Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 1, 37-46.

Triangulations of Simplicial Polytopes

Peter McMullen

University College London Gower Street, London WC1E 6BT, England e-mail: p.mcmullen@ucl.ac.uk

Abstract. Various facts about triangulations of simplicial polytopes, particularly those pertaining to the equality case in the generalized lower bound conjecture, are collected together here. They include an apparently weaker restriction on the kind of triangulation which needs to be found, and an inductive argument which reduces the number of cases to be established.

1. Introduction

The lower bound conjecture for simplicial polytopes was proved in four and five dimensions by Walkup [22], and generally by Barnette [1, 2] just a few days before the upper bound conjecture was proved by the present author [14]. Since then, several different proofs of the lower bound conjecture have appeared; see [6, 8], and, for a general survey, [11].

At around the same time, the author and Walkup [18] formulated the generalized lower bound conjecture for simplicial polytopes (which we shall abbreviate to GLBC). This states that, if P is a simplicial d-polytope, then g_r(P ) ¿ 0 for each r = 1, . . . , ⌊^1_2 d⌋, where the g_r are certain linear combinations of the face numbers of P (we shall repeat the familiar definition in Section 2); moreover, if g_r(P ) = 0, then P admits a triangulation with no interior (d−r)-faces (see Conjecture 3.1—the original lower bound conjecture is the case r = 2).

The proof of the g-theorem (Theorem 2.1) showed that, indeed, g_r(P ) ¿ 0 for each r; for the necessity of the conditions, see [20] or, for a proof using more elementary techniques, [16, 17]. (The sufficiency of the conditions of the g-theorem was established by Billera and Lee [4, 5]; this is less relevant to our present discussion, but see also [10] for an interesting stronger result about triangulations.) However, what is still lacking is a proof of the remaining part

0138-4821/93 $ 2.50 cfl 2004 Heldermann Verlag

38 P. McMullen: Triangulations of Simplicial Polytopes

of the GLBC, namely, that characterizing the case of equality for 3 6 r 6 ⌊^1_2 d⌋, though some ideas have been proposed in [12].

The idea behind this note is to collect together various facts about triangulations of simplicial polytopes, particularly insofar as they are relevant to the GLBC. One main result shown here is Theorem 3.5, which shows that Conjecture 3.1 holds if P has a triangulation with no interior (r − 1)-faces. Another is Theorem 5.3, which says that, to prove the characterization of Conjecture 3.1, it is enough to establish the case d = 2r.

For the general background in polytope theory, the reader should consult [7, 23].

2. Triangulations

Let P be a simplicial d-polytope in d-dimensional euclidean space E^d . We write F 6 G to mean that F is a face of the polytope G; then F < G means, in addition, that F ≠ G. In the present context, ∅ will count as a face of every polytope P , whereas P itself generally will not.

Let T be a triangulation of P ; we always suppose that the boundary complex of T coincides with that of P , and usually that the vertices of T are exactly those of P itself. We refer to the d-faces of T as cells. Those faces of T which are not faces of P itself, and so meet the interior int P of P , are called interior faces of T ; the set of these interior faces is denoted T_{int}.

To some extent, we are interested in regular triangulations, which means that T will arise from the projection of the lower (or upper) surface of some simplicial (d + 1)-polytope.

For j = −1, . . . , d − 1, let f_j = f_j(P ) be the number of j-faces of P , with the usual convention f_{−1} = 1 (corresponding to ∅). Although this builds in some redundancy, we find it convenient to define the f-polynomial of P to be f(P, σ, τ) := d∑ j=0 f_{j−1}σ^{d−j}τ^j, (2.1)

a function of two indeterminates σ and τ. Observe that f(P, ·, ·) encapsulates the purely numerical information about the boundary complex of P . The h-polynomial of P is then defined by h(P, σ, τ) = d∑ r=0 h_r(P )σ^{d−r}τ^r := f(P, σ − τ, τ). (2.2) An alternative form of (2.2) which we find useful is h(P, σ, τ) = ∑ F <P (σ − τ)^{d−1−dim F} τ^{dim F +1}, (2.3)

recalling the conventions introduced earlier. It is well known that the h-numbers h_r = h_r(P ) satisfy the Dehn-Sommerville equations

h_r = h_{d−r} (2.4)

P. McMullen: Triangulations of Simplicial Polytopes 39

for r = 0, . . . , d. Indeed, these relations hold more generally for triangulated (d − 1)-spheres. We can write them in the convenient form h(P, σ, τ) = h(P, τ, σ), (2.5) which already illustrates the utility of our convention. (Compare Theorem 2.3; in this case, all faces will be “interior”.)

Of even more fundamental importance is the g-polynomial of P , which is given by g(P, σ, τ) = d+1∑ r=0 g_r(P )σ^{d+1−r}τ^r := (σ − τ)h(P, σ, τ). (2.6) In other words, with g_r = g_r(P ), we have g_r = h_r − h_{r−1} for each r, and, inversely, h_r = ∑ s6r g_s. It follows from (2.5) that the g-polynomial satisfies g(P, τ, σ) = −g(P, σ, τ), so that g_r = −g_{d+1−r} (2.7) for r = 0, . . . , d + 1.

At this point, we can introduce the g-theorem. For our purposes, we define (g_0, . . .) to be an M-sequence if there exists some polynomial ring R generated by its elements of degree 1 (say a quotient of R[X_1 , . . . , X_k], for some k, by a homogeneous ideal—such a ring is often called a standard graded algebra), such that g_r = dim R_r, the dimension of the rth graded subspace of R. Then we have

Theorem 2.1. There exists a simplicial d-polytope P such that g_r(P )=g_r for r =0, . . . , ⌊^1_2 d⌋ if and only if (g_0, . . . , g_{⌊d/2⌋}) is an M-sequence.

That part of the g-theorem which concerns us in these notes states that

g_r ¿ 0 for r = 0, . . . , ⌊^1_2 d⌋; (2.8)

since these g_r determine the h_r, and hence the f_j, we often think of just them as the g-numbers of P .

There are important relations between the numbers of faces of P and those of the faces of a triangulation T of P , or those of its interior faces; in the different notation adopted there, these comes from [18]. In leading up to them, we state some initial results in a more

40 P. McMullen: Triangulations of Simplicial Polytopes general context, that of triangulations of d-balls. Since T is a d-dimensional complex, the appropriate analogue for the f-polynomial of T is f(T , σ, τ) := d∑ j=0 f_{j−1}(T )σ^{d+1−j}τ^j; (2.9)

that for the interior complex T_{int} is

f(T_{int}, σ, τ) := d∑ j=1 f_{j−1}(T_{int})σ^{d+1−j}τ^j, (2.10)

where, exceptionally, we do not count the empty face (a justification for this convention is Lemma 2.2). The h-polynomials of T and T_{int} are then defined exactly as in (2.2).

There is an important relationship between h(T , ·, ·) and h(T_{int}, ·, ·). We begin with a subsidiary result.

Lemma 2.2. Let T be a triangulation of a d-ball, and let F ∈ T . Then ∑ G¿F (−1)^{d−dim G} = { 1, if F ∈ T_{int}, 0, otherwise.

Proof. This is a concealed form of the Euler relation. If F ∈ T_{int}, then the link of F in T is a sphere (of the appropriate dimension); otherwise, the link is a ball (in particular, this holds for F = ∅). 2

Theorem 2.3. Let T be a triangulation of a d-ball. Then h(T_{int}, σ, τ) = h(T , τ, σ). Proof. We perform the calculation directly. In analogy with (2.3), and using Lemma 2.2 and the fact that each face G of T is a simplex, we have h(T_{int}, σ, τ) = ∑ F ∈T_{int} (σ − τ)^{d−dim F} τ^{dim F +1} = ∑ F ∈T (∑ G¿F (−1)^{d−dim G} ) (σ − τ)^{d−dim F} τ^{dim F +1} = ∑ G∈T (τ − σ)^{d−dim G} (∑ F 6G (σ − τ)^{dim G−dim F} τ^{dim F +1} )

= ∑ G∈T (τ − σ)^{d−dim G}σ^{dim G+1} = h(T , τ, σ), as claimed. 2 For future reference, we collect together some important facts about the h-vector (h_0,. . . ,h_{d+1}) (with h_r := h_r(T )) of a triangulation T .

P. McMullen: Triangulations of Simplicial Polytopes 41

Proposition 2.4. Let T be a triangulation of a simplicial d-polytope P . Then (a) h_0 = 1, and h_r ¿ 0 for r ¿ 1;

(b) if h_r = 0 for some r, then h_s = 0 for s ¿ r; (c) h_r = 0 if and only if T has no interior (d − r)-faces.

Proof. Part (a) follows from the fact that (h_0, . . . , h_{d+1}) is an M-sequence; see [19, 21]. In particular, if h_r = 0 for some r, then h_s = 0 for all s ¿ r, which is part (b). For part (c), we reverse the relationship between the f- and h-polynomials, to get f(T_{int}, σ, τ) = h(T_{int}, σ + τ, τ) = h(T , τ, σ + τ), by Lemma 2.3. Hence f_{d−r}(T_{int}) is the coefficient of σ^rτ^{d+1−r} in h(T , τ, σ + τ), so that

f_{d−r}(T_{int}) = ∑ s¿r ( s r ) h_s ¿ 0,

with equality if and only if h_s = 0 for each s ¿ r, and thus, in view of part (b), if and only if h_r = 0. 2

We also need the relationship between the g-polynomial of P and the h-polynomials of T and T_{int}.

Theorem 2.5. Let P be a simplicial d-polytope, and let T be a triangulation of P . Then g(P, σ, τ) = h(T , σ, τ) − h(T , τ, σ) = h(T_{int}, τ, σ) − h(T_{int}, σ, τ).

Proof. Of course, in view of Theorem 2.3, these two equations are equivalent to each other, and also to g(P, σ, τ) = h(T , σ, τ) − h(T_{int}, σ, τ). If we observe that f(T , σ, τ) − f(T_{int}, σ, τ) = σf(P, σ, τ), we deduce at once that h(T , σ, τ) − h(T_{int}, σ, τ) = (σ − τ)h(P, σ, τ) = g(P, σ, τ), exactly as was wanted. 2

We wish to employ Theorem 2.5 in its numerical form.

Corollary 2.6. Let P be a simplicial d-polytope, and let T be a triangulation of P . Then, for each r = 0, . . . , d + 1, g_r(P ) = h_r(T ) − h_{d+1−r}(T ).

42 P. McMullen: Triangulations of Simplicial Polytopes

3. Small faces

As before, let T be a triangulation of a simplicial d-polytope P . A face F of T_{int} is called small if dim F 6 ⌊^1_2 d⌋. We call T small-face-free, abbreviated sff, if T has no small interior faces. (Compare here the slightly different concept of shallow triangulations in [3], which were, however, employed for another purpose.)

Before we discuss sff triangulations in general, let us restate the open part of the GLBC.

Conjecture 3.1. Let P be a simplicial d-polytope, and let 1 6 r 6 ⌊^1_2 d⌋. If g_r(P ) = 0, then P admits a triangulation with no interior (d − r)-faces.

In [18], such a polytope was called (r − 1)-stacked (the indices there differed from those here by 1—there is a mismatch of these indices in [9]). Of course, the conjecture is known to hold if r = 1, 2.

Remark 3.2. In fact, we believe that Conjecture 3.1 holds in a stronger form, in that the triangulation is actually regular. Our feeling is that it will probably be necessary to establish the strong form anyway, if we are to be able to prove the conjecture at all.

Our first result helps to narrow the range we have to consider. Throughout the next part of the section, P will be a fixed simplicial d-polytope.

Theorem 3.3. A simplicial polytope P has at most one sff triangulation.

Proof. We consider two different triangulations T and T^′ of P , and show that at most one is sff. Our blanket assumption is that their boundary sub-complexes coincide with the boundary complex of P . If we work in from bd P , it is clear that there exist two cells F ∈ T and F^′ ∈ T^′ which lie on the same side of a common (d − 1)-face G, say, such that F ≠ F^′. If vert G = {b_1, . . . , b_d}, and the two remaining vertices involved are b ∈ F and b^′ ∈ F^′, then Radon’s Theorem yields a partition of {b_1, . . . , b_d} into two disjoint subsets B and B^′, say, such that conv(B ∪ {b}) ∩ conv(B^′ ∪ {b^′}) ≠ ∅. Indeed, there is a unique point in this intersection, and it must lie in int P . But one at least of conv(B ∪ {b}) ⊆ F and conv(B^′ ∪ {b^′}) ⊆ F^′ is a face of dimension at most ⌊^1_2 d⌋, which proves our claim. 2

Remark 3.4. Note that the triangulation which is supposed to exist in Conjecture 3.1 would be sff, and hence unique. We were told of this latter fact by Carl Lee (without proof, however); the foregoing proof of the more general result is our own.

Proposition 2.4 has an extremely useful implication for Conjecture 3.1.

Theorem 3.5. In order to prove Conjecture 3.1, it suffices to show that g_r(P ) = 0 implies that P has a triangulation with no interior (r − 1)-faces.

Proof. If we could find such a triangulation T , then h_{d+1−r}(T ) = 0 by Proposition 2.4(c). Corollary 2.6 and the fact that g_r(P ) = 0 now yield h_r(T ) = 0, and Proposition 2.4(c) again then implies that T has no interior (d − r)-faces, as required. 2

Remark 3.6. Obviously, the condition of Theorem 3.5 extends to T having no interior kfaces for some r − 1 6 k 6 d − r, and so, in particular, to T being sff.

P. McMullen: Triangulations of Simplicial Polytopes 43

4. Combinatorial triangulations

A (pure) simplicial d-complex whose boundary complex is isomorphic to that of a given simplicial d-polytope P is called a combinatorial triangulation of P . In contrast, we refer to an actual triangulation of P as geometric. We extend the concept of sff to combinatorial triangulations in the natural way.

Theorem 4.1. A sff combinatorial triangulation T of a simplicial d-polytope P is geometric.

Proof. The proof is very similar to that of Theorem 3.3. When we try to realize a combinatorial triangulation geometrically, a cell of the geometric triangulation of P must, of course, just be the convex hull of the vertices of P corresponding to those of the combinatorial triangulation. We may thus run into two kinds of problem. What could go wrong is that either such a cell collapses into a hyperplane, or two adjacent cells fold over at their common (d − 1)-face. In each case, Radon’s Theorem leads to the existence of an interior face of dimension at most ⌊^1_2 d⌋ (or ⌊^1_2 (d − 1)⌋ in the former case), contrary to T being sff. 2

The implication of Theorem 4.1 for the equality case Conjecture 3.1 of the GLBC is obvious— all we need is an appropriate combinatorial triangulation of our polytope P . However, there are no corresponding pointers to finding such a triangulation.

5. Inductive arguments

In this section, we work with the weaker form of the equality case in the GLBC, namely, Conjecture 3.1; that is, if P is a simplicial d-polytope, then g_r(P ) = 0 implies that P has some triangulation, not necessarily regular, with no interior (d − r)-faces. We refer to this property as F (d, r).

If v ∈ vert P , then we write P/v for the vertex-figure of P at v. We first generalize a result from [14].

Proposition 5.1. For each r = 0, . . . , d − 1, ∑ v∈vert P g_r(P/v) = (d + 1 − r)g_r(P ) + (r + 1)g_{r+1}(P ).

Proof. This result holds more generally for links of vertices of triangulated spheres, but there is a nice proof for a simplicial polytope P , which we give here. We first establish the actual result of [14]. We recall that the boundary complex of P is shellable (indeed, our proof thus extends to shellable spheres), and (following [14]) we obtain a contribution 1 to h_r(P ) each time when, in adjoining the new facet F in the shelling, we add a new (r − 1)-face G 6 F and, for each s > r, all the (s − 1)-faces of F which contain G. In terms of the h-polynomial, the change Δh(P, σ, τ) in h(P, σ, τ) is given by Δh(P, σ, τ) = Δf(P, σ − τ, τ) = ∑ s¿r ( d − r d − s ) (σ − τ)^{d−s}τ^s = σ^{d−r}τ^r.

44 P. McMullen: Triangulations of Simplicial Polytopes

At this stage, we repeat the observation of [14], that reversing the shelling order (which interchanges the rôles of r and d − r) leads directly to the Dehn-Sommerville equations (2.4).

When we look at the corresponding contributions to φ(P, σ, τ) := ∑ v∈vert P h(P/v, σ, τ),

these come from the d vertices of F . For the r vertices v ∈ G, we are adding a new (r−2)-face (namely, the facet of G opposite v), while for the other d − r vertices v /∈ G we are adding a new (r − 1)-face (namely, G itself). The analysis analogous to that for P yields Δφ(P, σ, τ) = rσ^{d−r}τ^{r−1} + (d − r)σ^{d−r−1}τ^r = ( ∂ ∂σ + ∂ ∂τ ) σ^{d−r}τ^r. Summing over v ∈ vert P , we obtain the attractive formula ∑ v∈vert P h(P/v, σ, τ) = ( ∂ ∂σ + ∂ ∂τ ) h(P, σ, τ). (5.1)

Since g(P, σ, τ) = (σ − τ)h(P, σ, τ), an easy calculation yields exactly the same formula for the g-polynomials, namely, ∑ v∈vert P g(P/v, σ, τ) = ( ∂ ∂σ + ∂ ∂τ ) g(P, σ, τ). (5.2)

Comparing the coefficients of σ^{d+1−r}τ^r in the two sides of (5.2) gives the result. 2

Remark 5.2. The simple expressions for the relations of (5.1) and (5.2) provide another justification for using two indeterminates to write the h- and g-polynomials.

Our inductive argument is the following.

Theorem 5.3. If r 6 ⌊^1_2 (d − 1)⌋, then F (d − 1, r) implies F (d, r).

Proof. First, recall that (g_0(P ), . . . , g_{⌊d/2⌋}) is an M-sequence (this is Theorem 2.1). Hence g_r(P ) = 0 implies that g_{r+1}(P ) = 0 also, because r + 1 6 ⌊^1_2 (d + 1)⌋. Since g_r(P/v) ¿ 0 for each v ∈ vert P , we have

0 6^∑_{v∈vert P} gr(P/v) = (d + 1 − r)gr(P ) + (r + 1)gr+1(P ) = 0 (5.3)

from Proposition 5.1, and so it follows that g_r(P/v) = 0 for each v. By the inductive assumption F (d − 1, r), we deduce that each vertex-figure P/v has a triangulation U_v, say, with no interior (d−r−1)-faces. This induces a “local” triangulation T_v at v, with no interior (d − r)-faces containing v; initially, at least, we make no assumption that T_v extends to a

P. McMullen: Triangulations of Simplicial Polytopes 45

triangulation of P itself. However, if E = conv{v, w} is an edge of P , then U_v induces a triangulation V_v of the quotient P/E of P at E which has no interior (d − r − 2)-faces. Now

r 6 ⌊^1_2 (d − 1)⌋ =⇒ d − r − 2 ¿ ⌊^1_2 d⌋ − 1 = ⌊^1_2 (d − 2)⌋,

so that V_v is sff. Similarly, the triangulation V_w of P/E induced by U_w is sff, and from Theorem 3.3 we conclude that V_v = V_w. It follows at once that the local triangulations T_v are indeed compatible, and so they fit together to form a triangulation T of P with no interior (d − r)-faces, as claimed. 2

A particular case of this is the lower bound theorem for a simplicial d-polytope P , namely, g_2(P ) ¿ 0, with equality implying that P has a triangulation with no interior (d − 2)-faces. Putting the original proof by Walkup [22] for d = 4 together with the g-theorem, we see that we have the proof (with equality) for all d ¿ 4. Moreover, in this case, it is easy to see that the resulting triangulation is actually regular.

Remark 5.4. The cases r 6 ⌊^1_2 (d − 3)⌋ of Theorem 5.3 were (in effect) shown in [9], again using (5.3); the extension to r 6 ⌊^1_2 (d − 1)⌋ uses Theorems 3.3 and 4.1.

Acknowledgement. We wish to thank Anders Björner and Carl Lee for some useful discussions on the subject of this note.

References

[1] Barnette, D. W.: The minimum number of vertices of a simple polytope. Israel J. Math.

10 (1971), 121–125. Zbl 0221.52004 [2] Barnette, D. W.: A proof of the lower bound conjecture for convex polytopes. Pacific J.

Math. 46 (1973), 349–354. Zbl 0264.52006 [3] Bayer, M. M.: Face numbers and subdivisions of polytopes. In: Polytopes: Abstract, Convex and Computational (eds. T. Bisztriczky, P. McMullen, R. Schneider and A. Ivić Weiss), NATO ASI Series C 440, Kluwer, Dordrecht 1994, 155–171. Zbl 0809.52012 [4] Billera, L. J.; Lee, C. W.: Sufficiency of McMullen’s conditions for f-vectors of simplicial polytopes. Bull. Amer. Math. Soc. (New Series) 2 (1980), 181–185. Zbl 0431.52009 [5] Billera, L. J.; Lee, C. W.: A proof of the sufficiency of McMullen’s conditions for fvectors of simplicial convex polytopes. J. Combinat. Theory A 31 (1981), 237–255. Zbl 0479.52006 [6] Blind, G.; Blind, R.: Shellings and the lower bound theorem. Discrete Comput. Geom.

21, 519–526. Zbl 0948.52002 [7] Grünbaum, B.: Convex Polytopes. Wiley-Interscience, London 1967. Zbl 0163.16603 [8] Kalai, G.: Rigidity and the lower bound theorem, I. Invent. Math. 88 (1987), 125–151. Zbl 0624.52004 [9] Kalai, G.: Some aspects of the combinatorial theory of convex polytopes. In: Polytopes:

Abstract, Convex and Computational (eds. T. Bisztriczky, P. McMullen, R. Schneider and A. Ivić Weiss), NATO ASI Series C 440, Kluwer, Dordrecht 1994, 205–229. Zbl 0804.52006

46 P. McMullen: Triangulations of Simplicial Polytopes

[10] Kleinschmidt, P.; Lee, C. W.: On k-stacked polytopes. Discrete Math. 48 (1984), 125– 127. Zbl 0532.52003 [11] Lee, C. W.: Some recent results on convex polytopes. Contemporary Math. 114 (1990), 3–19. Zbl 0725.90099 [12] Lee, C. W.: Winding numbers and the generalized lower-bound conjecture. Discrete and Computational Geometry: Papers from the DIMACS Special Year Vol. 6 (ed. J.E. Goodman, R. Pollack and W. Steiger), Amer. Math. Soc. / Ass. Comput. Machinery (1991), 209–219. Zbl 0746.52013 [13] Lee, C. W.: P.L. spheres, convex polytopes, and stress. Discrete Comput. Geom. 15 (1996), 389–421. Zbl 0856.52009 [14] McMullen, P.: The maximum numbers of faces of a convex polytope. Mathematika 17 (1970), 179–184. Zbl 0217.46703 [15] McMullen, P.: The numbers of faces of simplicial polytopes. Israel J. Math. 9 (1971), 570–599. Zbl 0209.53701 [16] McMullen, P.: On simple polytopes. Invent. Math. 113 (1993), 419–444. Zbl 0803.52007 [17] McMullen, P.: Weights on polytopes. Discrete Comput. Geom. 15 (1996), 363–388. Zbl 0849.52011 [18] McMullen, P.; Walkup, D. W.: A generalized lower-bound conjecture for simplicial polytopes. Mathematika 18 (1971), 264–273. Zbl 0233.52003 [19] Stanley, R. P.: The upper-bound conjecture and Cohen-Macaulay rings. Stud. Appl.

Math. 54 (1975), 135–142. Zbl 0308.52009 [20] Stanley, R. P.: The number of faces of a simplicial convex polytope. Advances Math. 35 (1980), 236–238. Zbl 0427.52006 [21] Stanley, R. P.: Combinatorics and Commutative Algebra (2nd edition). Birkhäuser, Basel 1996. Zbl 0838.13008 [22] Walkup, D. W.: The lower bound conjecture for 3- and 4-manifolds. Acta Math. 125 (1970), 75–107. Zbl 0204.56301 [23] Ziegler, G. M.: Lectures on Polytopes. Springer, New York 1995. Zbl 0823.52002

Received October 30, 2002