Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 44 (2003), No. 1, 145-154.

On the Volume of Unbounded Polyhedra in the Hyperbolic Space

S. Kántor^∗

Institute of Mathematics and Informatics, University of Debrecen H-4010 Debrecen, Pf. 12, Hungary e-mail: kantors.@math.klte.hu

1. Introduction

In the Euclidean plane the definition of the area of the polygon harmonizes well with intuition, since by the decomposition theorem of Farkas Bolyai [2] two polygons of the same area can be decomposed into pairwise congruent polygons.

The definition of the measure of an unbounded polyhedron in two- and in three-dimensio-nal Euclidean space [7] is likewise well-founded, since we obtain an inner characterization of this measure by using the notions of endlike decomposition-equality and of endlike completion-equality.

In hyperbolic plane H^2 the definition, given for the measure of polygons (bounded or unbounded) [8], can also be motivated by pointing out that the measure of the whole plane is −2πk^2 [9], and polygons of equal area are endlike decomposition-equal or endlike completionequal.

In this paper we investigate the measure of unbounded polyhedra in three-dimensional hyperbolic space H^3. This measure has a property similar to that of the measure of polyhedra in Euclidean space: the measure of the union of a tetrahedron and of a trihedron is equal to the measure of the trihedron. Furthermore, it also has a property in common with the measure of polygons in the hyperbolic plane: the measure of the whole space is 4π. The measure of polyhedra is given by the angles of the boundary polygons of the polyhedra on the boundary sphere (or absolute) of the space H^3. We emphasize that the volume is unbounded.

2. Preliminary notions and theorems

Here we summarize in a dimension free manner some definitions and properties (theorems) [3] which, while well-known, are important to us.

�Research supported by the Hungarian NFSR (OTKA), Grant No. T-016846

0138-4821/93 $ 2.50 cfl 2003 Heldermann Verlag

146 S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space

We shall use the Poincarè’s conforme model in the course of our discussion. If H is a subset of the space H^3, then the intersection of the closure (with respect to the natural topology of Euclidean space containing our model) of H with the boundary sphere ω of H^3 will be denoted by H_ω(= H̄ ∩ ω). For example, a circle h of ω is the ideal line of a plane N of the hyperbolic space, hence h = N_ω. In our figures we apply stereographic projection of the boundary sphere ω onto the Euclidean plane.

A convex polyhedron is the closure of intersection of finitely many open halfspaces with nonempty interior (it is proper). A point-set P , which can be represented as a union of finitely many convex polyhedra is called a polyhedron. By the division (decomposition) into two parts of a polyhedron by a plane we mean taking the closure of intersections of the polyhedron with the open halfspaces defined by the plane.

2.1. A polyhedron can be decomposed in the sense of elementary geometry into finitely many convex polyhedra P_i (i = 1, 2, . . . , n) in symbols P = ∪^n_{i=1}P_i (int(P_i ∩ P_j) = ∅, i ≠ j). Two polyhedra A and B are called decomposition-equal, denoted by A ∼ B, if there exist polyhedra A_i, B_i (i = 1, 2, . . . , m) so that the following conditions are satisfied (∼= stands for congruence):

A = ∪^m_{i=1}A_i, B = ∪^m_{i=1}B_i, A_i ∼= B_i (i = 1, 2, . . . , m), (int(A_i ∩ A_j) = ∅, int(B_i ∩ B_j) = ∅ i ≠ j). 2.2. The decomposition-equality of polyhedra is an equivalence relation. Two polyhedra A and B are called completion-equal, denoted by A^+∼ B, if there exist poly- hedra C, D, such that int(A ∩ C) = ∅, int(B ∩ D) = ∅, C ∼ D, and A ∪ C ∼ B ∪ D. 2.3. The completion-equality of polyhedra is an equivalence relation.

3. Polyhedra in hyperbolic 3-space

We shall represent polyhedra as the unions of special polyhedra called simplexes. We define two kinds of simplexes, which will be called tetrahedron, trihedron base, respectively. The tetrahedron is well-known. It is determined by its four proper or ideal vertices, it can be bounded or else 1−, 2−, 3−, 4−asymptotic. We denote by T (LEF G) the tetrahedron T with vertices L, E, F, G. The trihedron base is the proper intersection of the halfspaces H_0, H_1, H_2, H_3 under the condition that (H_1 ∩ H_2 ∩ H_3)_ω is a triangle bounded by circle arcs, such that its circumscribed circle h_0 is the ideal line of the boundary plane of H_0 and H_{0ω} ⊃ (H_1 ∩ H_2 ∩ H_3)_ω (Figure 1). We denote this simplex by T B(H_0H_1H_2H_3). It is clear that the trihedron base T B is uniquely determined by the triangle T B_ω = (H_1 ∩ H_2 ∩ H_3)_ω. Figure 1

Remark. The terminology trihedron base is motivated by the fact that if the common part of the halfspaces H_1, H_2, H_3 is a trihedron with vertex L, the edges of which intersect ω in the

S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space 147

ideal points E, F, G, then, denoting by H_0 the plane through the points E, F, G, the trihedron is the union of the tetrahedron T (LEF G) and of the trihedron base T B(H_0H_1H_2H_3). Let us denote this trihedron by T I(LEF G) : T I(LEF G) = T (LEF G) ∪ T B(H_0H_1H_2H_3) (int(T ∩ T B) = ∅). Theorem 1. A polyhedron is the union, in the sense of elementary geometry, of finitely many simplexes: P = ∪^n_{i=1}S_i (int(S_i ∩ S_j) = ∅, i ≠ j). Proof. By 2.1 it will be sufficient to prove Theorem 1 only for convex polyhedra. The proof proceeds by induction on the number k of halfspaces in the representation of the convex polyhedron.

First we show that Theorem 1 is true for k = 1 because a halfspace is a trihedron base, hence a simplex. Let a circle h_0 be the ideal line of the boundary plane of a halfspace H and let R_1, R_2, R_3 be optional points in h_0. Then H = T B(HHHH) and H_ω = R_1R_2R_3△. The sides of the triangle R_1R_2R_3 are the arcs of the circle h_0 (Figure 2). Figure 2 We have to prove two lemmas:

Lemma 1. In the Euclidean plane a polygon D (simply connected domain bounded by circle arcs) can be decomposed by triangulation (if a vertex V of a triangle T_1 is a point of a triangle T_2 then V is a vertex of the triangle T_2) into triangles bounded by circle arcs (or segments) and triangles are subsets of the circumscribed circle.

Proof. Let be D = A_1A_2 . . . A_n (Figure 3). Let A^1_i , A^2_i , . . . , A^{2ri+1}_i (i = 1, 2, . . . , n) be points so that the point A^{2j+1}_i is on the arc A_iA_{i+1} (A_{n+1} = A_1), also, the polygonal path

L_i = A^1_i , A^2_i , . . . , A^{2ri+1}_i ⊂ D (i = 1, 2, . . . , n)

and either the polygonal path (segment) A^{2ri+1}_i A^1_{i+1} ⊂ D or the polygonal path A^{2ri+1}_i A_{i+1} A^1_{i+1} ⊂ D. Also, these polygonal paths are disjoint and they bound the polygon D^′ ⊂ D, hence D = D^′ ∪ (∪^n_{i=1}(∪^{ri}_{j=1}A^{2j−1}_i A^{2j}_i A^{2j+1}_i ) ∪ (∪^n_{i=1}T_i),

where T_i = A^{2ri+1}_i A_{i+1}A^1_{i+1}△ or T_i = A^{2ri+1}_i A^′_{i+1}A_{i+1}△ ∪ A_{i+1}A^{′′}_{i+1}A^1_{i+1}△, (A^′_{i+1} is a point of the arc A^{2ri+1}_i A_{i+1}, A^{′′}_{i+1} is a point of the arc A_{i+1}A^1_{i+1}, these triangles are bounded by circle arc or segments.)

The polygon D^′ can be decomposed by triangulation, so Lemma 1 is true.

Remark. Lemma 1 is true on the sphere too.

Lemma 2. The common part of the simplex S and of the halfspace H is the union, in the sense of elementary geometry, of finitely many simplexes.

148 S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space

Figure 3

Proof. If the simplex is a tetrahedron then this is clear, the parts will be tetrahedra.

If the simplex S is a trihedron base, then the domain S_ω ∩ H_ω can be decomposed into polygons (simply connected domains bounded by circle arcs): S_ω ∩ H_ω = ∪^n_{i=1}D_i (int(D_i ∩ D_j) = ∅ i ≠ j).

By Remark of Lemma 1 the domain D_i can be decomposed by triangulation: S_ω ∩ H_ω = ∪^n_{i=1}(∪^{mi}_{j=1}G_{ij}) (int(G_{ij} ≠ G_{kl}) i ≠ k or j ≠ l). We denote by S_{ij} the simplex for which S_{ijω} = G_{ij}.

Since (S ∩ H) \ (∪^n_{i=1}(∪^{mi}_{j=1}S_{ij})) is such kind of polyhedron which has ideal points at most on its edges, we can decompose it into tetrahedra: (S ∩ H) \ (∪^n_{i=1}(∪^{mi}_{j=1}S_{ij})) = ∪^h_{i=1}T_i (int(T_i ∩ T_j), i ≠ j). So (S ∩ H) = (∪^n_{i=1}(∪^{mi}_{j=1}S_{ij})) ∪ (∪^h_{i=1}T_i) is the expected decomposition. Let us now prove the Theorem 1 itself. Let us suppose that Theorem 1 is true for a convex polyhedron P = ∩^r_{i=1}H_i (r ≤ k, H_i are halfspaces).

If P = ∩^{k+1}_{i=1} H_i then by the condition

P_k = ∩^k_{i=1}H_i = ∪^m_{i=1}S_i (S_i are simplexes, int(S_i ∩ S_j) = ∅, i ≠ j). By the Lemma 2, S_i ∩ H_{k+1} = ∪^{ri}_{h=1}S_{ih}. Hence

P = P_k ∩ H_{k+1} = (∪^m_{i=1}S_i) ∩ H_{k+1} = ∪^m_{i=1}(S_i ∩ H_{k+1}) = ∪^m_{i=1}(∪^{ri}_{h=1}S_{ih}) (int(S_{ih} ∩ S_{jl}) = ∅, i ≠ j or h ≠ l. Thus the Theorem 1 is true for a convex polyhedron P = ∩^r_{i=1}H_i (r ≤ k + 1).

S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space 149

4. The volume of polyhedra in hyperbolic 3-space

First we define the volume of simplexes. Let the length measure curvature coefficient k be equal 1.

Volume of the tetrahedron: M(T ) = 0.

Let S be the trihedron base T B, and let the angles of T B_ω be α, β, γ. Volume of the trihedron base: M(T B) = α + β + γ − π. Volume of the polyhedron P = ∪^n_{i=1}S_i (int(S_i ∩ S_j) = ∅, i ≠ j) :

M(P ) = n∑ i=1 M(S_i). Remark. Thus the volume of T I(LEF G) is the sum of the volume of the tetrahedron T (LEF G) and of the volume of the trihedron base T B(H_0H_1H_2H_3) given by the bounding planes H^′_0 = EF G, H^′_1 = LF G, H^′_2 = EF L, H^′_3 = EGL of halfspaces H_0, H_1, H_2, H_3, respectively. Since the angles α, β, γ of T B_ω = EF G△ are just the surface angles of the trihedron, M(T I) = α + β + γ − π is the same as the usual area of the spherical triangle.

5. Properties of the volume function

Theorem 2. The volume of the polyhedra is decomposition-invariant: P = ∪^r_{i=1}S^′_i = ∪^s_{i=1}S^{′′}_i (int(S^′_i ∩ S^′_j) = ∅, int(S^{′′}_i ∩ S^{′′}_j ) = ∅, i ≠ j) implies ∑_r i=1 M(S^′_i) = ∑_s i=1 M(S^{′′}_i ). Proof. Let A_{ij} = S^′_i ∩ S^{′′}_j = ∪^m_{k=1}A_{ijk} (i, j, k : intA_{ijk} ≠ ∅, int(A_{ijk} ∩ A_{ijl}) = ∅, k ≠ l). ∪A_{ijk} is a decomposition into simplexes of P .

Lemma. The volume of the simplex is decomposition-invariant:

S = ∪^n_{i=1}S_i (int(S_i ∩ S_j) = ∅, i ≠ j) implies M(S) = n∑ i=1 M(S_i). If the simplex S is a tetrahedron, then S_i can only be tetrahedron as well, hence the lemma is true.

If the simplex S is a trihedron base, then S_i is either a trihedron base or tetrahedron.

150 S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space

Let S_i (1 ≤ i ≤ m) be a trihedron base and S_i (m + 1 ≤ i ≤ n) a tetrahedron. Let the angles of S_ω be α, β, γ and those of S_{iω} (1 ≤ i ≤ m) be α_i, β_i, γ_i (Figure 4). Since S_ω = ∪^m_{i=1}S_{iω} we have to prove that α + β + γ − π = m∑ i=1 (α_i + β_i + γ_i − π).

The number of the vertices of the domains S_{iω} is b, the number of those lying in the interior of the boundary of S_ω or of S_{iω} is h.

Figure 4

Between these masses there is a relation by Euler’s theorem on polyhedra. The number of surfaces is m + 1. The number of vertices is b. We get the number of edges twice if we add up the number of edges of the triangles S_{iω} (this is 3m) and the number of edges on the boundary of S_ω (this is 3 + h).

We have m + 1 + b =

3m + 3 + h 2 + 2, hence m = 2b − h − 5, m∑ i=1 (α_i + β_i + γ_i − π) = α + β + γ + πh + 2π(b − h − 3) − mπ = α + β + γ − π.

On the basis of the lemma we have the equalities r∑ i=1 M(S^′_i) = r∑ i=1 ( ∑ j,k M(A_{ijk}) ) = s∑ j=1 ( ∑ i,k M(A_{ijk}) ) = s∑ j=1 M(S^{′′}_i ) and so Theorem 2 is proved.

Since the volume of the polyhedron is evidently isometry-invariant and additive, we have the following

Theorem 3. If the polyhedra P, P^′ satisfy the relation P ∼ P^′ or P^+∼ P^′ then M(P ) = M(P^′).

Now we are going to consider the converse of this theorem.

Theorem 4. If the polyhedra P and P^′ satisfy M(P ) = M(P^′) then P^+∼ P^′.

S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space 151

Proof. If the polyhedra P and P^′ are trihedra, then there exist moves g and g^′ so that the edges of the trihedra gP and g^′P^′ in our model are lines. Let the centre of the unit-sphere K and K^′ be the vertex of the trihedra gP and g^′P^′ respectively. Let G and G^′ be the spherical triangles of the trihedra gP and g^′P^′ on the spheres K and K^′ respectively.

If M(P ) = M(P^′), then M(gP ) = M(g^′P^′) and M(g) = M(G^′). By the theorem of Bolyai-Gerwin [1] G ∼ G^′. Hence gP ∼ g^′P^′ and P ∼ P^′, the Theorem 4 is true for trihedra and evidently for bihedra and for halfspaces.

The definiton of the measure of the tetrahedron is also motivated by the following

Lemma. For a tetrahedron T and a halfspace H the relation T ∪ H ∼ H holds.

Let L, E, F, G be the vertices of a non-asymptotic tetrahedron T , and let H be the halfspace (EF G)_L. It will be sufficient to prove the Lemma only for this halfspace H. If for an optional halfspace H^′ we have int(T ∩ H^′) = ∅, then because of H^′ ∼ H we have T ∪ H^′ ∼ T ∪ H ∼ H ∼ H^′. If int(T ∩ H^′) ≠ ∅, then T ∪ H^′ = (T \ H^′) ∪ H^′, T \ H^′ = ∪^k_{i=1}T_i (T_i tetrahedron, int(T_i ∪ T_j) = ∅, i ≠ j) and

T ∪ H^′ = (∪^k_{i=1}T_i) ∪ H^′ = (∪^{k−1}_{i=1} T_i) ∪ (T_k ∪ H^′) ∼

(∪^{k−1}_{i=1} T_i) ∪ H^′ ∼ · · · ∼ (T_1 ∪ H^′) ∼ H^′ ∼ H.

The halfspace given by the plane incident to the points E, F, G and containing (not containing) point L, will be denoted by (EF G)_L ((EF G)_L ).

T ∪H is the union, in the sense of elementary geometry, of four disjoint trihedra (Figure 5). The ideal point of the halfline of the line EF starting from E and containing (not containing) F will be denoted by E_F (E_F ). For the surface angle of the tetrahedron T (LEF G) belonging to the edge EF we write ^EF .

Figure 5

152 S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space

T_0 = T I(LL_EL_F L_G) = (LEF )_G ∩ (LF G)_E ∩ (LEG)_F , T_1 = T I(EE_L E_G E_F ) = (LEF )_G ∩ (EF G)_L ∩ (LEG)_F , T_2 = T I(F F_L F_E F_G) = (LEF )_G ∩ (LF G)_E ∩ (EF G)_L , T_3 = T I(GG_L D_F G_E) = (LEG)_F ∩ (LF G)_E ∩ (EF G)_L .

T_0 ∪ T_1 ∪ T_2 ∪ T_3 = T ∪ H (int(T_i ∩ T_j) = ∅ i ≠ j; 0 ≤ i ≤ 3, 0 ≤ j ≤ 3).

Now the surface angles of T_1; T_2; T_3 given by the help of the surface angles of T are: ^EE_L = π − ^LE, ^EE_G = π − ^EG, ^EEF = ^EF ; ^F F_L = π − ^LF, ^F F_E = π − ^EF, ^F FG = ^F G; ^GG_L = π − ^LG, ^GG_F = π − ^F G, ^GGE = ^EG, hence M(T ∪ H) = M(T I(LL_E L_F L_G)) + M(T I(EE_L E_G E_F ))+

+M(T I(F F_L F_E F_G)) + M(T I(GG_L G_F G_E)) = 2π = M(H).

The Theorem 4 is true for trihedra, the statement of the Lemma follows.

The proof is similar if the tetrahedron is 1−asymptotic and the vertex L is ideal point. Tetrahedron T which is 2−, 3−, or 4−asymptotic can be decomposed into non-asymptotic and 1−asymptotic tetrahedra: T = ∪^n_{i=1}T_i.

Then T ∪ H = (∪^n_{i=1}T_i) ∪ H = (∪^{n−1}_{i=1} T_i) ∪ (T_n ∪ H) ∼ (∪^{n−1}_{i=1} T_i) ∪ H.

Using this procedure repeatedly, we can see that (∪^n_{i=1}T_i) ∪ H ∼ H.

Let us now prove the Theorem 4 itself.

Let P = ∪^n_{i=1}S_i, P^′ = ∪^{n0}_{i=1}S^′_i, where the S_i and the S^′_i can be trihedron bases or tetrahedra.

Hence it will be sufficient to consider the case when S_i (1 ≤ i ≤ m) and S^′_i (1 ≤ i ≤ m^′) are trihedron bases, S_i (m + 1 ≤ i ≤ n) and S^′_i (m^′ + 1 ≤ i ≤ n^′) tetrahedra, and, say, m ≤ m^′. By the Lemma, if the halfspaces H and H^′ satisfy int(H ∩ P ) = ∅, int(H^′ ∩ P^′) = ∅, then (∪^n_{i=m+1}S_i) ∪ H = (∪^{n−1}_{i=m+1}S_i) ∪ (S_n ∪ H) ∼ (∪^{n−1}_{i=m+1}S_i) ∪ H.

Using this procedure repeatedly, we can see that (∪^n_{i=m+1}S_i) ∪ H ∼ H. Similarly, we obtain that (∪^{n0}_{i=m}0_{+1}S^′_i) ∪ H^′ ∼ H^′.

On the other hand it is clear that for the halfspaces H_{0i} and H^′_{0i} of the trihedron bases S_i (1 ≤ i ≤ m) and S^′_i (1 ≤ i ≤ m^′) each of the polyhedra H_{0i} \ S_i and H^′_{0i} \ S^′_i is the union of three bihedra.

Hence M(S_i) = 2π − M(H_{0i} \ S_i) and M(S^′_i) = 2π − M(H^′_{0i} \ S^′_i), by ∑_m i=1 M(S_i) = ∑_m0

i=1 M(S^′_i) we have

2mπ − M(∪^m_{i=1}(H_{0i} \ S_i)) = 2m^′π − M(∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)),

and consequently, M(∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)) = M(∪^m_{i=1}(H_{0i} \ S_i)) + 2(m^′ − m)π.

Using Theorem 4 for bihedra and for halfspaces we can see that

(∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)) ∼ (∪^m_{i=1}(H_{0i} \ S_i)) ∪ (∪^{m0 −m}_{i=1} H_i),

S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space 153

where the H_i (1 ≤ i ≤ m^′ − m, H_i ∩ H_j = ∅ i ≠ j) are halfspaces and (∪^{m0 −m} i=1 H_i) ∩ (∪^m_{i=1}(H_{0i} \ S_i)) = ∅.

By Q = H ∪ (∪^m_{i=1}(H_{0i} \ S_i)) ∪ (∪^{m0 −m}_{i=1} H_i) ∼ H^′ ∪ (∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)) = Q^′

P ∪ Q = (∪^n_{i=1}S_i) ∪ H ∪ (∪^m_{i=1}(H_{0i} \ S_i)) ∪ (∪^{m0 −m}_{i=1} H_i) ∼

∼ (∪^m_{i=1}S_i) ∪ (∪^n_{i=m+1}S_i) ∪ H ∪ (∪^m_{i=1}(H_{0i} \ S_i)) ∪ (∪^{m0 −m}_{i=1} H_i) ∼

∼ (∪^m_{i=1}S_i) ∪ H ∪ (∪^m_{i=1}(H_{0i} \ S_i)) ∪ (∪^{m0 −m}_{i=1} H_i) =

= H ∪ (∪^m_{i=1}(H_{0i}) ∪ (∪^{m0 −m}_{i=1} H_i) ∼ H^′ ∪ (∪^{m0}_{i=1}H^′_{0i}) =

= H^′ ∪ (∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)) ∪ (∪^{m0}_{i=1}S^′_i) ∼

∼ H^′ ∪ (∪^{n0}_{i=m}0_{+1}S^′_i) ∪ (∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)) ∪ (∪^{m0}_{i=1}S^′_i) =

= (∪^{n0}_{i=1}S^′_i) ∪ H^′ ∪ (∪^{m0}_{i=1}(H^′_{0i} \ S^′_i)) = P^′ ∪ Q,^′ thus the Theorem 4 is true.

Theorem 5. On the set of the polyhedra of the hyperbolic space there exists uniquely such kind of real valued function that satisfies the following four characteristics:

1. M(P ) = M(P^′), if P ∼= P^′, 2. M(P_1) + M(P_2) = M(P_1 ∪ P_2), if int(P_1 ∩ P_2) = ∅, 3. M(H^3) = 4π, 4. M(A) ≥ 0, if A is a bihedron (its angle α is positive).

Proof. The existence of this function follows from the previous theorems. If a function M(P ) satisfies the above mentioned characteristics, there the bihedron A, with angle α, M(A) = f(α) is such as follows, in the case of 0 < α ≤ 2π is positive valued, satisfied the Cauchy function-equality and f(2π) = 4π. It is known ([3], p. 61), that f(α) = 2α is the unique proper function.

We calculate the value of the function M(T B) belonging to the trihedron base T B, with angles α, β, γ, where we use the notations of the Figure 6 and we know that

Figure 6

α_1 = β_2, β_1 = γ_2, γ_1 = α_2 and α_1 + α + α_2 = β_1 + β + β_2 = γ_1 + γ + γ_2 = π :

M(T B) = M(H) − f(α_1) − f(β_1) − f(γ_1) = 2π − 2α_1 − 2β_1 − 2γ_1 =

= 2π − α_1 − β_2 − β_1 − γ_2 − γ_1 − α_2 = α + β + γ − π.

Remark. It is valid a similar theorem in the hyperbolic plane H^2.

154 S. Kantor: On the Volume of Unbounded Polyhedra in the Hyperbolic Space

References

[1] Boltjanski, W. G.: Das Dritte Problem von Hilbert (Russisch). Moskau 1977. [2] Bolyai, F.: Tentamen. II. Second Edition, Budapest 1887.

[3] Böhm, J.; Hertel, E.: Polyedergeometrie in n-dimensionalen Räumen konstanter Krümmung. Basel-Boston-Stuttgart 1981. Zbl 0466.52001 [4] Böhm, J.; Im Hof, H. C.: Flächeninhalt verallgemeinerter hyperbolischer Dreiecke. Geometriae Dedicata 42 (1992), 223–233. Zbl 0752.51006 [5] Hadwiger, H.: Vorlesungen über Inhalt, Oberfläche und Isoperimetrie. Berlin-Göttingen- Heidelberg 1957. Zbl 0078.35703 [6] Hertel, E.: Ein algebraischer Begriff des invarianten Maßes und invariante Integration in abstrakten Räumen. Math. Nachr. 88 (1979), 307–313. Zbl 0467.28009 [7] Kántor, S.: Über die Zerlegungsgleichheit nichtbeschränkter Polyeder. Publ. Math. 49(1- 2) (1996), 167–175. Zbl 0870.52003 [8] Kántor, S.: On the area of a polygon in the hyperbolic plane. Beiträge Algebra Geom.

39(2) (1998), 423–432. Zbl 0917.51019 [9] Molnár, E.: Projective metrics and hyperbolic volume. Annales Univ. Sci. Budapest, Sect. Math. 32 (1989), 129–157. Zbl 0722.51016

Received May 15, 2001