Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 44 (2003), No. 1, 203-212.

Special Curves and Ruled Surfaces

Dedicated to Professor Koichi Ogiue on his sixtieth birthday

Shyuichi Izumiya Nobuko Takeuchi

Department of Mathematics, Hokkaido University Sapporo 060-0810, Japan e-mail: izumiya@math.sci.hokudai.ac.jp

Department of Mathematics, Tokyo Gakugei University Koganei, Tokyo 184-8501, Japan e-mail: nobuko@u-gakugei.ac.jp

Abstract. We study cylindrical helices and Bertrand curves as curves on ruled surfaces. Some results in this paper clarify that the cylindrical helix is related to Gaussian curvature and the Bertrand curve is related to mean curvature of ruled surfaces. All arguments in this paper are elementary and classical. There are some articles which investigate curves on ruled surfaces [1, 7]. However, the main results are not obtained in these articles and do shade new light on an old subject. MSC2000: 58C27, 53A25, 53A05 Keywords: cylindrical helix, Bertrand curve, ruled surfaces

1. Introduction

In [5] we have studied singularities of the rectifying developable (surface) of a space curve. We observed that the rectifying developable along a curve γ is non-singular if and only if

γ is a cylindrical helix. In this case the rectifying developable is a cylindrical surface. The

notion of cylindrical helices is a generalization of the notion of circular helices. On the other hand, the notion of Bertrand curves is another generalization of the notion of circular helices. These two curves have been classically studied as special curves in Euclidean space.

In this paper we study these curves from the view point of geometry of curves on ruled surfaces. The principal normal surface of a space curve γ is defined to be a ruled surface

0138-4821/93 $ 2.50 cfl 2003 Heldermann Verlag

204 S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces

along γ whose rulings are given by the principal normals of γ. Principal normal surfaces are naturally related to Bertrand curves by definition. In §2 we review basic notions and properties of space curves and ruled surfaces. In §3 we study cylindrical helices and Bertrand curves as curves on ruled surfaces. We prove that a ruled surface is the rectifying developable

of γ if and only if γ is a geodesic of the ruled surface which is transversal to rulings and

Gaussian curvature vanishes along γ (Theorem 3.4). As a corollary of Theorem 3.4, we give a characterization of a cylindrical surface as a developable surface by the existence of a geodesic which is a cylindrical helix with non-zero curvature (cf. Corollary 3.5). We also prove that a ruled surface is the principal normal surface of a space curve γ if and only

if γ is an asymptotic curve of the ruled surface which is transversal to rulings and mean

curvature vanishes along γ (Theorem 3.10). As a corollary of Theorem 3.10, we show that if there exist two disjoint asymptotic curves on a ruled surface both of which are transversal to rulings and mean curvature of the ruled surface vanishes along these curves, then these curves are Bertrand curves (cf. Proposition 3.12). We also show that if there exist three disjoint Bertrand curves on a ruled surface, then the ruled surface is a helicoid (cf. Proposition 3.11). In [6] we have constructed many examples of cylindrical helices and Bertrand curves. Moreover, we have shown that all cylindrical helices and Bertrand curves can be constructed by using the method in [6].

This is one of the papers of the authors joint project entitled “Geometry of ruled surfaces and line congruences”.

All manifolds and maps considered here are of class C1 unless otherwise stated.

2. Basic notions and properties

We now review some basic concepts on classical differential geometry of space curves and ruled surfaces in Euclidean space. For any two vectors x = (x_1, x_2, x_3) and y = (y_1, y_2, y_3), we denote x · y as the standard inner product. Let γ : I −→ R^3 be a curve with γ̇(t) ≠ 0, where γ̇(t) = dγ/dt(t). We also denote the norm of x by ‖x‖. The arc-length parameter s of a curve γ is determined such that ‖γ0(s)‖ = 1, where γ0(s) = dγ/ds(s). Let us denote

t(s) = γ0(s) and we call t(s) a unit tangent vector of γ at s. We define the curvature of γ by κ(s) = √ ‖γ00_{(s)‖. If κ(s) ≠ 0, then the unit principal normal vector} n_{(s) of the curve} γ_{at s}

is given by γ00(s) = κ(s)n(s). The unit vector b(s) = t(s) × n(s) is called the unit binormal vector of γ at s. Then we have the Frenet-Serret formulae:

t0_{(s) = κ(s)}n_{(s)} n0_{(s) = −κ(s)}t_{(s) + τ(s)}b_{(s)} b0_{(s) = −τ(s)}n_{(s),} where τ(s) is the torsion of the curve γ at s. For any unit speed curve γ : I −→ R^3 , we call D(s) = τ(s)t(s) + κ(s)b(s) the Darboux vector field of γ (cf. [8], Section 5.2). We define a vector field ~D(s) = (τ/κ)(s)t(s) + b(s) along γ under the condition that κ(s) ≠ 0 and we call it the modified Darboux vector field of γ.

A curve γ : I −→ R^3 with κ(s) ≠ 0 is called a cylindrical helix if the tangent lines of

γ make a constant angle with a fixed direction. It has been known that the curve γ(s) is a

cylindrical helix if and only if (τ/κ)(s) is constant. We call a curve a circular helix if both

S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces 205

of κ(s) ≠ 0 and τ(s) are constant. On the other hand, a curve γ : I −→ R^3 with κ(s) ≠ 0 is called a Bertrand curve if there exists a curve γ̄ : I −→ R^3 such that the principal normal lines of γ and γ̄ at s ∈ I are equal. In this case γ̄ is called a Bertrand mate of γ. Any plane curve γ is a Bertrand curve whose Bertrand mates are parallel curves of γ. Bertrand curves have the following fundamental properties [3, 4, 9, 10].

Proposition 2.1. Let γ : I −→ R^3 be a space curve.

(1) Suppose that τ(s) ≠ 0. Then γ is a Bertrand curve if and only if there exist nonzero real numbers A, B such that Aκ(s) + Bτ(s) = 1 for any s ∈ I. It follows from this fact that a circular helix is a Bertrand curve.

(2) Let γ be a Bertrand curve with the Bertrand mate γ̄. Then τ(s)τ̄ (s) is non-negative constant, where τ̄(s) is the torsion of γ̄.

We have the following corollary of the proposition.

Corollary 2.2. Let γ : I −→ R^3 be a space curve with κ(s) ≠ 0 and τ(s) ≠ 0. Then γ is a Bertrand curve if and only if there exists a real number A ≠ 0 such that

A(τ0_{(s)κ(s) − κ}0_{(s)τ(s)) − τ}0_{(s) = 0.}

In this case the Bertrand mate of γ is given by γ̄(s) = γ(s) + An(s).

Proof. By the proposition, γ is a Bertrand curve if and only if there exist real numbers A ≠ 0 and B such that Aκ(s) + Bτ(s) = 1. This is equivalent to the condition that there exists a real number A ≠ 0 such that (1 − Aκ(s))/τ(s) is constant. Differentiating both sides of the last equality, we have A(τ0(s)κ(s) − κ0(s)τ(s)) = τ0(s).

The converse assertion is also true. �

On the other hand, a ruled surface in R^3 is (locally) the map F_{(γ,δ)} : I × R → R^3 defined by F_{(γ,δ)}(t, u) = γ(t) + uδ(t), where γ : I → R^3 , δ : I → R^3 \ {0} are smooth mappings and I is an open interval. We call γ the base curve and δ the director curve. The straight lines

u → γ(t) + uδ(t) are called rulings. We can calculate that ∂F_{(γ,δ)} ∂t (t, u) × ∂F_{(γ,δ)} ∂u (t, u) = γ0(t) × δ(t) + uδ0(t) × δ(t). Therefore (t_0, u_0) is a singular point of F_{(γ,δ)} if and only if γ0(t_0)×δ(t_0)+u_0δ0(t_0)×δ(t_0) = 0.

We say that the ruled surface F_{(γ,δ)} is a cylindrical surface if δ(t) × δ0(t) ≡ 0. Thus, we say that the ruled surface F_{(γ,δ)} is non-cylindrical if δ(t) × δ0(t) ≠ 0. We now consider a curve σ(t) on the ruled surface F_{(γ,δ)} with the property that σ0(t) · ~δ0(t) = 0. We call such a curve a line of striction. If F_{(γ,δ)} is non-cylindrical, it has been known that there exists the line of striction uniquely.

In this paper we consider the following two special ruled surfaces associated to a space curve γ with κ(s) ≠ 0 which are respectively related to cylindrical helices and Bertrand curves. The ruled surface F_{(γ, eD)}(s, u) = γ(s)+u ~D(s) is called the rectifying developable of γ.

206 S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces

We also define the ruled surface F_{(γ,n)}(s, u) = γ(s)+un(s) which is called the principal normal surface of γ.

We now consider the rectifying developable of a unit speed space curve γ(s) with κ(s) ≠ 0. We can calculate that ~D0(s) = (τ/κ)0(s)t(s). Therefore (s_0, u_0) is a singular point of F_{(γ, eD)} if and only if (τ/κ)0(s_0) ≠ 0 and u_0 = −1/(τ/κ)0(s_0). On the other hand, we have the following proposition:

Proposition 2.3. For a unit speed curve γ : I −→ R^3 with κ(s) ≠ 0, the following are equivalent.

(1) The rectifying developable F_{(γ, eD)} : I × R −→ R^3 of γ is a non-singular surface.

(2) γ is a cylindrical helix.

(3) The rectifying developable F_{(γ, eD)} of γ is a cylindrical surface.

Proof. By the previous calculation, F_{(γ, eD)} is non-singular at any point in I × R if and only if (τ/κ)0(s) ≡ 0. This means that γ is a cylindrical helix.

On the other hand, we have calculated that ~D0(s) = (τ/κ)0(s)t(s). The rectifying developable F_{(γ, eD)} is cylindrical if and only if ~D0(s) ≡ 0, so that the condition (2) is equivalent to the condition (3). �

We also consider the principal normal surface F_{(γ,n)}(s, u) of a unit speed curve γ(s) with κ(s) ≠ 0. We start to consider the singular point of F_{(γ,n)}(s, u). By the Frenet-Serret formulae, we can show that γ0(s)×n(s)+un0(s)×n(s) = (1−uκ(s))b(s)−τ(s)ut(s). Therefore (s_0, u_0) is a singular point of F_{(γ,n)} if and only if τ(s_0) = 0 and u_0 = 1/κ(s_0).

The principal normal surface F_{(γ,n)} is non-singular under the assumption that τ(s) ≠ 0. For example, the principal normal surface of a circular helix is the helicoid. For a Bertrand curve, we have the following proposition.

Proposition 2.4. Let γ : I −→ R^3 be a Bertrand curve. The principal normal surface F_{(γ,n)} has a singular point if and only if γ is a plane curve. In this case the image of F_{(γ,n)} is a plane in R^3 .

Proof. By the assertion (2) of Proposition 2.1, if there exists a point s_0 ∈ I such that τ(s_0) = 0, then γ is a plane curve. On the other hand, the singular point of F_{(γ,n)} corresponds to the point s_0 ∈ I with τ(s_0) = 0. The last assertion of the proposition is clear by definition. �

3. Curves on ruled surfaces

In this section we study cylindrical helices and Bertrand curves from the view point of the theory of curves on ruled surfaces. In the previous sections, we have remarked that the rectifying developable of a cylindrical helix is a cylindrical surface and the principal normal surface of a Bertrand curve is non-singular if the Bertrand curve is a space curve. In particular the rectifying developable is a circular cylinder and the principal normal surface is a helicoid if the curve is a circular helix. It has been classically known that the circular cylinder is a non-singular developable surface and the curved minimal surfaces are the helicoids. Here, we

S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces 207

say that a ruled surface F_{(γ,δ)} is a developable surface if Gaussian curvature of the regular part of F_{(γ,δ)} vanishes. By these facts, we now pay attention to Gaussian curvature and mean curvature of ruled surfaces. Let F_{(γ,δ)} be a ruled surface. For convenience, we may assume that ‖δ(t)‖ = 1. It is easy to show that Gaussian curvature of F_{(γ,δ)} is K(t, u) = − (det(γ0(t), δ(t), δ0(t)))^2 (EG − F^2)^2

and mean curvature of F_{(γ,δ)} is H(t, u) = −2(γ0(t) · δ(t))det(γ0(t), δ(t), δ0(t)) + det(γ00(t) + uδ00(t), γ0(t) + uδ0(t), δ(t))

2(EG − F^2)^{3/2} , where E = E(t, u) = ‖γ0(t) + uδ0(t)‖^2, F = F (t, u) = γ0(t) · δ(t), G = G(t, u) = 1. In particular Gaussian curvature of the rectifying developable of a space curve vanishes and mean curvature of the principal normal surface of a space curve is H(s, u) = u(τ0_{(s) + u(κ}0_{(s)τ(s) − τ}0_{(s)κ(s)))}

(EG − F^2)^{3/2} , where s is the arc-length of γ. It follows from this fact that H(s, u) = 0 if and only if u = 0 or

τ0_{(s) = u(τ}0_{(s)κ(s)−τ(s)κ}0_{(s)). Thus, mean curvature of the principal normal surface F(γ,n) of}

γ always vanishes along γ. If there exists a point s_0 ∈ I such that τ0(s_0)κ(s_0)−τ(s_0)κ0(s_0) = 0,

then H(s_0, u_0) = 0 for some u_0 ≠ 0 if and only if τ0(s_0) = 0. In this case κ0(s_0) = 0. Therefore, H(s_0, u_0) = 0 for some u_0 ≠ 0 if and only if τ0(s_0) = κ0(s_0) = 0 or

u_0 =

τ0_{(s0)} τ0_{(s0)κ(s0) − τ(s0)κ}0_{(s0)}^.

If τ0(s_0) ≠ 0 and τ0(s_0)κ(s_0) − τ(s_0)κ0(s_0) = 0, then H(s_0, u) ≠ 0 for any u ≠ 0. Moreover, under the assumption that τ0(s_0) = κ0(s_0) = 0, H(s_0, u) = 0 for any u. Of course, if τ0(s)κ(s)− τ(s)κ0(s) ≠ 0, mean curvature vanishes along the curve given by ~γ(s) = γ(s) + τ 0_{(s)} τ0_{(s)κ(s) − τ(s)κ}0_{(s)}n^{(s).} Let γ : J −→ F_{(γ,δ)}(I × R) ⊂ R^3 be a regular curve. We say that γ is the minimal locus of

F_{(γ,δ)} if mean curvature H of F_{(γ,δ)} vanishes on γ(J). By the above calculation and Corollary 2.2, we have the following proposition.

Proposition 3.1. Let γ be a Bertrand curve and γ̄ be the Bertrand mate of γ. Then γ̄ is the minimal locus of the principal normal surface of γ.

208 S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces

Proof. By Corollary 2.2, if γ̄ is the Bertrand mate of γ, then there exists a real number A such that A(τ0(s)κ(s) − τ(s)κ0(s)) − τ0(s) = 0. and γ̄(s) = γ(s) + An(s). This means that

H(γ̄(s)) = H(s, A) = 0. This completes the proof. �

By definition, γ is a geodesic of the rectifying developable and a asymptotic curve of the principal normal surface of γ itself. The following proposition has been known as the Bonnet’s theorem for non-cylindrical ruled surfaces. The assertion, however, holds even for general ruled surfaces.

Proposition 3.2. Let F_{(γ,δ)}(s, u) = γ(s) + uδ(s) be a ruled surface with ‖δ(s)‖ = 1. Let

σ(s) = γ(s) + u(s)δ(s) be a curve on F_{(γ,δ)}, where s is the arc-length of σ(s). Consider the

following three conditions on σ :

(1) σ(s) is a line of striction of F_{(γ,δ)}. (2) σ(s) is a geodesic of F_{(γ,δ)}.

(3) The angles between σ0(s) and δ(s) are constant.

If we assume that any two of the above three conditions hold, then the other condition holds.

We remark that the above conditions are respectively equivalent to the following conditions:

(1)0 σ0_{(s) ·} δ0_{(s) = 0.} (2)0 σ00_{(s) ·} δ_{(s) = 0.} (3)0 σ0_{(s) ·} δ_{(s) = constant.}

The assertion follows from the fact that (σ0(s) · δ(s))0 = σ00(s) · δ(s) + σ0(s) · δ0(s). We have the following corollary.

Corollary 3.3. Suppose that there exist two disjoint geodesics σ_i(s) (i = 1, 2) on a ruled surface F_{(γ,δ)}(s, u) = γ(s) + uδ(s) such that the angles between σ0_i(s) and δ(s) are constant. Then the ruled surface F_{(γ,δ)}(s, u) is a cylindrical surface and both of σ_i(s) are cylindrical helices. Moreover, the direction of δ(s) is equal to the direction of the Darboux vector of σ_i(s). Proof. By the proposition, σ_i(s) are lines of striction of F_{(γ,δ)}. If the point F_{(γ,δ)}(s) is a non-cylindrical, then σ_1(s) = σ_2(s) by the uniqueness of the line of striction, so that the ruled surface is a cylindrical surface. Since σ_i(s) are geodesics of F_{(γ,δ)}, these are cylindrical helices and the rectifying plane of σ_i(s) is the tangent plane of F_{(γ,δ)}. This means that F_{(γ,δ)} is the rectifying developable of σ_i(s). �

Corollary 3.3 gives a characterization of cylindrical surfaces by the existence of geodesics with special properties. Especially, a cylindrical surface is the rectifying developable of a cylindrical helix which is a geodesic of the original surface. We now consider the question when a ruled surface is the rectifying developable of a curve.

Theorem 3.4. Let F_{(γ,δ)}(s, u) = γ(s)+uδ(s) be a non-singular ruled surface with ‖δ(s)‖=1.

Let σ(s) = γ(s) + u(s)δ(s) be a curve on F_{(γ,δ)} with κ(s) ≠ 0. Then the following conditions

are equivalent:

S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces 209

(1) F_{(γ,δ)} is the rectifying developable of σ(s).

(2) σ(s) is a geodesic of F_{(γ,δ)} which is transversal to rulings and F_{(γ,δ)} is a developable

surface.

(3) σ(s) is a geodesic of F_{(γ,δ)} which is transversal to rulings and Gaussian curvature of F_{(γ,δ)}

vanishes along σ(s).

Proof. Since the Darboux vector field always transverse to rulings, the condition (2) holds under the assumption of the condition (1). It is trivial that the condition (3) follows from the condition (2). We assume that the condition (3) holds. Since σ(s) is transverse to rulings, we may assume that σ(s) = γ(s). Gaussian curvature of F_{(γ,δ)} is given by K(s, u) = − det(γ0(s), δ(s), δ0(s))^2 (EG − F^2)^2 , then it vanishes along γ(s) if and only if det(γ0(s), δ(s), δ0(s)) = 0. Since γ(s) is a geodesic of F_{(γ,δ)}, δ(s) is contained in the rectifying plane of γ at γ(s). There exists λ(s), μ(s) such that δ(s) = λ(s)t(s) + μ(s)b(s), where t(s) = γ0(s) and b(s) is the binormal vector of γ. By the Frenet-Serret formulae, we have

δ0_{(s) = λ}0_{(s)}t_{(s) + μ}0_{(s)}b_{(s) + (λ(s)κ(s) − μ(s)τ(s))}n_{(s).}

It follows from this formula that det(γ0(s), δ(s), δ0(s)) = (μ(s)τ(s) − λ(s)κ(s))μ(s). If there exists a point s_0 such that μ(s_0) = 0, then δ(s_0) = λ(s_0)t(s_0). This contradicts to the assumption that γ is transversal to rulings.

Hence, we have μ(s)τ(s) − λ(s)κ(s) = 0, so that τ(s)δ(s) = τ(s)λ(s)t(s) + κ(s)λ(s)b(s) = λ(s)D(s), where D(s) is the Darboux vector field along γ. �

Since the rectifying developable of a cylindrical helix is a cylindrical surface, we have the following other characterization of cylindrical surfaces as a simple corollary of Theorem 3.4.

Corollary 3.5. Suppose that F_{(γ,δ)} is a non-singular developable surface. If there exists a cylindrical helix with non-zero curvature on F_{(γ,δ)} which is a geodesic of F_{(γ,δ)}, then F_{(γ,δ)} is a cylindrical surface.

Moreover, we also have another characterization of cylindrical surfaces.

Corollary 3.6. Let F_{(γ,δ)}(s, u) = γ(s)+uδ(s) be a non-singular ruled surface. If there exists a planar geodesic of F_{(γ,δ)} with non-zero curvature which is perpendicular to rulings at any point, then F_{(γ,δ)} is a cylindrical surface.

Proof. By the Frenet-Serret formulae, a planar geodesic is a line of curvature. Since the tangent vector of such a geodesic is perpendicular to the ruling, the direction of the ruling is also the principal direction. This means that F_{(γ,δ)} is a developable surface. Since any plane curve is a helix, the assertion follows from Corollary 3.5. �

On the other hand, we now consider asymptotic curves on ruled surfaces. We prepare the following simple lemma on Euclidean plane.

210 S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces

Lemma 3.7. Let e_1, e_2 be the canonical basis of Euclidean plane R^2 . Let v_1, v_2 be unit vectors in R^2 . We assume that λ > 0 and α are chosen such that v_1 = λ(e_1 + αe_2). Then

v_2 = λ(e_1 − αe_2) if and only if

v_2 · e_1 = v_1 · e_1 and v_1 · v_2 = 1 − α^21 + α_2 .

Let F_{(γ,δ)}(s, u) = γ(s) + uδ(s) be a ruled surface which is non-singular on γ(s). In this case,

γ(s) is transversal to rulings. If Gaussian curvature is negative along γ(s), then there exist

two different principal directions e_1(s), e_2(s) along γ(s) with principal curvatures κ_1(s), κ_2(s) respectively. We may assume that ‖e_i(s)‖ = 1. We have the following proposition.

Proposition 3.8. Under the same situation as the above, γ(s) is an asymptotic curve if and only if

γ0_{(s) ·} e_{1(s) =} δ_{(s) ·} e_{1(s) and} γ_{(s) ·} δ_{(s) =}^κ1^{(s) + κ}2^{(s)}_{κ1(s) − κ2(s).}

Proof. We now consider two tangent vectors at γ(s) which are given by

v_1 = e_1(s) + √ − κ_1(s) κ_2(s)e^2

(s), v_2 = e_1(s) − √ − κ_1(s) κ_2(s)e^2 (s). Let N be the unit normal of F_{(γ,δ)} at γ(s). Since (−dN)e_i(s) = κ_i(s)e_i (i = 1, 2), we have

(−dN)v_i · v_i = κ_1(s) − κ^1(s)κ_2(s)κ_2(s) = 0.

This means that v_1 and v_2 give asymptotic directions at γ(s). Since Gaussian curvature is negative at γ(s) and δ(s) gives an asymptotic direction, we may assume that δ(s) = λ(s) ( e_1(s) + √ − κ_1(s) κ_2(s)e^2 (s) ) , where λ(s) = 1/ √ 1 − κ_1(s)/κ_2(s). If α = √ −κ_1(s)/κ_2(s), then

1 − α^2 1 + α^2 = κ_2(s) + κ_1(s) κ_2(s) − κ_1(s) . The assertion follows directly from the above lemma. �

We have the following corollary which is analogous result to Bonnet’s theorem on geodesics of ruled surfaces.

Corollary 3.9. Let F_{(γ,δ)}(s, u) = γ(s) + uδ(s) be a ruled surface which is nonsingular on

γ(s). We assume that γ(s) is an asymptotic curve of F_{(γ,δ)} and we denote that κ_i(s) (i = 1, 2)

are two different principal curvatures at γ(s). Then the following conditions are equivalent: (1) The angle between γ0(s) and δ(s) is constant. (2) (κ_1/κ_2)(s) is constant.

S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces 211

In the first paragraph of this section we have shown that the mean curvature of the principal normal surface F_{(γ,n)} vanishes along γ which is an asymptotic curve of F_{(γ,n)}. We can show the converse assertion is also true as a corollary of Proposition 3.8. We say that a curve on a surface is a minimal asymptotic curve if it is an asymptotic curve and the mean curvature vanishes along the curve.

Theorem 3.10. Let F_{(γ,δ)}(s, u) = γ(s) + uδ(s) be a ruled surface and σ(s) be a curve on F_{(γ,δ)}. Then the following conditions are equivalent: (1) F_{(γ,δ)} is the principal normal surface of σ(s).

(2) The curve σ(s) is a minimal asymptotic curve of F_{(γ,δ)} which is transversal to rulings.

Proof. Suppose that condition (2) holds, then κ_2(s) + κ_1(s) = 0. By Proposition 3.8, σ0(s) is perpendicular to δ(s). Since σ(s) is an asymptotic curve, this means that δ(s) is parallel to the principal normal direction of σ(s). The converse assertion has already been proved. �

On the other hand, we have another proof of Theorem 3.10 as follows: Let σ(s) = γ(s) + u(s)δ(s) be a curve on F_{(γ,δ)}. Suppose that F_{(γ,δ)} is non-singular on σ(s). This means that

σ(s) is transversal to rulings. Since σ0_{(s) =}^{∂F}(γ,δ)_{∂s (s, u(s)) + u}0_{(s)}^{∂F}(γ,δ)_{∂u (s, u(s)),} σ(s) is an asymptotic curve if and only if

det (γ00(s) + u(s)δ00(s), γ0(s) + u(s)δ0(s), δ(s)) + 2det (δ0(s), γ0(s), δ(s))u0(s) = 0.

Under the assumption that K(s, u(s)) < 0, σ(s) is a minimal asymptotic curve if and only if u0(s) = −δ(s) · γ0(s). We remark that σ0(s) · δ(s) = 0 if and only if u0(s) = −δ(s) · γ0(s). This completes the alternate proof of Theorem 3.10.

By using this method, we have the following characterization of helicoids.

Proposition 3.11. Let F_{(γ,δ)}(s, u) = γ(s) + uδ(s) be a non-singular ruled surface. If there exist three disjoint minimal asymptotic curves on F_{(γ,δ)} which are transversal to rulings, then F_{(γ,δ)} is a helicoid. In this case minimal asymptotic curves which are transversal to rulings are circular helices.

Proof. By the previous calculation, we remark that mean curvature of F_{(γ,δ)} is a quadratic function of the u variable. If there exist three disjoint minimal asymptotic curves on F_{(γ,δ)} which are transversal to rulings, then mean curvature always vanishes. This means that the surface F_{(γ,δ)} is a minimal surface. It has been classically known that a minimal ruled surface is a helicoid or a plane. In this case each minimal asymptotic curve which is transversal to rulings is a circular helix. �

Finally we give a characterization of Bertrand curves as curves on ruled surfaces.

Proposition 3.12. Let F_{(γ,δ)}(s, u) = γ(s) + uδ(s) be a non-singular ruled surface. If there exist two disjoint minimal asymptotic curves on F_{(γ,δ)} which are transversal to rulings, then these curves are a Bertrand curve and the Bertrand mate of each other.

212 S. Izumiya, N. Takeuchi: Special Curves and Ruled Surfaces

Proof. Let σ_i(s) = γ(s) + u_i(s)δ(s) (i = 1, 2) be minimal asymptotic curves which are transversal to rulings. By Theorem 4.10, F_{(γ,δ)} is the principal normal surface of σ_i(s). By the previous argument, we have u0_i(s) = −δ(s) · γ0(s), so that (u_1 − u_2)0(s) = 0. Thus there exists a constant A such that u_1(s) = u_2(s)+A. It follows from this fact that σ_1(s) = σ_2(s)+Aδ(s). We may choose s as the arc-length parameter of σ_2(s). In this case δ(s) can be considered as the unite principal normal of σ_2(s). By the calculation of mean curvature of the principal normal surface of σ_2(s) and Corollary 2.2, σ_1(s) is a Bertrand curve and σ_2(s) is the Bertrand mate of σ_1(s). �

References

[1] Brauner, H.: Neuere Untersuchungen über windschiefe Flächen. Jahresber. DMV 1967, 61–85. Zbl 0153.50803 [2] Bruce, J. W.; Giblin, P. J.: Curves and Singularities. 2nd. ed. Cambridge Univ. Press, Cambridge 1992. Zbl 0770.53002 [3] do Carmo, M.: Differential Geometry of Curves and Surfaces. Prentice-Hall, New Jersey 1976. Zbl 0326.53001 [4] Hoschek, J.: Liniengeometrie. BI-Hochschulskripte, Zürich 1971. Zbl 0227.53007 [5] Izumiya, S.; Katsumi, H.; Yamasaki, T.: The rectifying developable and the spherical Darboux image of a space curve. Geometry and topology of caustics – Caustics ’98 – Banach Center Publications 50 (1999), 137–149. Zbl 0973.58023 [6] Izumiya, S.; Takeuchi, N.: Generic properties of Helices and Bertrand curves. To appear in Journal of Geometry.

[7] Koch, R.: Regelflächen in euklidischen Räumen. In: O.Giering und J. Hoschek, Geometrie und ihre Anwendungen, München 1994, 71–106. Zbl 0809.53004 [8] Koenderink, J.: Solid shape. MIT Press, Cambridge, MA, 1990. [9] Kruppa, E.: Analytische und konstruktive Differentialgeometrie. Wien 1957. Zbl 0077.15401 [10] Strubecker, K.: Differentialgeometrie II. Sammlung Göschen, 2. Aufl., Berlin 1969. Zbl 0082.36704

Received April 12, 2001; revised version July 17, 2001