Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 42 (2001), No. 1, 251-262.

Drinfeld-Anderson Shtukas and Uniformization of A-Motives via Sato Grassmannians

Igor Yu. Potemine

Laboratoire Emile Picard, Université Paul Sabatier, 118, route de Narbonne, 31062 Toulouse Cédex e-mail: potemine@picard.ups-tlse.fr

Abstract. In this paper we continue to investigate the algebro-geometric structure of Drinfeld-Anderson motives introduced in [28] and [29]. In the first part we construct shtukas related to Drinfeld-Anderson motives. The main result of the second part is uniformization Theorem 3.4.2. MSC 2000: 11G09 (primary); 14M15 (secondary)

1. Introduction

Drinfeld-Anderson motives are “toy models” of hypothetical twisted (noncommutative) motives in positive characteristic. They are a direct generalization of Drinfeld modules [12] and Anderson t-motives [4]. In [29] we showed how these motives are related to the multicomponent KP hierarchy. There are however many open questions and this paper is devoted to two of them. First of all, one would like to have an algebro-geometric definition of Drinfeld-Anderson A-motives valid over an arbitrary F_q -scheme. We were able to give such a definition earlier ([28, 1.6], [29, 6.2]). In the first part of this paper we go further and define Drinfeld-Anderson shtukas. Then the purity of A-motives is the property of a quasi-periodic propagation of associated shtukas. In the second chapter we consider another important question concerning the uniformization of A-motives. As Anderson showed [4, §2] not all motives of this kind are uniformizable. However it is possible to uniformize formally (or rigid-analytically) trivial motives. The main result of the second part of this paper is the

0138-4821/93 $ 2.50 cfl 2001 Heldermann Verlag

252 I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives :::

uniformization of such motives via Sato Grassmannians (Theorem 3.4.2). This uniformization may be considered as an analogue of the Krichever map ([1], [11, Sect. 6]) and also as a period morphism [30]. Of course, it is also possible to uniformize A-motives via p-adic symmetric domains. In fact, our result implies that p-adic symmetric domains associated to formally trivial Drinfeld-Anderson motives may be embedded into multicomponent Sato Grassmannians. It should give a generalization of Genestier’s results ([15], [16]). We hope to describe these embeddings in a sequel.

When this paper was mostly finished, the author discovered that similar ideas concerning the uniformization of A-motives were developped by Alvarez [3]. It seems also that the original idea to exploit ind-algebraic structures of Drinfeld symmetric domains Ω^d is due to Genestier [16]. He described the Ω^d as generalized Deligne-Lusztig varieties embedded in ind-algebraic flag varieties (loc. cit.).

2. Shtukas related to Drinfeld-Anderson sheaves

2.1. Torsion-free (bi)shtukas

Let X be a geometrically irreducible (possibly singular) complete curve over F_q and S an arbitrary F_q -scheme. We denote by Fr_S the Frobenius morphism of S and by^τE = (Id_X × Fr_S)^∗E the Frobenius pull-back of a sheaf E on X ×_{Fq} S.

Definition 2.1.1. A left (resp. right) torsion-free Drinfeld-Anderson shtuka of rank r and τ-rank n with a zero α : S → X and a pole β : S → X over S is a diagram F^{sα}−→ E i_β ↘ τE resp. E^{jβ}−→ G ↗ t_α τE (2.1.1) of torsion-free sheaves over X×S of rank r such that cokernels of s_α and i_β (resp. of t_α and j_β) are direct images of locally free O_S-modules of rank n under the morphisms Γ_α : S → X × S and Γ_β : S → X × S induced by the graphs of α and β.

Remarks 2.1.2. 1) The necessity of torsion-free sheaves (and not only vector bundles) for the algebro-geometric classification of Krichever (Drinfeld) modules was underlined by Mumford [26].

2) The τ-rank appears in the definitions of t-motives [4] and Drinfeld-Anderson motives [29]. Drinfeld shtukas have τ-rank 1 [14] but D-elliptic sheaves [24] and D-shtukas [21] have τ-rank d (where d^2 is the rank of a division O_X -algebra D).

We say that a torsion-free shtuka is separated if its zero and pole are disjoint. It is easy to see that a separated right (resp. left) shtuka may be completed to a bishtuka, that is, to a “bicartesian square”: E^j−→ G tc ↗ ↗ t G^{c jc}−→^τE resp. F^s−→ E i ↘ ↘ i^c τE^{sc}−→ F^c (2.1.2)

I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives ::: 253

([14], [21, I.1], [23]). This is a natural functorial construction and the stacks of left and right shtukas are naturally equivalent outside of the diagonal Δ_X = X × X (loc. cit.). We say that a left (resp. right) shtuka with the same zero and pole

E^{tc}←− G^{c jc}−→^τE resp.^τE^{ic}−→ F^{c sc}←− E (2.1.3)

is conjugate to a right (resp. left) shtuka (2.1.1) and we fix such a conjugation. One can also consider a dual shtuka of a left (resp. right) shtuka (2.1.1) by taking dual sheaves and morphisms. The zeros and poles of a shtuka and its dual are interchanged.

2.2. Shifts and propagations

There is an one more procedure to pass from a left to a right shtuka and vice versa. Namely, let^r_nSht (resp. Sht^r_n) denote the moduli stacks of left (resp. right) shtukas of rank r and τ-rank n. Consider maps Fr_0 :^r_nSht → Sht^r_n and Fr_∞ : Sht^r_n →^r_nSht such that:

Fr_0 : F^s−→ E i ↘_τ E → F ↘ i τF^{τs}−→^τE and Fr_∞ : E^j−→ G ↗ t τE → G t ↗ τE^{τj}−→^τG then, obviously, Fr_0 ∘ Fr_∞ = Fr_S and Fr_∞ ∘ Fr_0 = Fr_S. Combining it with the conjugation we obtain a left (resp. right) shtuka

τF^{i1}←− F_1^{s1}−→ F resp. G^{j1}−→ G_1^{t1}←−^τG.

Such a procedure will be called a left (resp. right) 1-shift. A left-shifted (resp. right-shifted) shtuka has the zero α ∘ Fr_S (resp. α) and the pole β (resp. β ∘ Fr_S). Continuing such shifts indefinitely we obtain a propagated left (resp. right) shtuka, that is a diagram F_2^{s2}−→ F_1^{s1}−→ F^s−→ E . . . i_2 ↘ i_1 ↘ i ↘ τF_1−→^τF−→^τE resp. E^j−→ G^{j1}−→ G_1^{j2}−→ G_2 ↗ t ↗ t1 ↗ t2 . . . τE −→^τG −→^τG_1 2.3. Relatively pure shtukas

Let I be an invertible sheaf on X and denote ~I = I � O_S the corresponding sheaf on X × S. Then_τ E ⊗ ~I^i←− F ⊗ ~I^s−→ E ⊗ ~I resp. E ⊗ ~I^j−→ G ⊗ ~I^t←−^τE ⊗ ~I (2.3.1) are also shtukas with the same zero and pole as (2.1.1) [14, constr. 5].

Definition 2.3.1. A left (resp. right) torsion-free shtuka (2.1.1) is called relatively pure of weight w = deg I/k with respect to ~I if the k-shifted shtuka F_k^{sk}−→ F_{k−1} i_k ↘ τF_{k−1} resp. G_{k−1}^{jk}−→ G_k ↗ t_k τG_{k−1} (2.3.3) is isomorphic to left (resp. right) shtuka (2.3.1).

254 I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives :::

When I = O_X (∞) this is the usual condition of purity (with weight 1/d) for shtukas associated to Drinfeld modules [14, §1].

2.4. Drinfeld-Anderson sheaves Let ∞ be a smooth closed point on X and denote A = H^0(X \ ∞, O_X ).

Definition 2.4.1. ([29, 6.2]) A Drinfeld-Anderson sheaf of pole ∞, of rank r and of τ-rank n over an A-scheme S, consists of the following commutative diagram: . . .^j→ E_{i−1}^j→ E_i^j→ E_{i+1}^j→ . . . t ↗ t ↗ t ↗ t ↗ . . .^{τ j}→^τ E_{i−1}^{τ j}→^τ E_i^{τ j}→^τ E_{i+1}^{τ j}→ . . . (2.4.1)

such that any left i-truncation E_i^j→ E_{i+1}^j→ E_{i+2} . . . t ↗ t ↗ τ E_i^{τ j}→^τ E_{i+1} . . . is a propagated right torsion-free shtuka of pole ∞ and of zero α : S → Spec A. A Drinfeld- Anderson sheaf (2.4.1) is pure of weight w = u/v if any right shtuka E_i^j−→ E_{i+1}^t←−^τE_i is relatively pure of weight w with respect to O_X (u∞) � O_S. In other words, it means that E_{i+v deg ∞} ≃ E_i({u∞} × S) for any integer i.

3. Uniformization of Drinfeld-Anderson motives 3.1. Associated bundles on twisted projective line Let L be a perfect field over F_q equipped with a F_q -morphism α_L : A → L and L[τ] the twisted polynomial ring with the commutation rule τa = a^qτ. Denote L(τ) the quotient skew-field of L[τ], L[[τ]] the ring of skew power series and L((τ)) the skew-field of Laurent series [24, Sect. 3].

Let P_{L(τ)} denote the projective line over L(τ) (cf. [31, Ch. VII] for the general definition).

Vector bundles over P_{L(τ)} may be defined using the following well-known description (due to Grothendieck) of vector bundles on a smooth curve X. Any closed point P on X gives a “covering” of X by X −P and the infinitesimal disc D_P at P . Then any vector bundle is given by an isomorphism of restrictions of the trivial bundles to the infinitesimal punctured disc D^∗_P , that is, by an automorphism of the trivial bundle on D^∗_P [20, 1.4]. Hence, by definition,

I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives ::: 255

a vector bundle of rank n over P_{L(τ)} is a pair (M, V_∞) where M is a free L[τ]-module of rank n, V_∞ is a free L[[τ^{−1}]]-submodule of L((τ^{−1})) ⊗_{L[τ]} M such that the induced map

L((τ^{−1})) ⨂ L[[τ�1]]

V_∞ → L((τ^{−1}))[ ⨂ L[τ] M (3.1.1)

is an isomorphism [24, 3.13].

For a Drinfeld-Anderson sheaf (2.4.1) we denote M_i = H^0(X \ ∞, E_i) and V_{i,∞} = H^0(Spec(O_∞ ^⊗L), E_i). It is easy to see that V_{i,∞} is a free L[[τ^{−1}]]-module of rank n [24, 3.11]. The following result may be proved in the same manner as [24, 3.17].

Proposition 3.1.1. The functor associating the pair

(M = H^0(X \ ∞, E_0), V_∞ = H^0(Spec(O_∞ ^⊗L), E_0))

to (2.4.1) defines an equivalence between the category of Drinfeld-Anderson sheaves over L and the full subcategory of the category of vector bundles over P^1_{L(τ)} such that (i) A acts on M/τM via α_L, (ii) M is finitely generated as an A ⊗_{Fq} L-module and (iii) V_∞ is finitely generated as O_∞ ^⊗_{Fq} L-module.

If the Drinfeld-Anderson sheaf (2.4.1) is pure of weight w = u/v then, in addition, (iv) τ^{−v deg(∞)}V_∞ = ϖ^u_∞V_∞ where ϖ_∞ is an uniformizer of the completed local ring O_∞.

3.2. Formally trivial motives When we work over a perfect field L the notion of Drinfeld-Anderson motive is somewhat more general. First of all, the action of A on M/τM may be not diagonal and, as Anderson showed [4, §2], a lattice V_∞ verifying (3.1.1) does not always exist. However, it is always possible to uniformize rigid-analytically trivial t-motives (loc. cit.). In this section we generalize Anderson’s results. In the following definition we don’t fix X and ∞ but just suppose that A is a Dedekind domain with the constant field F_q .

Definition 3.2.1. [29, 5.1] A Drinfeld-Anderson A-motif M of rank r and τ-rank n is a left (A ⊗_{Fq} L[τ])-module verifying the following conditions:

(i) M is a free L[τ]-module of rank n;

(ii) M is a torsion-free (A ⊗_{Fq} L)-module of rank r; (iii) (a − α_L(a)) acts nilpotently on M/τM for any a ∈ A. A morphism of Drinfeld-Anderson motives is an (A ⊗_{Fq} L[τ])-linear map. Furthermore, M is said to be formally trivial if there exists a lattice V_∞ in L((τ^{−1})) ⊗_{L[τ]} M verifying (3.1.1). A formally trivial Drinfeld-Anderson motive is pure of weight w = u/v if condition (iv) of Proposition 3.1.1 is satisfied.

256 I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives :::

If there exist a complete curve X over F_q , a smooth closed point ∞ such that A = H^0(X \ ∞, O_X ) and a torsion-free sheaf E_0 as in Proposition 3.1.1 then (M, V_∞) is said to be of geometric origin. In this case (X, ∞, E_0) will be called the underlying geometric triple of a formally trivial motive (M, V_∞).

Such formally trivial A-motives are analogues of Anderson’s rigid-analytically trivial tmotives (loc. cit.).

3.3. Multicomponent Sato Grassmannians and Schur pairs

First of all, recall one of the “classical” definitions of the Sato Grassmannian ([25], [32], [33]). For the moment, let L be a field of characteristic zero and let

L[[t]]((∂^{−1})) = L[[t]](((d/dt)^{−1}))

denote the ring of microdifferential operators in one variable, i.e. the ring of Laurent series in a formal symbol ∂^{−1} = (d/dt)^{−1} with the commutation rule ( d dt )_{−1} · a = ∞∑ k=0 (−1)^k d^ka dt^k · ( d dt )_{−k−1}

for any a ∈ L[[t]] (cf. [26, p. 140]). Consider the subring L((∂^{−1})) ⊂ L[[t]]((∂^{−1})) of microdifferential operators with constant coefficients. We say that a map of vector spaces is Fredholmian if it has both finite kernel and cokernel. The index of a Fredholm map γ is defined by:

ind γ = dim_LKer γ − dim_LCoker γ.

For any natural integer n the set Gr_n ={ subspaces W ⊂ L((∂^{−1}))^{⊕n} such that the projection γ_W : W → (L((∂^{−1}))/∂^{−1}L[[∂^{−1}]])^{⊕n} is Fredholmian } is called the n-component Sato Grassmannian. In the q-twisted case we simply mimic this definition. Let L be again a perfect field over F_q .

Definition 3.3.1. The set q-Gr_n ={ subspaces W ⊂ L((τ^{−1}))^{⊕n} such that the projection γ_W : W → (L((τ^{−1}))/τ^{−1}L[[τ^{−1}]])^{⊕n} is Fredholmian } will be called the q-twisted Sato Grassmannian. The virtual dimension of W is just the index of γ_W . Denote q-Gr_n(l) the Grassmannian of subspaces of virtual dimension l. Then

q-Gr^+_n (0)^{def}= {W ∈ q-Gr_n(0) | dim_LKer γ_W = dim_LCoker γ_W = 0}

is called the big cell of q-Gr_n.

Remarks 3.3.2. 1) The ind-proalgebraic variety structure of q-Gr_n will be discussed in the next section.

2) The n-component Sato Grassmannian may be also described as the set of colattices in L((τ^{−1}))^{⊕n} with the respect to the Tate topology (cf. Appendix 4.2).

I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives ::: 257

We would like to have a functorial correspondence between the category of Drinfeld- Anderson motives of τ-rank n and a certain category related to the n-component Sato Grassmannian. Fortunately, an apropriate construction was already found by Mulase in the differential context [25].

Definition 3.3.3. Let R be a non-trivial commutative subring of M_n(L[τ]) stabilizing a subspace W ∈ q-Gr_n (that is, such that RW ⊂ W ) then (R, W ) will be called a q-twisted Schur pair.

It is well-known (cf. [25]) that if for a fixed W ∈ Gr_n a Schur pair (R, W ) exists then W has the algebro-geometric origin.

3.4. Admissible Schur pairs and uniformizable Drinfeld-Anderson motives

In this subsection we shall prove the anti-equivalence of the category of formally trivial Drinfeld-Anderson motives and the category of admissible Schur pairs. It describes Drinfeld- Anderson motives in terms of (co)lattices and, consequently, it generalizes uniformization results of Drinfeld and Anderson ([12, §3] and [4, §2]).

In [29] we considered non-trivial and non-degenerate commutative subrings R ⊂ M_n(L[τ]) satisfying the following Anderson’s condition:

Hom(G^n_{a,L} , G_{a,L} ) = ∑ a∈R V ∘ a (3.4.1) for a certain finite-dimensional L-subspace V ⊂ Hom(G^n_{a,L} , G_{a,L} ) (cf. [29, Sect. 5], [4, 1.1.3]) and such that for any D ∈ R ev_0(D) − D_α · Id_n (3.4.2)

is nilpotent for a certain D_α ∈ L. Here

ev_0 : M_n(L[τ]) → M_n(L)

is the evaluation map at “τ = 0”. We suppose also that R contains F_q via the diagonal injection a → diag(a, . . . , a). It was shown that any such ring is given by an embedding

φ : A = H^0(X \ ∞, O_X ) → M_n(L[τ])

for an appropriate curve X and a smooth closed point ∞ on it. In addition, the correspondence a → D_α for D = φ(a) equips L with an A-module structure.

Definition 3.4.1. A commutative ring R as above satisfying conditions (3.4.1) and (3.4.2) is called admissible or Drinfeld-Anderson abelian A-module (by analogy with Anderson’s abelian t-modules [4, 1.1]). A morphism

u : R_1 = Im(φ_1) → R_2 = Im(φ_2)

is an element u ∈ M_n(L[τ]) such that uφ_1(a) = φ_2(a)u for any a ∈ A.

258 I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives :::

Theorem 3.4.2. The category of formally trivial Drinfeld-Anderson motives M of τ-rank n is anti-equivalent to the category of admissible Schur pairs (R, W ) where R is admissible and W ∈ q-Gr_n. If (X, ∞, E_M ) is the underlying geometric triple of M and (R, W_M ) is the corresponding Schur pair then

dim. virt. W_M = h^0(E_M ) − h^1(E_M )

where h^0(E_M ) = dim H^0(X, E_M ) and h^1(E_M ) = dim H^1(X, E_M ).

Proof. The anti-equivalence of the category of Drinfeld-Anderson motives of τ-rank n with the category of admissible commutative subrings of M_n(L[τ]) was proved in [29, Th. 5.3]. Namely, the (A ⊗_{Fq} L)-module structure of a Drinfeld-Anderson motive M of rank n defines a morphism φ_M : A → End_{L[τ]}M, that is, a commutative subring of M_n(L[τ]). Then the functor M → Im(φ_M ) makes these categories anti-equivalent (loc. cit.).

If, in addition, (M, V_∞) is a formally trivial Drinfeld-Anderson motive then we define

W^{def}= η(M) ⊂ L((τ^{−1}))^{⊕n}

choosing the following trivialization:

η : V_∞^∼−→ (τ^{−1}L[[τ^{−1}]])^{⊕n}.

It is precisely condition (3.1.1) which makes W a well-defined subspace of L((τ^{−1}))^{⊕n}. We should prove that W is a point of q-Gr_n(l) with l = h^0(E_M ) − h^1(E_M ).

First of all, let us show that any (M, V_∞) is a Drinfeld-Anderson motive of geometric origin, that is, it has an underlying geometric triple (X, ∞, E) (cf. Def. 3.2.1). It is easy to see that X = Proj (gr R) where the gradation is taken with respect to the degree function on R ⊂ M_n(L[τ]) [29, (5.2)]. Moreover, ∞ is the unique point of X corresponding to the same degree function in such a manner that deg(D)/deg(∞) is the pole order of D at ∞. Finally, isomorphism (3.1.1) is exactly the gluing condition for a torsion-free sheaf E.

Denote U_∞ = Spec(O_∞ ^⊗L) (resp. U^∗_∞ = Spec(K_∞ ^⊗L)) the infinitesimal (resp. infinitesimal punctured) disc at ∞ on X × L where K_∞ is the quotient field of O_∞. We have

H^0(X, E) ≃ H^0(X \ ∞, E) ∩ H^0(U_∞, E_U1) ≃ W ∩ V_∞ = Ker γ_W and H^1(X, E) ≃ H^0(U^∗_∞, E_U1)/(H^0(X \ ∞, E) + H^0(U_∞, E_U1)) ≃ L((τ^{−1}))^{⊕n}/(W + V_∞) ≃ Coker γ_W

where γ_W is the projection W → (L((τ^{−1}))/τ^{−1}L[[τ^{−1}]])^{⊕n} (cf. [25, proof of Th. 2.7]). The following equalities finish the proof:

dim.virt. W = dim_LKer γ_W − dim_LCoker γ_W = h^0(E) − h^1(E).

I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives ::: 259

Indeed, the inverse construction (R, W ) → (M, V_∞) is obvious since we can identify W with M and V_∞ with (τ^{−1}L[[τ^{−1}]])^{⊕n} as above. �

Remark. For the sake of simplicity we suppose that morphisms in the category of Schur pairs are defined as morphisms of underlying admissible subrings. Thus, the uniformization of Drinfeld-Anderson motives arise as a by-product of the anti-equivalence between the categories of A-motives and admissible abelian A-modules restricted to the formally trivial case.

The correspondence M → W_M is an analogue of the famous Krichever map ([1], [11, Sect. 6]). It is well-known that its image is the so-called algebraic part of the Sato Grassmannian. If we consider Drinfeld-Anderson motives of fixed rank r then one can give more precise description. Let q-Gr^r_n denote the r-reduced n-component Sato Grassmannian (cf. Appendix 4.2 for a definition).

Corollary 3.4.3. If M is a Drinfeld-Anderson motive of rank r and τ-rank n then

W_M ∈ q-Gr^r_n(h^0(E_M ) − h^1(E_M )).

4. Appendices

4.1. Proalgebraic structure of Sato Grassmannians

The n-component Sato Grassmannian has many different structures. From the algebrogeometric point of view it may be easily described as a proalgebraic variety [8, 4.3], [25, Sect. 1].

Let us recall that the set of L-subspaces of L((τ^{−1}))^{⊕n} has the following Tate topology [8, 2.4.1]: U ⊂ L((τ^{−1}))^{⊕n} is open if τ^{−N} L[[τ^{−1}]]^{⊕n} ⊂ U for a sufficiently big positive integer N. Moreover, U is bounded if U ⊂ τ^N L[[τ^{−1}]]^{⊕n} for N ≫ 0. A subspace both open and bounded is called a lattice. Finally, a subspace V is discrete if for some open U one has U ∩ V = 0. In this language the points of the n-component Sato Grassmannian are exactly colattices (maximal discrete subspaces) in L((τ^{−1}))^{⊕n}. According to [8, 4.3] the set q-Gr^{(V )}_n of colattices transversal to any fixed lattice V is a Hom(L((τ^{−1}))^{⊕n}/V, V )-torsor and, consequently, the projective limit of finite-dimensional spaces. The gluing of q-Gr^{(V )}_n for different V defines a structure of a proalgebraic variety on q-Gr_n.

4.2. Ind-algebraic structure of r-reduced (loop) Grassmannians

As shown above the Sato Grassmannians are disjoint unions of strata of different virtual dimension. Another “stratification” is given by r-reduced Sato Grassmannians: q-Gr^r_n = {W ∈ q-Gr_n | τ^rW ⊂ W }. Notice that if W ∈ q-Gr^r_n then W/τ^rW is an nr-dimensional vector space. Any nr-tuple w = (w_1, . . . , w_{nr}) of W spanning W/τ^rW defines a twisted formal loop γ_w with values in GL_{nr} [33, p. 14], that is, γ_w ∈ q-LGL_{nr} := GL_{nr}(L((τ^{−1}))).

260 I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives :::

This loop is uniquely defined up to an element of

q-L^+GL_{nr} := GL_{nr}(L[[τ^{−1}]]).

As a consequence we can identify q-Gr^r_n with the formal loop Grassmannian q-LGL_{nr}/ q-L^+GL_{nr}. There are two well-known and equivalent ind-structures on the (twisted) loop Grassmannians: the usual one given by the pole orders and the ind-structure given by generalized Schubert varieties ([20], [34], [22, Sect. 4]).

Acknowledgements. I am very grateful to A. Genestier for sending me his unpublished manuscript [16]. I would like to thank D. Goss for stimulating questions concerning the uniformization of A-motives and to U. Stuhler and S. Vladuţ for their interest in my work. Finally, I would like to express my gratitude to J.-P. Ramis, M. Reversat, J. Tapia and all members of our working group at Paul Sabatier University for encouragement and illuminating discussions.

References

[1] Adams, M. R.; Bergvelt, M. J.: The Krichever map, vector bundles over algebraic curves, and Heisenberg algebras. Comm. Math. Phys. 154 (2) (1993), 265–305.

[2] Alvarez, A.: Drinfeld moduli schemes and infinite Grassmannians. J. Algebra 225 (2) (2000), 822–835, arXiv:alg-geom/9706007.

[3] Alvarez, A.: Uniformizers for elliptic sheaves. arXiv:math.AG/9810108, 17 p. [4] Anderson, G. W.: t-Motives. Duke Math. J. 53 (2) (1986), 457–502. [5] Anderson, G. W.: A two-dimensional analogue of Stickelberger’s theorem. In: [19], 51–77. [6] Anderson, G. W.: Rank one elliptic A-modules and A-harmonic series. Duke Math. J.

73 (3) (1994), 491–542.

[7] Anderson, G. W.: Torsion points on Jacobians of quotients of Fermat curves and p-adic soliton theory. Invent. Math. 118 (3) (1994), 475–492.

[8] Beilinson, A. A.; Schechtman, V. V.: Determinant bundles and Virasoro algebras.

Comm. Math. Phys. 118 (4) (1988), 651–701.

[9] Blum, A.; Stuhler, U.: Drinfeld modules and elliptic sheaves. In: [27], 110–188. [10] Carayol, H.: Variétés de Drinfeld compactes d’après Laumon, Rapoport et Stuhler.

Séminaire Bourbaki, 44^{ème} année, 756 (1991–92), Astérisque 206 (1992), 369–409. [11] Donagi, R.; Markman, E.: Spectral covers, algebraically completely integrable Hamiltonian systems, and moduli of bundles. In: Integrable systems and quantum groups (Montecatini Terme, 1993), 1–119, Lecture Notes in Math. 1620, Springer, Berlin 1996.

[12] Drinfeld, V. G.: Elliptic modules. (Russian), Mat. Sb. (N.S.) 94 (4) (1974), 594–627;

Math. USSR-Sb. 23 (4) (1974), 561–592.

[13] Drinfeld, V. G.: Commutative subrings of certain noncommutative rings. (Russian), Funkcional. Anal. i Priložen. 11 (1) (1977), 11–14 ; Funct. Anal. Appl. 11 (1) (1977), 9–12 .

I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives ::: 261

[14] Drinfeld, V. G.: Moduli varieties of F -sheaves. (Russian), Funktsional. Anal. i Prilozhen. 21 (2) (1987), 23–41; Varieties of modules of F -sheaves, Funct. Anal. Appl. 21 (2) (1987), 107–122 .

[15] Genestier, A.: Espaces symétriques de Drinfeld. Astérisque 234, SMF, 1996. [16] Genestier, A.: Manuscript (exposé à Jussieu), 14 p.

[17] Goss, D.: L-series of t-motives and Drinfeld modules. In: [19], 313–402. [18] Goss, D.: Basic structures of function field arithmetic. Ergebnisse der Math. und ihrer Grenzgebiete (3), vol. 35, Springer, Berlin 1996.

[19] Goss, D.; Hayes, D. R.; Rosen, M. I. (eds.): The Arithmetic of Function Fields. (Columbus, OH, 1991), Ohio State Univ. Math. Res. Inst. Publ. 2, W. de Gruyter, Berlin 1992.

[20] Kumar, S.: Infinite Grassmannians and moduli spaces of G-bundles. In: [27], 1–49. [21] Lafforgue, L.: Chtoukas de Drinfeld et conjecture de Ramanujan-Petersson. Astérisque 243, SMF, 1997.

[22] Laszlo, Y.; Sorger, Ch.: The line bundles on the moduli of parabolic G-bundles over curves and their sections. Ann. Sci. Ecole. Norm. Sup. 30 (4) (1997), 499–525.

[23] Laumon, G.: Drinfeld shtukas. In: [27], 50–109.

[24] Laumon, G.; Rapoport, M.; Stuhler, U.: D-elliptic sheaves and the Langlands correspondence. Invent. Math. 113 (2) (1993), 217–338.

[25] Mulase, M.: Category of vector bundles on algebraic curves and infinite-dimensional Grassmannians. Internat. J. Math. 1 (3) (1990), 293–342.

[26] Mumford, D.: An algebro-geometric construction of commuting operators and of solutions of the Toda lattice equations, Korteweg-de Vries equation and related nonlinear equations. Proc. Int. Sympos. Alg. Geom. (Kyoto 1977), 115–153, Kinokuniya, Tokyo 1978.

[27] Narasimhan, M. S. (ed.): Vector bundles on curves – new directions. Lectures given at the 3rd C.I.M.E. session held in Cetraro (June 19–27, 1995), Lecture Notes in Math. 1649, Springer, Berlin 1997.

[28] Potemine, I. Yu.: Arithmétique des corps globaux de fonctions et géométrie des schémas modulaires de Drinfeld. Ph.D. Thesis, Joseph Fourier University, Grenoble (France), January 1997, 87 p.

[29] Potemine, I. Yu.: Drinfeld-Anderson motives and multicomponent KP hierarchy. In:

Recent progress in algebra (Taejon/Seoul 1997), 213–227, Contemp. Math. 224, Amer. Math. Soc., Providence, RI, 1999.

[30] Rapoport, M.; Zink, Th.: Period spaces for p-divisible groups. Ann. Math. Studies 141, Princeton University Press, Princeton, NJ, 1996.

[31] Rosenberg, A. L.: Noncommutative algebraic geometry and representations of quantized algebras. Math. and Its Appl. 330, Kluwer, Dordrecht 1995.

[32] Sato, M.: The KP hierarchy and infinite-dimensional Grassmann manifolds. In: Theta Functions Bowdoin 1987, Part. 1, 51–66, Proc. Sympos. Pure Math. 49, Amer. Math. Soc., Providence, RI, 1989.

262 I. Yu. Potemine: Drinfeld-Anderson Shtukas and Uniformization of A-Motives :::

[33] Segal, G.; Wilson, G.: Loop groups and equations of KdV type. Publ. Math. I.H.E.S. 61 (1985), 5–65.

[34] Slodowy, P.: On the geometry of Schubert varieties associated to Kac-Moody Lie algebras.

In: Proc. of the 1984 Vancouver conference in algebraic geometry, 405–442, CMS Conf. Proc. 6, Amer. Math. Soc., Providence, RI, 1986.

Received January 17, 2000