hence the map, is not globally defined. By comparison, our examples are globally defined 3-harmonic morphisms (S^3, g_3) −→ (S^2, g_2).

Example 4.6. Let F : R^4 × R^4 −→ R^4 denote the standard multiplication in the real algebra of quaternionic numbers. It is proved in [3] that this harmonic morphism restricts to a harmonic morphism f : S^3 × S^3 −→ S^3, where the target sphere is given the standard metric g_3 and the domain manifold is given the product metric g_3 ⊗ g_3. One can check that the map f is non-trivial, i.e., it is not a projection, and that it has dilation λ = √ 2. Let σ : (S^3, g_3) −→ (S^3, g_3) be given as in Example 4.4. Then, by Theorem 4.1, we have a submersive 3-harmonic morphism between compact manifolds: σ ∘ f : (S^3 × S^3, g_3 ⊗ g_3) −→ (S^3, g_3). Here, p = n = 3, hence it follows from [23] that all the fibres of σ ∘ f are minimal submanifolds of (S^3 ×S^3, g_3 ⊗g_3). Therefore σ ∘f determines a conformal foliation of S^3 ×S^3 with minimal leaves.

Using a result of N. H. Kuiper [20] on the existence of a conformal immersion from a simply connected, conformally flat manifold (M^n, g) into the standard sphere S^n we have:

Corollary 4.7. For n = 2, 4 or 8, there exist (2n−1)-harmonic morphisms from any simply connected, conformally flat space (M^{2n−1}, g) into the standard sphere S^n. There also exist n-harmonic morphisms from S^{2n−1} into any simply connected, conformally flat space (M^n, g).

Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms 645

To construct more examples of p-harmonic morphisms which are not harmonic morphisms, we first note that for k ≤ n, the map ρ : R^n −→ R^k given by ρ(x) = λAx+b with λ ∈ (0, ∞), b ∈ R^k and A a (k × n)-matrix satisfying AA^t = Id_k is a p-harmonic morphism for any p. On the other hand, we know that the stereographic projection P : S^n\{N} −→ R^n is a conformal map. Therefore, we have:

Example 4.8. 1) The map ρ ∘ P : S^n\{N} −→ R^k is an n-harmonic morphism for n ≥ 3, where P denotes the stereographic projection and ρ the map defined above. In particular, φ : S^4 \ {N} −→ R^2 with

φ(x) = (1 − x_5)^{−1} (x_1 + 2x_2 + 3x_3 − 2x_4, −2x_1 + x_2 + 2x_3 + 3x_4)

is a 4-harmonic morphism.

2) The map P^{−1} ∘ ρ : R^n −→ S^k is a k-harmonic morphism for k ≥ 3, where P^{−1} denotes the inverse of the stereographic projection and ρ the map defined above. In particular, for ρ : R^4 :−→ R^3 with ρ(x_1, x_2, x_3, x_4) = (x_1 − x_3, x_1 + x_3, x_2 + x_4) and P^{−1} : R^3 −→ S^3 the inverse of the stereographic projection, we have a 3-harmonic morphism R^4 −→ S^3 given by

φ(x_1, x_2, x_3, x_4) = ν^{−1}(2x_1 − 2x_3, 2x_1 + 2x_3, 2x_2 + 2x_4, ν − 2),

where ν = 1 + 2x^2_1 + 2x^2_3 + (x_2 + x_4)^2.

Example 4.9. Let π : R^n × R^k −→ R^n be an orthogonal projection, σ_n : R^n −→ R^n be a weakly conformal map. Then σ ∘ π is an n-harmonic morphism.

Finally, we remark that there are several other classes of horizontally homothetic harmonic maps (see e.g. [1], [14]) including Riemannian submersions with minimal fibers and the radial projection R^{n+1}\{0} −→ S^n which can be used to construct non-trivial p-harmonic morphisms.

Acknowledgements. Both authors wish to express their thanks to Professors J. C. Wood and E. Loubeau for their interest and some valuable comments on this work. We also thank Professors E. Loubeau and X. Mo for sending us copies of their recent papers related to this work. The authors wish to thank the referee for some invaluable suggestions and comments which helped the final version of this article.

References

[1] Baird, P.: Harmonic maps with symmetry, harmonic morphisms and deformation of metrics. Research Notes in Math. 87, Pitman 1983. Zbl 0515.58010 [2] Baird, P.; Gudmundsson, S.: p-Harmonic maps and minimal submanifolds. Math. Ann.

294 (1992), 611–624. Zbl 0757.53031 [3] Baird, P.; Ou, Y.-L.: Harmonic maps and morphisms from multilinear norm-preserving mappings. Internat. J. Math. 8(2) (1997), 187–211. Zbl 0885.58013

646 Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms

[4] Baird, P.; Wood, J. C.: Bernstein theorems for harmonic morphisms from R^3 and S^3.

Math. Ann. 280 (1988), 579–603. Zbl 0621.58011 [5] Baird, P.; Wood, J. C.: Harmonic morphisms between Riemannian manifolds. London Math. Soc. Monogr. (N.S.) 29, Oxford Univ. Press 2003. Zbl pre02019737 [6] Bernard, A.; Campbell, E. A.; Davie, A. M.: Brownian motions and generalized analytic and inner functions. Ann Inst. Fourier (Grenoble) 29(1) (1979), 207–228 . Zbl 0386.30029 [7] Burel, J. M.; Gudmundsson, S.: On the geometry of the Gauss map of conformal foliations by lines. Preprint 2002.

[8] Burel, J.M.; Loubeau, E.: p-harmonic morphisms: the 1 < p < 2 case and some nontrivial examples. Contemp. Math. 308 (2002), 21–37. Zbl 1021.58009 [9] Duzaar, F.; Fuch, M.: Existence and regularity of functions which minimize certain energies in homotopy classes of mappings. Asymptotic Anal. 5 (1991), 129–144 . Zbl 0771.49016 [10] Eells, J.; Lemaire, L.: A report on harmonic maps. Bull. London Math. Soc. 10 (1978), 1–68. Zbl 0401.58003 [11] Eells, J.; Lemaire, L.: Selected topics in harmonic maps. CBMB Regional Conf. Ser. in Math. Vol. 50, Amer. Math. Soc., Providence, R. I. 1983. Zbl 0515.58011 [12] Eells, J.; Lemaire, L.: Another report on harmonic maps. Bull. London Math. Soc. 20 (1988), 385–524. Zbl 0669.58009 [13] Fuglede, B.: Harmonic morphisms between Riemannian manifolds. Ann. Inst. Fourier (Grenoble) 28 (1978), 107–144. Zbl 0339.53026 [14] Gudmundsson, S.: The geometry of harmonic morphisms. Ph.D. thesis, University of Leeds 1992.

[15] Gudmundsson, S.: The bibliography of harmonic morphisms.

http://www.maths.lth.se/matematiklu/personal/sigma/harmonic/bibliography.html. [16] Habermann, L.: Riemannian metrics of constant mass and moduli spaces of conformal structures. LUM 1743, Springer-Verlag, Berlin, Heidelberg 2000. Zbl 0964.58008 [17] Hardt, R.; Lin, F. H. Mappings minimizing the L^p-norm of the gradient. Comm. Pure Appl. Math. 40 (1987), 555–588. Zbl 0646.49007 [18] Ishihara, T.: A mapping of Riemannian manifolds which preserves harmonic functions.

J. Math. Kyoto Univ. 19(2) (1979), 215–229. Zbl 0421.31006 [19] Jin, H.; Mo, X.: On submersive p-harmonic morphisms and their stability. Contemp.

Math. 308 (2002), 205–209. Zbl 1021.58010 [20] Kuiper, N.H.: On conformally flat spaces in the large. Ann. Math. 50 (1949), 916–924. Zbl 0041.09303 [21] Levy, P.: Processus stochastiques et mouvement Brownien. Gauthier-Villard, Paris 1948. Zbl 0034.22603 [22] Loubeau, E.: On p-harmonic morphisms. Differ. Geom. Appl. 12 (2000), 219–229. Zbl 0966.58009

Y. Ou, S. W. Wei: A Classification and some Constructions of p-harmonic Morphisms 647

[23] Loubeau, E.: The Fuglede-Ishihara and Baird-Eells theorems for p > 1. Contemp. Math.

288 (2001), 376–380. Zbl 1010.58012 [24] Luckhaus, S.: Partial Hölder continuity for energy minimizing p-harmonic maps between Riemannian manifolds. Indiana Univ. Math. J. 37 (1988), 349–367. Zbl 0641.58012 [25] Manfredi, J.; Vespri, V.: n-harmonic morphisms in space are Möbius transformations.

Michigan Math. J. 41 (1994), 135–142. Zbl 0801.31004 [26] Mo, X.: The geometry of conformal foliations and p-harmonic morphisms. Math. Proc.

Camb. Philos. Soc. 135 (2003), 321–334. Zbl pre02063962 [27] Schoen, R.; Yau, S. T.: Lectures on harmonic maps. Conference Proceedings and Lecture Notes in Geometry and Topology. II, Internat. Press, Cambridge, MA, 1997. Zbl 0886.53004 [28] Takeuchi, H.: Some conformal properties of p-harmonic maps and regularity for spherevalued p-harmonic maps. J. Math. Soc. Japan 46 (1994), 217–234. Zbl 0817.58011 [29] Takeuchi, H.: Stability and Liouville theorem of p-harmonic maps. Japan J. Math. (N. S.)

17 (1991), 317–332. Zbl 0754.58009 [30] Wei, S. W.: Representing homotopy groups and spaces of maps by p-harmonic maps.

Indiana Univ. Math. J. 47(2) (1998), 625–670. Zbl 0930.58010 [31] Wei, S. W.; Yau, C. M.: Regularity of p-energy minimizing maps and p-superstrongly unstable indices. J. Geom. Analysis 4(2) (1994), 247–272. Zbl 0851.58014

Received March 27, 2003; revised version March 4, 2004