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Abstract. In this paper we consider a dominating Finsler metric on a complete
Riemannian manifold. First we prove that the energy integral of the Finsler met-
ric satisfies the Palais-Smale condition, and ask for the number of geodesics with
endpoints in two given submanifolds. Using Lusternik-Schnirelman theory of crit-
ical points we obtain some multiplicity results for the number of Finsler-geodesics
between two submanifolds.
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Let M be a finite dimensional manifold and let M; respectively M, be two submanifolds of
M. Many authors studied the problem in the Riemannian case (see [8], [19], [13], [21], [1§]
and [20]):
What is the number of geodesics with endpoints in My and My and which are
orthogonal to My and My ?
The purpose of our study is to examine the existence and the number of Finsler-geodesics
joining orthogonally M; and M; when a Finsler metric is given on a complete Riemannian
manifold. The existence of closed geodesics in the case of Finsler space has been studied by
F. Mercuri, see [11]. Following its considerations we shall extend some of the Riemannian

'In the case of the first author the work has been partially supported by the grant OTKA 32058, while
in the case of the second and third authors by Sapientia Foundation.

0138-4821/93 $ 2.50 (© 2004 Heldermann Verlag



48 L. Kozma et al.: Critical Point Theorems on Finsler Manifolds

results of K. Grove [8], J.P. Serre [19] and J.T. Schwartz [18] for geodesics of Finsler spaces
with endpoints in two given submanifolds. Using the methods of D. Motreanu [13], T. Wang
[21] and Cs. Varga — G. Farkas [20] it is possible to extend these results for locally convex
cases.

In the first section, following [11] we describe the Riemann-Hilbert manifold AyM of
absolutely continuous maps from the unit interval / = [0,1] to M with endpoints in N C
M x M. The second section is devoted to the study of energy integral of a Finsler metric. We
consider only such a Finsler metric which dominates the underlying Riemannian structure of
the manifold. We show that the energy integral L is of class C?~ on Ay M, and the geodesics
of the Finsler metric F' joining orthogonally M; and M, are just the critical points of the
energy integral L: A Myxm, M — R. In the third section we prove that the energy functional
L: AxM — R of a Finsler metric satisfies the Palais-Smale condition on a complete manifold
(Theorem 3). This generalizes the analogous result of [8] for Finsler metrics. In the last
section, applying the results of [19] and [18] we deduce some multiplicity results for geodesics
of Finsler spaces joining M; and Ms.

1. Preliminaries

Let M be an n-dimensional Riemannian manifold and I = [0,1] the unit interval. Let
c € C®(I, M) and consider the pull-back diagram:

cTM =5 TM
m I
I = M
where 7 : T'"M — M is the canonical projection, and

TM = {(t,y) € I x TM| c(t) = 7(y)}

C;(t, y) =Y, W:(ta y) =t.
The Riemannian metric and connection on M can then be pulled back to a Riemannian
metric and a connection on 7¥ and we will denote them by (, ). and V., respectively.
Let X(7¥) ={s: I — ¢*TM| 7¥os =id } be the set of all sections of 7%, and we consider
the following spaces:

H(cTM) = {X e S(m)) [X(#)] € L*(I)}
HY(c*TM) = {X € %(n¥)| V.X exists and V.X € H(c*TM)}.

We have that H'(c*T'M), i = 0,1 is a Hilbert space with respect to the scalar products:

<X7 Y)O - /[<X(t)vy(t)>cdt

(X, ) = (X, Y)o+ (V.X, V.Y ).

We will denote by || - ||; the relative norms and || - || the sup norm in C°(c*T'M), where
Ck(c*T M) will have the usual meaning for k = 0,1, ..., 00.



L. Kozma et al.: Critical Point Theorems on Finsler Manifolds 49

Proposition 1. [11] The following inclusions H'(¢*T M) — C°(c*T M) — H°(¢*TM) are
continuous. More precisely:

(i) if £€CcTM), then [lgllo < [1€]l

and
(ii) if &€ H(C'TM), then ||€]1%, < 2[|€]I7.

Now, we consider the manifold L#(I, M) of absolutely continuous maps from the unit interval
I =1[0,1] to M with locally square integrable derivative. The space L?(I, M) has a natural
complete Riemannian-Hilbert structure given by

<X7 Y>,c = /I<Xc(t)7 )/;(t)>0(t) + <chc(t>7 vc}@(t»c(t)dt;

where X and Y are arbitrary elements of T.L(I, M) = H'(c*T'M), the set of all absolutely
continuous vector fields X along ¢ with square integrable covariant derivative V_.X.

Let P : L*(I,M) — M x M be the projection, defined by P(c) = (c(0),c(1)) for all
c€ L2(I, M) and let N C M x M be a submanifold of M x M of codimension k. From the
expression of local coordinate we get that P is submersion. Then we have that P~1(N) is a
submanifold of L2(I, M) of codimension k. We denote P~*(N) by AyM.

Let U be an open set containing the zero section in TM, ¢ € C°°(I, M) and U, = (c:)~}(U).
The map ¢, : HY(U,) — Ay M given by

Ge(x)(t) = exp cLx(t)

is injective.

For x € TM, j=1,2 define (V;exp)(x) : Tr@myM — Texp M by
(Viexp)(a)y = (dexp)(z) o (dn|T"TM) ™'y,

(Vaexp)(z)y = (dexp)(z) o k(z) 'y,

where k(x) : TYTM — Ty M is the canonical identification.
For any ¢ € AyM, ¢(t) € H(¢*TM). Let

H'(ANM*TM) = | ] H'(¢'TM).

CGANM

c € AyM gives a section 0, : ANM — HY(ANM*TM). For x € TM, set O(z) =
[V exp(z)]™! o [V exp(z)], and for ¢ € C°(I, M), X € H(¢*TM)

G.(X)(t) = ()L o O(c X (1))c(t).

™

Then 3
J0.X=V.X+6.X.
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2. The energy integral of a Finsler metric

Definition 1. A Finsler metric on a manifold M is a continuous function F': TM — R,
satisfying the following properties:
(a) F is C* on TM \ {0}.
(b) F(u) >0, VueTM\{0}.
(¢) F(tu) = [t|F(u), YVt e R, ue TM.
(d) for any p € M the indicatriz Ip(p) = {u € T,M| F(u) < 1} is strongly conver.

F
F

A manifold M endowed with a Finsler metric is called a Finsler space [1], [3], [12]. We
say that a Finsler metric F' dominates a Riemannian metric g of the manifold if for some
Hy > 0: F(u) > Hpllu|| Yu € TM, where ||.| denotes the Riemannian norm.

Remarks.
1. If we consider the function L = F2, then L is of class C! and dL is locally Lipschitz on
TM.

2. The function L is of class C? if and only if F is a norm of a Riemannian metric.

3. The condition (d) implies that the second fibre derivative d2L derives a positive definite
quadratic form in the vertical bundle V7y;. Then g := d?L:SecV 1y X SecVry —
C>°(M) makes the vertical bundle V), a Riemannian vector bundle.

4. Tt is clear that if the manifold M is compact, then any Finsler metric dominates a
Riemannian metric on M. Namely, considering the Loewner ellipsoid of the indicatrix
in each tangent space we get a Riemannian metric on the manifold, dominated by the
Finsler metric, for

Ho=inf{F(u)]| |lu]| =1, ue TM}

is positive due to the compactness of M.

5. It is known [2] that if F} and F; are Finsler metrics on a manifold then \/F? 4+ F3 is a
Finsler metric as well. This means that for any Riemannian metric g on M the Finsler
metric

F(u) = V/F*(u) + g(u, u)

dominates g with the constant Hy = 1.

Definition 2. The function L = F? induces a map L : ANM — R defined by

i(c) = /I Le®)dt, ¥ ce AyM

and 1s called the energy integral.
In the following we use the next result:

Lemma 1. [10] Let f : R™ — R™ be continuous, C> on R™\{0}, and positively homogeneous
of degree ov. Then
(a) if « = 1, there exists a constant k with

1f (@) = fW)llrm < kllz = yllrn,
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(b) if a = 2, there exists constants ky, ko with

1f (@) = f)I < Falle = yll* + Fellz =yl - [lyll
for all x,y € R™.

Theorem 1. The energy integral LisC?~ on ANM, i.e. L is of class C* and the differential
of L is locally Lipschitz.

Proof.  Let ¢ € C*(I, M) be a fixed element and (¢, H'(U,)) a local coordinate system
about ¢ and L. = L o ¢.. Then L. is the composition of the following maps:

HY(U,) %% H\(U,) x H(TM) 2% L{(I) — R,

where the last map is the integration and the . is induced by the fibre map A\, : U.®&c"TM —
I x R, defined by

Ae(z,y) = (mhx, L(Vaexp)(ciz)cly)) forV (x,y) € U. & T M.

It is sufficient to show that ;\C is of class C?~. We note that the function 5\6 is well-defined.
In fact, for (X,Y) € H'(U,) x H*(¢*T'M) we have the following inequality:

/IL(VQ Sl = </1 IV exp e, X (1)]* dt - /1 HY(t)II%lt)é

Indeed, because of L(0) = 0, where 0 is the zero section of TM and using the main value
theorem and the fact that dL is locally Lipschitz we have:

L(Vyexp(cz X (1)) - (Y (1)) — L(0) < ko Vaexp(c; X (1)) - (Y (1))
Since (Vg exp)(x) is isomorphism, see [9] and using the pull-back, we get:
IV exp(ez X (1)) - (Y ()] < [[V2exp( X @) - [lezY @)]]-

Combining the above inequalities and integrating we get the inequality:

/ L(Vyexp(e: X (1) - (Y (1)) dt < ky / IVaexp(e X (0)] - [¥ ()] di <

b [ Iv2expiex ] dt) (e dt),

which is bounded since || X (t)||o is small and Y (t) € H(c*T'M) = L?(c*T'M).
For any t € I, consider the restriction of A. to the fibre \; : (U.); & (¢*TM); — R. If we
denote by x,y the variable in the first and second factor, respectively, we have:

1. A\ and a—t are positively homogeneous of degree 2 in y, and
x

2. =L is positively homogeneous of degree 1 in y.

dy
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We show that A, is differentiable and (d\.)(X,Y)(t) = (dsAe)(X (), Y (t)), where d; denotes
the fibre derivative. Let (X1,Y;) € HY(U.) x H°(¢*T'M) be small enough. Then for some
6 € [0,1], we have

(X +X0), (Y + 1)) = AKX, Y) = (dpA) (X (1), Y (D)) (X (1), Yi() |11 =

= [ A IBEE) + 0300, Y () + 0%0) — (A (X0, V()X (0) i o) <
< | %(X(thmww+9Y1<t>>—%(X(M(t»”-||X1<t>||dt+
+ [ Sce +oxao.v 0+ vt - %(X<t>,Y(t))" Vi)t <
< Il [ |00 + 0300, Y0) + 0%i(0) — SEx (0, ¥ (1)
8>\t O\ 2 \:
¥l (/ H (-4 6X(0,Y () + 0% (5) — LX), Y (0) dt) <

< Il ([P + [ mvion[ivon+ o)) +

%
¥l { [rlxaza+ [ k4|m<t)||2dt}
I I
by the lemma.

Since (X71,Y)) is small, then \. is differentiable. A similar calculation shows that \. is
c?. O

Now we generalize the notion that a curve orthogonally joins two submanifolds of a Finsler
manifold. Here we use the machinery of Abate and Patrizio’s book [1].

Definition 3. We say that a curve c:I — M orthogonally joins two submanifolds My and
M2 Zf <UH|TH>C(0) =0 and <VH‘TH>C(1) = 0 hold fOT’ all U € TC(O)M1; and V € Tc(l)M2

respectively, where T' = ¢.

Remark. This orthogonality property was given by H. Rund ([17], page 26), which is, of
course, not a symmetrical relationship, in general. The symmetry property of orthogonality
is, however, not required in this investigation.

We can prove now the following

The~orem 2. Let My and My be submanifolds of M. Then ¢ € Ay, xa, M is a critical point
for L: Appysa, M — R iff ¢ is a Finsler-geodesic on M joining orthogonally My and M.
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Proof.  We consider a curve ¢ : [0,1] — M with unit speed F'(¢) = 1. The first variational
formula gives (see [1], page 36)

AL () (U) = (UH|TH) [} — /0 (U |V T, .

If ¢ € Apryxa, M is a critical point for Z~L:AM1X m,M — R and we consider regular fixed
variations, then we get

1
/ (UH\V e TH) s dt = 0.
0

Since U € Tu(Anr,xa, M) is arbitrary, it follows VyuTH = 0, which means c is a geodesic
curve. Then for an arbitrary (not fixed) variation U we obtain

(UMT™Y 40y = (U T )0y

which implies that both sides vanish.
The converse statement simply follows from the first variation formula. O

3. The Palais-Smale condition

In this section we consider a dominating Finsler metric on a Riemannian manifold and prove
that the functional L satisfies the Palais-Smale condition on Ay M. This generalizes a result
of K. Grove [8] for the energy integral of a Finsler metric. For its proof we need the following

Lemma 2. Let S C L2(I, M) be a subset of L3(I, M) on which L is bounded. Then S is an
equicontinuous family of curves on M with uniformly bounded length.

Proof. 1f we denote by dys(p, q) the distance function on M, i.e. the infimum of the lengths
of all piecewise differentiable curves joining p to ¢, then we have:

Bttt o) < / Hék<t>udt)2 < (6~ o) [ len(t) .

Because ¢, € Li(I, M), we have [, ||éx(t)||*dt < oo, and using the fact that F' is a dominating
Finsler norm, then there exists a real number Hy > 0 such that

/||c'k(t)|]2dt < HO/F2(c'k(t))dt: HO/L(c'k(t))dt.

I I I

Then we have d3,(c(to), cx(t1)) < (t1 — to) HoSy, where L(cx) < So, k € N. It follows that S
is an equicontinuous family of curves of M. O

Proposition 2. Let N C M xM be a closed submanifold of M x M with compact P,(N) C M
or Py(N) C M, and suppose that M is complete. Then any sequence {c,} in AxM on which
L is bounded, has a subsequence converging uniformly to a continuous path h € C%(M) in

M.
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Proof. Without loss of generality we can assume that P;(N) C M is compact. From Lemma
2 we have that {¢, }nen 1S an equicontinuous family of curves on M of bounded length, i.e.
there exists a closed and bounded set K C M such that ¢,(/) C K for all n € N since
cn(0) € PI(N), V¥V n € N. Since M is a complete manifold, from the Hopf-Rinow theorem,
see [1], we get that the set K is compact and hence we can apply Arzela-Ascoli’s theorem to
obtain the statement of the proposition. O

The main result of this section is the following.

Theorem 3. Let F' be a dominating Finsler metric on a complete Riemannian manifold M ,
and N C M x M be a closed submanifold of M x M such that Py(N) C M or P,(N) C M
is compact. Then L : ANM — R, satisfies the Palais-Smale condition, i.e. any sequence
¢n € ANM with |L(c,)| < const. and ||dL(c,)|| — 0 as n — oo contains a convergent
subsequence.

Proof.  Let {¢,}nen be a sequence in Ay M, on which L is bounded i.e. Lc,) <k, keRy,
V n € N and for which ||(grad L)(c,)|| — 0, where grad L is a C"'~-vector field on Ay M
induced by L due to the Riesz representation theorem, i.e.

(grad L(c), )1 = (dL)(c)n, for c € AxM, n € T.(AyM).

We notice grad L by dL. We want to show that {c,} has a convergent subsequence. Now by
Proposition 2 we can assume that ¢, converges uniformly to a continuous map h € C%(M).
Let ¢ € C>(I, M) be uniformly close to h € C% (M) (C>=(I, M) is dense in AyM).

We can assume that all ¢, belong to a coordinate neighborhood ¢.(H'(U.)). Set X,, =
o (cn), VneN.,

We show that the function L is locally coercive, i.e. there exist a > 0 and ¢y, o € R such
that

(dLo(X,) — dLo( X)) (X — X)) >
> ol X, — Xm”% — || Xy — Xm”io — | Xy — X | oo

We write

(dzc(Xn) - d£c<Xm>>(Xn - Xm) = df/c(Xn)(Xn - Xm) - df/c<Xm)(Xn - Xm) =
/ (A3 (X0, DX (1)) (X (8) — Xon(E), VX — Xor)(0) + dB(X,) (X — X))l

- /1 dS\c(Xm(t)a acXm(t))(Xn(t) - Xm(t)v vc(‘Xn - Xm)(t) + déc(Xm)(Xn - Xm))dt-

Remembering that 0.X = V. X + 9~CX , from the relation above we obtain

(dzc(Xn) - dIN/c(Xm))(Xn - Xm) =

- / 1 AN (X (1), X (1) (X — X ) (1), Be( Xy — X)) — Oe(Xp — X)) +dO( X)) (X, — X))t
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— /0 1 AN (X (), 0 X (1)) (X=X ) (£), 0 Xs— X)) = 0( X — X)) FdOc( X)) (X — X))t =

/O (A3 (X (8), DX (5)(0, DX, — D, X0t — /0 (A0 (X (8, DX (6))(0, 0 — 0., )l
+ /Ol(d:\c)(Xn(t% 0 X (1)) (X = Xon) (1), (X)) = Oc(Xn) + dBe(X0) (X, — Xip,) )l —

- /Ol(dj\c)(Xm(t)a acXm(t))((Xn - Xm)(t)a éc(Xm) - Qc(Xn) + déc(Xm)(Xn - Xm))dt

We introduce the following notations

= | (@A) (X (8), 0K (0)(0, 0 X, — DX,

M= | (@3 (Ko (), B Xon (1))(0, 0, K — B, Xon )l

My = / 1(d5\0)(Xn(t), 0eXn () (X — X)) (), 0c(Xom) — 0(X) + dO( X)) (X — Xy))dlt

M, = / 1(%)( X (1), 0 X () (X = X ) (1), 0e(Xin) — 0(X) + dfe( X)) (X — X))t

then we get
4

(ch(Xn) - ch(Xm))(Xn - Xm) = Z(_l)i+1Mi'

=1

In the following we estimate M3, respectively M;. Since the functions 2(X,,,d.X,)(-) and
%—’\yt(Xn, 0.X,,)(+) are continuous on the interval [0,1] they attain their minimum and maxi-
mum, therefore we get

M| < Ky / 1Xa(t) = X (1)]|dt + s / 10.(X,m) — Bu(X,) + dBu(X,0) (X — Xon)ld.

Using the fact that the function 6, is differentiable, ||X,, — X, ||s is sufficiently small and the
inequality [|¢]|o < ||€]|s from Proposition 1 we obtain:

In the same way we have

In the next we estimate the expression

1
M, = / (%(Xn(t), 8cXm(t)) (0,0.X, — 0.X,,)dt — M.
0
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In this case we have
1
O\ O\
M; = / {8—1*()(”@), 0 Xm (1) — (X (1), 0 X ()| (8.X, — 0. X, )dlt.
0 Y
Since ||0.X,, — 0.Xm|lo is bounded, see [11, p. 240], and %—); is positively homogeneous, we
get that

1
| M5 < ks/ [ Xn(t) = Xon ()] dE < K| X = Xinllo < Fial| X = Xl oo
0

Using the main value theorem and condition (d) from Definition 1, we estimate the following
expression:

—(dA) (X (1), 0 X (1))(0, X (1) — 0 X (1)) dt =

O\
_ /0 (a_y) (X (£), DX (E) (DX (£) — 0 Xom(1))—
O\ _
~(52) (0.0, (000X, 1)~ 0.3, (1)t =
= [ DR 0,00+ (1= )X D)X 1)~ DX (D)5 1) ~ X)) >

Z aHaan - acXmHga
where « is a positive constant. Because we have the inequality
HXn - Xm”% = HXn - Xm”(z) + chXn - VCXMH(Z) <
<N X = Xoll§ + 2016e(X0) = e(Xn) 15 + 2010 X0 — 0 Xom[5
and 0, is differentiable and df(sX, 4 (1 — s)X,,) is linear and continuous, we get
”éC(Xn) - éC(Xm)HO < HdéC(SXn + (1= 8) X)) (X — Xin)[lo <
Therefore we have the inequality

ol X, — Xm”% <a(l+ 2ki)|‘Xn - Xm”io + 200X, — 8CXMH3>

where o > 0 is the constant from the estimation for M.
Using the estimations above we get

(dEC(XTZ) - dic(Xm))(Xn - Xm) Z
ol X, — XMH% — || X — Xm”io — | X — Xonloo)

where ¢, co € R are constants.

Because || X, — Xpmlloo — 0, dLe(Xy) — 0 and dL.(X,,) — 0 if m, n — oo, from the above
relation we obtain || X, — X,,||1 — 0. Using the fact that Ay M is a complete Riemann-Hilbert
manifold we get that the sequence {X,,} contains a convergent subsequence. 0J
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Corollary 1. Let F' be a dominating Finsler metric on a complete Riemannian manifold M ,
V oand V' be two closed submanifolds of M. Then the following holds:

(a)
(b)
(c) L: ApysqgpM — Ry satisfies the Palais-Smale condition ¥ p,q € M.

s Ay v M — Ry satisfies the Palais-Smale condition if V' or V' is compact.

e B

t Apyxv M — Ry satisfies the Palais-Smale condition.

4. Multiplicity results

In this section we generalize some results of K. Grove [§], J.P. Serre [19] and J.T. Schwartz
[18] for Finsler manifolds. The next result is a generalization of Theorem 2.6. in [8] for Finsler
metrics.

Theorem 4. Let M be a smooth, complete, finite dimensional Riemannian manifold with a
dominating Finsler metric F' and let My and My be closed submanifolds of M with say M,
compact. Then in any homotopy class of curves from My to My there exists a Finsler-geodesic
joining orthogonally My and My with length smaller than that of any other curve in this class.
Furthermore, there are at least cat Ays, «n, M geodesics joining orthogonally My and M.

Proof.  Since Ay, M is a complete Hilbert-Riemann manifold and the energy functional
satisfies the Palais-Smale condition it follows that the energy integral attains its infimum
on any component of Ay «ar, M and its lower bound. Since any critical point ¢ for Lis a
geodesic curve of the Finsler metric F', which joins M; and M, orthogonally, see Theorem 2,
we obtain the first part of our theorem.

We note that an infimum of the energy functional is an infimum of the length by using the
proof of Lemma 2 and the fact that a change of parameter does not affect the homotopy class
of the curve. Using [15, Theorem 7.2] we get easily the second assertion of our theorem. [

Theorem 5. Let M be a smooth, compact, connected, finite dimensional Finsler manifold.
We suppose that M is simply connected and let My, My be two closed submanifolds of M
such that My N My =0, My is contractible. Then there are infinitely many Finsler-geodesics
joining orthogonally My and Ms.

Proof.  Since M is compact, the Finsler metric dominates some Riemannian metric on M (see
Remarks following Definition 1), and therefore M is a complete Riemannian manifold. Using
the inequality cat Ayp xar, M > 1+ cuplong Ay, «a, M and the fact that cuplong Ayg xar, M =
00, see [19], from Theorem 4 the statement follows. O

Theorem 6. Let M be a smooth, complete, non-contractible, finite dimensional Riemannian
manifold endowed with a dominating Finsler metric F' and let My and My be two closed and
contractible submanifolds of M such that My or My is compact. Then there exist infinitely
many Finsler-geodesics joining orthogonally My and M.

Proof.  Since My x M, is a submanifold of M x M, the inclusion Ay, xpr, M — C3 0y, (M) =
{o € C°[0,1], M) : 6(0) € My,0(1) € My} is a homotopy equivalence, see [8, Theorem 1.3].
Since My and M, are contractible subsets of M, the sets Y 5y, (M) and My x My x Q(M)
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are homotopically equivalent, see [7, Proposition 3.2]. Since M is non-contractible, from [7,
Corollary 1.2] we have cat Q(M) = oco. Therefore, cat Ay, i, M = 0o and we can apply again

Theorem 4 to obtain the desired relation. 0
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