Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 44 (2003), No. 1, 165-178.

Smooth Lines on Projective Planes over Two-Dimensional Algebras and Submanifolds with Degenerate Gauss Maps

Maks A. Akivis Vladislav V. Goldberg

Department of Mathematics, Jerusalem College of Technology – Mahon Lev Havaad Haleumi St., P. O. B. 16031, Jerusalem 91160, Israel e-mail: akivis@avoda.jct.ac.il

Department of Mathematical Sciences, New Jersey Institute of Technology University Heights, Newark, N.J. 07102, U.S.A.

e-mail: vlgold@m.njit.edu

Abstract. The authors study smooth lines on projective planes over the algebra C of complex numbers, the algebra C^1 of double numbers, and the algebra C^0 of dual numbers. In the space RP^5 , to these smooth lines there correspond families of straight lines forming point three-dimensional submanifolds X^3 with degenerate Gauss maps of rank r ≤ 2. The authors study focal properties of these submanifolds and prove that they represent examples of different types of submanifolds X^3 with degenerate Gauss maps. Namely, the submanifold X^3, corresponding in RP^5 to a smooth line γ of the projective plane C P^2 , does not have real singular points, the submanifold X^3, corresponding in RP^5 to a smooth line γ of the projective plane C^1 P^2, bears two plane singular lines, and finally the submanifold X^3, corresponding in RP^5 to a smooth line γ of the projective plane C^0 P^2, bears one singular line. It is also proved that in all three cases, the rank of X^3 is equal to the rank of the curvature of the line γ.

MSC 2000: 53A20 (primary), 14M99 (secondary) Keywords: Smooth line, projective plane over an algebra, submanifold with degenerate Gauss map, hypersurface of Sacksteder, hypersurface of Bourgain

0138-4821/93 $ 2.50 cfl 2003 Heldermann Verlag

166 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

1. Introduction

The theory of projective planes over algebras is the subject belonging to the geometry and the algebra, and this subject attracts the attention of both algebraists and geometers. This theory was considered in Pickert’s book [14], and in the single chapters of the books [6], [15], and [16].

However, not so much is known about the differential geometry of such projective planes. Some questions in this direction were considered in the paper [1]. In that paper the author studied smooth lines in projective planes over the matrix algebra and over some of its subalgebras. In this study, he used the mapping of the projective plane MP^2 over the algebra M of (n × n)-matrices onto the Grassmannian G(n − 1, 3n − 1) of subspaces of dimension n − 1 of a real projective space RP^{3n}�^1 .

In the current paper, we continue the investigations of Akivis [1]. However, we restrict ourselves to the study of smooth lines on projective planes over the algebra C of complex numbers, the algebra C^1 of double numbers, and the algebra C^0 of dual numbers (for description of these algebras, see, for example, [13] or [18] or [16]). In the space RP^5 , to these smooth lines there correspond families of straight lines forming point three-dimensional submanifolds X^3 with degenerate Gauss maps of rank r ≤ 2 (see [2], Ch. 4). We study focal properties of these submanifolds and prove that they represent examples of different types of submanifolds X^3 with degenerate Gauss maps. Namely, the submanifold X^3, corresponding in RP^5 to a smooth line γ of the projective plane C P^2 , does not have real singular points, the submanifold X^3, corresponding in RP^5 to a smooth line γ of the projective plane C^1 P^2, bears two plane singular lines, and finally the submanifold X^3, corresponding in RP^5 to a smooth line γ of the projective plane C^0 P^2, bears one double singular line.

In the last case, the submanifold X^3 is a generalization of submanifolds with degenerate Gauss maps without singularities in the four-dimensional Euclidean space R^4 constructed by Sacksteder in [17] and recently considered by Bourgain. Note that Bourgain’s hypersurface was described in the papers [19] and [9, 10, 11], and the authors of the current paper proved (see [3]) that the hypersurfaces of Sacksteder and Bourgain are locally equivalent.

The authors introduce the notion of the curvature of a smooth line γ in the plane A P^2 , A = C , C^1 , C^0 , and prove that in all three cases, the rank of X^3 is equal to the rank of the curvature of the line γ.

Note also that it follows from the the results of the paper [1] that in the projective plane MP^2 over the algebra M of (2 × 2)-matrices, there are no smooth lines different from straight lines. A family of straight lines in RP^5 corresponding to those straight lines is the Grassmannian G(1, 3) of straight lines lying in a three-dimensional subspace RP^3 of the space RP^5 .

In [4], the authors found the basic types of submanifolds with degenerate Gauss maps and proved the structure theorem for such submanifolds: an arbitrary submanifold with a degenerate Gauss map is either irreducible or if it is reducible, it is foliated by submanifolds of basic types. The finding of examples of submanifolds with degenerate Gauss maps of basic and not basic types is important. Such examples can be found in [2, 3, 4], [5], [8], [9, 10, 11], [12], [19]. In particular, in [10], Ishikawa found real algebraic cubic nonsingular hypersurfaces with a degenerate Gauss map in RP^n for n = 4, 7, 13, 25. These hypersurfaces have the structure of homogeneous spaces of groups SO(3), SU(3), Sp(3), and F_4, respectively, and

M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : : 167

their projective duals are linear projections of Veronese embeddings of projective planes KP_2 for K = R, C, H, O, where O represents Cayley’s octonions.

The examples we have constructed in this paper are of the same nature as Ishikawa’s examples but they are much simpler.

2. Two-dimensional algebras and their representation

There are known three two-dimensional algebras: the algebra of complex numbers z = x+iy, where i^2 = −1, the algebra of double (or split complex) numbers z = x + ey, where e^2 = 1, and the algebra of dual numbers z = x + εy, where ε^2 = 0. Here everywhere x, y ∈ R. Usually these three algebras are denoted by C , C^1 , and C^0 (see [16], §1.1). These algebras are commutative and associative, and any two-dimensional algebra is isomorphic to one of them.

Each of these three algebras admits a representation by means of the real (2×2)-matrices: z = x + iy → ( x −y y x ) , (1)

z = x + ey → ( x y y x ) , (2) and z = x + εy → ( x 0 y x ) . (3)

In what follows, we identify the algebras C , C^1 , and C^0 with their matrix representations.

The algebras C , C^1 , and C^0 are subalgebras of the complete matrix algebra M formed by all real (2 × 2)-matrices ( x^0 x^0_1 x^1_0 x^1 ) , (4)

which is associative but not commutative.

The algebra C does not have zero divisors while the algebras C^1 , C^0 , and M have such divisors. In the matrix representation, zero divisors of these algebras are determined by the condition det ( x^0 x^0_1 x^1_0 x^1 ) = 0.

For the algebra C^1 the last condition takes the form

x^2 − y^2 = 0,

for the algebra C^0 the form x = 0, and for the algebra M the form

x^0x^1 − x^1_0x^0_1 = 0. (5)

168 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

The elements of the algebras C^1 and C^0 , as well as the regular complex numbers (the elements of the algebra C ), can be represented by the points on the plane xOy. In this representation, the zero divisors of the algebra C^1 are represented by the points of the straight lines y = ±x, and the zero divisors of the algebra C^0 by the points of the y-axis.

The elements of the algebra M are represented by the points of a four-dimensional vector space, and its zero divisors by the points of the cone (5) whose signature is (2, 2). Thus, to the algebra M, there corresponds a four-dimensional pseudo-Euclidean space R^4_2 of signature 2 with the isotropic cone (5). This cone bears two family of plane generators defined by the equations

x^0 x^1_0 = x^0_1 x^1 = λ, x^0 x^0_1 = x^1_0 x^1

= μ, (6)

where λ and μ are real numbers.

3. The projective planes over the algebras C , C 1 , C 0, and M Denote by A one of the algebras C , C^1 , C^0 , or M and consider a projective plane A P^2 over the algebra A (see [6]). A point X ∈ A P^2 has three matrix coordinates X^0, X^1, X^2 that have respectively the form (1), (2), (3), or (4). Since it is convenient to write point coordinates as a column-matrix, we write

X = (X^0, X^1, X^2)^T . (7)

The matrix X in (7) has 6 rows and 2 columns. Of course, the columns of this matrix must be linearly independent. The coordinates X^α, α = 0, 1, 2, are defined up to a multiplication from the right by an element P of the algebra A which is not a zero divisor. So, we have X0 ∼ XP, P ∈ A . In particular, for X ∈ C P^2 , X ∈ C^1 P^2, and X ∈ C^0 P^2, we have

X = x^0 −x^1_0 x^1_0 x^0 x^2_0 −x^3_0 x^3_0 x^2_0 x^4_0 −x^5_0 x^5_0 x^4_0

, X = x^0 x^1_0 x^1_0 x^0 x^2_0 x^3_0 x^3_0 x^2_0 x^4_0 x^5_0 x^5_0 x^4_0

, X = x^0 0 x^1_0 x^0 x^2_0 0 x^3_0 x^2_0 x^4_0 0 x^5_0 x^4_0

,

respectively.

The columns of the matrix X can be considered as coordinates of the points x_0 and x_1 of a projective space RP^5 , and the straight line x_0 ∧ x_1 in the space RP^5 corresponds to the matrix X. So, we can set X = x_0 ∧ x_1. The set of all straight lines of the space RP^5 forms the Grassmannian RG(1, 5), whose dimension is equal to 8, dim RG(1, 5) = 2 · 4 = 8.

Note that RG(1, 5) is a differentiable manifold. Thus, A P^2 is also a differentiable manifold over R.

M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : : 169

4. Equation of a straight line

A straight line U in the plane A P^2 is defined by the equation

U_0X^0 + U_1X^1 + U_2X^2 = 0,

where U_α ∈ A , α = 0, 1, 2. The coordinates U_α admit a multiplication from the left by an element P ∈ A , which is not a zero divisor.

In general, two skewed straight lines in RP^5 correspond to points X, Y ∈ A P^2 . These straight lines define a subspace RP^3 corresponding to the unique straight line in A P^2 passing through the points X and Y .

Two points X and Y are called adjacent if more than one straight line passes through them in A P^2 . To such points, there correspond intersecting straight lines x^0 ∧x^1 and y^0 ∧y^1 in RP^5 . Through adjacent points X, Y ∈ A P^2 , there passes a two-parameter family of straight lines in A P^2 , since through a plane RP^5 , there passes a 2-parameter family of subspaces RP^3 ⊂ RP^5 . If X = (X^0, X^1, X^2)^T , Y = (Y^0, Y^1, Y^2)^T

are adjacent points, then the rank of the (6 × 4)-matrix composed of the matrix coordinates of X and Y is less than 4. If the rank of this matrix is 4, then through the points X and Y , there passes a unique straight line.

On a plane A P^2 , there are three basis points E_0, E_1, E_2 with coordinates

E_0 = (E, 0, 0)^T , E_1 = (0, E, 0)^T , E_2 = (0, 0, E)^T ,

where E = ( 1 0 0 1 ) is the unit matrix, and 0 is the (2 × 2) 0-matrix. A point X ∈ A P^2

can be represented in the form

X = E_0X^0 + E_1X^1 + E_2X^2. (8)

However, as we noted earlier, the coordinates X_α of this point admit a multiplication from the right by an element P ∈ A which is not a zero divisor.

A point X is in general position with the straight line E_α ∧ E_β, α, β = 0, 1, 2, if and only if its coordinate X^γ, γ ≠ α, β, is not a zero divisor. Let, for instance, a point X be in general position with the straight line E_1 ∧ E_2. Then its coordinate X^0 is not a zero divisor, and all its coordinates can be multiplied from the right by (X^0)�^1. Then expression (8) of the point X takes the form

X = E^0 + E_1 ~X^1 + E_2 ~X^2, (9)

where ~X^1 = X^1(X^0)�^1, ~X^2 = X^2(X^0)�^1. Now the (4 × 2)-matrix ( ~X^1, ~X^2)^T is defined uniquely and is called the matrix coordinate of the point X as well as of the straight line x_0 ∧ x_1 defined in the space RP^5 by the point X (see [16], Sect. 2.4.1, and also [15], Ch. 3, §3).

170 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

For the plane MP^2, the matrix coordinate has 8 real components. Hence dim MP^2 = 8. Since dim MP^2 = dim G(1, 5), the plane MP^2 can be bijectively mapped onto the Grassmannian RG(1, 5).

For the planes C P^2 , C^1 P^2, and C^0 P^2, the matrix coordinates of points have 4 real components. Hence the real dimension of these planes is 4,

dim C P^2 = dim C^1 P^2 = dim C^0 P^2 = 4.

Therefore, the family of straight lines x_0 ∧ x_1 in the space RP^5 for each of these planes depends on 4 parameters, i.e., it forms a congruence in the space RP^5 . We denote these congruences by K, K^1, and K^0, respectively.

5. Moving frames in projective planes over algebras

A moving frame in a projective plane A P^2 over an algebra A is a triple of points A_α, α = 0, 1, 2, that are mutually not adjacent. Any point X ∈ A P^2 can be written as

X = A_0X^0 + A_1X^1 + A_2X^2,

where X^α ∈ A are the coordinates of this point with respect to the frame {A_0, A_1, A_2}. The coordinates of a point X are defined up to a multiplication from the right by an element P of the algebra A which is not a zero divisor. If a point X is in general position with the straight line A_1 ∧ A_2, then its coordinate X^0 is not a zero divisor. Thus, the point X can be written as X = A^0 + A_1 ~X^1 + A_2 ~X^2,

where ~X^1 = X^1(X^0)�^1, ~X^2 = X^2(X^0)�^1. The matrix ( ~X^1, ~X^2)^T is the matrix coordinate of the point X with respect to the moving frame {A_α}, and this coordinate is defined uniquely.

The plane A P^2 admits a representation on the Grassmannian RG(1, 5) formed by the straight lines of the space RP^5 . Under this representation, to the vertices of the frame {A_α}, there correspond the straight lines

A_0 = a_0 ∧ a_1, A_1 = a_2 ∧ a_3, A_2 = a_4 ∧ a_5 (10)

in RP^5 ; here a_i, i = 0, . . . , 5, are points of the space RP^5 .

The equations of infinitesimal displacement of the moving frame {A_0, A_1, A_2} have the form

dA_α = A_βΩ^β_α, α, β = 0, 1, 2, (11)

where Ω^β_α are 1-forms over the algebra A . In the representation of the algebra A by (2 × 2)- matrices, these forms are expressed as the transposed matrices (1), (2), (3), and (4). Their entries are not the numbers. The entries are real 1-forms:

Ω^β_α = ω 2β 2α ω^{2β+1}_{2α}

ω^{2β}_{2α+1} ω^{2β+1}_{2α+1} . (12)

M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : : 171 Thus, for the plane C P^2 , the entries of the matrix Ω^β_α satisfy the equations ω^{2β}_{2α} = ω^{2β+1}_{2α+1}, ω^{2β+1}_{2α} = −ω^{2β}_{2α+1}, (13) for the plane C^1 P^2 the equations ω^{2β}_{2α} = ω^{2β+1}_{2α+1}, ω^{2β+1}_{2α} = ω^{2β}_{2α+1}, (14) and for the plane C^0 P^2 the equations ω^{2β}_{2α} = ω^{2β+1}_{2α+1}, ω^{2β}_{2α+1} = 0. (15) If now the frame {A_α} moves in the plane A P^2 , then the points a_i ∈ RP^5 also move. The equations of infinitesimal displacement of the moving frame {a_i} can be written in the form da_i = a_jω^j_i , i, j = 0, 1, . . . , 5, (16) where by (10), the forms ω^j_i coincide with the corresponding forms (12). The forms ω^i_j satisfy the structure equations of the projective space RP^5 : dω^i_j = −ω^i_k ∧ ω^k_j , (17) where d is the symbol of exterior differential, and ∧ denotes the exterior multiplication of the linear differential forms (see for example, [2], Sec. 1.3). 6. Focal properties of the congruences K, K1, and K0 Now we consider the congruences K, K^1, and K^0 of the space RP^5 , representing the planes C P^2 , C^1 P^2, and C^0 P^2 in this space, and investigate their focal properties. Theorem 1. The projective planes C P^2 , C^1 P^2, and C^0 P^2 admit a bijective mapping onto the linear congruences K, K^1, and K^0 of the real space RP^5 . These congruences are respectively elliptic, hyperbolic, and parabolic.

Proof. To each of these congruences, we associate a family of projective frames in such a way that the points a_0 and a_1 are located on a moving straight line of the congruence.

For the congruence K, equations of infinitesimal displacement of the points a_0 and a_1 can be written in the form da_0 = ω^0a_0 + ω^1_0a_1 + ω^2_0a_2 + ω^3_0a_3 + ω^4_0a_4 + ω^5_0a_5, da_1 = −ω^1_0a_0 + ω^0a_1 − ω^3_0a_2 + ω^2_0a_3 − ω^5_0a_4 + ω^4_0a_5.

(18)

By (14), for the congruence K^1, similar equations take the form da_0 = ω^0a_0 + ω^1_0a_1 + ω^2_0a_2 + ω^3_0a_3 + ω^4_0a_4 + ω^5_0a_5, da_1 = ω^1_0a_0 + ω^0a_1 + ω^3_0a_2 + ω^2_0a_3 + ω^5_0a_4 + ω^4_0a_5.

(19)

172 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

Finally, by (15), for the congruence K^0, similar equations take the form

da_0 = ω^0a_0+ ω^1_0a_1 + ω^2_0a_2 +ω^3_0a_3 + ω^4_0a_4 +ω^5_0a_5, da_1 = ω^0a_1 +ω^2_0a_3 +ω^4_0a_5.

(20)

Let x = a_1 + λa_0 be an arbitrary point of the straight line a_0 ∧ a_1. This point is a focus of this straight line if for some displacement, its differential dx also belongs to this straight line.

Let us start from the congruence K^1, since the focal images for this congruence are real and look more visual. By (19), for this congruence we have

dx ≡ (ω^3_0 + λω^2_0)a_2 + (ω^2_0 + λω^3_0)a_3 + (ω^5_0 + λω^4_0)a_4 + (ω^4_0 + λω^5_0)a_5 (mod a_0 ∧ a_1), (21)

and as a result, for its focus x, the following equations must be satisfied:

ω^2_0 + λω^3_0 = 0, ω^4_0 + λω^5_0 = 0, λω^2_0 + ω^3_0 = 0, λω^4_0 + ω^5_0 = 0.

(22)

The necessary and sufficient condition of consistency of this system is | | | 1 λ λ 1 | | | 2 = 0.

It follows that the values λ = ±1 are double roots of this equation. Thus, each line a_0 ∧ a_1 of the congruence K^1 has two double foci

f_1 = a_1 + a_0, f_2 = a_1 − a_0.

Equations (14) imply that the differentials of the focus f_1 are expressed only in terms of the points a_0 + a_1, a_2 + a_3, and a_4 + a_5. The differentials of these points are expressed in terms of the same points. As a result, the plane

π_1 = (a_0 + a_1) ∧ (a_2 + a_3) ∧ (a_4 + a_5)

remains fixed when the straight line a_0 ∧ a_1 describes the congruence K^1 in the space RP^5 . In a similar way, one can prove that the focus f_2 describes the plane

π_2 = (a_0 − a_1) ∧ (a_2 − a_3) ∧ (a_4 − a_5).

Thus, the congruence K^1 is a four-parameter family of straight lines of the space RP^5 intersecting its two planes π_1 and π_2 that are in general position. Hence K^1 is a hyperbolic line congruence.

In a similar way, we can prove that each straight line a_0 ∧ a_1 of the congruence K bears two double complex conjugate foci

f_1 = a_1 + ia_0, f_2 = a_1 − ia_0,

M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : : 173

and these foci describe two complex conjugate two-dimensional planes π_1 and π_2, π_2 = π_1. Hence K is an elliptic line congruence in the space RP^5 . The straight lines of K do not have singular points in RP^5 .

Finally, consider the congruence K^0 in the space RP^5 . We look for the foci of its straight lines in the same form x = a_1 + λa_0.

Differentiating this expression by means of (20), we find that

dx ≡ λω^2_0a_2 + (λω^3_0 + ω^2_0)a_3 + λω^4_0a_4 + (λω^5_0 + ω^4_0)a_5 (mod a_0 ∧ a_1).

Thus, the focus x must satisfy the following equations:

λω^2_0 = 0, λω^4_0 = 0,

ω^2_0 +λω^3_0 = 0, ω^4_0 +λω^5_0 = 0.

(23)

This system is consistent if and only if | | | λ 0 1 λ | | | 2 = 0.

It follows that the value λ = 0 is a quadruple root of this equation. Thus, each line a_0 ∧ a_1 of the congruence K^0 has a real quadruple singular point f = a_1. Applying equations (15), it is easy to prove that when the straight line a_0 ∧ a_1 describes the congruence K^0, this focus describes the plane π = a_1 ∧ a_3 ∧ a_5. Hence K^0 is a parabolic line congruence.

7. Smooth lines in projective planes

On a projective plane A P^2 , where A is one of the algebras C , C^1 , and C^0 , consider a smooth point submanifold γ of real dimension three. Such a submanifold is called an A -smooth line if at any of its points X, it is tangent to a straight line U passing through X.

With an A-smooth line γ, we associate a family of projective frames {A_0A_1A_2} in such a way that A_0 = X and A_1 lies on the tangent U to γ at X. Then on the line γ, the first equation of (11) takes the form

dA_0 = A_0Ω^0 + A_1Ω^1_0. (24)

It follows that A -smooth lines on a plane A P^2 are defined by the equation

Ω^2_0 = 0. (25)

The 1-form Ω^1_0 in equation (24) defines a displacement of the point A_0 along the curve γ. So, this form is a basis form on γ.

By equations (12), we have

Ω^1_0 = ω^{20} ω^{30} ω^2_1 ω^3_1,

, Ω^2_0 = ω^{40} ω^{50} ω^4_1 ω^5_1 ,

174 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

where ω^j_i are real 1-forms. For the algebras C , C^1 , and C^0 , they are related respectively by equations (13), (14), and (15). As a result, on the line γ ⊂ A P^2 , the following differential equations will be satisfied:

ω^4_0 = 0, ω^5_0 = 0. (26)

These equations are equivalent to equations (25).

Since Ω^1_0 is a basis form on the line γ ⊂ A P^2 , the real forms ω^2_0 and ω^3_0 are linearly independent. The families of straight lines in the space RP^5 corresponding to these lines depend on 2 parameters and form a three-dimensional ruled submanifold. Denote this submanifold by S. These submanifolds belong to the congruences K, K^1, and K^0 if γ ⊂ C P^2 , γ ⊂ C^1 P^2, and γ ⊂ C^0 P^2, respectively.

Theorem 2. The tangent subspace T_x(S) to the ruled submanifold S corresponding in the space RP^5 to a smooth line in the planes C P^2 , C^1 P^2, and C^0 P^2 is fixed at all points of its rectilinear generator L, and the submanifold S is a submanifold with a degenerate Gauss map of rank r ≤ 2.

Proof. Consider a rectilinear generator L = a_0 ∧ a_1 of the submanifold S. By (26), the differentials of the points a_0 and a_1 are written in the form

da_0 = ω^0a_0 + ω^1_0a_1 + ω^2_0a_2 + ω^3_0a_3,

da_1 = ω^1_0a_0 + ω^1a_1 + ω^2_1a_2 + ω^3_1a_3.

(27)

It follows that at any point x ∈ a_0 ∧ a_1, the tangent subspace T_x(X) belongs to a threedimensional subspace RP^3 ⊂ RP^5 defined by the points a_0, a_1, a_2, and a_3. Thus, the subspace T_x(X) remains fixed along the rectilinear generator L = a_0 ∧ a_1, and the submanifold S is a submanifold with a degenerate Gauss map of rank r ≤ 2. �

8. Singular points of submanifolds corresponding to smooth lines in the projective spaces over two-dimensional algebras

We will prove the following theorem.

Theorem 3. To smooth lines in the projective planes C P^2 , C^1 P^2, and C^0 P^2 over the algebras of complex, double, and dual numbers, there correspond three-dimensional submanifolds X^3 with degenerate Gauss maps of rank r ≤ 2 in the space RP^5 . For the algebra C , such a submanifold does not have real singular points, for the algebra C^1 , such a submanifold is the join formed by the straight lines connecting the points of two plane curves that are in general position, and for the algebra C^0 , such a submanifold is a subfamily of the family of straight lines intersecting a plane curve. In all these cases, a submanifold S depends on two functions of one variable.

A rectilinear generator L = a_0 ∧ a_1 of a submanifold S of rank 2 bears two foci. Let us find these foci for the submanifolds S corresponding to the lines γ in the planes C P^2 , C^1 P^2, and C^0 P^2. We assume that these foci have the form x = a_1 + λa_0.

M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : : 175

If a line γ ⊂ C^1 P^2, then equations (14) and (27) are satisfied. They imply that

dx ≡ (ω^3_0 + λω^2_0)a_2 + (ω^2_0 + λω^3_0)a_3 (mod a_0 ∧ a_1),

and for the focus x, we have

ω^3_0 + λω^2_0 = 0, ω^2_0 + λω^3_0 = 0.

This system is consistent if and only if | | | 1 λ λ 1 | | | = 0, i.e., if λ = ±1. Thus, the foci of the straight line a_0 ∧ a_1 are the points a_1 + a_0 and a_1 − a_0. These points belong to the focal planes π_1 and π_2 of the congruence K^1 and describe lines γ_1 and γ_2. Such manifolds S are called joins. Since each of the lines γ_1 and γ_2 on the planes π_1 and π_2 is defined by means of one function of one variable, a submanifold S depends on two functions of one variable. The same result could be obtained by applying the Cartan test (see [7]) to the system of equations (14) and (26).

If a line γ ⊂ C P^2 , then we can prove that a rectilinear generator L = a_0 ∧ a_1 of the ruled submanifold S corresponding to γ bears two complex conjugate foci belonging to complex conjugate focal planes π_1 and π_2 = π_1 of the congruence K. Hence in the real space RP^5 , the submanifold S does not have singular points.

In the complex plane π_1, the focus f_1 can describe an arbitrary differentiable line. But such a line is defined by means of two functions of one real variable. Therefore, in this case the submanifold S also depends on two functions of one real variable.

Finally, consider a submanifold S ⊂ RP^5 corresponding to a line γ ⊂ C^0 P^2. Such a submanifold is defined in RP^5 by differential equations (15) and (26). Using the same method as above, we can prove that a rectilinear generator L = a_0 ∧ a_1 of the ruled submanifold S corresponding to γ bears a double real focus f = a_1 belonging to the focal plane π of the congruence K^0 and describing in this plane an arbitrary line.

We prove that in this case a submanifold S is also defined by two functions of one variable. But now in order to prove this, we apply the Cartan test.

Taking exterior derivatives of equations (26) and applying equations (15), we obtain the following exterior quadratic equations:

ω^2_0 ∧ ω^4_2 = 0, ω^2_0 ∧ ω^5_2 + ω^3_0 ∧ ω^4_2 = 0. (28)

It follows from (28) that

ω^4_2 = pω^2_0, ω^5_2 = qω^2_0 + pω^3_0. (29)

We apply the Cartan test to the system of equations (26), (28), and (29). In addition to the basis forms ω^2_0 and ω^3_0, equations (28) contain two more forms ω^4_2 and ω^5_2. Thus, we have q = 2. The number of independent equations in (28) is also 2, i.e., s_1 = 2. As a result, s_2 = q − s_1 = 0, and the Cartan number

Q = s_1 + 2s_2 = 2.

176 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

Equations (29) show that the number N of parameters on which the general two-dimensional integral element depends is also 2, N = 2. Since Q = N, the system of equations (26) is involution, and its solution depends on two functions of one variable. �

9. Curvature of smooth lines over algebras

Differentiating equation (25) defining a smooth line γ in the plane A P^2 , where A = C , C^1 , C^0 , and applying Cartan’s lemma, we obtain

Ω^2_1 = RΩ^1_0, (30)

where R ∈ A . The quantity R is called the curvature of the line γ ⊂ A P^2 .

For a line γ in the plane C^1 P^2, in formula (30) we have

Ω^1_0 = ω^{20} ω^{30} ω^3_0 ω^2_0

, Ω^2_1 = ω^{42} ω^{52} ω^5_2 ω^4_2 , R = p q q p ,

and det R = p^2 − q^2. If rank R = 2, then the quantity R is not a zero divisor, and the rank of the ruled manifold X that corresponds in RP^5 to the line γ, is also equal to 2. If rank R = 1, then R is a zero divisor, R ≠ 0, and the rank of the manifold X is equal to 1. Finally, if R = 0, then a line γ is a straight line in the plane C^1 P^2, and the manifold X corresponding to γ in RP^5 is a subspace RP^3 .

For a line γ in the plane C P^2 , in formula (30) we have

Ω^1_0 = ( ω^2_0 ω^3_0 −ω^3_0 ω^2_0 ) , Ω^2_1 = ( ω^4_2 ω^5_2 −ω^5_2 ω^4_2 ) , R = ( p q −q p ) . Thus, det R = p^2 + q^2, and two cases are possible: rank R = 2 and rank R = 0. In the first case, a submanifold X ⊂ RP^5 of rank 2 without singularities corresponds to the line γ ⊂ C P^2 , and in the second case, an RP^3 corresponds to the line γ ⊂ C P^2 .

For a line γ in the plane C^0 P^2, in formula (30) we have

Ω^1_0 = ( ω^2_0 ω^3_0 0 ω^2_0 ) , Ω^2_1 = ( ω^4_2 ω^5_2 0 ω^4_2 ) , R = ( p q 0 p ) , and det R = p^2. If p ≠ 0, then rank R = 2, and the curvature R is not a zero divisor. If p = 0, q ≠ 0, then rank R = 1, and the curvature R is a nonvanishing zero divisor. If p = q = 0, then R = 0. The rank a submanifold X corresponding in RP^5 to a line γ ⊂ C^0 P^2 is equal to the rank of R. If R = 0, then the submanifold X is a flat subspace RP^3 ⊂ RP^5 .

Thus, we have proved the following result.

Theorem 4. The rank of the ruled submanifold X corresponding in RP^5 to a smooth line γ ⊂ A P^2 , where A = C , C^1 , C^0 , is equal to the rank of the curvature of this line. For A = C , this rank can be 2 or 0, and for A = C^1 , C^0 , the rank can be 2, or 1, or 0.

M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : : 177

References

[1] Akivis, M. A.: Smooth curves on projective planes over some associative algebras (Russian). Mat. Zametki 41 (1987), no. 2, 227–237. English translation: Math. Notes 41 (1987), no. 1-2, 131–136. Zbl 0619.53012 Zbl 0639.53018 [2] Akivis, M. A.; Goldberg, V. V.: Projective differential geometry of submanifolds. North- Holland, Amsterdam 1993, xii+362 pp. Zbl 0865.53013 [3] Akivis, M. A.; Goldberg, V. V.: Local equivalence of Sacksteder and Bourgain hypersurfaces. Hokkaido Math. J. 30 (2001), no. 3, 661–670. Zbl pre01719287 [4] Akivis, M. A.; Goldberg, V. V.: On the structure of submanifolds with degenerate Gauss maps. Geom. Dedicata 86 (2001), no. 1–3, 205–226. Zbl pre01671583 [5] Akivis, M. A.; Goldberg, V. V.; Landsberg, J.: On the structure of varieties with degenerate Gauss mappings. Preprint, 2001, 4 pp., arXiv: math.AG/9908079.

[6] Bourbaki, N.: Éléments de mathématique. Algébre. Chapitres 1-3. (French) Hermann, Paris 1970, xiii+635 pp.; Zbl 0211.02401 English transl.: Elements of mathematics. Algebra, Part I: Chapters 1-3. Hermann, Paris; Addison-Wesley Publishing Co., Reading, MA, 1974, xxiii+709 pp. Zbl 0281.00006 [7] Bryant, R. L.; Chern, S. S.; Gardner, R. B.; Goldsmith, H. L.; Griffiths, P. A.: Exterior differential systems, Springer-Verlag, New York 1991, vii+475 pp. Zbl 0726.58002 [8] Griffiths, P. A.; Harris, J.: Algebraic geometry and local differential geometry. Ann. Sci.

École Norm. Sup. (4) 12 (1979), 355–452. Zbl 0408.14001

[9] Ishikawa, G.: Developable hypersurfaces and algebraic homogeneous spaces in a real projective space. In: Homogeneous structures and theory of submanifolds (Kyoto 1998). Sūrikaisekikenkyūsho Kōkyūroku No. 1069 (1998), 92–104. Zbl 0974.53511 [10] Ishikawa, G.: Singularities of developable surfaces, Singularity theory (Liverpool, 1996).

London Math. Soc. Lecture Note Ser. 263, xxii–xxiii, 403–418. Cambridge Univ. Press, Cambridge 1999. Zbl 0963.58017 [11] Ishikawa, G.: Developable hypersurfaces and homogeneous spaces in a real projective space. Lobachevskii J. Math. 3 (1999), 113–125. Zbl 0955.53035 [12] Landsberg, J. M.: Algebraic geometry and projective differential geometry. Lecture Notes Series, No. 45, Seoul National Univ., Seoul, Korea, 1999, 85 pp. Zbl pre01336575 [13] Paige, L. J.: Jordan algebras. Stud. in Math. 2 (1963), 144–186. Zbl 0196.30803 [14] Pickert, G.: Projektive Ebenen. 2. Aufl. Springer-Verlag, Berlin 1975, ix+371 pp. Zbl 0307.50001 [15] Rosenfeld, B. A.: Multidimensional spaces (Russian). Izdat. “Nauka”, Moscow 1966, 647 pp. [16] Rosenfeld, B. A.: Geometry of Lie groups. Kluwer Academic Publishers, Dordrecht 1997, xviii+393 pp. Zbl 0867.53002 [17] Sacksteder, R: On hypersurfaces with no negative sectional curvature. Amer. J. Math.

82 (1960), no. 3, 609–630. Zbl 0194.22701

178 M. A. Akivis, V. V. Goldberg: Smooth Lines on Projective Planes : : :

[18] Schafer, R. D.: An introduction to nonassociative algebras. Pure and Applied Mathematics, Vol. 22, Academic Press, New York 1966, x+166 pp.; the corrected reprint, Dover Publ., Inc., New York 1995. Zbl 0145.25601 [19] Wu, H.: Complete developable submanifolds in real and complex Euclidean spaces, Internat. J. Math. 6 (1995), no. 3, 461–489. Zbl 0839.53004

Received August 3, 2001