Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 45 (2004), No. 1, 117-131.

Normalizing Extensions of Semiprime Rings

Miguel Ferrero^1 Rogério Ricardo Steffenon^2

Instituto de Matemática, Universidade Federal do Rio Grande do Sul 91509-900 Porto Alegre - RS, Brazil e-mail: ferrero@mat.ufrgs.br

Centro de Ciências Exatas e Tecnológicas, Universidade do Vale do Rio dos Sinos 93022-000 São Leopoldo - RS, Brazil e-mail: rogerio@exatas.unisinos.br.

Abstract. In this paper we study normalizing extensions of semiprime rings. For an extension S of R we construct the canonical torsion-free S^∗, which is a normalizing extension of the symmetric ring of quotients Q of R. We extend results which are known for centralizing extensions and for normalizing bimodules to oneto-one correspondence between closed ideals. Finally we study prime ideals, nonsingular prime ideals and (right) strongly prime ideals of intermediate extensions. MSC 2000: 16D20, 16D30, 16S20, 16S90

Introduction

Prime ideals in ring extensions R ⊆ S have extensively been studied in recent years. In particular, when the extension is generated by a finite set of R-centralizing elements, S is called a liberal extension ([12], [13]). A normalizing extension is again a finite extension which is generated by a set of R-normalizing generators ([7], [8], [9], [11]). Also strongly normalizing extensions have been considered in [10].

1Partially supported by Conselho Nacional de Desenvolvimento Científico e Tecnológico (CNPq, Brazil). 2Supported by a fellowship granted by Universidade do Vale do Rio dos Sinos (UNISINOS, Brazil). Partially supported by Fundação de Amparo à Pesquisa do Estado do Rio Grande do Sul (FAPERGS, Brazil). Some results of this paper are contained in the Ph.D. thesis written by the second named author and presented to Universidade Federal do Rio Grande do Sul (Brazil) [14].

0138-4821/93 $ 2.50 cfl 2004 Heldermann Verlag

118 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

Prime ideals in (not necessarily finite) centralizing extensions were studied in [1], [2] and [3]. In those papers the results on prime ideals were obtained as applications of the results on closed submodules of centralizing bimodules over prime and semiprime rings.

Recently the results on closed submodules were extended to normalizing bimodules over semiprime rings in [5]. The main result in that paper gives a one-to-one correspondence between closed submodules of a normalizing bimodule M over a semiprime ring R, closed submodules of its extension to a bimodule M^∗ over the symmetric ring of quotients Q of R and closed submodules of M_0, the set of all the R-normalizing elements of M^∗ (actually, this last set is not a module, but it can be treated in a very similar way over the set of all the R-normalizing elements of Q).

The purpose of this paper is to extend the results on centred extensions to normalizing extensions, applying the results of [5]. Throughout the paper R is a semiprime ring and S is a normalizing extension of R. Recall that if M is an R-bimodule, then M is said to be an R-normalizing bimodule if there exists X = (x_i)_{i∈Ω} ⊆ M such that M is generated over R by the set X and Rx_i = x_iR, for every i ∈ Ω. A ring S is said to be a normalizing extension of R if R ⊆ S and S is a normalizing bimodule over R.

In Section 1, we consider some types of normalizing extensions and give examples showing that they are, in general, all different. We show that the torsion submodule is not in general an ideal, but it is an ideal if the extension is of some special type, called essentially normalizing extension. The canonical torsion-free extension S^∗ of S is constructed in Section 2.

In the next Section 3 we extend the results on closed submodules of [5] to closed ideals. In Section 4 we study intermediate extensions and we show that the one-to-one correspondence can be extended to this context. We also prove that the correspondence preserves prime and semiprime ideals of intermediate extensions.

Finally, in Section 5 we study strongly prime and non-singular prime ideals of intermediate extensions of prime rings. We extend here several results of ([2], Section 6).

In the paper we use freely the terminology and results of [5]. In particular, unless otherwise stated, submodule means sub-bimodule. An ideal H of R is always a two-sided ideal and this will be denoted by H � R. The set of all essential ideals of R is denoted by E(R) and we will write simply E if there is no possibility of misunderstanding. The symmetric Martindale ring of quotients of R will be denoted by Q. The right annihilator of a subset F in R will be denoted by Ann_{R,r}(F ). The notations ⊂ and ⊃ mean strict inclusions.

1. Normalizing extensions of rings

Let R be a semiprime ring and S a ring extension of R. Recall that an element x ∈ S is said to be centralizing (resp. normalizing) over R if rx = xr, for every r ∈ R (resp. Rx = xR). Also, x is said to be strongly normalizing over R if Ix = xI, for any ideal I of R [10].

Another notion we will use in the paper is the following

Definition 1.1. An element x ∈ S is said to be essentially normalizing if x is normalizing over R and satisfies the following condition: for any I ∈ E there exists J = J(I) ∈ E such that Jx ⊆ xI and xJ ⊆ Ix.

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 119

The ring extension S ⊇ R is said to be a centralizing (resp. normalizing, strongly normalizing, essentially normalizing) extension if there exists a subset X = (x_i)_{i∈Ω} of S which is centralizing (resp. normalizing, strongly normalizing, essentially normalizing) over R and S = ∑ i∈Ω Rx_i. Consider the following conditions:

(i) S is a centralizing extension of R. (ii) S is a strongly normalizing extension of R. (iii) S is an essentially normalizing extension of R. (iv) S is a normalizing extension of R. We immediately have

Lemma 1.2. The following implications hold: (i) ⇒ (ii) ⇒ (iii) ⇒ (iv).

Now we give examples to show that the converse of the above implications do not hold.

Example 1.3. Assume that ϕ is an involution of a field K and put S = K[x, ϕ], the skew polynomial ring over K (we write the coefficients in the right). Then S is a strongly normalizing extension of K which is not centralizing over K. This is clear since s ∈ S is centralizing if and only if s ∈ ∑ i x^{2i}K. 2

Example 1.4. Let Z be the ring of integers, R = Z × Z, ϕ : R → R the automorphism defined by ϕ(n, m) = (m, n), for n, m ∈ Z. Put S = R[x, ϕ] the skew polynomial ring over R. An element s ∈ S is R-normalizing if and only if either s ∈ ∑n i=0 x^{2i}R (in this case s is centralizing over R) or s ∈ ∑n i=0 x^{2i+1}R. It is easy to see that in the last case s is essentially normalizing, but not strongly normalizing. It follows that S is an essentially normalizing extension of R and it is not strongly normalizing. 2

Example 1.5. Let Z_2 be the prime field of characteristic 2 and R = Z_2 × ∏∞ i=2 Z_i, where Z_i = Z for all i ≥ 2, the product of rings. Consider the epimorphism of R given by ϕ(ā_1, a_2, a_3, . . .) = (ā_2, a_3, . . .), where ā = a + 2Z ∈ Z_2, and put S = R[x, ϕ]. Then S is a normalizing extension of R with (x^i)_{i≥0} as a set of normalizing generators, but is not essentially normalizing. In fact, if S is essentially normalizing over R, then at least one generator of S has to be of the form s = r_0 + r_1x + · · · + r_nx^n, where r_1 = (¯1, r_{12}, r_{13}, . . .). We have that I = Z_2 × ∏∞ i=2 2Z ∈ E(R) and do not exist J ∈ E(R) with Js ⊆ sI. 2

The torsion submodule T (M) of a normalizing bimodule M over R has been defined and studied in ([5], Sections 2 and 5). The normalizing bimodule M is said to be torsion-free if T (M) = 0. When we consider a normalizing extension S of R it would be convenient that torsion submodule T (S) will be an ideal. However, this is not the case, as we will see in the following example.

Let R =K[x_1, x_2, . . .] be the ring of polynomials in an infinite set of indeterminates {x_1, x_2,. . .} over a field K. Then R is a commutative prime ring. Consider the K-endomorphisms σ and ϕ of R defined by σ(x_i) = x_{i+1} for any i, ϕ(x_i) = x_{i−1} if i ≥ 2 and ϕ(x_1) = 0.

120 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

Let W be the free monoid generated by X, Y and consider the ring defined as follows: T = R < X, Y, σ, ϕ >= { ∑ w wa_w : a_w ∈ R, w ∈ W }, where ∑ wwa_w denotes a finite sum. The addition in T is defined as usual and the multiplication by x_iX = Xσ(x_i) and x_iY = Y ϕ(x_i).

A monomial is an element of the type wa ∈ T , where a is a monomial in R and w ∈ W . Thus T can be regarded as a graded ring in two different ways:

(Gr_1) The degree of a monomial is the sum of the degrees with respect to X and Y . (Gr_2) The degree of the monomial wa is the usual total degree of the coefficient a in R with respect to {x_1, x_2, . . .}.

Let I = (Xx_1) be the ideal of T generated by Xx_1. Then I is homogeneous in both graduations because the generator is Gr_i-homogeneous, i = 1, 2.

Lemma 1.6. Under the above notation we have: (i) X, Y /∈ I. (ii) If 0 ≠ f ∈ R, then f /∈ I and XY f /∈ I.

Proof. (i) Assume that X ∈ I. Then X = ∑ j f_jXx_1g_j, where f_j, g_j ∈ T . Computing the Gr_2-degree we obtain a contradiction. Similarly Y /∈ I.

(ii) It is enough to show that XY f /∈ I. Suppose that 0 ≠ f ∈ R and XY f ∈ I. Then XY f = ∑ j f_jXx_1g_j, where f_j, g_j ∈ T . Since W is a free monoid there exists at least one j for which f_j contains a summand beginning with XY . Using Gr_1 we obtain a contradiction. 2 Put S = T/I and denote by x = X + I, y = Y + I. It is clear that S is a ring extension of R. We have

Example 1.7. S is a normalizing extension of the prime ring R with normalizing generator set (w + I)_{w∈W} . Moreover, x, y ∈ T (S) and xy /∈ T (S). In particular, T (S) is not an ideal of S.

Proof. It is clear that Rx = xR and Ry = yR. The first part follows. Since R is a commutative prime ring, xx_1 = 0 and x_1y = 0, we obtain x, y ∈ T (S). Also x_ixy = xx_{i+1}y = xyx_i, for all i, so xy is R-centralizing. If xy ∈ T (S), then for some 0 ≠ r ∈ R we have xyr = 0, i.e., XY r ∈ I, a contradiction. 2

Note that a torsion-free normalizing extension S of R is an essentially normalizing extension ([5] Lemma 2.4). In this case T (S) = 0 is, of course, an ideal. We show that the same is true for an essentially normalizing extension.

Assume that S is a normalizing extension of R and X = (x_i)_{i∈Ω} is a set of R-normalizing generators. We may suppose that x_{i0} = 1, for some i_0 ∈ Ω.

If I ⊆ P are ideals of S, as in [5] we define the closure of I in P by

[I]_P = {x ∈ P : there exist F, H ∈ E such that F xH ⊆ I}.

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 121

The ideal I is said to be closed in P if [I]_P = I.

Lemma 1.8. If S is an essentially normalizing extension of R and I ⊆ P are ideals of S, then [I]_P is also an ideal of S.

Proof. We already know that [I]_P is a submodule of_RS_R, by the results in [5]. Let y ∈ [I]_P and take any generator x ∈ X. Then there exist F, H ∈ E such that F yH ⊆ I. Also, by Definition 1.1 there exist F^′, H^′ ∈ E such that F^′x ⊆ xF and xH^′ ⊆ Hx. So we have that F^′xyH ⊆ xF yH ⊆ xI ⊆ I and F yxH^′ ⊆ F yHx ⊆ Ix ⊆ I. Therefore xy, yx ∈ [I]_P and the result follows. 2

As a particular case of the above we have the following

Corollary 1.9. Assume that S is an essentially normalizing extension of R. Then the torsion submodule T (S) is an ideal of S.

Proof. By Lemma 1.8, T_1(S) = [0]_S is an ideal. The result follows since T (S) = T_2(S) = [T_1(S)]_S ([5], Section 5). 2

In general, to define the torsion ideal of S we extend the definition of T (S). In this paper we want to study closed ideals. So we may assume that the set of closed ideals of S is not empty. Thus we define the torsion ideal t(S) of S as the intersection of all the closed ideals of S, i.e., the smallest closed ideal. Thus any closed ideal of S contains t(S). It is easy to see that there is a one-to-one correspondence between the closed ideals of S and the closed ideals of S/t(S), via the canonical projection (see [5], Lemma 2.2).

There is another way to define t(S). We put t_1(S) = (T (S)), the ideal generated by T (S). Let t_2(S) be the ideal generated by t^0_2(S), where t^0_2(S) is the submodule of S such that t^0_2(S)/t_1(S) = T (S/t_1(S)). We proceed similarly to define t_γ (S) for any non-limit ordinal number γ. If α is a limit ordinal we put t_α(S) = ∑ β<α t_β(S). We have a transfinite sequence of ideals. Therefore there exists an ordinal ρ with t_ρ(S) = t_{ρ+1}(S). This means that T (S/t_ρ(S)) = 0 and hence t_ρ(S) is a closed ideal of S. It is easy to see that t(S) = t_ρ(S).

Remark 1.10. If S is an essentially normalizing extension of R, then t(S) = T (S), by Corollary 1.9.

Example 1.11. In Example 1.7 the torsion ideal of S is the ideal generated by x and y and the factor ring S/t(S) = R.

2. The canonical torsion-free extension

If M is a normalizing bimodule over R, then there exists a canonical torsion-free normalizing Q-bimodule M^∗ of M, where Q is the symmetric ring of quotients of R ([5], Section 8). The purpose of this section is to show that the same is true for a normalizing extension.

Let S = ∑ i∈Ω Rx_i be a normalizing extension of R with normalizing generators (x_i)_{i∈Ω}.

First we assume that S is torsion-free.

122 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

Let W denote the free monoid generated by Ω (with the empty word as identity). Take w = i_1i_2 . . . i_n ∈ W and consider x_w = x_{i1} · . . . · x_{in} ∈ S, a normalizing element of S. Using similar notation as in ([5], Section 3), we put A_w = Ann_{R,r}(x_w) , B_w = Ann_{R,l}(x_w) and let ϕ_w be the isomorphism of rings ϕ_w : R/B_w → R/A_w defined by ϕ_w(r + B_w) = r^′ + A_w, where rx_w = x_wr^′.

For any w ∈ W we consider a free R/A_w-module T_w = wR/A_w, with the unitary basis w, and define a structure of left R/B_w-module on T_w by (r + B_w)w = wϕ_w(r + A_w), r ∈ R. Then T_w is an R-bimodule and T = ⨁ w∈W wR/A_w is a normalizing bimodule over R with (w)_{w∈W} as a set of normalizing generators. Moreover, we see that T has a ring structure and so is a normalizing extension of R.

In fact, if wr_w and vr_v are monomials in T we put wr_w · vr_v = wvr^v_wr_v, where r^v_w is an element of R such that r_wx_v = x_vr^v_w. It is easy to see that this is a well-defined multiplication and defines a ring structure on T . Also we may consider R ⊆ T via the application sending r to r · 1_T and so T is a normalizing extension of R. Moreover, the application Φ : T → S defined by Φ(w) = x_w is an epimorphism of normalizing extensions such that Φ|_R = id_R.

Note that T is torsion-free over R. Thus by Lemma 2.2 of [5] there is a canonical one-to-one correspondence between the set of all the closed ideals of S and the set of all the closed ideals of T containing KerΦ.

Now we define an extension of T to a normalizing Q-bimodule T^∗, as in ([5], Section 3). A_w and B_w are closed ideals of R and so there exist closed ideals A^∗_w and B^∗_w of Q with A^∗_w ∩R = A_w and B^∗_w ∩R = B_w. Thus the isomorphism ϕ_w can be extended to an isomorphism from Q/B^∗_w to Q/A^∗_w, denoted by ϕ_w again ([5], Corollary 1.2). Put T^∗ = ⨁ w∈W wQ/A^∗_w, the canonical extension of T to a bimodule T^∗ over Q. Note that Ann_{Q,r}(w) = A^∗_w and Ann_{Q,l}(w) = B^∗_w. It is easy to see that T^∗ is a ring extension of T and a torsion-free normalizing extension of Q, with (w)_{w∈W} as a set of normalizing generators. Also, for any x ∈ T^∗ there exists H ∈ E such that xH ⊆ T and Hx ⊆ T .

Note that the construction of T^∗ here is similar to the construction of M^∗ in ([5], Section 3). In fact, to see this it is enough to consider the extension S as generated over R by (x_w)_{w∈W} instead of (x_i)_{i∈Ω}. Thus we may apply the results of that paper. In particular, by ([5], Theorem 4.9) there is a one-to-one correspondence via contraction between the set of all the R-closed submodules of T and the set of all the Q-closed submodules of T^∗. We have

Lemma 2.1. The one-to-one correspondence above is a one-to-one correspondence between closed ideals.

Proof. Let I be an R-closed submodule of T and I^∗ the extension of I to a Q-closed submodule of T^∗. If I^∗ is an ideal so is I = I^∗ ∩ T . Conversely, if I is an ideal of T , s ∈ I^∗ and y ∈ T^∗, then there exist H, F ∈ E such that sH ⊆ I, Hs ⊆ I, yF ⊆ T and F y ⊆ T , by Corollary 4.8 of [5]. Hence F ysH ⊆ I and HsyF ⊆ I, and so sy ∈ I^∗ and ys ∈ I^∗, by the above quoted result. 2

We consider again the epimorphism Φ : T → S. Since S is torsion-free over R, 0 is a closed ideal of S. Then KerΦ is a closed ideal of T and so there exists a Q-closed ideal K^∗ of T^∗ such that K^∗ ∩ T = KerΦ. We put S^∗ = T^∗/K^∗ and denote by j : S → S^∗ the application defined as follows. Let x ∈ S and take y ∈ T such that Φ(y) = x. Thus y ∈ T^∗ and

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 123

we put j(x) = π(y), where π : T^∗ → S^∗ is the canonical projection. Since K^∗ is a closed ideal of T^∗ the ring S^∗ is a torsion-free normalizing extension of Q and j is an injective ring homomorphism, called the canonical injection (cf. [5], Section 4).

Now let S be any normalizing extension of R. We consider the torsion-free normalizing extension of S/t(S), where t(S) is the torsion ideal of S. Then there exists the torsion-free extension of S/t(S), denoted again by S^∗. We define j : S → S^∗ as the composition of the canonical mappings S → S/t(S) and S/t(S) → S^∗, where the second application is the canonical injection.

Definition 2.2. The pair (S^∗, j) is called the canonical torsion-free extension of S to a normalizing extension of Q.

It is clear that Ker(j) = t(S) and we may consider S ⊆ S^∗ if and only if S is torsion-free. If (x_i)_{i∈Ω} is a set of R-normalizing generators of S, then (j(x_i))_{i∈Ω} is a set of Q-normalizing generators of S^∗. Finally, the pair (S^∗, j) satisfies a universal property, as in ([5], Section 8), so is unique up to isomorphisms.

Note that since S^∗ is torsion-free, then S^∗ is always an essentially normalizing extension of Q.

Example 2.3. Let S be the normalizing extension given in Example 1.7. Then S^∗ = Q, since S/t(S) = R. We can modify the example in such a way that the canonical extension is not trivial. For example, if S_1 = S[Y ], where Y is a set of indeterminates, then S^∗_1 = Q[Y ] is a polynomial ring over Q.

3. The one-to-one correspondence

A one-to-one correspondence between closed submodules is obtained in ([5], Theorem 8.3). The purpose of this section is to show that the same is true for ideals of normalizing extensions.

In [5], the set Z of all the R-normalizing elements of Q was considered (Section 1). This is a multiplicative semigroup with an identity and has an addition partially defined, but is not in general a ring. Also in Sections 6–8 of that paper, the subset M_0 of all the elements of M^∗ which are R-normalizing plays an important role. This subset has also partially defined addition and a multiplication by the elements of Z, and the operations have natural properties. We extended the terminology by saying that M_0 is a Z-module.

We consider here the corresponding sets. Let S_0 = {x ∈ S^∗ : Rx = xR}. Hence S_0 is a semigroup with identity element and is a Z-module in the above sense. Also the operations have natural properties such as associativity and distributivity when addition is defined. We say here that S_0 is a Z-semigroup. Note that by definition Z ⊆ S_0.

We can consider semigroup ideals of S_0. A semigroup ideal I is a subset with the property: for any x ∈ I and s ∈ S_0 we have sx, xs ∈ I. Actually a more restrictive concept is of interest here:

Definition 3.1. A semigroup (submodule, semigroup ideal) I of S_0 is said to be saturated if the following holds: if a_1, a_2, . . . , a_n ∈ I and the addition a_1 + a_2 + . . . + a_n is defined in S_0, then a_1 + a_2 + . . . + a_n ∈ I.

124 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

If A and B are saturated ideals of S_0, we define the product of A and B by AB = { n∑ i=1 a_ib_i : a_i ∈ A, b_i ∈ B and n∑ i=1 a_ib_i ∈ S_0}. It is easy to see that AB is also a saturated ideal of S_0.

Recall that an ideal H of Z is said to be essential if Ann_Z (H) = 0. The set of all the essential ideals of Z is denoted by E(Z). An ideal I of S_0 is said to be closed if s ∈ S_0 and sH ⊆ I, for some H ∈ E(Z), implies that s ∈ I.

Note that S, S^∗ and S_0 are defined as in ([5], Theorem 8.3). The one-to-one correspondence in that theorem also shows that any closed submodule of S_0 is saturated. Hence any closed ideal of S_0 is a saturated ideal.

As an easy consequence we have

Theorem 3.2. Let S be a normalizing extension of a semiprime ring R, (S^∗, j) the canonical torsion-free extension of S and S_0 the normalizer of R in S^∗. Then there is a one-to-one correspondence between the set of all the R-closed ideals of S, the set of all the Q-closed ideals of S^∗ and the set of all the Z-closed ideals of S_0. Moreover, the correspondence associates the closed ideal I of S with the closed ideal I^∗ of S^∗ and the closed ideal I_0 of S_0 if j^{−1}(I^∗) = I and I_0 = I^∗ ∩ S_0 (equivalently, I^∗ = QI_0).

Proof. Recall that I^∗ = {x ∈ S^∗ : there exists H ∈ E such that xH ⊆ I} = {x ∈ S^∗ : there exists H ∈ E such that Hx ⊆ I}. Then if I is an ideal so is I^∗. In fact, if x ∈ I^∗ and y ∈ S^∗, then there exist F, H ∈ E such that xH ⊆ I and F y ⊆ S. Thus F yxH ⊆ I and it follows that yx ∈ I^∗. Similarly, xy ∈ I^∗ and so I^∗ is an ideal. The rest is clear. 2

4. Intermediate extensions

In this section we consider intermediate extensions. Since closed ideals always contain t(S) we restrict ourselves to the torsion-free case. So we assume that S is a torsion-free normalizing extension of R.

Recall that if N ⊆ P are submodules of a torsion-free normalizing bimodule, then N is said to be dense in P if [N]_P = P . In this case there is a one-to-one correspondence, via contraction, between the set of all the closed submodules of P and the set of all the closed submodules of N ([5], Lemma 2.1). Also, in the torsion-free case we have that

[N]_P = {x ∈ P : there exists H ∈ E such that xH ⊆ N} =

{x ∈ P : there exists F ∈ E such that F x ⊆ N},

([5], Corollary 4.2).

An intermediate extension is a subring of S containing R. Assume that U ⊆ V are intermediate extensions such that U is dense in V .

If I is an ideal of U, then [I]_V is an ideal of V , as is easy to see. Also, if I is a closed R-submodule of U we have I = [I]_V ∩ U. So if [I]_V is an ideal of V , then I is an ideal of U. Thus the following is an obvious extension of Lemma 2.1 from [5].

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 125

Lemma 4.1. If U is dense in V , then there is a one-to-one correspondence between the set of all closed ideals of V and the set of all closed ideals of U.

Now we have the following

Proposition 4.2. Assume that U ⊆ V are intermediate extensions and U is dense in V . Then the correspondence of Lemma 4.1 preserves prime and semiprime ideals.

Proof. Let P be a closed submodule of V and put P = P ∩ U.

Assume that P is prime and let A,B be ideals of V with AB ⊆ P . It is easy to see that [A]_V [B]_V ⊆ P , since P is closed. Hence we may suppose that A and B are closed. We have (A ∩ U)(B ∩ U) ⊆ P, consequently either (A ∩ U) ⊆ P or (B ∩ U) ⊆ P and it follows that A = [A]_V = [A ∩ U]_V ⊆ [P]_V = P or B = [B]_V = [B ∩ U]_V ⊆ [P]_V = P . Therefore P is prime.

Conversely, assume that P is prime and A, B are ideals of U with AB ⊆ P. We have that [A]_V [B]_V ⊆ P and so either A ⊆ [A]_V ⊆ P or B ⊆ [B]_V ⊆ P . Consequently, A ⊆ P ∩ U = P or B ⊆ P ∩ U = P and so P is prime.

The proof of the semiprime case is the same with A = B. 2

If V is an intermediate extension, then [V ]_S is also an intermediate extension which is closed as an R-submodule of S and V is dense in [V ]_S. Thus by ([5], Theorem 8.3) there exist a Q-closed submodule V^∗ of S^∗ such that V^∗ ∩ S = [V ]_S and a Z-closed submodule V_0 of S_0 with V_0 = V^∗ ∩ S_0 and V^∗ = V_0Q. Hence V^∗ is a subring of S^∗ containing Q and V_0 is a saturated subsemigroup of S_0 containing Z. By Corollary 8.4 in [5] there is a one-to-one correspondence between the set of all R-closed submodules of V , the set of all Q-closed submodules of V^∗ and the set of all Z-closed submodules of V_0.

A saturated ideal P_0 of V_0 is said to be prime (resp. semiprime) if the following holds: AB ⊆ P_0 (resp. A^2 ⊆ P ), for ideals A, B of V_0 (resp. A of P_0), implies that either A ⊆ P_0 or B ⊆ P_0. (resp. A ⊆ P_0). The semigroup V_0 is said to be prime (semiprime) if 0 is a prime (semiprime) ideal of V_0.

We have the following extension of Theorem 3.2.

Theorem 4.3. Let V be an intermediate extension of R, V^∗ and V_0 as above. Then the oneto-one correspondence between closed submodules gives a one-to-one correspondence between closed ideals (resp. closed prime ideals, closed semiprime ideals).

Proof. By Proposition 4.2 we may assume that V is closed. Let P be a closed submodule of V , P^∗ the extension of P to V^∗ and P_0 = P^∗ ∩ V_0. As in Theorem 3.2 it follows that when one of the submodules P , P^∗, P_0 is an ideal, so are the others.

Assume that P is a prime ideal of V and A_0, B_0 are ideals of V_0 with A_0B_0 ⊆ P_0. As in the proof of Proposition 4.2 we may assume that A_0 and B_0 are closed. Note that (QA_0 ∩ V )(QB_0 ∩ V ) ⊆ QA_0B_0 ∩ V ⊆ QP_0 ∩ V = P . Then either A = QA_0 ∩ V ⊆ P or B = QB_0 ∩ V ⊆ P and therefore either A_0 = A^∗ ∩ V_0 ⊆ P^∗ ∩ V_0 = P_0 or B_0 ⊆ P_0. Thus P_0 is prime.

Suppose that P_0 is a prime ideal of V_0 and AB ⊆ P^∗, A, B ideals of V^∗. As above we may assume that A, B are Q-closed. Then we have (A ∩ V_0)(B ∩ V_0) ⊆ AB ∩ V_0 ⊆ P^∗ ∩ V_0 = P_0

126 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

and so either A_0 = A ∩ V_0 ⊆ P_0 or B_0 ⊆ P_0. It follows that either A = QA_0 ⊆ QP_0 = P^∗ or B ⊆ P^∗, and thus P^∗ is prime.

Finally, assume that P^∗ is a prime ideal of V^∗ and AB ⊆ P , where A, B are ideals of V . Since for x ∈ A^∗, y ∈ B^∗ there exist F, H ∈ E such that F x ⊆ A and yH ⊆ B, where A^∗ (resp. B^∗) denotes the extension of [A]_V (resp. [B]_V ) to a closed ideal of V^∗ (Corollary 4.8 in [5]), it easily follows that A^∗B^∗ ⊆ P^∗. Hence either A^∗ ⊆ P^∗ or B^∗ ⊆ P^∗. Therefore either A ⊆ A^∗ ∩ V ⊆ P^∗ ∩ V = P or B = B^∗ ∩ V ⊆ P^∗ ∩ V = P and so P is prime.

The semiprime case is the same taking above A_0 = B_0 (resp. A = B). 2

As a direct consequence of the former results we have the following corollary which holds for any intermediate extension (in particular, for V = S).

Corollary 4.4. Let V be an intermediate extension. Then the following conditions are equivalent:

(i) V is a prime (resp. semiprime) ring. (ii) V^∗ is a prime (resp. semiprime) ring. (iii) V_0 is a prime (resp. semiprime) semigroup.

5. Special types of prime ideals

In this section we study prime ideals of torsion-free normalizing extensions of prime rings.

First, assume that R is semiprime and M is a torsion-free R-normalizing bimodule. In ([5], Theorem 4.5) a closed submodule was characterized as a complement submodule. Theorem 2.1 of [4] gives a stronger result for centralizing bimodules. We now give an extension of this result. Note that our proof here is simpler than the proof of [4] for the centralizing case.

Let T be the canonical torsion-free bimodule associated to M ([5], Section 3). Any element x ∈ T can be written as a finite sum x = ∑ i∈Ω e_ia_i, where (e_i)_{i∈Ω} is the set of normalizing generators of L and a_i ∈ R are uniquely determined modulo Ann_{R,r}(e_i), for all i. The support supp(x) of x is defined as the set of all e_i such that e_ia_i ≠ 0.

Proposition 5.1. Assume that M is a torsion-free normalizing bimodule over a semiprime ring R and let N ⊆ P submodules of M. Then N is closed in P if and only if for any right submodule K of P with N ⊂ K there exists 0 ≠ x ∈ K such that RxR ∩ N = 0.

Proof. One implication is immediate from Theorem 4.5 in [5]. For the other assume that N is closed in P . First we prove the result for M = T , T as above. Take an element x ∈ K \ N of minimal support Γ = {e_1, . . . , e_n}, say x = e_1a_1 + e_2a_2 + . . . + e_na_n. If there exists a nonzero element y ∈ N with supp(y) ⊆ Γ we may assume that y(e_1) ≠ 0, where y(e_1) denotes the e_1-coefficient of y. Let I be the ideal of R of all the elements a such that there exists z ∈ N with supp(z) ⊆ Γ and z(e_1) = a. Then I is a nonzero ideal of R and H = I ⊕ Ann(I) is an essential ideal.

For any 0 ≠ b ∈ I there exists z = e_1a_1b + e_2b_2 + . . . + e_nb_n ∈ N and we have xb − z ∈ K and supp(xb − z) ⊂ Γ. By the minimality of supp(x) we have xb − z ∈ N and so xb ∈ N. Since x /∈ N and N is closed, xH ⊈ N. Therefore there exists c ∈ Ann(I) such that xc ≠ 0. Hence xc ∈ K and RxcR ∩ N = 0.

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 127

Now the general case can be proved in a canonical way using the epimorphism Φ : T → M. 2

Note that if R is prime E is the set of all nonzero ideals of R.

Lemma 5.2. If R is prime and M is a normalizing torsion-free bimodule over R, then there exists a submodule L of M which has a normalizing free basis and is dense in M.

Proof. If x ∈ M is a normalizing element and xa = 0, a ∈ R, then xRaR = RxaR = 0 and so x = 0, since M is torsion-free. Let (x_i)_{i∈Ω} be the set of normalizing generators of M. Then there exists a maximal right R-independent set of generators E = (x_i)_{i∈Λ}. If L is the free submodule of M generated by E, then it is easy to see that L is dense in M. 2

The free submodule L of M will be called a free dense submodule of M.

Corollary 5.3. If R is prime and M is a normalizing bimodule over R, then the canonical torsion-free extension M^∗ of M is free over Q.

Proof. Let L be a free dense submodule of M/T (M). It is easy to see that L^∗ is free over Q and that M^∗ = (M/T (M))^∗ = L^∗. The result follows. 2

In the rest of the paper S is always a torsion-free normalizing extension of a prime ring R and V is an intermediate extension. If I is an R-disjoint ideal of V , then [I]_V is also R-disjoint. Moreover, if I ∩ R ≠ 0, then [I]_V = V . Hereafter we denote by [I] the closure [I]_V of I in V .

Now we extend and improve results of ([2], Section 6). Recall that a ring T is said to be (right) strongly prime if any nonzero ideal J of T contains a (right) insulator, i.e., a finite set F ⊆ J such that Ann_{T,r}(F ) = 0.

Also the (right) singular ideal Z(T ) of a T is the set of all the elements x ∈ T such that Ann_{T,r}(x) is an essential right ideal of T ([6], pag. 30–36). The ring T is said to be (right) non-singular if Z(T ) = 0.

In the following strongly prime (non-singular) means right strongly prime (right nonsingular). An ideal P of T is said to be strongly prime (non-singular prime) if the factor ring T/P is strongly prime (non-singular prime).

Proposition 5.4. Let R be prime ring and V be intermediate extension, as above. Then P is a closed prime ideal of V provided that one of the following conditions is fulfilled:

(i) P is an ideal of V which is maximal with respect to P ∩ R = 0. (ii) P is a strongly prime R-disjoint ideal of V .

Proof. (i) Since R is prime it follows easily that P is prime. Also, since P ∩ R = 0 we have [P ] ∩ R = 0 and maximality of P implies that P = [P ]. Hence P is closed. (ii) Suppose that [P ] ⊃ P . Then there exists a finite set F ⊆ [P ] such that F x ⊆ P , x ∈ V , implies x ∈ P . However, since F is finite, there exists H ∈ E with F H ⊆ P and H ⊈ P . This is a contradiction and the result follows. 2

The following result is an extension of Theorem 6.2 in [2].

128 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

Theorem 5.5. Assume that R is a non-singular prime ring and V an intermediate extension. If P is an ideal of V which is maximal with respect to P ∩ R = 0, then P is a non-singular prime ideal.

Proof. Assume, by contradiction, that Z(V/P ) = I/P ≠ 0, where I is an ideal of V . By the maximality of P there exists 0 ≠ a ∈ I ∩R. We show that a ∈ Z(R), which is a contradiction.

Take a free dense submodule L of S with basis (e_i)_{i∈Λ} over R. For a nonzero right ideal J of R the right ideal N = JV + P of V properly contains P . Thus K = {y ∈ N : ay ∈ P } is a right ideal of V with P ⊂ K because a + P ∈ Z(V/P ). Since P is closed we easily get P ∩ L ⊂ K ∩ L. Note that if x ∈ JV we can write x = ∑ i a_iv_i, where a_i ∈ J and v_i ∈ V . Take a nonzero ideal H of R such that v_iH ⊆ L, for any i. We can easily see that for any h ∈ H we have xh ∈ ∑ ⊕_jJe_j. It follows that xh can uniquely be represented in the basis (e_i)_{i∈Λ} with coefficient in J.

By the above there exists an element z ∈ JV ∩ L \ P such that az ∈ P . Since P is closed, changing z by zh we may assume that z /∈ P and it can be represented as an element of ∑ ⊕_jJe_j, say z = ∑n j=1 b_je_j with 0 ≠ b_j ∈ J, for 1 ≤ j ≤ n, and {e_1, . . . , e_n} is minimal.

We claim that do not exist 0 ≠ y ∈ P ∩ L such that supp(y) ⊆ {e_1, . . . , e_n}. In fact, let 0 ≠ y = a_1e_1 + . . . + a_ne_n ∈ P ∩ L. We may suppose that a_1 ≠ 0. For any r ∈ R there exists r^′ ∈ R with e_1r = r^′e_1. Also there exists 0 ≠ a^′ ∈ R with e_1a^′ = a_1e_1. Thus zr^′a^′ − b_1ry ∈ ∑ ⊕_jJe_j, a(zr^′a^′ − b_1ry) ∈ P and supp(zr^′a^′ − b_1ry) ⊂ {e_1, . . . , e_n}. Therefore zRa^′R ⊆ P , which is a contradiction since P is closed.

By the claim we have that az = 0, since az ∈ P and supp(az) ⊆ {e_1, . . . , e_n}. Consequently Ann_{J,r}(a) ≠ 0 and the proof is complete. 2

Now we prove the converse of Theorem 5.5.

Proposition 5.6. Let R be a prime ring and V an intermediate extension. If P is an R-disjoint non-singular closed prime ideal of V , then R is non-singular.

Proof. Suppose that 0 ≠ a ∈ Z(R) and let K be a right ideal of V with K ⊃ P . Take a free dense submodule L of S with basis (e_i)_{i∈Λ} over R. Since P is closed, K ∩ L ⊃ P ∩ L. Then there exists x = ∑n j=1 a_je_j ∈ K ∩ L \ P ∩ L of minimal support with this property, i.e., for any element y ∈ K ∩ L such that supp(y) ⊂ supp(x) we have y ∈ P ∩ L. As in the proof of Theorem 5.5 we show that for any y ∈ P ∩ L with supp(y) ⊆ supp(x) we have that y = 0.

Since a_1R ≠ 0 there exists r ∈ R such that a_1r ≠ 0 and aa_1r = 0. Also, let r^′ ∈ R be with e_1r^′ = re_1. Thus 0 ≠ xr^′ ∈ K ∩ L and so axr^′ = 0, since supp(axr^′) ⊂ supp(x). Hence Ann_{K/P,r}(a) ≠ 0 and we have a + P ∈ Z(V/P ) = 0. Consequently a ∈ P ∩ R = 0, a contradiction. This shows that Z(R) = 0. 2

Recall that if S is a strongly normalizing extension of R and P is a prime ideal of S, then P = P ∩ R is a prime ideal of R ([10], Proposition 1.5). Also, if I is an ideal of R, then IS is an ideal of S with IS ∩ R = I. Thus, by factoring out the ideals P and PS from R and S, respectively, we immediately have the following

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 129

Corollary 5.7. Let R be a prime ring, S a strongly normalizing extension of R and V an intermediate extension. If P is a prime ideal of R and P is an ideal of V which is maximal with respect to P ∩ R = P, then P is non-singular in R if and only if P is non-singular in V . Now we consider strongly prime rings and ideals. The following result is an extension of Theorem 6.1 of [2].

Theorem 5.8. Let R be a strongly prime ring, V an intermediate extension and P an ideal of V which is maximal with respect to P ∩ R = 0. Then P is a strongly prime ideal.

Proof. Suppose that I is an ideal of V with I ⊃ P . Then I ∩ R ≠ 0 and so there exists a finite set F ⊆ I ∩ R such that Ann_{R,r}(F ) = 0. Put K = {y ∈ V : F y ⊆ P }, a right ideal of V containing P . We prove that K = P and this shows that F is an insulator in V/P .

Assume, by contradiction, that K ⊃ P . By Propositions 5.4 and 5.1, there exists 0 ≠ x ∈ K such that RxR ∩ P = 0. Let L be a free dense submodule of S. Then there exists a nonzero ideal H of R such that xH ⊆ L and we have F xH ⊆ RxR ∩ P = 0. We easily obtain xH = 0, since L is free. This is a contradiction because S is torsion-free. 2

The converse of Theorem 5.8 holds if we assume that S is a strongly normalizing extension of R.

Proposition 5.9. Let S be a torsion-free strongly normalizing extension of R and V an intermediate extension. If P is a strongly prime R-disjoint ideal of V , then R is strongly prime and P is closed.

Proof. Let H be a nonzero ideal of R. Then V HV is a nonzero ideal of V and V HV ⊈ P . Thus there exists a finite set F ⊆ V HV such that F x ⊆ P , x ∈ V , implies x ∈ P . Moreover, any y_j ∈ F ⊆ V HV ⊆ S can be written as y_j = ∑ i x_ia_{ij}, for a_{ij} ∈ H, since S is a strongly normalizing extension, where (x_i)_i are strongly normalizing generators. Therefore, {a_{ij}} ⊆ H is an insulator in R and so R is strongly prime. Finally, P is closed by Proposition 5.4. 2

As in Corollary 5.7 we immediately have the following.

Corollary 5.10. Let S be a strongly normalizing extension of R and V an intermediate extension. If P is an ideal of R and P is an ideal of V which is maximal with respect to P ∩ R = P, then P is strongly prime if and only if P is strongly prime.

Now we relate strongly primeness between S, S^∗ and S_0. We say that a subsemigroup V_0 of S_0 is strongly prime if any nonzero ideal of V_0 contains an insulator, i.e. a finite subset F_0 with Ann_{V0,r}(F_0) = 0.

Note that any ideal of V_0 is closed and so is saturated. In fact, a nonzero ideal of Z has a nonzero R-normalizing element of Q, so contains an invertible element of Q. Thus, if I is a nonzero ideal of V_0 and for z ∈ V_0 we have zH ⊆ I, where 0 ≠ H � Z, it follows that z ∈ I.

First we prove the following

130 M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings

Lemma 5.11. Let S be a torsion-free strongly normalizing extension of R and assume that U ⊆ V are intermediate extensions such that U is dense in V . Then U is strongly prime if and only if V is strongly prime.

Proof. If U is strongly prime and I is a nonzero ideal of V , then J = I ∩ U ≠ 0. Thus there exists a finite set F ⊆ J such that Ann_{U,r}(F ) = 0. We can easily see that Ann_{V,r} = 0 and so V is strongly prime.

Conversely, assume that V is strongly prime and let I be a nonzero ideal of U. Then [I]_V is a nonzero ideal of V . Thus there exists a finite set F ⊆ [I]_V such that Ann_{V,r}(F ) = 0. Also there exists a nonzero ideal H of R such that HF ⊆ I. By Proposition 5.9, R is strongly prime. Hence there exists a finite set F^′ ⊆ H with Ann_{R,r}(F^′) = 0. Consequently F^′F ⊆ I is a finite set which is an insulator in U. In fact, take x ∈ U such that F^′F x = 0. By Corollary 5.3 the canonical torsion-free normalizing extension S^∗ of S is free over Q. Using this we easily see that F x = 0. Therefore x = 0 and we are done. 2

Remark 5.12. A similar argument as in Lemma 5.11 shows that if S is a normalizing extension, R is strongly prime and V is an intermediate extension, for an ideal I of V there exists an insulator in I if and only if there is an insulator in [I]_V . Thus to show that V is strongly prime it is enough to find an insulator in any nonzero closed ideal of V .

To end the paper we prove the following

Theorem 5.13. Let R be a prime ring, S a torsion-free strongly normalizing extension of R and V an intermediate extension. Let V^∗ and V_0 be the corresponding closed subrings of S^∗ and S_0 with V^∗ ∩ S = [V ]_S and V_0 = V^∗ ∩ S_0. The following conditions are equivalent:

(i) V is strongly prime.

(ii) R and V^∗ are strongly prime. (iii) R and V_0 are strongly prime.

Proof. We may assume that V is closed in S, by Lemma 5.11.

(i) → (iii) Suppose that V is strongly prime. Then R is strongly prime by Proposition 5.9. Let I_0 be a nonzero ideal of V_0. Then we have that I = QI_0 ∩ V is a nonzero ideal of V and so there exists a finite set F = {y_1, . . . , y_n} ⊆ I such that Ann_{V,r}(F ) = 0. For any i we can write y_i = ∑ j q_{ij}m_{ij}, q_{ij} ∈ Q, m_{ij} ∈ I_0. We can easily see that F_0 = {m_{ij}} ⊆ I_0 is an insulator in V_0, since S^∗ is free as right R-module.

(iii) → (ii) Let I be a nonzero ideal of V^∗. We show that I contains an insulator. Since R is strongly prime we have that Q is also strongly prime. So by Remark 5.12 we may assume that I is closed in V^∗. Put I_0 = I ∩ V_0, a nonzero ideal of V_0. So there exists a finite set F ⊆ I_0 such that Ann_{V0,r}(F ) = 0. It is not hard to show that F ⊆ I is an insulator in V^∗. (ii) → (i) Let I be a nonzero closed ideal of V . Then there exists a closed ideal I^∗ of V^∗ with I = I^∗ ∩ V . By assumption there exists a finite set F ⊆ I^∗ such that Ann_V �_{,r}(F ) = 0. Also, since F is finite F H ⊆ I, for some 0 ≠ H � R. Take a finite set F^′ ⊆ H such that Ann_{R,r}(F^′) = 0. Then F F^′ ⊆ I is an insulator in V . 2

M. Ferrero, R. R. Steffenon: Normalizing Extensions of Semiprime Rings 131

References

[1] Ferrero, M.: Closed and prime ideals in free centred extensions. J. Algebra 148 (1992), 1-16. Zbl 0763.16010 [2] Ferrero, M.: Centred bimodules over prime rings: Closed submodules and applications to ring extensions. J. Algebra 172 (1995), 470–505. Zbl 0826.16021 [3] Ferrero, M.: Closed submodules of centred bimodules over semiprime rings, and applications to ring extensions. Nova J. Math., Game Theory, and Alg. 5 (1996), 309–345. Zbl 0883.16001 [4] Ferrero, M.: Some new results on closed submodules and ideals. East-West J. Math. 1 (1998), 95–107. Zbl 0919.16001 [5] Ferrero, M.: Closed submodules of normalizing bimodules over semiprime rings. Comm.

Algebra 29(4) (2001), 1513–1550. Zbl 0990.16002 [6] Goodearl, K. R.: Ring Theory. Non-singular rings and modules. Dekker, New York 1976. Zbl 0336.16001 [7] Heinicke, A. G.; Robson, J. C.: Normalizing extensions: Prime ideals and incomparability. J. Algebra 72 (1981), 237–268. Zbl 0471.16018 [8] Heinicke, A. G.; Robson, J. C.: Normalizing extensions: Nilpotency. J. Algebra 76 (1982), 459–470. Zbl 0482.16021 [9] Heinicke, A. G.; Robson, J. C.: Intermediate normalizing extensions. Trans. Amer. Math.

Soc. 282 (1984), 645–667. Zbl 0534.16021 [10] Merino, L. M.; Verschoren, A.: Strongly normalizing extensions. J. Pure Appl. Algebra 92 (1994), 161–172. Zbl 0801.16026 [11] Passman, D. S.: Prime ideals in normalizing extensions. J. Algebra 73 (1981), 556–572. Zbl 0471.16019 [12] Robson, J. C.: Prime ideals in intermediate extensions. Proc. London Math. Soc. 44 (1982), 372–384. Zbl 0482.16022 [13] Robson, J. C.; Small, L. W.: Liberal extensions. Proc. London Math. Soc. 42 (1981), 87–103. Zbl 0473.16019 [14] Steffenon, R. R.: Extensões Normalizantes de Anéis. Ph.D. Thesis, Universidade Federal do Rio Grande do Sul, 2000.

Received July 8, 2002; revised version January 29, 2003