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Abstract. In the present paper we study extrinsic symmetric CR-structures on the
manifolds of complete flags Gu/T relating some of them with the inner symmetric
spaces Gu/K. We show that the maximum possible CR-dimension of any extrinsic
symmetric CR-manifold Gu/T cannot be larger than half the maximal dimension
of the inner symmetric spaces Gu/K. The CR-dimension can be this number and
in this case, the holomorphic tangent space is the tangent space of Gu/K (at some
point).
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1. Introduction

The study of the diverse forms in which the classical definition of a symmetric space can
be generalized, is of interest in Differential Geometry. In [10] the authors introduced the
definition of symmetric Cauchy-Riemann manifolds as a very natural way to generalize the
notion of symmetry to the category of CR-spaces. They notice that in this case is not
adequate to maintain the usual requirement that the points of the manifold are isolated
fixed points of the symmetries associated to them. This has the effect of producing a large
collection of spaces with many new and interesting features that deserve to be studied.

In the paper [11] it was observed that it is very natural to extend to symmetric CR-spaces
the geometric notion of extrinsic symmetric submanifold given by D. Ferus in [7] and many
examples from [10] were shown to have this property.
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In the present paper we intent to initiate a more systematic study of extrinsic symmet-
ric CR-manifolds which could provide new examples and at the same time describe some
interesting subfamilies.

Our previous study of normal sections on the natural embedding of the flag manifolds
Gu/T (Gu a connected compact simple Lie group and T a maximal torus in Gu) led us natu-
rally to consider the possible extrinsic symmetric CR-structures admitted by these manifolds
in their natural embeddings. This turns out to be an interesting problem which seems to
have important connections to other geometric features of these manifolds.

Our initial motivation for considering these simple spaces was to describe an elementary
family of examples, but it turns out that the existence or not of extrinsic symmetric CR-
structures on these spaces is a non-trivial question. This question is related to the existence
of real projective subspaces in the variety of planar normal section associated to the natural
embeddings of these submanifolds. This is a central point of the present paper giving rise to
the proof of the main results (Theorem 8 and Corollary 9).

The paper is organized as follows. In Section 2 we present the basic facts required in
our work. In Section 3 we study the almost CR-structures on the manifold of complete flags
M = Gu/T for which the natural action of Gu on M is via CR-diffeomorphisms. This seems
to be the most natural way to relate quotient and CR-structures on M . In Theorems 1 and
5 we characterize these structures. This leads naturally to consider the tangent spaces to
symmetric spaces Gu/K as candidates to holomorphic tangent spaces of CR-structures on
M . The main result of this section, Theorem 6, shows that only interior symmetric spaces
are fit to do that.

In Section 4, for a natural embedding j of Gu/T in gu, we study conditions related to
the existence of certain CR-structures on M . We may consider j as the inclusion and as in
[11] we say that an almost Hermitian symmetric CR-structure on M is extrinsic symmetric
if for each y ∈ M the symmetry σy of M extends to an isometry ϕy of gu such that (ϕy)∗|y
is the identity on TyM

⊥. We relate some extrinsic symmetric CR-structures on Gu/T with
the inner symmetric spaces Gu/K. Finally, Theorem 8 shows that the maximum possible
CR-dimension of any extrinsic symmetric CR-manifold Gu/T cannot be larger than half
the maximal dimension of the inner symmetric spaces Gu/K. It also shows that in those of
maximal CR-dimension, the holomorphic tangent space is in fact the tangent space (at some
point) of the inner Gu/K of maximal dimension.

2. Necessary facts

This section contains the definitions and facts from [10], [8] and [12] which are needed in the
rest of the paper.

2.1. SCR-spaces

Let M be a connected finite dimensional real manifold (C∞ or analytic) and denote by
Tx (M) the tangent space at the point x ∈ M. An almost Cauchy-Riemann structure or an
almost CR-structure is the assignation, to every x ∈ M, of a linear subspace Hx ⊂ Tx (M)
and a complex structure Jx on Hx in such a way that the subspace Hx and the complex
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structure Jx depend differentially on x. This dependence means that every point x ∈ M
has a neighborhood U ⊂ M and for each y ∈ U a linear endomorphism Jy of Ty (M) such
that

(
−J2

y

)
is a projection from Ty (M) onto Hy with J2

yX = −X for every X ∈ Hy and
Jy depending smoothly on y ∈ U. Thus all the subspaces Hx have the same dimension.
A connected differentiable manifold with an almost CR-structure is called an almost CR-
manifold.

A smooth map ϕ : M → N between two almost CR-manifolds is called a CR-map
if for every y ∈ M the derivative ϕ∗|y : Ty (M) → Tϕ(y) (N) maps the complex subspace
Hy (M) complex linearly into Hϕ(y) (N) . Then it makes sense to consider CR-diffeomorphisms
between almost CR-manifolds.

Let us assume now that we have on M a Riemannian metric and let 〈, 〉y denote the
corresponding scalar product in Ty (M). We shall say that M is an almost Hermitian CR-
manifold if for every y ∈ M and every X,Z ∈ Hy

〈JyX, JyZ〉y = 〈X, Z〉y .

Let M be an almost Hermitian CR-manifold and let σ : M → M be an isometric CR-
difeomorphism. In [10], the map σ is called a symmetry at the point y ∈ M if y is a
(not necessarily isolated) fixed point of σ and its derivative σ∗|y restricted to the subspace

H−1
y ⊕ Hy ⊂ Ty (M) coincides with (−Id) . For the definition of H−1

y see [10, p. 151]. The
almost CR-manifold M is called minimal if H−1

y = 0 for all y ∈ M .
A connected almost Hermitian CR-manifold M is called a symmetric almost Hermitian

CR-manifold if there is a symmetry at each point y ∈ M. It can be proved that there is
at most one symmetry at each point of M and also that the group I (M) , of all isometric
CR-diffeomorphisms of M, is a Lie group ([10, p. 152]).

2.2. The manifold of complete flags

Let G be a simply connected, complex, simple Lie group and let g be its Lie algebra. Let
h be a Cartan subalgebra of g and ∆ = ∆ (g, h) the root system of g relative to h. We may
write

g = h⊕
∑

γ∈∆+

(gγ ⊕ g−γ)

where ∆+ indicates the set of positive roots with respect to some order. Let us consider in
g the Borel subalgebra

b = h⊕
∑

γ∈∆+

g−γ.

Let B be the analytic subgroup of G corresponding to the subalgebra b. B is closed and its
own normalizer in G. The quotient space M = G/B is a complex homogeneous space called
the manifold of complete flags of G.

Let π = {α1, ..., αn} ⊂ ∆+ be the system of simple roots. We may take in g a Weyl basis
[8, III, 5] {Xγ : γ ∈ ∆} and {Hβ : β ∈ π} . The following set of vectors provides a basis of a
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compact real form gu of g. 
Uγ = 1√

2
(Xγ −X−γ) γ ∈ ∆+

U−γ = i√
2
(Xγ + X−γ) γ ∈ ∆+

iHβ β ∈ π.

(1)

We shall denote by hu the real vector space generated by {iHβ : β ∈ π} and by mγ that of
{Uγ, U−γ} . Then we may write

gu = hu ⊕
∑

γ∈∆+

mγ = hu ⊕m. (2)

Let Gu be the analytic subgroup of G corresponding to gu. Gu is compact simply connected
and acts transitively on M which can be written as M = Gu/ (Gu ∩B) . The subgroup
T = Gu ∩ B = exp hu is a maximal torus in Gu. The manifold M is then a compact simply
connected complex manifold.

Let E ∈ gu be a regular element [8]. We want to consider the orbit of E by the adjoint
action of Gu on gu, i.e. Ad (Gu) E = {Ad (g) E : g ∈ Gu}. It is clear that the isotropy
subgroup of the point E is precisely T and we have a natural embedding of M in gu. We
may take in gu the inner product given by the opposite of the Killing form and therefore, the
induced Riemannian metric on M by the embedding j : M → gu is invariant by the action
of Gu. This is the manifold of complete flags for the given Lie group Gu. Then

M = Gu/T

is the orbit of the regular element E ∈ gu whose tangent and normal spaces at E are

TE(M) = [gu, E] = [m, E] = m and TE (M)⊥ = hu.

3. Gu-invariant CR-structures

We shall say that an almost CR-structure on the manifold of complete flags M = Gu/T is
Gu-invariant if the natural action of Gu on M is via isometric CR-diffeomorphisms of M,
i.e. Gu ⊂ I(M).

Our purpose now is to study Gu-invariant almost CR-structures on M. With similar
methods to those used in [10] one can obtain the following characterization of those subspaces
of the tangent space TE(M) = m which are holomorphic tangent spaces at E of some Gu-
invariant almost CR-structures on M.

Theorem 1. Set M = Gu/T = Ad(Gu)E.
(i) If M has a Gu-invariant almost CR-structure then the holomorphic tangent space HE ⊂

TE(M) and the almost complex structure JE in HE, are Ad(T )-invariant.

(ii) If H is an Ad(T )-invariant subspace of TE(M) and J is an endomorphism of H such
that J2 = −Id and Ad (g) JZ = JAd (g) Z for every Z ∈ H and g ∈ T, then M has a
Gu-invariant almost CR-structure where HE(M) = H and JE = J. �
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This fact motivates the study of the subspaces of m = TE(M) which are Ad(T )-invariant.
If A ∈ hu it is easy to see that, for each γ ∈ ∆+,

[A, Uγ] = −γ(iA)U−γ ; [A, U−γ] = γ(iA)Uγ (3)

and therefore mγ is an ad(hu)-invariant subspace of m. It follows that mγ is also Ad(T )-
invariant and so, if

H =
∑
γ∈∆∗

mγ , with ∆∗ ⊂ ∆+

then H is Ad(T )-invariant.
Our next objective is to show that every Ad(T )-invariant subspace of m is precisely of

this form. This important fact may be known but we do not know any adequate reference.
Our proof will be divided in the following steps.

Lemma 2. There exists E∗ ∈ hu such that γ(iE∗) > 0 for each γ ∈ ∆+ and γ(iE∗) 6= β(iE∗)
for every pair of different roots γ, β in ∆+.

Proof. Let µ =
∑

njαj be the highest root of g where π = {α1, ..., αn} ⊂ ∆+ is the set of

simple roots. Let {v1, . . . , vn} be the Wolf basis of hu [14], defined by αj(vk) =
δj,k

nk
, 1 ≤

j, k ≤ n.
Each γ ∈ ∆+ can be written as γ =

∑
hαj

(γ)αj where 0 ≤ hαj
(γ) ≤ nj. Let s > 6 be a

fixed natural number and set

iE∗ =
n∑

j=1

sjnjvj.

Then, if γ ∈ ∆+,

γ(iE∗) =
n∑

j=1

sjhαj
(γ) > 0.

Therefore γ(iE∗) = β(iE∗) is equivalent to

n∑
j=1

sjhαj
(γ) =

n∑
j=1

sjhαj
(β).

By our choice of the number s, both sides of this equality represent the s-adic expression of
the same integer. Consequently hαj

(γ) = hαj
(β), 1 ≤ j ≤ n, and therefore γ = β. �

Lemma 3. Let V be a real subspace of m supporting an irreducible representation of the
abelian Lie algebra hu via the adjoint representation. For each A ∈ hu, set ϕA = ad(A)|V .

(i) If 0 is an eigenvalue of ϕA then ϕA = 0.

(ii) dimR(V) = 2.

Proof. (i): Since hu is abelian, ϕAϕB = ϕBϕA for every B ∈ hu. Then {0} 6= KerϕA is ad(hu)-
invariant and so KerϕA = V.

(ii): To simplify our notation we denote by r = |∆+|, ∆+ = {γ1, ..., γr}, mj = mγj
, and

Bj =
{
Uγj

, U−γj

}
. Then m =

∑r
j=1 mj.
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Let E∗ be an element given by Lemma 2. The real numbers bj = γj(iE
∗) are non-zero

and pairwise different and if

Rj =

[
0 bj

−bj 0

]
then, by (3), the matrix of the transformation ad(E∗) on the basis

⋃r
j=1 Bj is given by

diag {R1, ..., Rr} and so its characteristic polynomial, which is a product of different irre-
ducible factors, is

p(x) =
r∏

j=1

(x2 + b2
j).

Since V is ad(E∗)-invariant so is V⊥ (orthogonal complement with respect to the Killing
form) and then, the characteristic polynomial p∗(x) of ϕE∗ divides p(x). By reordering the
factors, if necessary, we may write for some 1 ≤ s ≤ r,

p∗(x) =
s∏

j=1

(x2 + b2
j).

Since ϕE∗ is a skew-symmetric transformation of V (with respect to de Killing form), there
exists some basis of V, say

⋃s
j=1Qj, where Qj = {v1,j, v2,j} generates a two dimensional

ϕE∗-invariant subspace Vj such that the matrix of the restriction of ϕE∗ to Vj in the basis
Qj is Rj.

Let us consider in particular the subspace V1. For each A ∈ hu, we have

ϕE∗ϕAv1,1 = ϕAϕE∗v1,1 = −b1ϕAv2,1,

ϕE∗ϕAv2,1 = ϕAϕE∗v2,1 = b1ϕAv1,1

and therefore the subspace

WA = SpanR {ϕAv1,1, ϕAv2,1} = ϕA(V1)

is ϕE∗-invariant. We have then two possibilities either dim WA <2 or dim WA = 2.
In the first case, it is easy to see that there exist real numbers a1 and a2 such that

v = a1v1,1 + a2v2,1 6= 0 and ϕAv = 0. From (i), ϕA = 0 and in this case V1 is ϕA-invariant.
On the other hand, when dim WA = 2, we consider the ϕE∗-invariant subspace UA =

V1 ∩WA whose dimension is 0 ≤ u ≤ 2.
If u = 0 there is a subspace Z and a basis in m such that m = V1 ⊕WA ⊕ Z and ϕE∗ is

represented in this basis by the matrix R1 0 0
0 R1 0
0 0 ∗

 .

Therefore (x2 + b2
1)

2 divides p(x) which is impossible.
If u = 1 there exists v 6= 0 in UA such that ϕE∗(v) = cv which is also impossible since

ϕE∗ has no eigenvalues in V1. Then u = 2 yielding V1 = WA and so V1 is also in this case
ϕA-invariant.

We conclude that V1 is ad(hu)-invariant and therefore V1 = V. �
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Lemma 4. If V is a real bidimensional ad(hu)-invariant subspace of m then there exists
γo ∈ ∆+ such that V = mγo .

Proof. Let us take X =
∑

γ∈∆+
X

Xγ 6= 0 in V where Xγ = aγUγ + bγU−γ 6= 0 in mγ for each

γ ∈ ∆+
X . Let γo be a fixed element in ∆+

X and we consider E ∈ hu such that M = Ad(G)E.

Since V is an ad(hu)-invariant subspace of m and Ker(ad(E)) = TE (M)⊥ = hu, it follows
that Y = [E, X] ∈ V is different from zero. Due to the skew-symmetry of the transformation
ad(E), the vectors Y and X are orthogonal with respect to the Killing form and therefore

V = Span{X,Y }.

By (3), for each A ∈ hu we have the following vectors of V, YA =[A, X]=
∑

γ∈∆+
X

γ(iA)(bγUγ−
aγU−γ) and

ZA = [A, YA] =
∑

γ∈∆+
X

(γ(iA))2(−aγUγ − bγU−γ).

It is easy to see that ZA and Y are orthogonal, then ZA = cAX with cA ∈ R and therefore
(γ(iA))2 = −cA for every γ ∈ ∆+

X . Then

(γ(iA))2 = (γo(iA))2, ∀ γ ∈ ∆+
X .

The last identity holds for every A ∈ hu, in particular for the element E∗ given by Lemma 2
and consequently ∆+

X = {γo} and X, Y ∈ mγo . Then V = mγo . �

Theorem 5. If V is an Ad(T )-invariant real subspace of m then there exists ∆∗ ⊂ ∆+ such
that V =

∑
γ∈∆∗ mγ.

Proof. Let us consider V = ⊕Vj where each Vj is supporting an irreducible representation of
T via the adjoint one. So, each Vj is supporting an irreducible representation of the abelian
Lie algebra hu via the adjoint one. By Lemma 3 each Vj has real-dimension 2 and Lemma
4 guaranties the existence of γj ∈ ∆+ such that Vj = mγj

. �

This theorem gives a complete characterization of those subspaces of m = TE(Gu/T ) which
are Ad(T )-invariant. Each one of these subspaces admits Ad(T )-invariant complex structures.
Since here V =

∑
γ∈∆∗ mγ we may take on each mγ (γ ∈ ∆∗) the canonical complex structure

given by J(Uγ) = U−γ and J(U−γ) = −Uγ which is Ad(T )-invariant by the identities in (3).
Our next objective is to relate the subspaces of m which may give rise to Gu-invariant al-

most CR-structures on M = Gu/T with those subspaces that are tangent spaces of symmetric
spaces of type Gu/K.

Associated to our simple group Gu we have its family of symmetric spaces of type I [8,
p. 518] and among them, those which are inner, i.e. the spaces in which the symmetry at
each point belongs to the group Gu. These are, among all symmetric spaces, the only ones
that are related (in a way to be described bellow) with our purpose. It is well-known that
each one of the simple groups gives rise to at least one of these symmetric spaces. They are
those of the form Gu/K, where K is a subgroup of maximal rank in Gu. The ones which are
not inner in the list in [8, p. 518] are AI, AII, BDI (p + q = 2n, p odd, 1 ≤ p ≤ n), EI and
EIV.
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By conjugating K, if necessary, we may assume that K contains T .
It is known, (see [5, p.226]) that if Gu/K is an inner symmetric space, then V = T[K]Gu/K

is the form V =
∑

γ∈∆∗ mγ for some ∆∗ ⊂ ∆+. Moreover, there exists a root γ∗ ∈ π such
that

V =
∑

γ∈∆∗ mγ, where ∆∗ = {γ ∈ ∆+ : hγ∗(γ) = 1} . (4)

In fact, when Gu/K is an Hermitian symmetric space γ∗ is one of the simple roots such
that hγ∗(µ) = 1, where µ is the highest root of g. For each one of the non-Hermitian inner
symmetric spaces Gu/K of type I , the root γ∗ is indicated in the following table according
to the notation in [8, p. 477 and 518].

BDI (∗) p, q even α p
2

; EII α2 ; EIX α8

p odd α q
2

; EV α2 ; FI α1

q odd α p
2

; EV I α1 ; FII α4

CII αp ; EV III α1 ; G α2

(∗) The groups SO (p + q) and SO (p)× SO (q) have the same rank only when pq is even.
Therefore, all tangent spaces at [K] of an inner symmetric space of type Gu/K are

Ad(T )-invariant.
On the other hand, the tangent spaces at [K] of the outer symmetric spaces cannot give

rise to Gu-invariant CR-structures on M = Gu/T because they are not Ad(T )-invariant as
we show now.

Maintaining the notation in Subsection 2.2 we add the following. Let θ be the in-
volutive automorphism of gu giving rise to the symmetric space Gu/K. This produces a
decomposition gu = k ⊕ p where k is the Lie algebra of K, k = {X ∈ gu : θX = X} and
p = {X ∈ gu : θX = −X} = T[K]Gu/K.

AI. gu = su(n), θ(X) = X.

In this case k = so(n) and p is the space of symmetric n × n matrices of purely imaginary
entries and zero trace. So

T[K](Gu/K) =
∑

γ∈∆+

RU−γ

and then this tangent space is not Ad(T )-invariant.

AII. gu = su(2n), θ(X) = JnXJ−1
n where Jn =

[
0 In

−In 0

]
.

Then k = sp(n) and p =

{[
A B
B −A

]
: A ∈ su(n), B ∈ so(n,C)

}
.

From this follows that Uα1 − Uαn+1 ∈ p but Uα1 /∈ p and Uαn+1 /∈ p.

BDI. In these spaces, T[K]Gu/K is not Ad(T )-invariant because its dimension is the odd
number pq.

In the next two spaces, the simple roots used, correspond to the Dynkin diagram for the
algebra e6 indicated in [8, p. 477].

EIV. The space (e6(−78), f4(−52)) is obtained from an automorphism θ of e6 induced by the
automorphism of the Dynkin diagram which interchanges the roots α1 and α6, α3 and α5

and fixes the roots α2 and α4.
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In terms of the basis of the algebra e6 defined in [8, p. 482, Prop. 4.1] the following
vectors generate the subalgebra f4 in e6 such that f4(−52) = k,

Hβ1 = Hα1 + Hα6 Hβ2 = Hα3 + Hα5 Hβ3 = Hα4 Hβ4 = Hα2

Xβ1 = Xα1 + Xα6 Xβ2 = Xα3 + Xα5 Xβ3 = Xα4 Xβ4 = Xα2

X−β1 = X−α1 + X−α6 X−β2 = X−α3 + X−α5 X−β3 = X−α4 X−β4 = X−α2

denoting by {βj} a system of simple roots of f4 such that 2β1 +3β2 +4β3 +2β4 is the highest
one. (More details of this construction can be found in [8, p. 507, Ex.2, case 4]).

Since iHα1 is not an element in k = f4(−52) ⊂ e6(−78) and [Uα1 , U−α1 ] = iHα1 , then the
subspace mα1 is not contained in k. Similarly mα6 * k. On the other hand, one can see that
Uα1 +Uα6 ∈ k. Then there is not a subset of positive roots of e6, ∆∗, such that k =

∑
γ∈∆∗ mγ.

Therefore p is not Ad(T )-invariant either.

EI. This space is (e6(−78), sp(4)).

Let us call θo the automorphism that defines the symmetric space EIV. It is known that
(compare [13, p. 287]):

(i) There exists an element H in a Cartan subalgebra of f4(−52) ⊂ e6(−78) such that

θ = θoAd(exp H)

is the automorphism that defines the symmetric space EI.

(ii) In the compact symmetric space FI which is (f4(−52), sp(3) ⊕ su(2)) the subalgebra
sp(3) ⊕ su(2) is the fixed point set of ν = Ad(exp H) in f4(−52). Then sp(3) ⊕ su(2) is
the fixed point set of θ in f4(−52).

It is easy to see that, in terms of the simple roots {βj} mentioned above, the roots of f4
that are roots of the subalgebra c3 ⊕ a1 are those that are written only in terms of β2, β3

and β4 and the highest one. Therefore Uβ2 = Uα3 + Uα5 and U−β2 = U−α3 + U−α5 belong to
sp(3)⊕ su(2).

Let us assume now that k = {X ∈ gu : θX = X} =
∑

γ∈∆∗ mγ for some ∆∗ ⊂ ∆+(e6).
By definition of ν and (3), ν(mγ) = mγ for all γ ∈ ∆∗ and then mγ = θ(mγ) = θo(mγ) for
all γ ∈ ∆∗. Therefore

mγ is θo-invariant for all γ ∈ ∆∗. (5)

Since the space SpanR {Uβ2 , U−β2} ⊂ k, we have U±α3 , U±α5 ∈ k. Consequently the roots α3

and α5 are in ∆∗.
By the case of the space EIV we see that θo(U±α3) = U±α5 and from (5) we obtain a

contradiction that proves that p is not invariant.
The previous development could be summarized in the following result.

Theorem 6. The tangent space at [K] of the symmetric space Gu/K is the holomorphic
tangent space at the basic point E of some Gu-invariant almost CR-structures on Gu/T if
and only if Gu/K is an inner symmetric space. �
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4. Extrinsic CR-structures

In this section M = Gu/T = Ad(Gu)E will be always considered as a submanifold of gu

because we want to study extrinsic structures.

Theorem 7. Let Gu/K be an inner symmetric space such that K ⊃ T and let us consider
the space H = T[K](Gu/K) as a subspace of m (see (2)). Then M is a Gu-invariant minimal
almost Hermitian extrinsic symmetric CR-manifold whose holomorphic tangent space at the
basic point E is H and canonical complex structure JE in H given by ad(Ao) with an adequate
element Ao in hu.

Proof. The correspondence gT 7−→ Ad(g)E defines an isometric embedding of Gu/T onto
M ⊂ gu and so, by Theorem 6, M has a Gu-invariant almost CR-structure whose holomorphic
tangent space at the basic point E is H.

To the end of describing the endomorphism that defines the canonical complex structure
JE, from (4) we notice that there exists a root γ∗ ∈ π such that H =

∑
γ∈∆∗ mγ where

∆∗ = {γ ∈ ∆+ : hγ∗(γ) = 1}. Using the notation in Lemma 2 and calling αjo to γ∗ we define
an element Ao in hu by

iAo = −njovjo

which satisfies γ(iAo) = −1 ∀ γ ∈ ∆∗. From this and (3) we conclude that [Ao, Uγ] = U−γ

and [Ao, U−γ] = −Uγ. Therefore
JE = ad(Ao)|H .

Naturally, at the point x = Ad(g)E we have Hx = Ad(g)H and Jx = ad(Ad(g)Ao).
This CR-structure on M is easily seen to be Hermitian.
Since Gu/K is an inner symmetric space, the symmetry at the point [K] is given by an

element s ∈ K [13, p. 255, Th. 8.6.7]. Hence s belongs to the center of Ke, the identity
component of K (because Ke is the identity component of the fixed point set in Gu of the
automorphism g 7−→ sgs) and so s is contained also in our chosen torus T ⊂ K. Hence

σE = Ad(s)

defines a function from M to itself which is an involutive isometric CR-diffeomorphism fixing
the point E.

Since gu = k⊕H, k = Lie(K) = F (σE, gu) and H = F (−σE, gu) we see that this situation
is a particular case of the construction given in [10, p. 164] and σE is the symmetry of M at
E if and only if H−1

E ⊂ H. Let b be the subalgebra of gu generated by H. Then by [10, p. 165,
Prop. 6.2], b = H⊕ [H, H] (notice that in our situation the subalgebras a and b in [10, p. 165,
Prop. 6.2] coincide) and also M is a minimal almost Hermitian symmetric CR-manifold and
the inclusion H−1

E ⊂ H holds if and only if gu = hu + b. So in order to prove this equality it is
enough to show that A =

∑
γ∈(∆+−∆∗) mγ, the orthogonal complement of hu in k, is contained

in [H, H].
Let ε and ρ be elements of ∆+ such that ε− ρ ∈ ∆. We denote by

sgε−ρ =

{
1 if ε− ρ ∈ ∆+

−1 if ρ− ε ∈ ∆+
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and

|ε− ρ| =
{

ε− ρ if ε− ρ ∈ ∆+

ρ− ε if ρ− ε ∈ ∆+.

Let ε, ρ ∈ ∆+, ε 6= ρ. Then

[Uε, Uρ] = 1√
2

{
Nε,ρUε+ρ + sgρ−εNε,−ρU|ε−ρ|

}
[Uε, U−ρ] = 1√

2

{
Nε,ρU−(ε+ρ) + Nε,−ρU−|ε−ρ|

}
[U−ε, U−ρ] = 1√

2

{
N−ε,−ρUε+ρ + sgε−ρN−ε,ρU|ε−ρ|

}
.

(6)

(Here we understand that if ε ± ρ are not roots then the terms Nε,−ρU|ε−ρ|, Nε,ρUε+ρ, etc.,
vanish).

From [5, p. 227, 228, Remark 4.2, 4.3] we know that if γ ∈ ∆+ −∆∗ then there exist ε
and ρ in ∆∗ such that γ = ε + ρ or γ = ε− ρ.

(i) If γ = ε + ρ and ε− ρ /∈ ∆, by (6), we obtain that

Uγ =
√

2
Nε,ρ

[Uε, Uρ] ∈ [H, H]

U−γ =
√

2
Nε,ρ

[Uε, U−ρ] ∈ [H, H] .

When γ = ε− ρ and ε + ρ /∈ ∆ we reach a similar conclusion.

(ii) If ε + ρ ∈ ∆ and ε− ρ ∈ ∆, by using again (6), we can see that there exist nonzero real
constants c1 and c2 such that

[Uε, Uρ] = c1Uε+ρ + c2U|ε−ρ|
[U−ε, U−ρ] = −c1Uε+ρ + c2U|ε−ρ|

and so, if γ = ε + ρ (respectively γ = ε− ρ) we have that Uγ = 1
2c1
{[Uε, Uρ]− [U−ε, U−ρ]} ∈

[H, H] (respectively Uγ = 1
2c2
{[Uε, Uρ] + [U−ε, U−ρ]} ∈ [H, H]).

In analogous way, we can prove that U−γ ∈ [H, H] and therefore we conclude that A ⊂
[H, H] . Then this structure is minimal and M = Ad(Gu)E is a Gu-invariant minimal almost
Hermitian symmetric CR-manifold whose holomorphic tangent space and symmetry at E are
H and σE respectively. Since the structure is Gu-invariant, the symmetries, the holomorphic
tangent spaces and the almost complex operators at any other point are given by translation.

By definition the symmetry at any point is an extrinsic symmetry and then the proof is
complete. �

Remark 1. The extrinsic symmetries of the previous theorem are automorphisms of the
algebra gu.

Let us suppose now that M = Ad(Gu)E ⊂ gu is a Gu-invariant minimal almost Hermitian
extrinsic symmetric CR-manifold such that the extrinsic symmetries σx are automorphisms
of the algebra gu. Set k = F (σE, gu). If H denotes, as above, the holomorphic tangent space
at the basic point E then, since M is minimal, H = F (−σE, gu). Therefore gu = k ⊕ H

is a reductive decomposition ([k, H] ⊂ H) that satisfies [k, k] ⊂ k and [H, H] ⊂ k. If K is
the analytic subgroup of Gu whose Lie algebra is k then K has maximal rank. Since Gu

is simply connected, from [8, p. 209, Prop. 3.4] and [13, p. 255, Th. 8.6.7], Gu/K is an
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inner symmetric space with H = T[K](Gu/K) where the Gu-invariant metric is induced by
translation of the Killing form of gu restricted to H.

Remark 2. The previous comment indicates that if in Theorem 7 we also ask that the
extrinsic symmetries are automorphisms of the algebra gu, then the sufficient condition given
in that theorem, is also necessary.

This fact is not very surprising but it suggests an interesting problem which is to decide
whether or not all extrinsic symmetries come from automorphisms of the Lie algebra gu.
This seems to be a difficult problem for which we do not have yet a complete solution,
however we have obtained Theorem 8 that we feel is very interesting since, besides giving a
partial answer to this problem (Corollary 9), contains an inequality giving a bound of the
possible CR-dimensions of M.

To reach Theorem 8 we introduce new notation and some results needed in the proof.
The following table contains the list of the irreducible inner symmetric spaces of maximal

dimension for each simple Lie group Gu.

g name Gu/K dimGu/K

al AIII SU(l + 1)/S(U(k + 1)× U(k)) l = 2k 1
2
l(l + 2)

SU(l + 1)/S (U (k + 1)× U (k + 1)) l = 2k + 1 1
2
(l + 1)2

bl BDI SO(2l + 1)/SO(l + 1)× SO(l) l(l + 1)
cl CI Sp(l)/U(l) l(l + 1)
dl BDI SO(2l)/SO(l)× SO(l) l even l2

SO(2l)/SO(l + 1)× SO(l − 1) l odd l2 − 1
e6 EII E6/SU(6)Sp(1) 40
e7 EV E7/(SU(8)/Z2) 70
e8 EVIII E8/(Spin(16)/Z2) 128
f4 FI F4/Sp(3)Sp(1) 28
g2 G G2/SO(4) 8

We shall denote by d (Gu) the dimension dim (Gu/K) indicated in this table.
Let j : M → RN be an isometric embedding and p a point in M. Let us consider, in the

tangent space Tp (M) , a unit vector X and define an affine subspace of RN by

S (p, X) = p + Span
{

X, Tp (M)⊥
}

.

If U is a small enough neighborhood of p in M, then the intersection U ∩ S (p, X) can be
considered as the image of a C∞ regular curve γ (s) , parametrized by arc-length, such that
γ (0) = p, γ′ (0) = X. This curve is called a normal section of M at p in the direction of X
and it is pointwise planar at p if its first three derivatives γ′ (0) , γ′′ (0) and γ′′′ (0) are linearly
dependent.

In this paper j is a natural embedding of the flag manifold M = Gu/T. Let α be the second
fundamental form of this embedding and D the torsion tensor of the canonical connection
on M ([4]).
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It is known that the normal section γ with γ (0) = p and γ′ (0) = X is pointwise planar
at p if and only if the unit tangent vector X at p satisfies the equation

α (D (X, X) , X) = 0.

It is also known that the set of those unitary vectors X defining pointwise planar normal
sections at p gives rise to a real projective algebraic variety X [M ] of RP n−1(dimR M = n)
called the variety of directions of pointwise planar normal sections of M. For details of these
facts see [4].

Theorem 8. Let M = Ad(Gu)E ⊂ gu be a Gu-invariant minimal almost Hermitian extrinsic
symmetric CR-manifold whose holomorphic tangent space at the basic point E is H. Then

(i) dimR H ≤ d(Gu).

(ii) If dimR H = d(Gu) then there exists an inner symmetric space Gu/K such that H =
T[K](Gu/K).

Proof. Let ϕE be the extrinsic symmetry of M at E. Since it is an isometry of the ambient
space it must satisfy, for every X ∈ TE(M),

ϕEαE (D (X, X) , X) = αE (D (ϕEX, ϕEX) , ϕEX) .

If we take now X ∈ H then ϕEX = −X and so

αE (D (ϕEX,ϕEX) , ϕEX) = αE (D (−X,−X) ,−X) = −αE (D (X, X) , X)

which yields
ϕEαE (D (X, X) , X) = −αE (D (X, X) , X) .

But since αE (D (X, X) , X) is normal and ϕE on TE(M)⊥ is the identity we conclude that
αE (D (X, X) , X) = 0 and therefore RP (H) ⊂ X [M ] .

From Theorems 1 and 5 there exists ∆∗ ⊂ ∆+ such that H =
∑

γ∈∆∗ mγ. By applying [6,

p. 416,Th. 1.1] we obtain |∆∗| ≤ 1
2
d(Gu) and so part (i) follows.

Now by [6, p. 416,Th. 1.2], the subspace H is tangent to the inner symmetric space
Gu/K at a fixed point of the action of the torus T where Gu/K is given in the previous table
for each gu and this proves (ii). �

From this and Theorem 7 we have the following characterization.

Corollary 9. M = Ad(Gu)E ⊂ gu has a Gu-invariant minimal almost Hermitian extrinsic
symmetric CR-structure satisfying dimR H = d(Gu), where H is the holomorphic tangent
space at the basic point E, if and only if there exists an inner symmetric space Gu/K such
that H = T[K](Gu/K). �
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