Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 1, 291-303.

Curves in the Lightlike Cone

Huili Liu^1 Department of Mathematics, Northeastern University 110004 Shenyang P. R. China e-mail: liuhl@mail.neu.edu.cn liu@math.tu-berlin.de

Abstract. In this paper, we study curves in the lightlike cone. We first obtain the conformally invariant arc length in the (n+1)-dimensional lightlike cone and then characterize some curves in the 2-dimensional lightlike cone and 3-dimensional lightlike cone.

MSC 2000: 53A04, 53A30, 53B30 Keywords: lightlike cone, conformal invariant, Frenet formula, curvature function

0. Introduction

In General Relativity, null submanifolds usually appear to be some smooth parts of the achronal boundaries, for example, event horizons of the Kruskal and Kerr black holes and the compact Cauchy horizons in Taub-NUT spacetime and their properties are manifested in the proofs of several theorems concerning black holes and singularities. Degenerate submanifolds of Lorentzian manifolds may be useful to study the intrinsic structure of manifolds with degenerate metric and to have a better understanding of the relation between the existence of the null submanifolds and the spacetime metric.([8]) Although much has been known about submanifolds (hypersurfaces) of the pseudo- Riemannian space forms, there are rather few papers on submanifolds (hypersurfaces) of the pseudo-Riemannian lightlike cone. It should be remarked that a simply connected Riemannian manifold of dimension n ≥ 3 is conformally flat if and only if it can be isometrically immersed as a hypersurface of the lightlike cone ([4], [2]). Moreover, from the relations between the conformal transformation group and the Lorentzian group of the ndimensional Minkowski space E^n_1 , and the submanifolds of the n-dimensional Riemannian sphere S^n and the submanifolds of the (n + 1)-dimensional lightlike cone Q^{n+1}, we know that it is important to study submanifolds of the lightlike cone ([17], [9], [11]).

1 Supported by DFG Si-163/7-1, DAAD, SRF for ROCS, SEM; You xiu nian qing jiao shi ji jin; the SRF of Liaoning and the Northeastern University

0138-4821/93 $ 2.50 © 2004 Heldermann Verlag

292 H. Liu: Curves in the Lightlike Cone

In this paper, we are concerned with curves in the lightlike cone. For surfaces in the lightlike cone, see [10].

1. Curves in the lightlike cone Qn^{+1}

Let E^m_q be the m-dimensional pseudo-Euclidean space with the metric Ḡ(x, y) = <x, y> = m−q∑ i=1 x_iy_i − m∑ j=m−q+1 x_j y_j , where x = (x_1, x_2, . . . , x_m), y = (y_1, y_2, . . . , y_m) ∈ E^m_q . E^m_q is a flat pseudo-Riemannian manifold of signature (m − q, q).

Let M be a submanifold of E^m_q . If the pseudo-Riemannian metric Ḡ of E^m_q induces a pseudo-Riemannian metric G (respectively, a Riemannian metric, a degenerate quadratic form) on M, then M is called a timelike (respectively, spacelike, degenerate) submanifold of E^m_q .

Let c be a fixed point in E^m_q and r>0 be a constant. The pseudo-Riemannian sphere is defined by S^n_q (c, r) = {x ∈ E^{n+1}_q : Ḡ(x − c, x − c) = r^2};

the pseudo-Riemannian hyperbolic space is defined by

H^n_q (c, r) = {x ∈ E^{n+1}_{q+1} : Ḡ(x − c, x − c) = −r^2};

the pseudo-Riemannian lightlike cone (quadric cone) is defined by

Q^n_q (c) = {x ∈ E^{n+1}_q : Ḡ(x − c, x − c) = 0}.

It is well-known that S^n_q (c, r) is a complete pseudo-Riemannian hypersurface of signature (n − q, q), q ≥ 1, in E^{n+1}_q with constant sectional curvature r^{−2}; H^n_q (c, r) is a complete pseudo-Riemannian hypersurface of signature (n − q, q), q ≥ 1, in E^{n+1}_{q+1} with constant sectional curvature −r^{−2}; Q^n_q (c) is a degenerate hypersurface in E^{n+1}_q . The spaces E^n_q , S^n_q (c, r) and H^n_q (c, r) are called pseudo-Riemannian space forms. The point c is called the center of S^n_q (c, r), H^n_q (c, r) and Q^n_q (c). When c = 0 and q = 1, we simply denote Q^n_1 (0) by Q^n and call it the lightlike cone (or simply the light cone) ([12])

Let E^{n+2}_1 be the (n + 2)-dimensional Minkowski space and Q^{n+1} the lightlike cone in E^{n+2}_1 . A vector α ≠ 0 in E^{n+2}_1 is called spacelike, timelike or lightlike, if <α, α> > 0, <α, α> < 0 or <α, α> = 0, respectively. A frame field {e_1, . . . , e_n, e_{n+1}, e_{n+2}} on E^{n+2}_1 is called an asymptotic orthonormal frame field, if

<e_{n+1}, e_{n+1}> = <e_{n+2}, e_{n+2}> = 0, <e_{n+1}, e_{n+2}> = 1, <e_{n+1}, e_i> = <e_{n+2}, e_i> = 0, <e_i, e_j > = δ_{ij} , i, j = 1, . . . , n. A frame field {e_1, . . . , e_n, e_{n+1}, e_{n+2}} on E^{n+2}_1 is called a pseudo orthonormal frame field, if <e_{n+1}, e_{n+1}> = −<e_{n+2}, e_{n+2}> = 1, <e_{n+1}, e_{n+2}> = 0, <e_{n+1}, e_i> = <e_{n+2}, e_i> = 0, <e_i, e_j > = δ_{ij} , i, j = 1, . . . , n.

H. Liu: Curves in the Lightlike Cone 293

We assume that the curve

x : I → Q^{n+1} ⊂ E^{n+2}_1 , t → x(t) ∈ Q^{n+1}, t ∈ I ⊂ R

is a regular curve in Q^{n+1}. In the following, we always assume that the curve is regular and x(t) ‖̸ x^′(t) =^{dx(t)}_{dt} , for all t ∈ I.

Definition 1.1. A curve x(t) in E^{n+2}_1 is called a Frenet curve, if for all t ∈ I, the vector fields x(t), x^′(t), x^{′′}(t), . . . , x^n(t), x^{(n+1)}(t) are linearly independent and the vector fields x(t), x^′(t), x^{′′}(t), . . . , x^{(n+1)}(t), x^{(n+2)}(t) are linearly dependent, where x^{(n)}(t) =^{dnx(t)}_{dtn} .

Since <x, x> = 0 and <x, dx> = 0, dx(t) is spacelike. Then the induced arc length ( or simply the arc length) s of the curve x(t) can be defined by ds^2 = <dx(t), dx(t)>. If we take the arc length s of the curve x(t) as the parameter and denote x(s) = x(t(s)), then x^′(s) =^{dx}_{ds} is a spacelike unit tangent vector field of the curve x(s). Now we choose the vector field y(s), the spacelike normal space V^{n−1} of the curve x(s) such that they satisfy the following conditions: <x(s), y(s)> = 1, <x(s), x(s)> = <y(s), y(s)> = <x^′(s), y(s)> = 0, V^{n−1} = {span_R{x, y, x^′}}^⊥, span_R{x, y, x^′, V^{n−1}} = E^{n+2}_1 .

Therefore, choosing the vector fields α_2(s), α_3(s), . . . , α_n(s) ∈ V^{n−1} suitably, we have the following Frenet formulas

(1.1) x^′(s) = α_1(s) α^′_1(s) = κ_1(s)x(s) − y(s) + τ_1(s)α_2(s) α^′_2(s) = κ_2(s)x(s) − τ_1(s)α_1(s) + τ_2(s)α_3(s) α^′_3(s) = κ_3(s)x(s) − τ_2(s)α_2(s) + τ_3(s)α_4(s) . . . . . . α^′_i(s) = κ_i(s)x(s) − τ_{i−1}(s)α_{i−1}(s) + τ_i(s)α_{i+1}(s) . . . . . . α^′_{n−1}(s) = κ_{n−1}(s)x(s) − τ_{n−2}(s)α_{n−2}(s) + τ_{n−1}(s)α_n(s) α^′_n(s) = κ_n(s)x(s) − τ_{n−1}(s)α_{n−1}(s) y^′(s) = − n∑ i κ_i(s)α_i(s), where α_2(s), . . . , α_n(s) ∈ V^{n−1}, <α_i, α_j> = δ_{ij} , i, j = 1, 2, . . . , n. The functions κ_1(s), . . . , κ_n(s), τ_1(s), . . . , τ_{n−1}(s) are called cone curvature functions of the curve x(s). The frame {x(s), y(s), α_1(s), α_2(s), . . . , α_n(s)}

294 H. Liu: Curves in the Lightlike Cone is called the asymptotic orthonormal frame on E^{n+2}_1 along the curve x(s) in Q^{n+1}.

Let x(s) be a curve in Q^{n+1}. From <x(s), x(s)> = 0 we know that x̃(s) = e^{σ(s)}x(s) is also a curve in Q^{n+1}, where σ(s) : I → R is a differentiable function. Since <dx̃, dx̃> = e^{2σ}<dx, dx>, we know that the curves x̃(s) and x(s) are conformal. Denoting by s̃ the arc length of the curve x̃(s), we have (1.2) x̃^′ = dx̃ ds̃ = ( d(e^σx) ds )( ds ds̃ ) = (σ^′e^σx + e^σx^′)( ds ds̃ ). The relations <x̃^′, x̃^′> = <x^′, x^′> = 1 and <x, x^′> = 0 yield that (1.3) ds ds̃ = e^{−σ} . We may choose s̃ such that^{ds}_{ds̃} > 0. By a direct calculation, we get (1.4) x̃^′ = σ^′x + x^′, (1.5) x̃^{′′} = (σ^{′′}x + σ^′x^′ + x^{′′})( ds ds̃ ) = e^{−σ} (σ^{′′}x + σ^′x^′ + x^{′′}), (1.6) <x̃^{′′}, x̃^{′′}> = e^{−2σ}(σ^{′2} − 2σ^{′′} + <x^{′′}, x^{′′}>), (1.7) x̃^{′′′} = e^{−σ} [e^{−σ}(σ^{′′}x + σ^′x^′ + x^{′′})]^′ = e^{−2σ}[(σ^{′′′} − σ^′σ^{′′})x + (2σ^{′′} − σ^{′2})x^′ + x^{′′′}], and <x̃^{′′′}, x̃^{′′′}> = e^{−4σ}[(σ^{′2} − 2σ^{′′})^2 + 2(2σ^{′′} − σ^{′2})<x^′, x^{′′′}> + <x^{′′′}, x^{′′′}>] (1.8) = e^{−4σ}[(σ^{′2} − 2σ^{′′})^2 + 2(σ^{′2} − 2σ^{′′})<x^{′′}, x^{′′}> + <x^{′′′}, x^{′′′}>]. From these relations we obtain (1.9) <x̃^{′′′}, x̃^{′′′}> − <x̃^{′′}, x̃^{′′}>^2 = e^{−4σ}(<x^{′′′}, x^{′′′}> − <x^{′′}, x^{′′}>^2). From (1.1), by a direct calculation, we get <x^{′′′}, x^{′′′}> − <x^{′′}, x^{′′}>^2 = (κ_2 + τ^′_1)^2 + (κ_3 + τ_1τ_2)^2 + n∑ i=4 κ^2_i .

Also by a direct calculation we know that κ_2 + τ^′_1 ≠ 0 for the Frenet curve x(s) and n ≥ 2. Therefore, when n ≥ 2, for any Frenet curves x(s) and x̃(s̃), we have (1.10) √ <x̃^{′′′}, x̃^{′′′}> − <x̃^{′′}, x̃^{′′}>^2<dx̃, dx̃> = √ <x^{′′′}, x^{′′′}> − <x^{′′}, x^{′′}>^2<dx, dx>.

H. Liu: Curves in the Lightlike Cone 295

Theorem 1.1. Let x : I → Q^{n+1} ⊂ E^{n+2}_1 (n ≥ 2) be a Frenet curve in Q^{n+1} with the induced arc length parameter s. Then √ <x^{′′′}, x^{′′′}> − <x^{′′}, x^{′′}>^2<dx, dx> is a conformal invariant.

For an arbitrary parameter t of the curve x(s(t)) = x(t), we have

x^′ = ( dx dt )( dt ds ) = ẋ( dt ds ), x^{′′} = ẍ( dt ds )^2 − <ẋ, ẍ>ẋ( dt ds )^4, x^{′′′} = ...x ( dt ds )^3 − 3<ẋ, ẍ>ẍ( dt ds )^5 + ẋ( d^3t ds^3 ), ( dt ds ) = (<ẋ, ẋ>)^{− 12} , ( d^2t ds^2 ) = −<ẋ, ẍ>( dt ds )^4, ( d^3t ds^3 ) = −<ẍ, ẍ>( dt ds )^5 + 4<ẋ, ẍ>^2( dt ds )^7 − <ẋ,

...x >( dt ds )^5.

Consequently, <x^{′′′}, x^{′′′}> − <x^{′′}, x^{′′}>^2 = < ...x , ...x >( dt ds )^6 + 9<ẋ, ẍ>^2<ẍ, ẍ>( dt ds )^{10}

(1.11) − 6<ẋ, ẍ><ẍ, ...x >( dt ds )^8 − <ẋ,

...x

>^2( dt ds )^8 + 6<ẋ, ẍ>^2<ẋ, ...x >( dt ds )^{10} − 9<ẋ, ẍ>^4( dt ds )^{12}

= | | | | | | | | <ẋ, ẋ> ...x − 3<ẋ, ẍ>ẍ − <ẋ, ...x >ẋ <ẋ, ẋ>^52 | | | | | | | | 2 − 9 <ẋ, ẍ>^4 <ẋ, ẋ>^6 . Therefore we have

Theorem 1.2. Let x : I → Q^{n+1} ⊂ E^{n+2}_1 (n ≥ 2) be a Frenet curve with an arbitrary parameter t. Then

(1.12) √| | | | | | | | <ẋ, ẋ> ...x − 3<ẋ, ẍ>ẍ − <ẋ, ...x >ẋ <ẋ, ẋ>^52 | | | | | | | | 2 − 9 <ẋ, ẍ>^4 <ẋ, ẋ>^6 <dx, dx> is a conformal invariant.

296 H. Liu: Curves in the Lightlike Cone

2. Curves in the lightlike cone Q^2 In this section, we consider curves in the lightlike cone Q^2. For a curve x : I → Q^2 ⊂ E^3_1, from (1.1) we have

(2.1) x^′(s) = α(s) α^′(s) = κ(s)x(s) − y(s) y^′(s) = −κ(s)α(s), where s is an arc length parameter of the curve and x(s), y(s), α(s) satisfy <x, x> = <y, y> = <x, α> = <y, α> = 0, <x, y> = <α, α> = 1. For an arbitrary parameter t of the curve x(t), the cone curvature function κ is given by

(2.2) κ(t) =

<^{dx}_{dt} ,^{d2x}_{dt2} >^2 − <^{d2x}_{dt2} ,^{d2x}_{dt2} ><^{dx}_{dt} ,^{dx}_{dt} > 2<^{dx}_{dt} ,^{dx}_{dt} >^5 .

Since <y(s), y(s)> = 0, we can take x̃(s) = y(s). Then x̃(s) is also a curve in Q^2. We call x̃(s) the associated curve of the curve x(s). We denote by s̃ the arc length of the curve x̃(s). Then, marking by ”tilde” the quantities of the curve x̃(s), we have

(2.3) x̃^′ = dx̃ ds̃ = α̃ = ( ds ds̃ )y^′ = ( ds ds̃ )(−κα). Let α̃ = εα = ±α, then

(2.4) ds̃ ds = −εκ. From (2.1), (2.3), (2.4) and x̃ = y we get

(2.5) ε(κx − y) = ( ds̃ ds )(κ̃x̃ − ỹ) = −εκ(κ̃y − ỹ). Therefore, if κ ≠ 0, we have (2.6) x̃ = y, α̃ = εα, ỹ = x, κ̃ = 1 κ . Changing the parameter if necessary, we may assume that ε = 1. From (2.4) and (2.6) we have { ds̃ = −κds dκ̃ = −κ^{−2}dκ.

H. Liu: Curves in the Lightlike Cone 297 Then (2.7) κ̃^{− 3}2 dκ̃ ds̃ = κ^{32} κ^{−3} dκ ds = κ^{− 32} dκ ds for any curve x(s) and its associated curve x̃(s) in Q^2 with κ ≠ 0.

If the curves x(s) and x̃(s̃) have the same cone curvature functions κ(s) and κ̃(s̃), assume that κ^{− 32 dκ}_{ds} = −2a = constant ≠ 0. Then we obtain that κ = (as + c)^{−2}, where c ∈ R. Theorem 2.1. Let x : I → Q^2 be a curve with the cone curvature function κ = cs^{−2} for some nonzero constant c and arc length parameter s, then x(s) can be written as follows: (i) x(s) = a_1s + a_2s^{(1+√1+2c)} + a_3s^{(1−√1+2c)} for c ≠ −^1_2 , where a_1, a_2, a_3 ∈ E^3_1;

(ii) x(s) = a_1s + a_2s log s + a_3s log^2 s for c = −^1_2 , where a_1, a_2, a_3 ∈ E^3_1. Proof. From (2.1) and κ = cs^{−2} we have s^3x^{′′′}(s) − 2csx^′(s) + 2cx(s) = 0. Solving this equation, we obtain x(s) = a_1s + a_2s^{(1+√1+2c)} + a_3s^{(1−√1+2c)}, c ≠ − 1 2 , x(s) = a_1s + a_2s log s + a_3s log^2 s, c = − 1 2 , a_1, a_2, a_3 ∈ E^3_1. � Using a pseudo orthonormal frame on the curve x(s) and denoting by κ̄, τ̄, β and γ the curvature, the torsion, the principal normal and the binormal of the curve x(s) in E^3_1, we have x^′ = α, α^′ = κx − y = κ̄β, where κ ≠ 0, <β, β> = ε = ±1, <α, β> = 0, εκ<0. Then we get κ̄ = √ −2εκ, εβ = κx − y √ −2εκ ;

298 H. Liu: Curves in the Lightlike Cone ε(−κ̄α + τ̄γ) = ( κ √ −2εκ x − 1 √ −2εκ y)^′ = ( −ε √ −2εκ 2 x − 1 √ −2εκ y)^′ = κ^′ 2 √ −2εκ x − ε √ −2εκ 2 x^′ − εκ^′ √ (−2εκ)^3 y − 1 √ −2εκ y^′. Therefore ετ̄ γ = κ^′ 2 √ −2εκ x − εκ^′ √ (−2εκ)^3 y = κ^′ 2 √ −2εκ (x + 1 κ y). Choosing γ = √_{−εκ} 2 (x +^1_κ y), we obtain

(2.8) κ̄ = √ −2εκ, τ̄ = − 1 2 ( κ^′ κ ) = −( κ̄^′ κ̄ ).

Theorem 2.2. The curve x : I → Q^2 is a planar curve if and only if the cone curvature function κ of the curve x(s) is constant.

Proof. This is immediate from (2.8). �

Theorem 2.3. Let x : I → Q^2 be a curve with cone curvature function κ = constant and arc length parameter s, then x(s) can be written as follows:

(i) x(s) = a_1s^2 + a_2s + a_3, a_1, a_2, a_3 ∈ E^3_1;

for κ = 0, the curve is a parabola;

(ii) x(s) = a_1 sinh ( √ 2κ)s + a_2 cosh ( √ 2κ)s + a_3;

for κ > 0, the curve is a hyperbola;

(iii) x(s) = a_1 sin ( √ −2κ)s + a_2 cos ( √ −2κ)s + a_3;

for κ < 0, the curve is an ellipse.

Proof. From (2.1) and κ =constant, we have x^{′′′}(s) = 2κx^′(s). Solving this equation, we obtain that

x(s) = a_1s^2 + a_2s + a_3, κ = 0,

x(s) = a_1 sinh ( √ 2κ)s + a_2 cosh ( √ 2κ)s + a_3, κ > 0, x(s) = a_1 sin ( √ −2κ)s + a_2 cos ( √ −2κ)s + a_3, κ < 0,

H. Liu: Curves in the Lightlike Cone 299

where a_1, a_2, a_3 ∈ E^3_1. �

Theorem 2.4. Let x : I → Q^2 be a curve whose tangent vector field intersects a fixed vector in E^3_1 at a constant angle, then x(s) can be written as one of the curves given by Theorem 2.1 and Theorem 2.3.

Proof. Let a be a constant vector in E^3_1 and <α, a> = l, l is a constant. If l = 0, by <α, a> = 0 we have 0 = <α^′, a> = <κx − y, a> = κ<x, a> − <y, a>, 0 = κ^′<x, a> + κ<x^′, a> − <y^′, a> = κ^′<x, a>. Therefore we get that κ = constant. The curves are given by Theorem 2.3. Let l ≠ 0 and κ ≠ constant. From <α, a> = l we get (2.9) κ^′<x, a> + κ<x^′, a> − <y^′, a> = κ^′<x, a> + 2κl = 0 and (2.10) κ^{′′}<x, a> + κ^′l + 2κ^′l = 0. By (2.9) and (2.10) we obtain 2κκ^{′′} − 3κ^{′2} = 0.

Therefore κ = c_1(s + c_2)^{−2}, where c_1 ≠ 0 and c_2 are constants. The curves are given by Theorem 2.1. �

Theorem 2.5. Let x : I → Q^2 be a curve in Q^2 with arc length parameter s. Then x(s) is a Bertrand curve in E^3_1 if and only if the cone curvature function κ(s) of the curve x(s) is equal to: (i) a nonzero constant; or (ii) the function −ε(a + e^{bs})^{−2}, where a and b are constant, ab ≠ 0, ε = ±1.

Proof. Let x : I → Q^2 be a Bertrand curve in E^3_1. Then the curvature κ̄ and the torsion τ̄ of the curve x(s) satisfy

(2.11) lκ̄ + μτ̄ = 1

for some constants l ≠ 0 and μ ([13]). The constant μ = 0 yields κ̄ = constant ≠ 0. From (2.8) we know that the cone curvature function κ of the curve x(s) is also a nonzero constant.

Now assume that μ ≠ 0, κ ≠ constant. Then (2.8) and (2.11) yield that lκ̄ − μ( κ̄^′ κ̄ ) = 1.

300 H. Liu: Curves in the Lightlike Cone

Solving this equation we get

κ̄ = √ −2εκ = (l + e^{sμ +c})^{−1},

where c is a constant. By a parameter transformation, the cone curvature function κ(s) of the curve x(s) can be written as in (ii) of Theorem 2.5.

Let x : I → Q^2 be a curve with cone curvature function κ = constant ≠ 0. From (2.8) we know that κ̄ is also a nonzero constant. Hence the curve is a Bertrand curve.

Now we consider the curve x : I → Q^2 with the cone curvature function κ(s) = −ε(a + e^{bs})^{−2}. Then from (2.8) and a direct calculation we know that there are constants l =^{a√}_2 , μ =^1_b , such that lκ̄ + μτ̄ = 1. Then the curve x(s) is a Bertrand curve in E^3_1. �

3. Curves in the lightlike cone Q^3 In this section, we consider curves in the lightlike cone Q^3. Let x : I → Q^3 ⊂ E^4_1 be a curve in Q^3, then from (1.1) we have

(3.1) x^′(s) = α_1(s) α^′_1(s) = κ_1(s)x(s) − y(s) + τ(s)α_2(s) α^′_2(s) = κ_2(s)x(s) − τ(s)α_1(s) y^′(s) = −κ_1(s)α_1(s) − κ_2(s)α_2(s).

Theorem 3.1. Let x : I → Q^3 ⊂ E^4_1 be a curve with arc length parameter s so that the cone curvature functions κ_1, κ_2 and τ are constant, then it can be written as follows:

(i) x(s) = a_1s^2 + a_2s + a_3 + a_4

for κ_2 = τ = κ_1 = 0;

(ii) x(s) = a_1 sinh ( √ 2κ_1)s + a_2 cosh ( √ 2κ_1)s + a_3 + a_4

for κ_2 = τ = 0, κ_1 > 0;

(iii) x(s) = a_1 sin ( √ −2κ_1)s + a_2 cos ( √ −2κ_1)s + a_3 + a_4

for κ_2 = τ = 0, κ_1 < 0;

(iv) x(s) = a_1 sinh ls + a_2 cosh ls + a_3 sin μs + a_4 cos μs

for κ_2 ≠ 0;

H. Liu: Curves in the Lightlike Cone 301

where a_1, a_2, a_3, α_4 ∈ E^4_1, l > 0, μ > 0, ±l and ± √ −1μ are the real roots and the imaginary roots of the equation: t^4 − (2κ_1 − τ^2)t^2 − κ^2 = 0.

Proof. From (3.1) and that κ_1, κ_2 and τ are constant, we have

x^{′′} = κ_1x − y + τα_2, x^{′′′} = κ_2τx + (2κ_1 − τ^2)x^′ + κ_2α_2, x^{′′′′} = κ^2x + (2κ_1 − τ^2)x^{′′},

that is,

(3.2) { x^{′′′} − (2κ_1 − τ^2)x^′ = 0, for κ_2 = 0 x^{′′′′} − (2κ_1 − τ^2)x^{′′} − κ^2x = 0, for κ_2 ≠ 0.

From (3.1) we know that κ_2 = 0 yields that τ = 0. Then x(s) is a curve in Q^2 with κ_1 = constant. Therefore, solving (3.2), we obtain that (1) when κ_2 = τ = 0:

x(s) = a_1s^2 + a_2s + a_3 + a_4, 2κ_1 = 0; x(s) = a_1 sinh ( √ 2κ_1)s + a_2 cosh ( √ 2κ_1)s + a_3 + a_4, 2κ_1 > 0;

x(s) = a_1 sin ( √ −2κ_1)s + a_2 cos ( √ −2κ_1)s + a_3 + a_4, 2κ_1 < 0;

(2) when κ_2 ≠ 0:

x(s) = a_1 sinh ls + a_2 cosh ls + a_3 sin μs + a_4 cos μs;

where a_1, a_2, a_3, α_4 ∈ E^4_1 and

l^2 = √ (2κ_1 − τ^2)^2 + 4κ^2 + (2κ_1 − τ^2) 2 μ^2 = √ (2κ_1 − τ^2)^2 + 4κ^2 − (2κ_1 − τ^2) 2 . This completes the proof of the theorem. �

Remark. By a transformation in E^4_1, the curve (i) of Theorem 3.1 can be written as x(s) = a(1, s, 1 2 s^2, 1 2 s^2 + 1), where 0 ≠ a ∈ R;

the curve (ii) of Theorem 3.1 can be written as x(s) = (a, b, √ a^2 + b^2 sinh( √ 2κ_1)s, √ a^2 + b^2 cosh( √ 2κ_1)s), where a^2 + b^2 ≠ 0;

302 H. Liu: Curves in the Lightlike Cone

the curve (iii) of Theorem 3.1 can be written as

x(s) = ( √ a^2 − b^2 sin( √ −2κ_1)s, √ a^2 − b^2 cos( √ −2κ_1)s, b, a), where a^2 − b^2 > 0;

the curve (iv) of Theorem 3.1 can be written as

x(s) = a(sin(μs), cos(μs), sinh(ls), cosh(ls)), where 0 ≠ a ∈ R.

Acknowledgements. The author would like to thank Professor U. Simon and the colleagues in TU Berlin for their hospitality during his research stay at the TU Berlin.

References

[1] Akivis, M. A.; Goldberg, V. V.: Conformal Differential Geometry and Its Generalizations. Wiley, New York 1996. Zbl 0863.53002 [2] Asperti, A.; Dajczer, M.: Conformally flat Riemannian manifolds as hypersurfaces of the light cone. Canad. Math. Bull. 32 (1989), 281–285. Zbl 0695.53015 [3] Blaschke, W.: Vorlesungen über Differentialgeometrie, Vol. 3. Springer, Berlin 1929. JFM 55.0422.01 4] Brinkmann, W. H.: On Riemannian spaces conformal to Euclidean space. Proc. Nat.

Acad. Sci. USA 9 (1923), 1–3.

[5] Chen, B. Y.: Total Mean Curvature and Submanifolds of Finite Type. World Scientific, Singapore 1984. Zbl 0537.53049 [6] Chen, B. Y.; Deprez, J.; Dillen, F.; Verstraelen, L.; Vrancken, L.: Finite type curves.

Geometry and Topology of Submanifolds 2 (1990), 76–110.

cf. Chen, B. Y.; Deprez, J.; Dillen, F.; Verstraelen, L: Curves of finite types. Ibidem. Zbl 0747.53005 [7] Kulkarni, R. S.; Pinkall, U.: Conformal Geometry. Friedr. Vieweg & Son 1988. Zbl 0645.00004 [8] Kupeli, D. N.: On null submanifolds in spacetimes. Geometriae Dedicata 23 (1987), 33–51. Zbl 0625.53019 [9] Li, H. Z.; Liu, H. L.; Wang, C. P.; Zhao, G. S.: Möbius isoparametric hypersurfaces in S^{n+1} with two distinct principal curvatures. Acta Mathematica Sinica, English Series, 18 (2002), 437–446. Zbl pre1885842 [10] Liu, H. L.: The surfaces in the lightlike cone. Preprint 707, FB3-Mathematik, TU Berlin 2000 11] Liu, H. L.; Wang, C. P.; Zhao, G. S.: Möbius isotropic submanifolds in S^n. Tohoku Math. J. 53 (2001), 553–569.

[12] O’Neill, B.: Semi-Riemannian Geometry. Academic Press, NewYork 1983. Zbl 0531.53051

H. Liu: Curves in the Lightlike Cone 303

[13] Peng, F. F.; Ying, Z. Y.; Liu, H. L.: Bertrand curves in the Lorentzian geometry. J.

Wuhan Inst. Chem. Tech. 32(3) (2000), 78–79.

[14] Sasaki, T.: Inflection points and affine vertices of closed curves on 2-dimensional affine flat tori. Geometry and Topology of Submanifolds, VI, World Scientific, Singapore 1994, 129–140.

cf. Result. Math. 27(1–2) (1995), 129–140. Zbl 0836.53007 [15] Sasaki, T.: Closed Curves on a Flat Affine 2-torus. Geometry and Topology of Submanifolds, VII, World Scientific, Singapore 1995, 228–230.

[16] Sulanke, R.: Möbius invariants for pairs of spheres. Preprint 373, SFB 288, FB Mathematik, TU Berlin, math.MG/9902131 [17] Wang, C. P.: Möbius geometry of submanifolds in S^n. Manuscripta Math. 96 (1998), 517–534. Zbl 0912.53012

Received January 5, 2003