Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 1, 47-59.

Critical Point Theorems on Finsler Manifolds

László Kozma Alexandru Kristály Csaba Varga^1

Institute of Mathematics and Informatics, University of Debrecen H-4010 Debrecen, Pf. 12, Hungary e-mail: kozma@math.klte.hu

Faculty of Mathematics and Informatics, Babes-Bolyai University Str. Kogalniceanu nr.1, R-3400 Cluj–Napoca, Romania e-mail: akristal@math.ubbcluj.ro csvarga@math.ubbcluj.ro

Abstract. In this paper we consider a dominating Finsler metric on a complete Riemannian manifold. First we prove that the energy integral of the Finsler metric satisfies the Palais-Smale condition, and ask for the number of geodesics with endpoints in two given submanifolds. Using Lusternik-Schnirelman theory of critical points we obtain some multiplicity results for the number of Finsler-geodesics between two submanifolds.

MSC 2000: 53C60, 58B20 (primary); 58E05 (secondary) Keywords: Finsler manifold, critical point theory, Palais-Smale condition, Lusternik-Schnirelman theory.

Let M be a finite dimensional manifold and let M_1 respectively M_2 be two submanifolds of M. Many authors studied the problem in the Riemannian case (see [8], [19], [13], [21], [18] and [20]):

What is the number of geodesics with endpoints in M_1 and M_2 and which are orthogonal to M_1 and M_2 ?

The purpose of our study is to examine the existence and the number of Finsler-geodesics joining orthogonally M_1 and M_2 when a Finsler metric is given on a complete Riemannian manifold. The existence of closed geodesics in the case of Finsler space has been studied by F. Mercuri, see [11]. Following its considerations we shall extend some of the Riemannian

1In the case of the first author the work has been partially supported by the grant OTKA 32058, while in the case of the second and third authors by Sapientia Foundation.

0138-4821/93 $ 2.50 cfl 2004 Heldermann Verlag

48 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

results of K. Grove [8], J.P. Serre [19] and J.T. Schwartz [18] for geodesics of Finsler spaces with endpoints in two given submanifolds. Using the methods of D. Motreanu [13], T. Wang [21] and Cs. Varga – G. Farkas [20] it is possible to extend these results for locally convex cases.

In the first section, following [11] we describe the Riemann-Hilbert manifold Λ_N M of absolutely continuous maps from the unit interval I = [0, 1] to M with endpoints in N ⊂ M ×M. The second section is devoted to the study of energy integral of a Finsler metric. We consider only such a Finsler metric which dominates the underlying Riemannian structure of the manifold. We show that the energy integral L̃ is of class C^{2−} on Λ_N M, and the geodesics of the Finsler metric F joining orthogonally M_1 and M_2 are just the critical points of the energy integral L̃: Λ_{M1×M2} M → R. In the third section we prove that the energy functional L̃: Λ_N M → R of a Finsler metric satisfies the Palais-Smale condition on a complete manifold (Theorem 3). This generalizes the analogous result of [8] for Finsler metrics. In the last section, applying the results of [19] and [18] we deduce some multiplicity results for geodesics of Finsler spaces joining M_1 and M_2.

1. Preliminaries

Let M be an n-dimensional Riemannian manifold and I = [0, 1] the unit interval. Let c ∈ C^∞(I, M) and consider the pull-back diagram: c^∗T M^{c�π}−→ T M π^∗_c ↓ ↓ π I^c−→ M where π : T M → M is the canonical projection, and c^∗T M = {(t, y) ∈ I × T M| c(t) = π(y)} c^∗_π(t, y) = y, π^∗_c (t, y) = t. The Riemannian metric and connection on M can then be pulled back to a Riemannian metric and a connection on π^∗_c and we will denote them by ⟨, ⟩_c and ∇_c, respectively.

Let Σ(π^∗_c ) = {s : I → c^∗T M| π^∗_c ∘ s = id } be the set of all sections of π^∗_c , and we consider the following spaces:

H^0(c^∗T M) = {X ∈ Σ(π^∗_c )| ‖X(t)‖_c ∈ L^2(I)} H^1(c^∗T M) = {X ∈ Σ(π^∗_c )| ∇_cX exists and ∇_cX ∈ H^0(c^∗T M)}.

We have that H^i(c^∗T M), i = 0, 1 is a Hilbert space with respect to the scalar products: ⟨X, Y ⟩_0 = ∫ I ⟨X(t), Y (t)⟩_cdt ⟨X, Y ⟩_1 = ⟨X, Y ⟩_0 + ⟨∇_cX, ∇_cY ⟩_0. We will denote by ‖ · ‖_i the relative norms and ‖ · ‖_∞ the sup norm in C^0(c^∗T M), where C^k(c^∗T M) will have the usual meaning for k = 0, 1, . . . , ∞.

L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 49

Proposition 1. [11] The following inclusions H^1(c^∗T M) → C^0(c^∗T M) → H^0(c^∗T M) are continuous. More precisely:

(i) if ξ ∈ C^0(c^∗T M), then ‖ξ‖_0 ≤ ‖ξ‖_∞ and (ii) if ξ ∈ H^1(c^∗T M), then ‖ξ‖^2_∞ ≤ 2‖ξ‖^2_1.

Now, we consider the manifold L^2_1(I, M) of absolutely continuous maps from the unit interval I = [0, 1] to M with locally square integrable derivative. The space L^2_1(I, M) has a natural complete Riemannian-Hilbert structure given by ⟨X, Y ⟩^′_c = ∫ I ⟨X_c(t), Y_c(t)⟩_{c(t)} + ⟨∇_cX_c(t), ∇_cY_c(t)⟩_{c(t)}dt, where X and Y are arbitrary elements of T_cL^2_1(I, M) = H^1(c^∗T M), the set of all absolutely continuous vector fields X along c with square integrable covariant derivative ∇_cX.

Let P : L^2_1(I, M) → M × M be the projection, defined by P (c) = (c(0), c(1)) for all c ∈ L^2_1(I, M) and let N ⊂ M × M be a submanifold of M × M of codimension k. From the expression of local coordinate we get that P is submersion. Then we have that P^{−1}(N) is a submanifold of L^2_1(I, M) of codimension k. We denote P^{−1}(N) by Λ_N M. Let U be an open set containing the zero section in T M, c ∈ C^∞(I, M) and U_c = (c^∗_π)^{−1}(U). The map ϕ̃_c : H^1(U_c) → Λ_N M given by

ϕ̃_c(x)(t) = exp c^∗_πx(t)

is injective.

For x ∈ T M, j = 1, 2 define (∇_j exp)(x) : T_{π(x)}M → T_{exp x}M by

(∇_1 exp)(x)y = (d exp)(x) ∘ (dπ|T^hT M)^{−1}y,

(∇_2 exp)(x)y = (d exp)(x) ∘ k(x)^{−1}y,

where k(x) : T^v_x T M → T_{π(x)}M is the canonical identification.

For any c ∈ Λ_N M, ċ(t) ∈ H^0(c^∗T M). Let

H^i(Λ_N M^∗T M) = ⋃ c∈Λ_N M H^i(c^∗T M).

c ∈ Λ_N M gives a section ∂_c : Λ_N M → H^0(Λ_N M^∗T M). For x ∈ T M, set θ(x) = [∇_2 exp(x)]^{−1} ∘ [∇_1 exp(x)], and for c ∈ C^∞(I, M), X ∈ H^0(c^∗T M)

θ̃_c(X)(t) = (c^∗_π)^{−1} ∘ θ(c^∗_πX(t))∂c(t).

Then ∂_cX = ∇_cX + θ̃_cX.

50 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

2. The energy integral of a Finsler metric

Definition 1. A Finsler metric on a manifold M is a continuous function F : T M → R_+ satisfying the following properties:

(a) F is C^∞ on T M \ {0}. (b) F (u) > 0, ∀ u ∈ T M \ {0}. (c) F (tu) = |t|F (u), ∀t ∈ R, u ∈ T M. (d) for any p ∈ M the indicatrix I_F (p) = {u ∈ T_pM| F (u) < 1} is strongly convex. A manifold M endowed with a Finsler metric is called a Finsler space [1], [3], [12]. We say that a Finsler metric F dominates a Riemannian metric g of the manifold if for some H_0 > 0: F (u) ≥ H_0‖u‖ ∀u ∈ T M, where ‖ . ‖ denotes the Riemannian norm. Remarks.

1. If we consider the function L = F^2, then L is of class C^1 and dL is locally Lipschitz on T M. 2. The function L is of class C^2 if and only if F is a norm of a Riemannian metric. 3. The condition (d) implies that the second fibre derivative d^2_vL derives a positive definite quadratic form in the vertical bundle V τ_M . Then g := d^2_vL: Sec V τ_M × Sec V τ_M → C^∞(M) makes the vertical bundle V τ_M a Riemannian vector bundle.

4. It is clear that if the manifold M is compact, then any Finsler metric dominates a Riemannian metric on M. Namely, considering the Loewner ellipsoid of the indicatrix in each tangent space we get a Riemannian metric on the manifold, dominated by the Finsler metric, for H_0 = inf{F (u) | ‖u‖ = 1, u ∈ T M } is positive due to the compactness of M.

5. It is known [2] that if F_1 and F_2 are Finsler metrics on a manifold then √ F^2_1 + F^2_2 is a Finsler metric as well. This means that for any Riemannian metric g on M the Finsler metric F̃ (u) = √ F^2(u) + g(u, u) dominates g with the constant H_0 = 1.

Definition 2. The function L = F^2 induces a map L̃ : Λ_N M → R defined by

L̃(c) = ∫ I L(ċ(t))dt, ∀ c ∈ Λ_N M and is called the energy integral. In the following we use the next result:

Lemma 1. [10] Let f : R^n → R^m be continuous, C^∞ on R^n \{0}, and positively homogeneous of degree α. Then (a) if α = 1, there exists a constant k with ‖f(x) − f(y)‖Rm ≤ k‖x − y‖Rn ,

L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 51 (b) if α = 2, there exists constants k_1, k_2 with ‖f(x) − f(y)‖ ≤ k_1‖x − y‖^2 + k_2‖x − y‖ · ‖y‖ for all x, y ∈ R^n .

Theorem 1. The energy integral L̃ is C^{2−} on Λ_N M, i.e. L̃ is of class C^1 and the differential of L̃ is locally Lipschitz.

Proof. Let c ∈ C^∞(I, M) be a fixed element and (ϕ_c, H^1(U_c)) a local coordinate system about c and L̃_c = L̃ ∘ ϕ_c. Then L̃_c is the composition of the following maps: H^1(U_c)^{1×∂c}−→ H^1(U_c) × H^0(c^∗T M)^{λ̃c}−→ L^1(I) → R, where the last map is the integration and the λ̃_c is induced by the fibre map λ_c : U_c ⊕c^∗T M →

I × R, defined by

λ_c(x, y) = (π^∗_c x, L((∇_2 exp)(c^∗_πx)c^∗_πy)) for ∀ (x, y) ∈ U_c ⊕ c^∗T M.

It is sufficient to show that λ̃_c is of class C^{2−}. We note that the function λ̃_c is well-defined. In fact, for (X, Y ) ∈ H^1(U_c) × H^0(c^∗T M) we have the following inequality: ∫ I L(∇_2 exp(c^∗_πX(t))c^∗_πY (t))dt ≤ k_2 (∫ I ‖∇_2 exp c^∗_πX(t)‖^2 dt · ∫ I ‖Y (t)‖^2dt ) 1_2 . Indeed, because of L(~0) = 0, where ~0 is the zero section of T M and using the main value theorem and the fact that dL is locally Lipschitz we have:

L(∇_2 exp(c^∗_πX(t)) · (c^∗_πY (t))) − L(~0) ≤ k_2‖∇_2 exp(c^∗_πX(t)) · (c^∗_πY (t))‖. Since (∇_2 exp)(x) is isomorphism, see [9] and using the pull-back, we get: ‖∇_2 exp(c^∗_πX(t)) · (c^∗_πY (t))‖ ≤ ‖∇_2 exp(c^∗_πX(t)‖ · ‖c^∗_πY (t)‖. Combining the above inequalities and integrating we get the inequality: ∫ I L(∇_2 exp(c^∗_πX(t) · (c^∗_πY (t)))) dt ≤ k_2 ∫ I ‖∇_2 exp(c^∗_πX(t))‖ · ‖Y (t)‖ dt ≤

k_2 (∫ I ‖∇_2 exp(c^∗_πX(t))‖^2dt

) 1_2 · (∫ I ‖Y (t)‖^2dt ) 1_2 , which is bounded since ‖X(t)‖_∞ is small and Y (t) ∈ H^0(c^∗T M) = L^2(c^∗T M).

For any t ∈ I, consider the restriction of λ_c to the fibre λ_t : (U_c)_t ⊕ (c^∗T M)_t → R. If we denote by x, y the variable in the first and second factor, respectively, we have:

1. λ_t and ∂λ_t ∂x are positively homogeneous of degree 2 in y, and 2. ∂λ_t ∂y is positively homogeneous of degree 1 in y.

52 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

We show that λ̃_c is differentiable and (dλ̃_c)(X, Y )(t) = (d_f λ_c)(X(t), Y (t)), where d_f denotes the fibre derivative. Let (X_1, Y_1) ∈ H^1(U_c) × H^0(c^∗T M) be small enough. Then for some θ ∈ [0, 1], we have

‖λ̃_c((X + X_1), (Y + Y_1)) − λ̃_c(X, Y ) − (d_f λ_c)(X(t), Y (t))(X_1(t), Y_1(t))‖_L1 = = ∫ I ‖[(d_f λ_c)[X(t) + θX_1(t), Y (t) + θY_1(t)) − (d_f λ_c)(X(t), Y (t))]](X_1(t), Y_1(t))‖dt ≤ ≤ ∫ I ‖ ‖ ‖ ∂λ_t ∂x (X(t) + θX_1(t), Y (t) + θY_1(t)) − ∂λ_t ∂x (X(t), Y (t)) ‖ ‖ ‖ · ‖X^1(t)‖ dt+ + ∫ I ‖ ‖ ‖ ‖ ∂λ_t ∂y (X(t) + θX_1(t), Y (t) + θY_1(y)) − ∂λ_t ∂y (X(t), Y (t)) ‖ ‖ ‖ ‖ · ‖Y^1(t)‖dt ≤ ≤ ‖X_1‖_∞ ∫ I ‖ ‖ ‖ ∂λ_t ∂x (X(t) + θX_1(t), Y (t) + θY_1(t)) − ∂λ_t ∂x (X(t), Y (t)) ‖ ‖ ‖ dt+

+‖Y_1‖_0 (∫ I ‖ ‖ ‖ ∂λ_t ∂y (X(t) + θX_1(t), Y (t) + θY_1(t)) − ∂λ_t ∂y (X(t), Y (t)) ‖ ‖ ‖ 2 dt ) 1_2 ≤

≤ ‖X_1‖_∞ (∫ I k_1‖X_1(t)‖^2dt + ∫ I k_2‖Y_1(t)‖ [ ‖Y_1(t)‖ + ‖Y (t)‖ ] dt ) +

+‖Y_1‖_0 {∫ I k_3‖X_1(t)‖^2dt + ∫ I k_4‖Y_1(t)‖^2dt

} 1_2

by the lemma.

Since (X_1, Y_1) is small, then λ̃_c is differentiable. A similar calculation shows that λ̃_c is C^{2−}. �

Now we generalize the notion that a curve orthogonally joins two submanifolds of a Finsler manifold. Here we use the machinery of Abate and Patrizio’s book [1].

Definition 3. We say that a curve c: I → M orthogonally joins two submanifolds M_1 and M_2 if ⟨U^H |T^H⟩_{ċ(0)} = 0 and ⟨V^H |T^H⟩_{ċ(1)} = 0 hold for all U ∈ T_{c(0)}M_1, and V ∈ T_{c(1)}M_2 respectively, where T = ċ.

Remark. This orthogonality property was given by H. Rund ([17], page 26), which is, of course, not a symmetrical relationship, in general. The symmetry property of orthogonality is, however, not required in this investigation.

We can prove now the following

Theorem 2. Let M_1 and M_2 be submanifolds of M. Then c ∈ Λ_{M1×M2} M is a critical point for L̃: Λ_{M1×M2} M → R iff c is a Finsler-geodesic on M joining orthogonally M_1 and M_2.

L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 53

Proof. We consider a curve c : [0, 1] → M with unit speed F (ċ) = 1. The first variational formula gives (see [1], page 36)

dL̃(c)(U) = ⟨U^H |T^H ⟩_ċ|^1_0 −

∫_1 0 ⟨U^H |∇_T H T^H ⟩_ċ dt. If c ∈ Λ_{M1×M2} M is a critical point for L̃: Λ_{M1×M2} M → R and we consider regular fixed variations, then we get ∫_1 0 ⟨U^H |∇_T H T^H ⟩_ċ dt = 0. Since U ∈ T_c(Λ_{M1×M2} M) is arbitrary, it follows ∇_T H T^H = 0, which means c is a geodesic curve. Then for an arbitrary (not fixed) variation U we obtain

⟨U^H |T^H⟩_{ċ(0)} = ⟨U^H |T^H ⟩_{ċ(1)}

which implies that both sides vanish.

The converse statement simply follows from the first variation formula. �

3. The Palais-Smale condition

In this section we consider a dominating Finsler metric on a Riemannian manifold and prove that the functional L̃ satisfies the Palais-Smale condition on Λ_N M. This generalizes a result of K. Grove [8] for the energy integral of a Finsler metric. For its proof we need the following

Lemma 2. Let S ⊂ L^2_1(I, M) be a subset of L^2_1(I, M) on which L̃ is bounded. Then S is an equicontinuous family of curves on M with uniformly bounded length.

Proof. If we denote by d_M (p, q) the distance function on M, i.e. the infimum of the lengths of all piecewise differentiable curves joining p to q, then we have:

d^2_M (c_k(t_0), c_k(t_1)) ≤ (∫_{t1} t0 ‖ċ_k(t)‖dt )_2 ≤ (t_1 − t_0) ∫ I ‖ċ_k(t)‖^2dt. Because c_k ∈ L^2_1(I, M), we have ∫ I ‖ċ_k(t)‖^2dt < ∞, and using the fact that F is a dominating Finsler norm, then there exists a real number H_0 > 0 such that ∫ I ‖ċ_k(t)‖^2dt ≤ H_0 ∫ I F^2(ċ_k(t))dt = H_0 ∫ I L(ċ_k(t))dt. Then we have d^2_M (c_k(t_0), c_k(t_1)) ≤ (t_1 − t_0)H_0S_0, where L̃(c_k) ≤ S_0, k ∈ N. It follows that S is an equicontinuous family of curves of M. �

Proposition 2. Let N ⊂ M ×M be a closed submanifold of M ×M with compact P_1(N) ⊂ M or P_2(N) ⊂ M, and suppose that M is complete. Then any sequence {c_n} in Λ_N M on which L̃ is bounded, has a subsequence converging uniformly to a continuous path h ∈ C0_N (M) in M.

54 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

Proof. Without loss of generality we can assume that P_1(N) ⊂ M is compact. From Lemma 2 we have that {c_n}_{n∈}N is an equicontinuous family of curves on M of bounded length, i.e. there exists a closed and bounded set K ⊂ M such that c_n(I) ⊂ K for all n ∈ N since c_n(0) ∈ P_1(N), ∀ n ∈ N. Since M is a complete manifold, from the Hopf-Rinow theorem, see [1], we get that the set K is compact and hence we can apply Arzela-Ascoli’s theorem to obtain the statement of the proposition. �

The main result of this section is the following.

Theorem 3. Let F be a dominating Finsler metric on a complete Riemannian manifold M, and N ⊂ M × M be a closed submanifold of M × M such that P_1(N) ⊂ M or P_2(N) ⊂ M is compact. Then L̃ : Λ_N M → R_+ satisfies the Palais-Smale condition, i.e. any sequence c_n ∈ Λ_N M with |L̃(c_n)| < const. and ‖dL̃(c_n)‖ → 0 as n → ∞ contains a convergent subsequence.

Proof. Let {c_n}_{n∈}N be a sequence in Λ_N M, on which L̃ is bounded i.e. L̃(c_n) ≤ k, k ∈ R_+ , ∀ n ∈ N and for which ‖(grad L̃)(c_n)‖ → 0, where grad L̃ is a C^{1−}-vector field on Λ_N M induced by L̃ due to the Riesz representation theorem, i.e.

⟨grad L̃(c), η⟩_1 = (dL̃)(c)η, for c ∈ Λ_N M, η ∈ T_c(Λ_N M).

We notice grad L̃ by dL̃. We want to show that {c_n} has a convergent subsequence. Now by Proposition 2 we can assume that c_n converges uniformly to a continuous map h ∈ C^0_N (M). Let c ∈ C^∞(I, M) be uniformly close to h ∈ C^0_N (M) (C^∞(I, M) is dense in Λ_N M).

We can assume that all c_n belong to a coordinate neighborhood ϕ_c(H^1(U_c)). Set X_n = ϕ^{−1}_c (c_n), ∀ n ∈ N.

We show that the function L̃ is locally coercive, i.e. there exist α > 0 and c_1, c_2 ∈ R such that

(dL̃_c(X_n) − dL̃_c(X_m))(X_n − X_m) ≥ ≥ α‖X_n − X_m‖^2_1 − c_1‖X_n − X_m‖^2_∞ − c_2‖X_n − X_m‖_∞.

We write

(dL̃_c(X_n) − dL̃_c(X_m))(X_n − X_m) = dL̃_c(X_n)(X_n − X_m) − dL̃_c(X_m)(X_n − X_m) = ∫_1 0 (dλ̃_c)(X_n(t), ∂_cX_n(t))(X_n(t) − X_m(t), ∇_c(X_n − X_m)(t) + dθ̃_c(X_n)(X_n − X_m))dt − ∫_1 0 dλ̃_c(X_m(t), ∂_cX_m(t))(X_n(t) − X_m(t), ∇_c(X_n − X_m)(t) + dθ̃_c(X_m)(X_n − X_m))dt.

Remembering that ∂_cX = ∇_cX + θ̃_cX, from the relation above we obtain

(dL̃_c(X_n) − dL̃_c(X_m))(X_n − X_m) = = ∫_1 0 dλ̃_c(X_n(t), ∂_cX_n(t))((X_n − X_m)(t), ∂_c(X_n − X_m) − θ̃_c(X_n − X_m) + dθ̃_c(X_n)(X_n − X_m))dt

L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 55 − ∫_1 0 dλ̃_c(X_m(t), ∂_cX_m(t))((X_n−X_m)(t), ∂_c(X_n−X_m)−θ̃_c(X_n−X_m)+dθ̃_c(X_m)(X_n−X_m))dt= ∫_1 0 (dλ̃_c)(X_n(t), ∂_cX_n(t))(0, ∂_cX_n − ∂_cX_m)dt − ∫_1 0 (dλ̃_c)(X_m(t), ∂_cX_m(t))(0, ∂_cX_n − ∂_cX_m)dt + ∫_1 0 (dλ̃_c)(X_n(t), ∂_cX_n(t))((X_n − X_m)(t), θ̃_c(X_m) − θ̃_c(X_n) + dθ̃_c(X_n)(X_n − X_m))dt− − ∫_1 0 (dλ̃_c)(X_m(t), ∂_cX_m(t))((X_n − X_m)(t), θ̃_c(X_m) − θ_c(X_n) + dθ̃_c(X_m)(X_n − X_m))dt We introduce the following notations M_1 =

∫_1 0 (dλ̃_c)(X_n(t), ∂_cX_n(t))(0, ∂_cX_n − ∂_cX_m)dt

M_2 =

∫_1 0 (dλ̃_c)(X_m(t), ∂_cX_m(t))(0, ∂_cX_n − ∂_cX_m)dt M_3 =

∫_1 0 (dλ̃_c)(X_n(t), ∂_cX_n(t))((X_n − X_m)(t), θ̃_c(X_m) − θ̃_c(X_n) + dθ̃_c(X_n)(X_n − X_m))dt

M_4 =

∫_1 0 (dλ̃_c)(X_m(t), ∂_cX_m(t))((X_n − X_m)(t), θ̃_c(X_m) − θ̃_c(X_n) + dθ̃_c(X_m)(X_n − X_m))dt, then we get (dL̃_c(X_n) − dL̃_c(X_m))(X_n − X_m) = 4∑ i=1 (−1)^{i+1}M_i.

In the following we estimate M_3, respectively M_4. Since the functions^{∂λt}_{∂x} (X_n, ∂_cX_n)(·) and ∂λt ∂y (X_n, ∂_cX_n)(·) are continuous on the interval [0,1] they attain their minimum and maximum, therefore we get |M_3| ≤ k_1 ∫_1 0 ‖X_n(t) − X_m(t)‖dt + k_2 ∫_1 0 ‖θ̃_c(X_m) − θ̃_c(X_n) + dθ̃_c(X_n)(X_n − X_m)‖dt.

Using the fact that the function θ̃_c is differentiable, ‖X_n − X_m‖_∞ is sufficiently small and the inequality ‖ξ‖_0 ≤ ‖ξ‖_∞ from Proposition 1 we obtain: |M_3| ≤ k_1‖X_n − X_m‖_0 + k_2ε_1‖X_n − X_m‖_∞ ≤ k‖X_n − X_m‖_∞.

In the same way we have |M_4| ≤ k^∗‖X_n − X_m‖_∞. In the next we estimate the expression M_5 =

∫_1 0 ( ∂λ_t ∂y (X_n(t), ∂_cX_m(t) ) (0, ∂_cX_n − ∂_cX_m)dt − M_2.

56 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

In this case we have

M_5 =

∫_1 0 [ ∂λ_t ∂y (X_n(t), ∂_cX_m(t)) − ∂λ_t ∂y (X_m(t), ∂_cX_m(t) ] (∂_cX_n − ∂_cX_m)dt. Since ‖∂_cX_n − ∂_cX_m‖_0 is bounded, see [11, p. 240], and^{∂λt}_{∂y} is positively homogeneous, we get that |M_5| ≤ k_3 ∫_1 0 ‖X_n(t) − X_m(t)‖dt ≤ k_3‖X_n − X_m‖_0 ≤ k_3‖X_n − X_m‖_∞. Using the main value theorem and condition (d) from Definition 1, we estimate the following expression: M_6 =

∫_1 0 (dλ̃_c)(X_n(t), ∂_cX_n(t))(0, ∂_cX_n(t) − ∂_cX_m(t))− −(dλ̃_c)(X_n(t), ∂_cX_m(t))(0, ∂_cX_n(t) − ∂_cX_m(t))dt = = ∫_1 0 ( ∂λ_t ∂y ) (X_n(t), ∂_cX_n(t))(∂_cX_n(t) − ∂_cX_m(t))− − ( ∂λ_t ∂y ) (X_n(t), ∂_cX_m(t))(∂_cX_n(t) − ∂_cX_m(t))dt = = ∫_1 0 ∂^2λ_t ∂y^2 (X_n(t), s∂_cX_n(t) + (1 − s)∂_cX_m(t))(∂_cX_n(t) − ∂X_m(t))(∂_cX_n(t) − ∂_cX_m(t))dt ≥ ≥ α‖∂_cX_n − ∂_cX_m‖^2_0, where α is a positive constant. Because we have the inequality ‖X_n − X_m‖^2_1 = ‖X_n − X_m‖^2_0 + ‖∇_cX_n − ∇_cX_m‖^2_0 ≤ ≤ ‖X_n − X_m‖^2_0 + 2‖θ̃_c(X_n) − θ̃_c(X_m)‖^2_0 + 2‖∂_cX_n − ∂_cX_m‖^2_0 and θ̃_c is differentiable and dθ̃(sX_n + (1 − s)X_m) is linear and continuous, we get ‖θ̃_c(X_n) − θ̃_c(X_m)‖_0 ≤ ‖dθ̃_c(sX_n + (1 − s)X_m)(X_n − X_m)‖_0 ≤ ≤ k_4‖X_n − X_m‖_0 ≤ k_4‖X_n − X_m‖_∞.

Therefore we have the inequality α‖X_n − X_m‖^2_1 ≤ α(1 + 2k^2_4)‖X_n − X_m‖^2_∞ + 2α‖∂_cX_n − ∂_cX_m‖^2_0, where α > 0 is the constant from the estimation for M_6.

Using the estimations above we get (dL̃_c(X_n) − dL̃_c(X_m))(X_n − X_m) ≥ α‖X_n − X_m‖^2_1 − c_1‖X_n − X_m‖^2_∞ − c_2‖X_n − X_m‖_∞, where c_1, c_2 ∈ R are constants.

Because ‖X_n −X_m‖_∞ → 0, dL̃_c(X_n) → 0 and dL̃_c(X_m) → 0 if m, n → ∞, from the above relation we obtain ‖X_n −X_m‖_1 → 0. Using the fact that Λ_N M is a complete Riemann-Hilbert manifold we get that the sequence {X_n} contains a convergent subsequence. �

L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 57

Corollary 1. Let F be a dominating Finsler metric on a complete Riemannian manifold M, V and V^′ be two closed submanifolds of M. Then the following holds:

(a) L̃ : Λ_{V ×V} 0 M → R_+ satisfies the Palais-Smale condition if V or V^′ is compact. (b) L̃ : Λ_{{p}×V} M → R_+ satisfies the Palais-Smale condition. (c) L̃ : Λ_{{p}×{q}}M → R_+ satisfies the Palais-Smale condition ∀ p, q ∈ M.

4. Multiplicity results

In this section we generalize some results of K. Grove [8], J.P. Serre [19] and J.T. Schwartz [18] for Finsler manifolds. The next result is a generalization of Theorem 2.6. in [8] for Finsler metrics.

Theorem 4. Let M be a smooth, complete, finite dimensional Riemannian manifold with a dominating Finsler metric F and let M_1 and M_2 be closed submanifolds of M with say M_1 compact. Then in any homotopy class of curves from M_1 to M_2 there exists a Finsler-geodesic joining orthogonally M_1 and M_2 with length smaller than that of any other curve in this class. Furthermore, there are at least cat Λ_{M1×M2} M geodesics joining orthogonally M_1 and M_2.

Proof. Since Λ_{M1×M2} M is a complete Hilbert-Riemann manifold and the energy functional satisfies the Palais-Smale condition it follows that the energy integral attains its infimum on any component of Λ_{M1×M2} M and its lower bound. Since any critical point c for L̃ is a geodesic curve of the Finsler metric F , which joins M_1 and M_2 orthogonally, see Theorem 2, we obtain the first part of our theorem.

We note that an infimum of the energy functional is an infimum of the length by using the proof of Lemma 2 and the fact that a change of parameter does not affect the homotopy class of the curve. Using [15, Theorem 7.2] we get easily the second assertion of our theorem. �

Theorem 5. Let M be a smooth, compact, connected, finite dimensional Finsler manifold. We suppose that M is simply connected and let M_1, M_2 be two closed submanifolds of M such that M_1 ∩ M_2 = ∅, M_1 is contractible. Then there are infinitely many Finsler-geodesics joining orthogonally M_1 and M_2.

Proof. Since M is compact, the Finsler metric dominates some Riemannian metric on M (see Remarks following Definition 1), and therefore M is a complete Riemannian manifold. Using the inequality cat Λ_{M1×M2} M ≥ 1 + cuplong Λ_{M1×M2} M and the fact that cuplong Λ_{M1×M2} M = ∞, see [19], from Theorem 4 the statement follows. �

Theorem 6. Let M be a smooth, complete, non-contractible, finite dimensional Riemannian manifold endowed with a dominating Finsler metric F and let M_1 and M_2 be two closed and contractible submanifolds of M such that M_1 or M_2 is compact. Then there exist infinitely many Finsler-geodesics joining orthogonally M_1 and M_2.

Proof. Since M_1 ×M_2 is a submanifold of M ×M, the inclusion Λ_{M1×M2} M → C^0_{M1×M2} (M) = {σ ∈ C^0([0, 1], M) : σ(0) ∈ M_1, σ(1) ∈ M_2} is a homotopy equivalence, see [8, Theorem 1.3]. Since M_1 and M_2 are contractible subsets of M, the sets C^0_{M1×M2} (M) and M_1 × M_2 × Ω(M)

58 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

are homotopically equivalent, see [7, Proposition 3.2]. Since M is non-contractible, from [7, Corollary 1.2] we have cat Ω(M) = ∞. Therefore, cat Λ_{M1×M2} M = ∞ and we can apply again Theorem 4 to obtain the desired relation. �

References

[1] Abate, M.; Patrizio, G.: Finsler Metrics – A Global Approach. Springer-Verlag, 1994. Zbl 0837.53001 [2] Bácsó, S.; Ilosvay, F,; Kis, B.: Landsberg spaces with common geodesics. Publ. Math. 42 (1993), 139–144. Zbl 0796.53022 [3] Bao, D.; Chern, S. S.: On a notable connection in Finsler geometry. Houston Journal of Math. 19 (1993), 135–180. Zbl 0787.53018 [4] Bernstein, I.; Ganea, T.: Homotopical nilpotency. Illinois J. Math. 5 (1961), 99–130. Zbl 0096.17602 [5] do Carmo, M. P.: Riemannian Geometry. Birkhäuser, Boston 1992. Zbl 0752.53001 [6] Fadell, E.; Husseini, S.: A note on the category of free loop space. Proc. Amer. Math.

Soc. 107(1989), 527–536. Zbl 0676.58019 [7] Fadell, E.; Husseini, S.: Category of loop space of open subsets in euclidean space. Nonlinear Anal. Meth. Appl. 17(12) (1991), 1153–1161. Zbl 0756.55008 [8] Grove, K.: Condition (C) for the energy integral on certain path space and application to the theory of geodesics. J. Diff. Geometry 8 (1973), 207–223. Zbl 0277.58004 [9] Klingenberg, W.: Riemannian Geometry. de Gruyter, Berlin-New York 1982. Zbl 0495.53036 [10] Kurogi, T.: On geodesics with the same angle. Proc. Japan. Acad. 59 (1983), 427–430. Zbl 0554.53032 [11] Mercuri, F.: The Critical Points Theory for the Closed Geodesics Problem. Math. Z.

156 (1977), 231–245. Zbl 0344.58013 [12] Miron, R.; Anastasiei, M.: Vector Bundles and Lagrange Spaces with Applications to Relativity. Geometry Balkan Press, Bucharest 1997. Zbl 0884.53003 [13] Motreanu, D.: Tangent vectors to sets in the theory of geodesics. Nagoya Math. J. 106 (1987), 29–47. Zbl 0611.53043 [14] Palais, R. S.: Morse theory on Hilbert manifolds. Topology 2 (1963), 299–340. Zbl 0122.10702 [15] Palais, R. S.: Lusternik-Schnirelman theory on Banach manifolds. Topology 5 (1966), 115–132. Zbl 0143.35203 [16] Palais, R. S.: Lectures on Morse Theory. Lecture Notes, Brandeis and Harvard Universities 1962.

[17] Rund, H.: The Differential Geometry of Finsler Spaces. Springer Verlag, 1959. Zbl 0087.36604 [18] Schwartz, J. T.: Generalizing the Lusternik-Schnirelman theory of critical points. Comm.

on Pure and Applied Math. 17 (1964), 307–315. Zbl 0152.40801

L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 59

[19] Serre, J. P.: Homologie singuliére des espaces fibrés. Ann. of Math. 54 (1951), 425–505. Zbl 0045.26003 [20] Varga, Cs.; Farkas, G.: Lusternik-Schnirelman theory on closed subsets of C^1-manifolds.

Studia Univ. Babeş-Bolyai, Mathematica, 38(2) (1993), 75–89. Zbl 0831.58015 [21] Wang, T.: Lusternik-Schnirelman category theory on closed subsets of Banach manifold.

J. Math. Anal. Appl. 149 (1990), 412–423. Zbl 0709.58012

Received March 7, 2000;

first revised version April 16, 2001, second revised version December 16, 2002