Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 44 (2003), No. 2, 567-574.

Hopf Structure for Poisson Enveloping Algebras

Sei-Qwon Oh^1

Department of Mathematics, Chungnam National University, Taejon 305-764, Korea e-mail: sqoh@math.cnu.ac.kr

Abstract. This work is to obtain a natural Hopf structure of the Poisson enveloping algebra U(A) for a Poisson Hopf algebra A. MSC 2000: 16W30 (primary), 17B63 (secondary) Keywords: Hopf algebra, Poisson enveloping algebra

Assume throughout the paper that k denotes a field of characteristic zero. Recall that A = (A, ·, {·, ·}) is said to be a Poisson algebra if (A, ·) is a commutative k-algebra and (A, {·, ·}) is a Lie algebra such that {ab, c} = a{b, c} + b{a, c} for all a, b, c ∈ A. For every Poisson algebra A, there exists a unique Poisson enveloping algebra U(A), which is a (associative) k-algebra, such that a k-vector space M is a Poisson A-module if and only if M is a U(A)-module (see [4, 1, 5 and 6]). The main purpose of this paper is to see that if A is also a Hopf algebra with Hopf structure compatible with the given Poisson structure (in this case, A is called a Poisson Hopf algebra) then U(A) is a Hopf algebra.

Throughout the paper that, for an algebra B, B_L will be the Lie algebra B with Lie bracket [a, b] = ab − ba for all a, b ∈ B. Let us review a definition of Poisson enveloping algebra (see [4, 3]):

1The author is supported by Korea Research Foundation Grant(KRF-2000-015-DP0008)

0138-4821/93 $ 2.50 cfl 2003 Heldermann Verlag

568 Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras

Definition 1. For a Poisson algebra A, a triple (U(A), α, β), where U(A) is an algebra, α : A −→ U(A) is an algebra homomorphism and β : A −→ U(A)_L is a Lie homomorphism such that α({a, b}) = [β(a), α(b)], β(ab) = α(a)β(b) + α(b)β(a) for all a, b ∈ A, is called the Poisson enveloping algebra for A if (U(A), α, β) satisfies the following; if B is a k-algebra, γ is an algebra homomorphism from A into B and δ is a Lie homomorphism from (A, {·, ·}) into B_L such that γ({a, b}) = [δ(a), γ(b)], δ(ab) = γ(a)δ(b) + γ(b)δ(a) for all a, b ∈ A, then there exists a unique algebra homomorphism h from U(A) into B such that hα = γ and hβ = δ. U(A)

�

   �*
HHH
   Hj

         HHH

       HY
         �
       �ß?

α β h γ δ A B A

For every Poisson algebra A over k, note that there exists a unique Poisson enveloping algebra (U(A), α, β) up to isomorphic, that U(A) is generated by α(A) and β(A) by [4, proof of 5] and that β(1) = 0.

Definition 2. (see [3, 3.1.3]) A Poisson algebra A is said to be a Poisson Hopf algebra if A is also a Hopf algebra (A, ι, μ, ϵ, Δ, S) over k such that both structures are compatible in the sense that Δ({a, b}) = {Δ(a), Δ(b)}_A�_A for all a, b ∈ A, where the Poisson bracket {·, ·}_A�_A on A ⊗ A is defined by {a ⊗ a0, b ⊗ b0}_A�_A = {a, b} ⊗ a0b0 + ab ⊗ {a0, b0} for all a, a0, b, b0 ∈ A. For example, every coordinate ring of Poisson Lie group is a Poisson Hopf algebra. For Poisson algebras A and B, an algebra homomorphism ϕ : A −→ B is said to be a Poisson homomorphism (respectively, anti-homomorphism) if ϕ satisfies the rule ϕ({a, b}) = {ϕ(a), ϕ(b)} (respectively, ϕ({a, b}) = {ϕ(b), ϕ(a)}) for all a, b ∈ A.

Lemma 3. If (A, ι, μ, ϵ, Δ, S) is a Poisson Hopf algebra then the counit ϵ is a Poisson homomorphism and the antipode S is a Poisson anti-automorphism.

Proof. [3, Remark 3.1.4]

Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras 569

Lemma 4. If γ and δ are k-linear maps from a Poisson algebra A into a k-algebra B such that γ({a, b}) = [δ(a), γ(b)], δ(ab) = γ(a)δ(b) + γ(b)δ(a) for all a, b ∈ A, then γ({a, b}) = [γ(a), δ(b)], δ(ab) = δ(a)γ(b) + δ(b)γ(a). Proof. Since γ({a, b}) + δ(ab) = δ(a)γ(b) + γ(a)δ(b) γ({b, a}) + δ(ba) = δ(b)γ(a) + γ(b)δ(a) we have 2δ(ab) = δ(a)γ(b) + δ(b)γ(a) + γ(a)δ(b) + γ(b)δ(a) = δ(a)γ(b) + δ(b)γ(a) + δ(ab) 2γ({a, b}) = δ(a)γ(b) − δ(b)γ(a) + γ(a)δ(b) − γ(b)δ(a) = γ(a)δ(b) − δ(b)γ(a) + γ({a, b}) by adding and subtracting the above two formulas. Hence we have the conclusion.

Lemma 5. Let (U(A), α, β) be the Poisson enveloping algebra for a Poisson algebra A. Then (i) α ⊗ α : A ⊗ A −→ U(A) ⊗ U(A) is an algebra homomorphism. (ii) α ⊗ β + β ⊗ α : A ⊗ A −→ (U(A) ⊗ U(A))_L is a Lie homomorphism. Proof. (i) It is clear since α is an algebra homomorphism. (ii) By Lemma 4, for a, a0, b, b0 ∈ A, (α ⊗ β + β ⊗ α)({a ⊗ a0, b ⊗ b0}) − [(α ⊗ β + β ⊗ α)(a ⊗ a0), (α ⊗ β + β ⊗ α)(b ⊗ b0)] = (α ⊗ β + β ⊗ α)(ab ⊗ {a0, b0} + {a, b} ⊗ a0b0) − [(α ⊗ β + β ⊗ α)(a ⊗ a0), (α ⊗ β + β ⊗ α)(b ⊗ b0)] = α(ab) ⊗ β({a0, b0}) + α({a, b}) ⊗ β(a0b0) + β(ab) ⊗ α({a0, b0}) + β({a, b}) ⊗ α(a0b0) − [α(a) ⊗ β(a0), α(b) ⊗ β(b0)] − [α(a) ⊗ β(a0), β(b) ⊗ α(b0)] − [β(a) ⊗ α(a0), α(b) ⊗ β(b0)] − [β(a) ⊗ α(a0), β(b) ⊗ α(b0)] = α(ab) ⊗ [β(a0), β(b0)] + [β(a), α(b)] ⊗ (α(a0)β(b0) + α(b0)β(a0)) + (α(a)β(b) + α(b)β(a)) ⊗ [β(a0), α(b0)] + [β(a), β(b)] ⊗ α(a0b0) − α(a)α(b) ⊗ [β(a0), β(b0)] − α(a)β(b) ⊗ β(a0)α(b0) + β(b)α(a) ⊗ α(b0)β(a0) − β(a)α(b) ⊗ α(a0)β(b0) + α(b)β(a) ⊗ β(b0)α(a0) − [β(a), β(b)] ⊗ α(a0)α(b0) = −α(b)β(a) ⊗ [α(a0), β(b0)] + [β(a), α(b)] ⊗ α(b0)β(a0) − [α(a), β(b)] ⊗ α(b0)β(a0) + α(b)β(a) ⊗ [β(a0), α(b0)] = −α(b)β(a) ⊗ α({a0, b0}) + α({a, b}) ⊗ α(b0)β(a0) − α({a, b}) ⊗ α(b0)β(a0) + α(b)β(a) ⊗ α({a0, b0}) = 0.

570 Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras Hence α ⊗ β + β ⊗ α is a Lie homomorphism.

Lemma 6. Let A and B be Poisson algebras and let C be an algebra. If ϕ : A −→ B is a Poisson homomorphism, α : B −→ C is an algebra homomorphism and β : B −→ C_L is a Lie homomorphism such that α({b_1, b_2}) = [β(b_1), α(b_2)], β(b_1b_2) = α(b_1)β(b_2) + α(b_2)β(b_1) for all b_1, b_2 ∈ B then αϕ : A −→ C is an algebra homomorphism and βϕ : A −→ C_L is a Lie homomorphism such that αϕ({a_1, a_2}) = [βϕ(a_1), αϕ(a_2)] βϕ(a_1a_2) = αϕ(a_1)βϕ(a_2) + αϕ(a_2)βϕ(a_1) for all a_1, a_2 ∈ A.

Proof. Straightforward.

Lemma 7. Let (U(A), α, β) be the Poisson enveloping algebra for a Poisson algebra A. Then (U(A) ⊗ U(A), α ⊗ α, α ⊗ β + β ⊗ α) is the Poisson enveloping algebra for A ⊗ A. Proof. It is straightforward to see that (α ⊗ α)({a ⊗ a0, b ⊗ b0}) = [(α ⊗ β + β ⊗ α)(a ⊗ a0), (α ⊗ α)(b ⊗ b0)] (α ⊗ β + β ⊗ α)((a ⊗ a0)(b ⊗ b0)) = (α ⊗ α)(a ⊗ a0)(α ⊗ β + β ⊗ α)(b ⊗ b0) + (α ⊗ α)(b ⊗ b0)(α ⊗ β + β ⊗ α)(a ⊗ a0). Let i_1 and i_2 be the Poisson homomorphisms from A into A ⊗ A defined by i_1 : A −→ A ⊗ A, i_1(a) = a ⊗ 1 i_2 : A −→ A ⊗ A, i_2(a) = 1 ⊗ a for all a ∈ A. Given an algebra B, let μ_B be the multiplication map on B. If γ is an algebra homomorphism from A ⊗ A into B and δ is a Lie homomorphism from A ⊗ A into B_L such that γ({a ⊗ a0, b ⊗ b0}) = [δ(a ⊗ a0), γ(b ⊗ b0)] δ((a ⊗ a0)(b ⊗ b0)) = γ(a ⊗ a0)δ(b ⊗ b0) + γ(b ⊗ b0)δ(a ⊗ a0) for all a, a0, b, b0 ∈ A, then there exist algebra homomorphisms f, g from U(A) into B such that fα = γi_1, fβ = δi_1, gα = γi_2, gβ = δi_2 by Lemma 6.

U(A) -f α, β γ, δ i_1

6^B6

A -_{A ⊗ A}

U(A) -g α, β γ, δ i_2

6^B6

A -_{A ⊗ A}

Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras 571

Moreover we have δi_1(a)γi_2(a0) = γi_2(a0)δi_1(a) for all a, a0 ∈ A since

[δi_1(a), γi_2(a0)] = γ({a ⊗ 1, 1 ⊗ a0}) = γ(a ⊗ {1, a0} + {a, 1} ⊗ a0) = 0.

Hence we have μ_B (f ⊗ g)(α ⊗ α)(a ⊗ a0) = fα(a)gα(a0) = γi_1(a)γi_2(a0) = γ(i_1(a)i_2(a0)) = γ(a ⊗ a0) μ_B (f ⊗ g)(α ⊗ β + β ⊗ α)(a ⊗ a0) = fα(a)gβ(a0) + fβ(a)gα(a0) = γi_1(a)δi_2(a0) + δi_1(a)γi_2(a0) = γi_1(a)δi_2(a0) + γi_2(a0)δi_1(a) = δ(i_1(a)i_2(a0)) = δ(a ⊗ a0) for all a, a0 ∈ A. Thus μ_B (f ⊗ g) is an algebra homomorphism such that μ_B(f ⊗ g)(α ⊗ α) = γ, μ_B (f ⊗ g)(α ⊗ β + β ⊗ α) = δ. If h : U(A ⊗ A) −→ B is an algebra homomorphism such that h(α ⊗ α) = γ, h(α ⊗ β + β ⊗ α) = δ then

μ_B (f ⊗ g)(α(a) ⊗ 1) = h(α ⊗ α)(a ⊗ 1) = h(α(a) ⊗ 1) μ_B (f ⊗ g)(1 ⊗ α(a)) = h(α ⊗ α)(1 ⊗ a) = h(1 ⊗ α(a)) μ_B (f ⊗ g)(1 ⊗ β(a)) = h(α ⊗ β + β ⊗ α)(1 ⊗ a) = h(1 ⊗ β(a)) μ_B (f ⊗ g)(β(a) ⊗ 1) = h(α ⊗ β + β ⊗ α)(a ⊗ 1) = h(β(a) ⊗ 1)

for all a ∈ A, hence we have μ_B (f ⊗ g) = h since U(A) is generated by α(A) and β(A). It completes the proof by Lemma 5.

Lemma 8. Let (U(A), α_A, β_A) and (U(B), α_B , β_B ) be Poisson enveloping algebras for Poisson algebras A and B respectively. If ϕ : A −→ B is a Poisson homomorphism then there exists a unique algebra homomorphism U(ϕ) : U(A) −→ U(B) such that U(ϕ)α_A = α_Bϕ and U(ϕ)β_A = β_Bϕ. U(A) - U(ϕ) α_A, β_A α_B, β_B ϕ

6^{U(B)}6

A -_B

572 Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras Proof. It follows immediately from the definition for Poisson enveloping algebra and Lemma 6.

Let A = (A, ·, {·, ·}) be a Poisson algebra. Define a k-bilinear map {·, ·}_1 on A by {a, b}_1 = {b, a} for all a, b ∈ A. Then A_1 = (A, ·, {·, ·}_1) is a Poisson algebra. For an algebra B, we denote by B^{op} = (B, ∘) the opposite algebra of B.

Proposition 9. Let (U(A), α, β) be the Poisson enveloping algebra for a Poisson algebra A. Then (U(A)^{op}, α, β) is the Poisson enveloping algebra for A_1.

Proof. Clearly, α is an algebra homomorphism from A_1 into U(A)^{op} since A_1 is commutative and β is a Lie homomorphism from A_1 into U(A)^{op}_L . Moreover, by Lemma 4, we have α({a, b}_1) = α({b, a}) = [α(b), β(a)] = β(a) ∘ α(b) − α(b) ∘ β(a) β(ab) = β(a)α(b) + β(b)α(a) = α(a) ∘ β(b) + α(b) ∘ β(a) for all a, b ∈ A_1. If B is an algebra, γ : A_1 −→ B is an algebra homomorphism and δ : A_1 −→ B_L is a Lie homomorphism such that γ({a, b}_1) = [δ(a), γ(b)] and δ(ab) = γ(a)δ(b) + γ(b)δ(a) for all a, b ∈ A_1, then γ : A −→ B^{op} is an algebra homomorphism and δ : A −→ B^{op}_L is a Lie homomorphism such that γ({a, b}) = γ({b, a}_1) = [γ(b), δ(a)] = δ(a) ∘ γ(b) − γ(b) ∘ δ(a) δ(ab) = δ(a)γ(b) + δ(b)γ(a) = γ(a) ∘ δ(b) + γ(b) ∘ δ(a) for all a, b ∈ A by Lemma 4. Hence there is a unique algebra homomorphism h from U(A) into B^{op} such that hα = γ and hβ = δ and so h : U(A)^{op} −→ B is a unique algebra homomorphism such that hα = γ and hβ = δ. Thus (U(A)^{op}, α, β) is the Poisson enveloping algebra for A_1.

Theorem 10. If (A, ι, μ, ϵ, Δ, S) is a Poisson Hopf algebra then (U(A), ιU_(A_) , μU_(A_) , U(ϵ), U(Δ), U(S)) is a Hopf algebra such that U(Δ)α = (α ⊗ α)Δ U(Δ)β = (α ⊗ β + β ⊗ α)Δ U(ϵ)α = ϵ U(ϵ)β = 0 U(S)α = αS U(S)β = βS.

Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras 573

Proof. Since Δ is a Poisson homomorphism and (U(A) ⊗ U(A), α ⊗ α, α ⊗ β + β ⊗ α) is the Poisson enveloping algebra of A ⊗ A by Lemma 7, there exists an algebra homomorphism U(Δ) : U(A) −→ U(A) ⊗ U(A) such that U(Δ)α = (α ⊗ α)Δ, U(Δ)β = (α ⊗ β + β ⊗ α)Δ by Lemma 8. Similarly, there exists an algebra homomorphism U(ϵ) from U(A) into k such that U(ϵ)α = ϵ, U(ϵ)β = 0 since (k, id_k, 0) is the Poisson enveloping algebra of the field k with trivial Poisson bracket. Since the antipode S is a Poisson homomorphism from A into A_1 by Lemma 3, there is an algebra homomorphism U(S) : U(A) −→ U(A)^{op} such that U(S)α = αS and U(S)β = βS by Lemma 8 and Proposition 9. It is verified routinely that (U(A), ιU_(A_) , μU_(A_) , U(ϵ), U(Δ), U(S)) is a Hopf algebra.

Example 11. Let L be a finite dimensional Lie algebra over k with Lie bracket [·, ·] and let S(L) be the symmetric algebra of L. Fix a k-basis x_1, . . . , x_n of L. Note that S(L) is the commutative polynomial ring k[x_1, . . . , x_n]. Then, by [1, 2.8.7] or [2, Example 1], S(L) is a Poisson Hopf algebra with structure {a, b} = [a, b], Δ(a) = a ⊗ 1 + 1 ⊗ a, ϵ(a) = 0, S(a) = −a for all a, b ∈ L. In fact, it is verified easily using the induction on degree of homogeneous elements of S(L) that Δ({x, y}) = {Δ(x), Δ(y)} ϵ({x, y}) = 0 S({x, y}) = {S(y), S(x)} for all x, y ∈ S(L). Observe that the Poisson enveloping algebra U(S(L)) = (U(S(L)), α, β) is the algebra generated by x_1, . . . , x_n, y_1, . . . , y_n subject to the relation

x_ix_j = x_j x_i, y_iy_j = y_jy_i + ψ([x_i, x_j]), x_iy_j = y_jx_i + [x_i, x_j ]

for all i, j = 1, . . . , n and, α and β are given by α(x_i) = x_i, β(x_i) = y_i, respectively, where ψ : L −→ U(S(L)) is a k-linear map defined by ψ(x_i) = y_i for all i = 1, . . . , n. By Theorem 10, the Poisson enveloping algebra U(S(L)) is a Hopf algebra with Hopf structure

Δ(x_i) = x_i ⊗ 1 + 1 ⊗ x_i Δ(y_i) = y_i ⊗ 1 + 1 ⊗ y_i ϵ(x_i) = 0 ϵ(y_i) = 0 S(x_i) = −x_i S(y_i) = −y_i

for all i = 1, . . . , n.

The Poisson enveloping algebra U(S(L)) contains the universal enveloping algebra of L as a subalgebra. Let U be the subalgebra of U(S(L)) generated by y_1, . . . , y_n and let j : L −→ U be a k-linear map defined by j(x_i) = y_i for all i = 1, . . . , n. Then (U, j) is the universal enveloping algebra of L.

574 Sei-Qwon Oh: Hopf Structure for Poisson Enveloping Algebras

References

[1] Dixmier, J.: Enveloping algebras. The 1996 printing of the 1977 English translation Graduate Studies in Mathematics, vol. 11, American Mathematical Society, Providence, 1996. Zbl 0867.17001 [2] Farkas, D. R.; Letzter, G.: Ring theory from symplectic geometry. J. Pure and Appl.

Algebra 125 (1998), 155–190. Zbl 0974.17025 [3] Korogodski, Leonid I.; Soibelman, Yan S.: Algebras of functions on quantum groups.

Part I, Mathematical surveys and monographs, vol. 56, American Mathematical Society, Providence 1998. Zbl 0923.17017 [4] Oh, Sei-Qwon: Poisson enveloping algebras. Comm. Algebra 27 (1999), 2181–2186. Zbl 0936.16020

Received August 8, 2001