Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 2, 481-500.

Ball Versus Distance Convexity of Metric Spaces

Thomas Foertsch

Institute for Mathematics, University of Zurich Winterthurerstrasse 190, 8057 Zurich, Switzerland e-mail: foertsch@math.unizh.ch

Abstract. We consider two different notions of convexity of metric spaces, namely (strict/uniform) ball convexity and (strict/uniform) distance convexity. Our main theorem states that (strict/uniform) distance convexity is preserved under a fairly general product construction, whereas we provide an example which shows that the same does not hold for (strict/uniform) ball convexity, not even when considering the Euclidean product.

MSC 2000: 53C70 (primary), 51F99 (secondary)

1. Introduction

In this paper we consider geodesic metric spaces. Recall that a metric space (X, d) is said to be geodesic if any two points x, y ∈ X can be joined by a geodesic path, i.e. to any two points x, y ∈ X there exists an isometric embedding γ of an interval [a, b] of the Euclidean line into (X, d) such that γ(a) = x and γ(b) = y. In presence of completeness this is equivalent to the existence of a midpoint map for (X, d), i.e. a map m : X × X −→ X satisfying d � m(x, y), x � = 1 2 d(x, y) = d � m(x, y), x � ∀x, y ∈ X.

In fact we are going to state and prove our results in a slightly more general context, by merely assuming the existence of a midpoint map for (X, d).

The goal of this paper is to compare two different notions of convexity of metric spaces, which we will refer to as ball and distance convexity :

0138-4821/93 $ 2.50 © 2004 Heldermann Verlag

482 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

Definition 1. Let (X, d) be a metric space admitting a midpoint map. (X, d) is called (i) ball convex if d � m(x, y), z � ≤ max � d(x, z), d(y, z) � ∀x, y, z ∈ X (1)

for any midpoint map m of (X, d). It is called strictly ball convex if the inequality in (1) is strict whenever x ≠ y.

(ii) distance convex if d � m(x, y), z � ≤ 1 2 � d(x, z) + d(y, z) � ∀x, y, z ∈ X (2)

for any midpoint map m of (X, d). It is called strictly distance convex if the inequality (2) is strict for all x, y, z ∈ X satisfying d(x, y) > |d(x, z) − d(y, z)|.

Note that condition (2) implies condition (1) and already condition (1) implies the uniqueness of a midpoint map (geodesics in the complete case).

Obviously condition (1) implies that all metric balls are convex. Indeed, as we will see in Lemma 2 it is easy to prove that condition (1) is equivalent to the convexity of arbitrary metric balls in (X, d), which justifies the terminology of ball convexity. Although this equivalence might not surprise the reader at all, it seems to show the essential difference between conditions (1) and (2): While condition (1) holds for all x, y, z ∈ X if and only if it holds for such x, y, z ∈ X satisfying d(x, z) = d(y, z), condition (2) might not hold for all x, y, z ∈ X when it holds for all x, y, z ∈ X satisfying d(x, z) = d(y, z)! For geodesic metric spaces condition (2) can be phrased as follows: A geodesic metric space is distance convex if and only if for all p ∈ X the distance function d_p := d(p, ·) is convex, where, as per usual, the convexity of d_p means that the restriction of d_p to every geodesic segment is a convex function.

Note that the restriction of d_p to a geodesic segment containing p never is strictly convex. It is for this reason that in the notion of strict distance convexity one only considers points x, y, z ∈ X satisfying d(x, y) > |d(x, z) − d(y, z)|. Thus one can say that a geodesic metric space is strictly distance convex if and only if all its distance functions d_p, p ∈ X, are as strictly convex as possible.

In Section 2 we prove the equivalence of the two definitions for globally non positively Busemann curved metric spaces:

Proposition 1. A global non positively Busemann curved geodesic metric space is (strictly/ uniformly) ball convex if and only if it is (strictly/uniformly) distance convex.

For the definitions of uniform distance/ball convexity see Definition 2. We also give a (well-known) counterexample (see Example 1) for the general equivalence which goes back to Busemann and Phadke [4]. This counterexample, a two-dimensional space endowed with a suitable Hilbert metric, which is strictly ball convex, is shown to be not even distance convex.

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 483

In Section 3 we further provide an example of a ball convex Banach space, which is neither strictly ball convex nor distance convex. On the other hand we show that for Banach spaces distance convexity already implies strict distance convexity (Proposition 4). In Section 4 we give a necessary and sufficient condition for a complete Riemannian manifold to be (strictly) distance/ball convex and show that in this setting all these properties are mutually equivalent (see Theorem 2).

Note that one can also define the notions of uniform ball and uniform distance convexity in a similar way (compare Definition 2) and once again uniform ball convexity is weaker than uniform distance convexity (compare Proposition 3). It is surely worthwhile to point out that this weaker condition is sufficient to prove e.g. the unique existence of circumcenters of bounded subsets or the unique existence of projections onto closed convex sets. However, the situation changes when turning ones interest to products of convex, strictly convex or uniformly convex spaces: In Section 6 we provide an example of a Euclidean product which is not ball convex although its factors are. In contrast to this we show that (strict/uniform) distance convexity is preserved by a fairly general class of metric products. In order to state the corresponding theorem let (X_i, d_i), i = 1, . . . , n, be metric spaces and denote the product set by X = Π^n_{i=1}X_i. It is natural to define a metric product d on X of the form d = d_Φ,

d_Φ � (x_1, . . . , x_n), (y_1, . . . , y_n) � = Φ � d_1(x_1, y_1), . . . , d_n(x_n, y_n) � , where Φ : Q^n −→ [0, ∞) is a function defined on the quadrant Q^n = [0, ∞)^n. For a detailed analysis of this type of products see [1].

The function Φ has to satisfy certain natural conditions ((A) and (B) in Lemma 3) in order that d_Φ is a metric. These conditions still allow strange metrics on the product (even the trivial product when n = 1). In particular, Φ does not have to be continuous. However, once we require for example that Φ : Q^n −→ [0, ∞) yields a metric space (X, d_Φ) admitting a midpoint map for all possible choices of metric spaces (X_i, d_i) admitting midpoint maps, the conditions on Φ become very rigid. In fact, those conditions imply that Φ now has to be continuous.

In order to state the corresponding theorem we consider the function

Ψ : R^n −→ [0, ∞), Ψ

�^n� i=1 x_i e_i � := Φ

�^n� i=1 |x_i| e_i �

and say that Φ is induced by a norm if and only if the function Ψ is a norm. With this terminology we obtain the

Proposition 2. Let Φ : Q^k −→ R^+ be a function. Then (X =^k � i=1 X_i, d_Φ) admits the product

midpoint map m = (m_1, . . . , m_k) for all choices of metric spaces (X_i, d_i) admitting midpoint maps m_i, if and only if Φ is induced by a norm.

484 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

In the light of this proposition it is natural to ask, which features such a product space inherits from its factors. The following theorem answers this for (strict/uniform) distance convexity:

Theorem 1. Let (X_i, d_i), i = 1, . . . , k, be (strictly/uniformly) distance convex metric spaces and Φ : Q^k −→ R^+ be induced by a (strictly/uniformly) convex norm. Then (X, d_Φ) is also strictly (uniformly) distance convex.

Note that strict and uniform convexity of Φ are equivalent, since distance balls in a finite dimensional normed space are compact.

2. Relations of ball and distance convexity

Let us first formally justify the terminology of ball convexity.

Lemma 1. For geodesic metric spaces the condition (1) for (strictly) ball convexity holds for all x, y, z ∈ X if and only if it holds for all x, y, z ∈ X satisfying d(x, z) = d(y, z).

Proof. Here we consider ball convex metric spaces. The proof for strictly ball convex metric spaces goes along the same lines.

All we need to show is the “if part” of the lemma: Suppose that there exist x, y, z ∈ X such that d(m, z) > d(x, z) > d(y, z), where m denotes the midpoint of x and y on a geodesic segment xy connecting x to y. Let xm and ym denote the geodesic segments connecting x to m and y to m the union of which is xy. Let further u ∈ ym and v ∈ xm be those points on ym and xm which are the closest to m satisfying d(u, z) = d(x, z) = d(v, z). Such points exist due to the continuity of d_z := d(z, ·) : X −→ R^+_0 along geodesics. Then for the midpoint m̃ of u and v on uv ⊂ xy we obviously get d(m̃, z) > d(x, z); a contradiction. □

The following lemma, which is an easy consequence of Lemma 1, yields the desired justification:

Lemma 2. A geodesic metric space is ball convex if and only if all its distance balls are convex.

Here convexity of the distance balls means that, given two points in a distance ball, all geodesic segments connecting these points are itself contained in the distance ball. In the case of Banach spaces, this is in general not equivalent to the convexity of distance balls in the sense that with two points a distance ball also contains their connecting straight line!

We now give definitions of uniform ball and uniform distance convexity of metric spaces:

Definition 2. Let (X, d) be a metric space admitting a midpoint map. (X, d) is called (i) uniformly ball convex if for all ϵ > 0 there exists a ρ_b(ϵ) > 0 such that for all x, y, z ∈ X satisfying d(x, y) > ϵ max{d(x, z), d(y, z)} it holds d � m(x, y), z � ≤ � 1 − ρ_b(ϵ) � max � d(x, z), d(y, z) � (3) for the (unique) midpoint map m.

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 485

(ii) uniformly distance convex if for all ϵ > 0 there exists a ρ_d(ϵ) > 0 such that for all x, y, z ∈ X satisfying d(x, y) > |d(x, z) − d(y, z)| + ϵ[d(x, z) + d(y, z)] it holds d � m(x, y), z � ≤ � 1 − ρ_d(ϵ) �1 2 � d(x, z) + d(y, z) � (4) for the (unique) midpoint map m.

The notion of uniform convexity plays an important role in the theory of Banach spaces. As we will see in Proposition 1, when restricted to Banach spaces, both the notions above coincide with the usual definition of uniform convexity. This already implies that, in general, uniform ball (distance, resp.) convexity is strictly stronger than strict ball (distance, resp.) convexity (see e.g. [6]). On the other hand it is clear that in compact situations uniform ball (distance, resp.) and strict ball (distance, resp.) convexity coincide.

It is worth mentioning already at this point that Clarkson introduced uniform convexity in [6], where he already proved a certain general product theorem for uniformly convex Banach spaces. As we will see in Section 6 such a product theorem can only be generalized to metric spaces when considering uniformly distance convex metric spaces but not when focusing on uniformly ball convex ones.

Obviously (strict) distance convexity implies (strict) ball convexity of metric spaces, which immediately follows from their definitions, and it is not surprising that the same statement holds for uniform distance/ball convexity. However, since in the definition of uniform distance convexity less points are required to satisfy a stronger condition than in the definition of uniform ball convexity, we need to convince ourself that those points, which are not considered in the definition of uniform distance convexity, already satisfy the weaker condition of uniform ball convexity. By doing that we prove the

Proposition 3. Every (strictly/uniformly) distance convex metric space is (strictly/uniformly) ball convex.

Proof. Let (X, d) be a uniformly distance convex metric space with some ρ_d(ϵ) as in equation (4). We show that (X, d) is uniformly ball convex with

ρ_b(ϵ) := min { ϵ 12 , ρ_d( ϵ 6 )} (5)

as in equation (3). Let therefore x, y, z ∈ X such that d(x, z) ≥ d(y, z) and

d(x, y) < d(x, z) − d(y, z) + ϵ 6 d(x, z).

Then we find

d(m(x, y), z) ≤ 1 2 d(x, y) + d(y, z) < 1 2 � d(x, z) + d(y, z) � + ϵ 12 d(x, z)

= d(x, z) − 1 2 � d(x, z) − d(y, z) � + ϵ 12 d(x, z).

486 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

a) Assume now d(x, z) − d(y, z) ≥^1_3 ϵ[d(x, z) + d(y, z)]. Then it follows

d(m(x, y), z) < d(x, z) − ϵ 12 [d(x, z) + d(y, z)]

≤ (1 − ϵ 12 ) [d(x, z) + d(y, z)].

b) For d(x, z) − d(y, z) <^1_3 ϵ[d(x, z) + d(y, z)] we find

d(x, y) < 1 2 ϵ[d(x, z) + d(y, z)] ≤ ϵ max {d(x, z), d(y, z)}.

Thus it indeed follows that (X, d) is uniformly ball convex with ρ_b(ϵ) as in equation (5). □

Let us now emphasize that the converse of Proposition 3 is not true, i.e., there are indeed metric spaces which are (strictly) ball convex but fail to be (strictly) distance convex. The following example is due to Busemann and Phadke ([4]):

Example 1. Consider an affine plane A^2 and points a_1, a_2, c, d on a straight line such that a_1 and a_2 lie between c and d. With a_i = (1 − τ_i)c + τ_id, 0 < τ_i < 1, i = 1, 2, the cross ratio R(a_1, a_2, d, c) of a_1, a_2, d and c is defined via

R(a_1, a_2, d, c) :=

1 − τ_1 1 − τ_2 τ_2 τ_1

> 1, if τ_2 > τ_1.

Now let D = D_C be the interior of a closed convex curve C in A^2. Given any two points a_1, a_2 ∈ D they define a straight line L(a_1, a_2) which intersects C in two points c and d. The so called Hilbert metric d_H on D is now defined via

d_H (a_1, a_2) := � |logR(a_1, a_2, d, c)| for a_1 ≠ a_2 0 for a_1 = a_2 � . This indeed defines a topological metric on D. It can be shown that intersections of straight lines in A^2 with D are geodesics in (D, d_H), thus (D, d_H) is a geodesic space. Furthermore (D, d_H) is uniquely geodesic if and only if C does not contain two non-colinear segments. In such a two-dimensional Hilbert geometry the ellipse E with foci p and q and eccentricity ϵ < 1 is defined as

E = {x ∈ D | d_H (p, x) + d_H (q, x) = 1 ϵ d_H (p, q)}.

Now the distance convexity of (D, d_H ) implies that all ellipses in (D, d_H) are convex in the sense that with each two points x, y ∈ E the straight line segment LS_{x,y} connecting x to y lies in the interior of E.

Taking, for instance, a square Q as convex curve C ⊂ A^2, Busemann and Phadke showed that the corresponding Hilbert geometry (D_Q, d_H) admits non convex ellipses. Approximating Q through a sequence {C_n}_{n∈N} of curves C_n in A^2 that do not contain two non-collinear segments, for some n ∈ N the space (D_{Cn} , d_H) is a (strictly) convex metric space (18.8 in [3]) admitting itself a non convex ellipse. Hence (D_{Cn} , d_H) is not distance convex.

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 487

Thus in general (strict/uniform) ball convexity is not equivalent to (strict/uniform) distance convexity, but in two special cases it is (see Proposition 1 in the Introduction as well as Theorem 2 in Section 4). Before we prove Proposition 1, let us recall that a geodesic metric space (X, d) is said to be globally non positively Busemann curved (NPBC) if for any three points x, y, z ∈ X and midpoints m(x, z) and m(y, z) it holds d � m(x, z), m(y, z) � ≤ 1 2 d(x, y). (6)

Proof of Proposition 1. Once again we restrict our attention to the case of uniform ball/ distance convexity and emphasize that the proofs in the other cases go just along the same lines and even become simpler:

The “if part” follows from Proposition 3. In order to prove the “only if part”, suppose that (X, d) is not uniformly distance convex. Then there exist ϵ > 0 and sequences {x_i}_{i∈N}, {y_i}_{i∈N}, {z_i}_{i∈N} of points in X such that for all i ∈ N: (a) d(x_i, y_i) ≥ d(x_i, z_i) − d(y_i, z_i) + ϵ[d(x_i, z_i) + d(y_i, z_i)] and (b) d(m(x_i, y_i), z_i)^{i→∞}−→^1_2 (d(x_i, z_i) + d(y_i, z_i)) .

Now define x̃_i ∈ X via x̃_i ∈ x_iz_i and d(x̃_i, z_i) = d(y_i, z_i) for all i ∈ N. Then we find

d(m(x̃_i, y_i), z_i) ≥ d(m(x_i, y_i), z_i) − d(m(x_i, y_i), m(x̃_i, y_i))

≥ d(m(x_i, y_i), z_i) − 1 2 d(x_i, x̃_i)

i→∞−→ 1 2 d(x_i, z_i) + 1 2 d(y_i, z_i) − 1 2 d(x_i, x̃_i) = 1 2 d(x̃_i, z_i) + 1 2 d(y_i, z_i) = max {d(x̃_i, z_i), d(y_i, z_i)} and d(x̃_i, y_i) ≥ d(x_i, y_i) − d(x_i, x̃_i) ≥ ϵ[d(x_i, z_i) + d(y_i, z_i)] ≥ ϵ 2 max {d(x̃_i, z_i), d(y_i, z_i)}.

Thus (X, d) is not uniformly ball convex. □

3. Ball and distance convexity in Banach spaces

From Proposition 1 it follows immediately that for Banach spaces the notions of strict (uniform) ball convexity and strict (uniform) distance convexity coincide:

Corollary 1. A Banach space (V, || · ||) is strictly (uniformly) ball convex if and only if it is strictly (uniformly) distance convex.

488 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

Proof. A Banach space which is strictly or uniformly ball/distance convex is uniquely geodesic. Those unique geodesics are the straight lines. Thus we even have equality in the inequality 6 and therefore the space is globally NPBC. □

Note that a general Banach space is not even ball convex. Here the ball convexity means that not only the particular straight line geodesics connecting two points p, q in a distance ball B must lie within B (which is always true), but all possible geodesic segments connecting p to q must have this feature. An obvious example of a not even ball convex Banach space is R^2 endowed with the maximum metric d_m : R^2 × R^2 −→ R^+_0 , d_m((x, x^′), (y, y^′)) := max{|x − y|, |x^′ − y^′|} for all (x, x^′), (y, y^′) ∈ R^2.

At this point it seems worthwhile to mention the possibility of defining the notions of m-ball and m-distance convexity with respect to particular midpoint maps m. By this we mean that the inequality (1) ((2) resp.) is only assumed to hold for a certain midpoint map m rather than for all possible midpoint maps. In Banach spaces (V, || · ||), for example, we may consider the midpoint map associated with the linear structure of V , i.e. the map

m : V × V −→ V, (x, y) −→ x + y 2 . It is obvious that, for this midpoint map m, (V, || · ||) is m-distance/ball convex and that (V, || · ||) is strictly m-distance/ball convex if and only if the norm is strictly convex in the usual sense. In the following we therefore refer to this particular (strict) m-distance/ball convexity of a Banach space just as (strict) convexity.

The proof of Corollary 3 made essential use of the fact that strict ball convexity implies the uniqueness of geodesics, which, for Banach spaces, implies the NPBC condition to hold. In fact the analogue of Corollary 3 for merely ball/distance convexity does not hold. In order to see this we provide an example of a ball convex Banach space which is not distance convex:

Example 2. Consider R^2 with a norm || · || determined by its unit sphere which is given through a regular hexagon with the origin as center (compare Figure 1).

This example already shows that, in the case of Banach spaces, ball convexity does not imply strict ball convexity.

We want to point out that for straight G-spaces Busemann proved that ball/distance convexity implies strict ball/distance convexity (see [3] and [4]). Here we do not want to provide the definition of (straight) G-spaces, which the reader finds for instance in [3], but it is worth mentioning that this class of spaces contains the complete Riemannian manifolds (compare Section 4). In the light of the next proposition it also seems important to note that the class of straight G-spaces does not contain general Banach spaces, as here geodesic segments can split into different extensions. However, the uniqueness of a geodesic extension played an important role when proving that distance/ball convexity of straight G-spaces implies their strict distance/ball convexity.

Assuming now that a given Banach space is distance convex, we a priori do not know that its geodesics cannot split. Thus we have to use different arguments in order to prove the

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 489

Figure 1. The figure on the left hand side shows the unit sphere of a ball convex but not distance convex Banach space. On the right hand side the construction method of the proof of Proposition 4 is illustrated.

Proposition 4. If the Banach space (V, || · ||) is distance convex, then it already is strictly distance convex.

Proof. Suppose that (V, || · ||) is not strictly convex. Then there exists a straight line segment L ⊂ V such that ||l|| = 1 for all l ∈ L. Denote by e_1, e_2 ∈ V the vectors pointing to the endpoints of L and consider V_2 := span{e_1, e_2} ⊂ V . We show that there exist u, v ∈ V_2 with midpoint m such that

||m|| > 1 2 � ||u|| + ||v|| � . (7)

The idea how to obtain these points is rather simple: Given x, y ∈ V_2 such that x − y ∈ span{e_1 + e_2}, we can find a midpoint m(x, y) of x and y such that m(x, y) − y ∈ span{e_2} and m(x, y) − x ∈ span{e_1}. We show that if x and y with ||x||, ||y|| ≤ 1 approach^{e2−e1}_{||e2−e1||} this midpoint eventually lies outside the unit ball; a contradiction to the distance convexity of (V, || · ||) (compare to Figure 1).

In the following we write all vectors in V_2 in coordinates with respect to the basis {^{e1+e2}_2 ,^{e2−e1}_{||e2−e1||} } of V_2. Let ϵ denote the length of the segment L.

(1) We start with x^{1+} := (1,^ϵ_2 ), y^{1+} := (0,^ϵ_2 ) and the midpoint m^{1+} = m^{1+}(x^{1+}, y^{1+}) := (^1_2 ,^{3ϵ}_4 ). In order that (V_2, || · ||) is distance convex we must have

||m^{1+}|| ≤ 1 2 � ||x^{1+}|| + ||y^{1+}|| � = 1 2 (1 + ϵ 2 ) = 1 2 + ϵ 4 .

490 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

For λ^{1+} ∈ R^+ with ||λ^{1+}m^{1+}|| = 1 we find λ^{1+} ≥^4_{2+ϵ} . Hence setting λ^{1+}_0 :=^4_{2+ϵ} we ensure that ||λ^{1+}_0 m^{1+}|| ≤ 1.

Furthermore we calculate α^{1+} :=^{1−x1+2}_{x1+1} = 1 −^ϵ_2 .

(2) In the second step we set x^{2+} := λ^{1+}_0 m^{1+} = (^2_{2+ϵ} ,^{3ϵ}_{2+ϵ} ), y^{2+} := (0,^{3ϵ}_{2+ϵ} ) and consider the midpoint m^{2+} = m^{2+}(x^{2+}, y^{2+}) := (^2_{2+ϵ} ,^{72 ϵ}_{2+ϵ} ). In order that (V_2, || · ||_2) is distance convex we must have ||m^{2+}|| ≤ 1 2 � ||x^{2+}|| + ||y^{2+}|| � ≤ 1 + 2ϵ 2 + ϵ . For λ^{2+} ∈ R^+ with ||λ^{2+}m^{2+}|| = 1 we find λ^{2+} ≥^{2+ϵ}_{1+2ϵ} . Hence setting λ^{2+}_0 :=^{2+ϵ}_{1+2ϵ} we ensure that ||λ^{2+}_0 m^{2+}|| ≤ 1.

Once again we calculate α^{2+} :=^{1−x2+2}_{x2+1} = 1 − ϵ.

(3) Repeating this process, it is easy to prove that at the kth step we have

x^{k+} = 1 1 +^k � i=1 (2^{i−1} − 1)^ϵ_2 � 1, k� i=1 2^{i−1} ϵ 2 �

y^{k+} = 1 1 +^k � i=1 (2^{i−1} − 1)^ϵ_2 � 0, k� i=1 2^{i−1} ϵ 2 �

m^{k+} = 1 2 +^k � i=1 (2^{i−1} − 1)ϵ � 1, k+1� i=1 2^{i−1} ϵ 2 �

λ^{k+}_0 =

1 +^k � i=1 (2^{i−1} − 1)^ϵ_2 1 2 +^k � i=1 (2^i − 1)^ϵ_4

α^{k+} = 1 − k ϵ 2 . Thus for k >^2_ϵ − 1 we find α^{k+} = 1 − k ϵ 2 < ϵ 2 . (4) The same construction on “the other side” of span{e_2 − e_1} in V_2 yields correspondingly

x^{k−} = 1 1 +^k � i=1 (2^{i−1} − 1)^ϵ_2 � − 1, k� i=1 2^{i−1} ϵ 2 �

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 491

y^{k−} = 1 1 +^k � i=1 (2^{i−1} − 1)^ϵ_2 � 0, k� i=1 2^{i−1} ϵ 2 �

m^{k−} = 1 2 +^k � i=1 (2^{i−1} − 1)ϵ � − 1, k+1� i=1 2^{i−1} ϵ 2 �

λ^{k−}_0 =

1 +^k � i=1 (2^{i−1} − 1)^ϵ_2 1 2 +^k � i=1 (2^i − 1)^ϵ_4

α^{k−} = 1 − k ϵ 2 , where α^{k−} :=^{xk−2 −1}_{xk−1} .

(5) Let^2_ϵ /∈ N. Then it is not hard to see that when setting k_0 := [^2_ϵ ], i.e. k_0 being the largest integer less or equal to^2_ϵ , the points u := x^{k0+} and v := x^{k0−} admit a midpoint m = m(u, v) with ||m|| > 1.

(6) For^2_ϵ ∈ N we set k_0 :=^2_ϵ − 1. Then it is once again not hard to see that u := x^{k0+}, v := y^{k0+} and their midpoint m ∈ span{y^{k0+} + e_2} ∩ span{x^{k0+} + e_1} or u := x^{k0−}, v := y^{k0−} and their midpoint m ∈ span{y^{k0−} + e_1} ∩ span{x^{k0−} + e_2} satisfy the inequality (7), or there exists μ ∈ R^+ such that u := μx^{k0+}, v := μx^{k0−} and their midpoint m ∈ span{μx^{k0+} + e_1} ∩ span{μx^{k0−} + e_2} satisfy the inequality (7), which completes the proof. □

Note that Proposition 4 becomes essential when proving Theorem 1 in the merely distance convex case.

4. Ball and distance convexity in Riemannian manifolds

A Riemannian metric g on a differentiable manifold M induces the Riemannian distance function d : M × M −→ R^+_0 on M. Due to the Hopf Rinow Theorem the metric space (M, d) is geodesic if (M, g) is complete, i.e., all maximal geodesics in (M, g) are defined for all parameter values in R.

Recall that (M, g) is said to have no focal points if every geodesic γ : (−∞, ∞) −→ M has no focal points as a 1-dimensional submanifold of M.

The goal of this section is, on the one hand, to prove the equivalence of ball and distance convexity in complete Riemannian manifolds and on the other hand to characterize them by giving a necessary and sufficient condition for a complete Riemannian manifold to be (strictly) ball/distance convex.

Before we state and prove the corresponding theorem, we want to emphasize that its content is probably well known to most differential geometers. However, for the sake of completeness we provide a short proof.

492 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

Theorem 2. Let (M, g) be a complete Riemannian manifold with induced Riemannian distance function d. Then the following conditions are mutually equivalent: (a) (M, d) is distance convex, (b) (M, d) is strictly distance convex, (c) (M, d) is ball convex, (d) (M, d) is strictly ball convex, (e) (M, d) is simply connected and without focal points.

Proof. (1) In the first step we prove that if (M, g) is distance/ball convex, then all geodesic segments γ : [a, b] −→ M in (M, g) must minimize the distance between its endpoints. This is clear for distance convex Riemannian manifolds, for if a geodesic segment γ : [a, b] −→ M is not minimizing the distance, take the last point γ(t_a) along γ such that the length of γ|_{[a,tm]} equals d(m, γ(a)). Let ϵ > 0 be sufficiently small such that γ is minimizing along (t_m − ϵ, t_m + ϵ) and set z := γ(a), x := γ(t_m −^ϵ_2 ) and y := γ(t_m +^ϵ_2 ). Then it is easy to see that 2d(m, z) > d(x, z) + d(y, z).

To make such an argument precise in the case of ball convexity of (M, g), we need somewhat more sophisticated arguments: First of all note that if (M, g) is ball convex, there cannot be different minimizing geodesic segments connecting two points p and q in M. Suppose on the contrary that γ and γ^′ would be two such geodesics. Take two points x and y on γ and γ^′, respectively, which lie in a strictly ball convex neighborhood around p, satisfying d(x, p) = d(y, p). Then one finds 2d � m(x, y), q � > d(x, q) = d(y, q),

which contradicts the ball convexity of (M, g). Thus (M, g) has no conjugate points either, since given a point p ∈ M the set of those points in M where at least two minimal geodesics from p intersect is dense in the cut locus Cu(p) of p (see Lemma 2 in [13]). From this we conclude that arbitrary geodesic segments in (M, g) indeed are minimizing. (2) In a complete Riemannian manifold, such that arbitrary geodesic segments are minimizing, distance convexity is equivalent to strict distance convexity (compare Section 4 in [4]) and the same is true for ball and strict ball convexity (compare 20.9 in [3]). This proves (a) ⇐⇒ (b) and (c) ⇐⇒ (d).

(3) Due to (1) every ball/distance convex Riemannian manifold is simply connected, which follows from the existence of closed geodesics in each non trivial homotopy class of a complete Riemannian manifold and the fact that such a closed geodesic is not minimizing. For complete, simply connected Riemannian manifolds without conjugate points, however, (a) ⇐⇒ (c) has been proved in [7].

(4) Thus it remains to show (a) ⇐⇒ (e): (e) =⇒ (a) has also been proved in [7], while (a) =⇒ (e) for instance follows from Lemma 2.11 in [11]. □

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 493

5. Relations of (strict) distance and (strict) ball convexity revisited

Let us now quickly summarize the results of the preceding three sections. General metric spaces: For general metric spaces we have the following relations:

strictly distance convex ⇍= =⇒ distance convex ⇓⇑̸ ⇓⇑̸ strictly ball convex ⇍= =⇒ ball convex

Whereas all the other implications have been proven above, we still have to give an example of a distance convex metric space which is not strictly distance convex. Therefore consider the following piece of the sphere in R^3 given by the restrictions of the spherical coordinates via r = 1, 0 ≤ φ ≤ fracπ2, 0 ≤ θ ≤ π 2 . Banach spaces: As we have seen in Section 3 for Banach spaces it holds

strictly distance convex ⇐⇒ distance convex ⇕ ⇓⇑̸ strictly ball convex ⇍= =⇒ ball convex

Complete Riemannian manifolds: Finally for complete Riemannian manifolds Theorem 2 gives strictly distance convex ⇐⇒ distance convex ⇕ ⇕ strictly ball convex ⇐⇒ ball convex

6. A product theorem

We start this section by emphasizing that the Euclidean product of general (strictly) ball convex metric spaces is not necessarily (strictly) ball convex.

Example 3. Here we consider the Euclidean product (C_n × C_n, d_e) of two copies of the strictly ball convex but not strictly distance convex metric space (C_n, d_H) as described in the Example 1. Since in (C_n, d_H ) maximal geodesics are defined on R, we conclude that there exist points x, y, z ∈ C_n such that

2d^2_H (z, m) > d^2_H (z, x) + d^2_H (z, y),

where m = m(x, y) denotes a midpoint of x and y in (C_n, d_H) (see Section 4 in [4]). Let now X, Y, Z ∈ C_n × C_n be defined as

X := (x, y), Y := (y, x) and Z := (z, z).

494 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

Then M := (m, m) is a midpoint of X and Y in (C_n × C_n, d_e) and we find

2d_e(M, Z) = 2 √ 2 d_H (m, z) > 2 � d^2_H (x, z) + d^2_H (y, z)

= d_e(X, Z) + d_e(Y, Z).

Hence (C_n × C_n, d_e) is not ball convex.

In the light of this example it seems to be an interesting fact that the Euclidean product of finitely many (strictly/uniformly) distance convex metric spaces indeed is (strictly/uniformly) distance convex. In fact this holds for more general metric products than merely the Euclidean one. Before we prove the corresponding Theorem 1, we first properly discuss the metric products to be considered (compare to [1]):

On Q^n we define a partial ordering ≤ in the following way: if q^1 = (q^1 , . . . , q^1_n) and q^2 = (q^2_1, . . . , q^2_n) then q^1 ≤ q^2 :⇐⇒ q^1_i ≤ q^2_i ∀i ∈ {1, 2, . . . , n}.

Let Φ : Q^n −→ [0, ∞) be a function and consider the function d_Φ : X × X −→ [0, ∞),

d_Φ � (x_1, . . . , x_n), (y_1, . . . , y_n) � = Φ � d_1(x_1, y_1), . . . , d_n(x_n, y_n) � , where (X_i, d_i) are metric spaces and X denotes the topological product X = Π^n_{i=1}X_i. In order to obtain a metric space (X, d_Φ) for all possible choices of metric spaces as factors, the function Φ has to fulfill two necessary and sufficient conditions, which are given in the

Lemma 3. (Lemma 1 in [1]) Let Φ : Q^n −→ [0, ∞) be a function. Then d_Φ is a metric on X for all possible choices of metric spaces (X_i, d_i), i = 1, . . . , n, if and only if Φ satisfies (A) Φ(q) ≥ 0 ∀q ∈ Q and Φ(q) = 0 ⇔ q = 0 and (B) for all points q^1, q^2, q^3 ∈ Q^n with q^j ≤ q^k + q^l we have

Φ(q^j) ≤ Φ(q^k) + Φ(q^l).

Assuming further that (X, d_Φ) admits the product midpoint map m = (m_1, . . . , m_k) for all possible choices of geodesic factors (X_i, d_i), i = 1, . . . , n, admitting midpoint maps m_1, . . . , m_k, the conditions on Φ become quite restrictive. Now Φ has to be induced by a norm. This is the content of Proposition 2 (see the Introduction) which we are going to prove now:

Proof of Proposition 2: The if part is obvious. For the only if part we restrict on the case where all the factors are the reals endowed with the Euclidean metric: First of all note that Φ has to be continuous at 0. Suppose it was not, then due to (B) the restriction of Φ to one of the coordinate axis (say the first one) is discontinuous at 0. Thus from Φ(2q) ≤ 2Φ(q) it follows that there exists ϵ > 0 with Φ(λe_1) for all λ > 0 and any two points (x_1, x_2, . . . , x_k), (y_1, x_2, . . . , x_k) ∈ X with 2ϵ > d_1(x_1, y_1) do not admit a midpoint with respect to the product midpoint map m.

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 495

Now the continuity of Φ at 0 and (B) imply that Φ is continuous everywhere. Furthermore we have for all x, y ∈ X: 1 2 Φ � d_1(x_1, y_1), . . . , d_k(x_k, y_k) � = 1 2 d_Φ(x, y) = d_Φ � m(x, y), x �

= d_Φ � d_1(m_1(x_1, y_1), x_1), . . . , d_1(m_k(x_k, y_k), x_k) �

= Φ �1 2 d_1(x_1, y_1), . . . , 1 2 d_k(x_k, y_k) � . Together with the subadditivity of Φ this implies Φ(λq) = λΦ(q) for all dyadic numbers and by continuity for all λ ≥ 0. It now follows that Φ is a convex function on Q^k (see e.g. Theorem 5.4.6 in [12]) and hence its level sets are convex.

Next we want to ensure that the level sets of Ψ also are convex. This easily follows from the convexity of the Φ-level sets, the definition of Ψ and the following observation: Let p ∈ R^+ with p_i = 0. Then

Φ(p + λe_i) ≥ Φ(p) ∀λ ≥ 0, i = 1, . . . , k.

In order to see that, assume that for some i ∈ {1, . . . , k} it holds Φ(p + λe_i) < Φ(p). Then we find

Φ(2p) = Φ(2p_1, . . . , 2p_k) = d_Φ � (0, . . . , 0), (2p_1, . . . , 2p_k) �

≤ d_Φ � (0, . . . , 0), (p_1, . . . , p_{i−1}, ϵ, . . . , p_k) � +d_Φ � (p_1, . . . , p_{i−1}, ϵ, . . . , p_k), (2p_1, . . . , 2p_k) � = 2Φ(p_1, . . . , p_{i−1}, ϵ, . . . , p_k) < 2Φ(p),

which contradicts the positive homogeniety of Φ. Thus Ψ has convex level sets and, being positively homogeneous, it itself is convex (see e.g. Theorem 5.4.7 in [12]). Thus it follows with Theorem 5.4.6 in [12] that Ψ is subadditive and therefore a norm. □

Proposition 2 ensures that product maps of midpoint maps are once again midpoint maps. However, as we need to control all possible midpoint maps in the product, it is desirable that there are no other midpoint maps in the product than those arising by midpoint maps in the factors. The next lemma says that this indeed is the case whenever Φ is strictly convex.

Lemma 4. If Φ is induced by a strictly convex norm Ψ, each midpoint m = m(x, y) of points x, y ∈ X with respect to d_Φ projects to midpoints m_i of x_i, y_i ∈ X_i with respect to d_i, i = 1, . . . , k.

Proof. Let m = (m_1, . . . , m_k) be an arbitrary midpoint of x = (x_1, . . . , x_k) and y = (y_1, . . . , y_k) in (X, d_Φ). Then Φ � d_1(m_1, x_1) + d_1(m_1, y_1), . . . , d_k(m_k, x_k) + d_k(m_k, y_k) �

≤ Φ � d_1(m_1, x_1), . . . , d_k(m_k, x_k) � + Φ � d_1(m_1, y_1), . . . , d_k(m_k, y_k) � (8) = d_Φ(m, x) + d_Φ(m, y) = d_Φ(x, y) = Φ � d_1(x_1, y_1), . . . , d_k(x_k, y_k) � .

496 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

Since due to the monotonicity of Φ the opposite inequality also holds, we deduce from the fact that Φ is strictly convex that

d_l(x_l, y_l) = d_l(m_l, x_l) + d_l(m_l, y_l) ∀l = 1, . . . , k. (9)

From the strict convexity of Φ and the inequality opposite to inequality (8) we find that there exists λ ∈ R^+ such that d_l(m_l, x_l) = λd_l(m_l, y_l) for all l = 1, . . . , k, which, together with 1 2 d_Φ(x, y) = Φ � d_1(m_1, x_1), . . . , d_k(m_k, x_k) � = Φ � d_1(m_1, y_1), . . . , d_k(m_k, y_k) � , yields λ = 1 and thus 1 2 d_l(x_l, y_l) = d_l(m_l, x_l) = d_l(m_l, y_l) ∀l = 1, . . . , k. □

We are now ready to give the

Proof of Theorem 1: (A) the distance convex case: In this case the statement simply follows from Proposition 4, Lemma 4 and the inequalities in (10).

(B) the strictly distance convex case: Due to Lemma 4 a midpoint m = (m_1, . . . , m_k) of x = (x_1, . . . , x_k) and y = (y_1, . . . , y_k) in (X, d_Φ) projects to midpoints m_i of x_i and y_i in (X_i, d_i), i = 1, . . . , k. We have

2d_Φ(m, z) = Φ � 2d_1(m_1, z_1), . . . , 2d_k(m_k, z_k) �

≤ Φ � d_1(x_1, z_1) + d_1(y_1, z_1), . . . , d_k(x_k, z_k) + d_k(y_k, z_k) �

≤ Φ � d_1(x_1, z_1), . . . , d_k(x_k, z_k) � + � d_1(y_1, z_1), . . . , d_k(y_k, z_k) � = d_Φ(x, z) + d_Φ(y, z). (10)

Assume that 2d_Φ(m, z) = d_Φ(x, z)+d_Φ(y, z) then all the inequalities above become equalities and the strict convexity of Φ together with the strict distance convexity of the (X_i, d_i), i = 1, . . . , k, yields

d_l(x_l, y_l) = |d_l(x_l, z_l) − d_l(y_l, z_l)| ∀l = 1, . . . , k as well as

∃λ ∈ R^+_0 such that d_l(x_l, z_l) = λd_l(y_l, z_l) ∀l = 1, . . . , k.

Without loss of generality we can assume that λ ≤ 1 and find

d_l(x_l, y_l) = (1 − λ)d_l(x_l, z_l) ∀l = 1, . . . , k,

such that

d_Φ(x, y) = Φ � d_1(x_1, y_1), . . . , d_k(x_k, y_k) �

= (1 − λ) Φ � d_1(x_1, z_1), . . . , d_k(x_k, z_k) � = |d_Φ(x, z) − d_Φ(y, z)|.

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 497

Thus (X, d_Φ) indeed turns out to be strictly distance convex.

(C) the uniformly distance convex case: For the sake of simplicity we only consider the product (X, d_Φ) of two factors (X_1, d_1) and (X_2, d_2):

Since Φ is induced by a uniformly distance convex norm Ψ, for all ϵ > 0 there exists ρ_Φ(ϵ) such that Ψ(a − b) ≥ |Φ(a) − Φ(b)| + ϵ[Φ(a) + Φ(b)] =⇒ Φ(a + b) ≤ [1 − ρ_Φ(ϵ)][Φ(a) + Φ(b)].

Note that for all ϵ > 0 there exists d(ϵ) > 0 such that Φ � t,^ϵ_3 � < Φ � 0,^2_3 ϵ � ∀t ∈ [0, d] and Φ �_ϵ 3 , t � < Φ �_2 3 ϵ, 0 � ∀t ∈ [0, d].

(11)

Since the (X_i, d_i), i = 1, 2, are uniformly distance convex, for all ϵ > 0 exists ρ_i(ϵ) such that d_i(x_i, y_i) ≥ |d_i(x_i, z_i) − d_i(y_i, z_i)| + ϵ[d_i(x_i, z_i) + d_i(y_i, z_i)] =⇒ 2d_i(m_i, z_i) ≤ [1 − ρ_i(ϵ)][d_i(x_i, z_i) + d_i(y_i, z_i)], i = 1, 2, where m_i denotes a midpoint of x_i and y_i in (X_i, d_i), i = 1, 2. We write ρ(ϵ) := min{ρ_1(ϵ), ρ_2(ϵ)} and define

ρ̃(ϵ) := − max_{t∈[0, 1}

d(ϵ) ]

�Φ(1 − ρ(ϵ), t) − Φ(1, t) Φ(1, t) , Φ(t, 1 − ρ(ϵ)) − Φ(t, 1) Φ(t, 1) � . (12)

We have to show that for all ϵ > 0 there exists ρ_{dΦ} (ϵ) > 0 such that d_Φ(x, y) ≥ |d_Φ(x, z) − d_Φ(y, z)| + ϵ[d_Φ(x, z) + d_Φ(y, z)] =⇒ 2d_Φ(m, z) ≤ [1 − ρ_{dΦ} ][d_Φ(x, z) + d_Φ(y, z)] for all midpoints m of x and y in (X, d_Φ), and we claim that we may set

ρ_{dΦ} (ϵ) := min � ρ_Φ( ϵ 3 ), ρ̃( ϵ 3 ), ρ( ϵ 3 ) � . Due to Lemma 4 all midpoints m = (m_1, m_2) of x = (x_1, x_2) and y = (y_1, y_2) in (X, d_Φ) project to midpoints m_i of x_i and y_i in (X_i, d_i), i = 1, 2. (1) With a := � d_1(x_1, z_1), d_2(x_2, z_2) � and b := � d_1(y_1, z_1), d_2(y_2, z_2) � we find

Ψ(a − b) ≥ |Φ(a) − Φ(b)| + ϵ 3 [Φ(a) + Φ(b)]

=⇒ 2d_Φ(m, z) = Φ � 2d_1(m_1, z_1), 2d_2(m_2, z_2) �

< Φ � d_1(x_1, z_1) + d_1(y_1, z_1), d_2(x_2, z_2) + d_2(y_2, z_2) � = Φ(a + b) ≤ [1 − ρ_Φ( ϵ 3 )][Φ(a) + Φ(b)]

= [1 − ρ_Φ( ϵ 3 )][d_Φ(x, z) + d_Φ(y, z)].

498 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

Thus we can assume without loss of generality that

Ψ(a − b) < |Φ(a) − Φ(b)| + ϵ 3 [Φ(a) + Φ(b)]. (13)

(2) Suppose now that

d_l(x_l, y_l) < |d_l(x_l, z_l) − d_l(y_l, z_l)| + ϵ 3 |d_l(x_l, z_l) + d_l(y_l, z_l)|, l = 1, 2. (14)

Then we obtain

d_Φ(x, y) = Φ � d_1(x_1, y_1), d_2(x_2, y_2) � < Ψ(a − b) + ϵ 3 [Φ(a) + Φ(b)]

< |d_Φ(x, z) − d_Φ(y, z)| + 2 3 ϵ[d_Φ(x, z) + d_Φ(y, z)],

where the last inequality is due to inequality (14).

Thus we can assume without loss of generality that there exists l ∈ {1, 2} such that

d_l(x_l, y_l) ≥ |d_l(x_l, z_l) − d_l(y_l, z_l)| + ϵ 3 |d_l(x_l, z_l) + d_l(y_l, z_l)|. (15)

On the other hand, if the inequality (15) holds for l = 1 and l = 2, we find

2d_Φ(m, z) = Φ � 2d_1(m_1, z_1), 2d_2(m_2, z_2) � ≤ [1 − ρ( ϵ 3 )][d_Φ(x, z) + d_Φ(y, z)].

Thus we can assume without loss of generality that inequality (15) holds for l = 1, while inequality (14) holds for l = 2.

(3) Setting u := d_1(x_1, z_1) + d_1(y_1, z_1) and v := d_2(x_2, z_2) + d_2(y_2 + z_2), we find

2d_Φ(m, z) ≤ Φ � [1 − ρ( ϵ 3 )]u, v � . (16)

We now consider two different cases; namely (i)^v_u ≤^1_{d(ϵ)} and (ii)^v_u >^1_{d(ϵ)} : (i) From the equation (12) we deduce Φ � 1 − ρ(^ϵ_3 ,^v_u ) � − Φ � 1,^v_u � Φ � 1,^v_u

� ≤ −ρ̃( ϵ 3 )

and thus Φ � [1 − ρ( ϵ 3 )]u, v � ≤ [1 − ρ̃( ϵ 3 )]Φ(u, v),

from which we conclude with inequality (16):

2d_Φ(m, z) ≤ [1 − ρ̃( ϵ 3 )][d_Φ(x, z) + d_Φ(y, z)].

Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces 499

(ii) Finally it follows from inequality (14) for l = 2, the inequalities (11) as well as inequality (13) that

d_Φ(x, y) = Φ � d_1(x_1, y_1), d_2(x_2, y_2) �

≤ Φ � d_1(x_1, z_1) + d_1(y_1, z_1), |d_2(x_2, z_2) − d_2(y_2, z_2)| + ϵ 3 [d_2(x_2, z_2) + d_2(y_2, z_2)] �

≤ Ψ(a − b) + Φ(u, ϵ 3 v) < Ψ(a − b) + 2 3 ϵΦ(0, v)

≤ Ψ(a − b) + 2 3 ϵΦ(u, v) < |d_Φ(x, z) − d_Φ(y, z)| + ϵ[d_Φ(x, z) + d_Φ(y, z)],

which completes the proof. □

Acknowledgements. I thank Michelle Bucher and Anders Karlsson for raising my interest into this paper’s subject when discussing the article [2]. I also thank Jost-Hinrich Eschenburg for useful comments on the content of Section 4 and, of course, Viktor Schroeder for the many inspiring discussions.

References

[1] Bernig, A.; Foertsch, T.; Schroeder, V.: Non Standard Metric Products. Beitr. Algebra Geom. 44(2) (2003), 499–510. Zbl pre01973843 [2] Bucher, M.; Karlsson, A.: On the Definition of Bolic Spaces. Expo. Math. 20 (2002), 269–277. Zbl 1011.54027 [3] Busemann, H.: The Geometry of Geodesics. Academic Press Inc., New York 1955. Zbl 0112.37002 [4] Busemann, H.; Phadke, B. B.: Minkowskian Geometry, Convexity Conditions and the Parallel Axiom. J. Geometry 12(1) (1979), 17–33. Zbl 0369.53060 [5] Busemann, H.; Phadke, B. B.: Peakless and monotone functions on G-spaces. Tsukuba J. Math. 7(1) (1983), 105–135. Zbl 0526.53064 [6] Clarkson, J. A.: Uniformly convex spaces. Trans. Amer. Math. Soc. 40 (1936), 396–414. Zbl 0015.35604 [7] Eschenburg, J.-H.: Stabilitätsverhalten des geodätischen Flusses Riemannscher Mannigfaltigkeiten. Bonn. Math. Schr. Nr.87 (1976). Zbl 0354.53036 [8] Innami, N.: Convexity in Riemannian Manifolds without Focal Points. Adv. Stud. Pure Math., Geometry of Geodesics and Related Topics, 3 (1984), 311–332. Zbl 0544.53035 [9] Lindenstrauss, J.; Tzafriri, L.: Classical Banach Spaces II, Function Spaces. Ergebnisse 97, Springer Verlag, Berlin-Heidelberg-New York 1979. Zbl 0403.46022 [10] O’Sullivan, J. J.: Manifolds without conjugate points. Math. Ann. 210 (1974), 295–311. Zbl 0273.53037

500 Th. Foertsch: Ball Versus Distance Convexity of Metric Spaces

[11] Sakai, T.: Riemannian Geometry. Translations of Mathematical Monographs 149, Amer. Math. Soc. 1996. Zbl 0886.53002 [12] Webster, R.: Convexity. Oxford Science Publications 1994. Zbl 0835.52001 [13] Wolter, F.-E.: Distance function and cut loci on a complete Riemannian manifold. Arch.

Math. 32 (1979), 92–96. Zbl 0409.53032

Received May 6, 2003