Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 41 (2000), No. 1, 203-221.

The Root Space Decomposition of the Quadratic Lie Superalgebras

Saïd Benayadi Université de Metz, Département de Mathématiques CNRS. UPRES-A-7035, Ile du Saulcy, 57 045 Metz cedex 1, France e-mail: benayadi@poncelet.univ-metz.fr

Abstract. A quadratic Lie superalgebra is a Lie superalgebra g = g¯_0 ⊕ g¯_1 with a non-degenerate, supersymmetric, even and g-invariant bilinear form B, B is called an invariant scalar product of g. In this paper, we study properties of the decomposition of a quadratic Lie superalgebra g = g¯_0 ⊕ g¯_1 relative to a fixed Cartan subalgebra of g¯_0. Finally, we give two characterizations of the basic classical Lie superalgebras among the quadratic Lie superalgebras. MSC 1991: 17A60, 17A70, 17B05, 17B20, 17B70 Keywords: classical simple Lie superalgebras, quadratic Lie superalgebras, reductive Lie algebras, roots of Lie superalgebras.

0. Introduction

In this work, we consider finite dimensional Lie superalgebras over an algebraically closed commutative field K of characteristic 0.

Let g = g¯_0 ⊕ g¯_1 be a Lie superalgebra over K . We denote by Der(g) the Lie superalgebra

of superderivations of g, by Z(g) the center of g, and by R(g) the greatest solvable graded ideal of g called the radical of g.

A quadratic Lie superalgebra is a Lie superalgebra g = g¯_0 ⊕ g¯_1 with a non-degenerate, supersymmetric, even and g-invariant bilinear form B, B is called an invariant scalar product of g. In [5], we showed that a Lie superalgebra g is quadratic if and only if g¯_0 is a quadratic Lie algebra with an invariant scalar product B_0 and on the g¯_0-module g¯_1 there exists a bilinear antisymmetric non-degenerate g¯_0-invariant form B_1 such that

B_0([X, Y ], Z) = B_1(X, [Y, Z]) ∀X, Y ∈ g¯_1, ∀Z ∈ g¯_0.

0138-4821/93 $ 2.50 © 2000 Heldermann Verlag

204 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

The semisimple Lie algebras and the basic classical Lie superalgebras(see [12], [13]) are quadratic. But, many solvable Lie superalgebras also belong to this class (see [4], [5], [14]). The quadratic Lie superalgebras appear, in particular, in the notion of Lie bi-superalgebras (see [1] and [11]) and in physical models based on Lie superalgebras (see [9], [10], [15]). In [4] and [5], we studied the structure of quadratic Lie superalgebras and we obtained inductive classifications of some important quadratic Lie superalgebras. Recall that in [14], using the notion of double extension, A. Medina and Ph. Revoy gave the inductive classification of the quadratic Lie algebras.

The information about the root space decomposition of a Lie superalgebra g = g¯_0 ⊕g¯_1 relative to a fixed Cartan subalgebra H of g¯_0 is essential in the understanding of the structure of g. This decomposition is defined as follows:

g =^⨁_{λ∈H∗} g^λ, where g^λ = {x ∈ g : ∃n ∈ N, (adg(h) − λ(h) idg)^n(x) = 0 ∀h ∈ H}.

The aim of the second section of this paper is to study the root decomposition of an arbitrary quadratic Lie superalgebra g. We shall exploit the existence of the invariant scalar product to get informations on the roots of g as well as this root space decompsition. Recall that other authors studied root space decompositions of Lie superalgebras which belong to subsets of the set of quadratic Lie superalgebras : 1) V. Kac in [12], [13] and M. Scheunert in [16] studied the root space decomposition of the basic classical Lie superalgebras, 2) in [16], M. Scheunert gave certain properties of the root space decomposition of an arbitrary quadratic Lie superalgebra g = g¯_0 ⊕ g¯_1 such that g¯_0 is a reductive Lie algebras and the g¯_0-module g¯_1 is semisimple, and 3) in [2], V. V. Astrakhantsev studied the root space decomposition of the quadratic Lie algebra.

Using the results obtained in second section, we give in the third section two characterizations of the basic classical Lie superalgebra among the quadratic Lie superalgebras, these characterizations are:

1) Theorem 3.1. Let (g = g¯_0 ⊕ g¯_1, B) be a B-irreducible quadratic Lie superalgebra such that the g¯_0-module g¯_1 is semisimple , H a Cartan subalgebra of g¯_0 and Δ the set of the roots of g relative to H. Then g is a basic classical Lie superalgebra if and only if Δ generates the linear dual H^∗ of H.

2) Theorem 3.2. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic B-irreducible Lie superalgebra, H a Cartan subalgebra of g¯_0.Then g is a basic classical Lie superalgebras if and only if z(g) = {0} and adg h is semisimple for all h ∈ H.

1. Definitions and preliminary results

We recall in this section some definitions and results needed in this paper.

Definition 1.1. Let g be a Lie superalgebra and let B be a bilinear form on g.

i) B is called supersymmetric if B(X, Y ) = (−1)^{xy}B(Y, X), ∀X ∈ g_x, ∀Y ∈ g_y. ii) B is called g-invariant if B([X, Y ], Z) = B(X, [Y, Z]), ∀X, Y, Z ∈ g.

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 205

iii) B is called even if B(X, Y ) = 0, ∀X ∈ g¯_0, ∀Y ∈ g¯_1.

iv) Let D be homogeneous superderivation of g of degree d. D is called superantisymmetric if B(D(X), Y ) = −(−1)^{dx}B(X, D(Y )), ∀X ∈ g_x, ∀Y ∈ g. We denote by Der_a(g) the vector subspace of Der(g) generated by all superantisymmetric superderivations of g.

Definitions 1.2.

i) Let g be a Lie superalgebra with bilinear form B. (g, B) is called quadratic if B is supersymmetric, even, non-degenerate and g-invariant. In this case, B is called an invariant scalar product on g.

ii) Let (g, B) be a quadratic Lie superalgebra. A graded ideal I of g is called nondegenerate (resp. degenerate) if the restriction of B to I × I is a non-degenerate (resp. degenerate) bilinear form.

iii) We say that a quadratic Lie superalgebra (g, B) is B-irreducible if g contains no nontrivial non-degenerate graded ideal.

The following proposition reduces the study of quadratic Lie superalgebras to those which have no non-trivial non-degenerate ideal.

Proposition 1.1. [5] Let (g, B) be a quadratic Lie superalgebra. Then, g = ⨁_n i=1 gi such

that:

(i) gi is a non-degenerate graded ideal of g, for all i ∈ {1, . . . , n},

(ii) (g_i, B_i = B_|g_{i×}g_i ) is B_i-irreducible, for all i ∈ {1, . . . , n}, (iii) B(g_i, g_j) = {0} (i. e. g_i and g_j are B-orthogonal), for all i, j ∈ {1, . . . , n} such that i ≠ j.

Definition 1.3. i) A simple Lie superalgebra g = g¯_0 ⊕g¯_1 is called classical if the g¯_0-module

g¯_1 is semisimple.

ii) A quadratic simple classical Lie superalgebra is called a basic classical Lie superalgebra.

Now, we recall some extensions of Lie superalgebras introduced in [8] in order to study the Lie superalgebras g = g¯_0 ⊕ g¯_1 with g¯_0 reductive and completely reducible action of g¯_0

in g¯_1.

Definition 1.4. Let g = g¯_0 ⊕ g¯_1 be a Lie superalgebra, A a vector space, and let μ be a bilinear symmetric map from g¯_1 × g¯_1 to A satisfying μ([z, x], y) + μ(x, [z, y]) = 0, ∀ z ∈ g¯_0, x, y ∈ g¯_1. On the Z_2-graded vector space L = L¯_0 ⊕ L¯_1, where L¯_0 = g¯_0 ⊕ A and L¯_1 = g¯_1, we define a Lie superalgebra structure by:

[L, A] = {0};

206 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

[u, v] = [u, v]g , where [, ]g is the multiplication on g, for any u ∈ g_α, v ∈ g_β such that α = ¯0 or β = ¯0;

[u, v] = [u, v]g + μ(u, v), for any u, v ∈ g¯_1.

The Lie superalgebra (L, [, ]) will be called an elementary even extension of g by (A, μ).

Proposition 1.2. [8] Let g = g¯_0⊕g¯_1 be a Lie superalgebra with g¯_0 = A⊕[g¯_1, g¯_1] (direct sum of ideals) and let U = U¯_0 ⊕ U¯_1 be another Lie superalgebra with abelian U¯_0, [U¯_1, U¯_1] = {0} and completely reducible action of U¯_0 in U¯_1, so that U¯_1 = ⊕_{λ∈Λ}U^λ, Λ ⊂ (U¯_0)^⋆, and

U^λ = {u ∈ U¯_1 : [x, u] = λ(x)u ∀x ∈ U¯_0}. Let each U^λ be equipped with an A-module

structure, so that on the Z_2-graded vector space L = L¯_0 ⊕ L¯_1, where L¯_0 = U¯_0 ⊕ g¯_0 and

L¯_1 = U¯_1 ⊕ g¯_1, we define the Lie superalgebra structure by: [g¯_1, U] = [U¯_0, g¯_0] = [[g¯_1, g¯_1], U] = {0}.

The product [a, u] for a ∈ A and u ∈ U^λ is given by the corresponding A-module structure

in U^λ;

[u, v] = [u, v]U , where [, ]U is the multiplication on U, for any u, v ∈ U. The Lie superalgebra (L, [, ]) will be called a nice extension of g by U.

g is a Lie subsuperalgebra of L and U is a graded ideal of L.

The following is the main result of [8].

Theorem 1.1. [8] Let L = L¯_0 ⊕ L¯_1 be a Lie superalgebra with L¯_0 reductive and completely reducible action of L¯_0 in L¯_1. Then, L is an elementary even extension of a nice extension of a semisimple Lie superalgebra g = g¯_0 ⊕ g¯_1 with completely reducible action of g¯_0 in g¯_1.

Lemma 1.1. [4] Let (g, B) be a quadratic Lie superalgebra.

i) If I is a graded ideal of g, then I^⊥ is a graded ideal of g. ii) [g, g]^⊥ = z(g).

iii) If H is a semisimple graded ideal of g, then H is non-degenerate and [H, H] = H.

Proof. i) Let x ∈ I^⊥, y ∈ g and z ∈ I. By invariance of B, we have B([x, y], z) = B(x, [y, z]) = 0 and so [x, y] ∈ I^⊥. It follows that I^⊥ is an ideal of g. Since I is graded and B is even, then I^⊥ is graded.

ii) The invariance of B implies that B(z(g), [g, g]) = B([z(g), g], g) = {0}, then z(g) is a subset of [g, g]^⊥. Let x ∈ [g, g]^⊥, and let y, z ∈ g, then B([x, y], z) = B(x, [y, z]) = 0. Consequently [x, y] = 0 for all y ∈ g, so x ∈ z(g). We conclude that [g, g]^⊥ = z(g). iii) B([H ∩ H^⊥, H ∩ H^⊥], g) = B(H ∩ H^⊥, [H ∩ H^⊥, g]) = {0}, then [H ∩ H^⊥, H ∩ H^⊥] = {0}. Therefore H∩H^⊥ = {0} (because H is semisimple), thus H is a non-degenerate graded ideal

of g. Since z(H) = {0}, then, by ii), [H, H]^⊥ ∩ H = {0}. It follows that dim H = dim[H, H],

so [H, H] = H. �

In the following theorem, we gave a characterization of the basic classical Lie superalgebras among the quadratic Lie superalgebras g = g¯_0 ⊕ g¯_1 such that g¯_0 is a reductive Lie algebra and the g¯_0-module g¯_1 is semisimple.

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 207

Theorem 1.2. [4] Let (g, B) be a B-irreducible quadratic Lie superalgebra such that g¯_0 is a reductive Lie algebra and the g¯_0-module g¯_1 is semisimple. Then, g is simple if and only

if z(g) = {0}.

Proof. If g is simple, then z(g) = {0}. Conversely, suppose that z(g) = {0}. If g¯_1 = {0}, then g is a semisimple Lie algebra. Since every ideal of g is semisimple, then by Lemma 1.1, g is simple because g is B-irreducible.

Assume that g¯_1 ≠ {0}. First, we show that g¯_0 = [g¯_1, g¯_1]. Since [g¯_1, g¯_1] is an ideal of

g¯_0, then [g¯_1, g¯_1] is reductive and it follows that [g¯_1, g¯_1] = S ⊕ z([g¯_1, g¯_1]) where S is the

greatest semisimple ideal of [g¯_1, g¯_1]. The equality [S, S] = S implies that S is an ideal of

g¯_0, and by Lemma 1.1, S is a non-degenerate ideal of g¯_0.

Let x ∈ z([g¯_1, g¯_1]) such that B(x, z([g¯_1, g¯_1]) = {0}. By invariance of B, B(x, S) = {0} because [S, S] = S, consequently B(x, [g¯_1, g¯_1]) = {0}. Thus B([x, g¯_1], g¯_1) = {0}, so

[x, g¯_1] = {0}. The inclusion z([g¯_1, g¯_1]) ⊂ z(g¯_0) implies that x ∈ z(g) = {0}. We conclude

that z([g¯_1, g¯_1]) is a non-degenerate ideal of g¯_0. It follows that [g¯_1, g¯_1] is a non-degenerate ideal of g¯_0 because S and z([g¯_1, g¯_1]) are non-degenerate ideals of g¯_0, B(S, z([g¯_1, g¯_1])) = {0} and [g¯_1, g¯_1] = S ⊕ z([g¯_1, g¯_1]). Since [g¯_1, g¯_1] is a non-degenerate ideal of g¯_0, we obtain that

I = [g¯_1, g¯_1] ⊕ g¯_1 is a non-degenerate ideal of (g, B), consequently g = I because (g, B) is

B-irreducible and I ≠ {0}. We conclude that g¯_0 = [g¯_1, g¯_1].

By Theorem 1.1, g is an elementary even extension of a nice extension of a semisimple Lie superalgebra H = H¯_0 ⊕H¯_1 such that the H¯_0-module H¯_1 is semisimple. Since z(g) = {0}, then g is a nice extension of H. The fact that [g¯_1, g¯_1] = g¯_0 implies that g = H⊕U where U is a Lie superalgebra which is a graded ideal of g and H is a semisimple Lie sub-superalgebra

of g such that the H¯_0-module H¯_1 is semisimple and [H, U] = {0}, so H is a graded ideal of g. Since H is semisimple, then by Lemma 1.1, H is non-degenerate and [H, H] = H. The

invariance of B implies that U is a non-degenerate graded ideal of g because [H, U] = {0} and [H, H] = H. The fact that g is B-irreducible implies that g = H or g = U. If

g = U, recall that [U¯_0, U¯_0] = [U¯_1, U¯_1] = {0} (see Proposition 1.2). Since B([U¯_0, U¯_1], U¯_1) = B(U¯_0, [U¯_1, U¯_1]) = {0}, it follows that [U¯_0, U¯_1] = {0}, so U¯_1 ⊂ z(g) = {0}, which contradicts

the fact that g¯_1 ≠ {0}. We conclude that g = H, then g is semisimple Lie superalgebra and

[g, g] ≠ {0}. If we suppose that g is not simple, then there exists a graded ideal I of g such

that I ≠ {0} and I ≠ g. The fact that g is B-irreducible implies that I is a degenerate ideal

of g and that I ∩ I^⊥ ≠ {0}. We have B([I ∩ I^⊥, I ∩ I^⊥], g) = B(I ∩ I^⊥, [g, I ∩ I^⊥]) = {0}

because I^⊥ is a graded ideal of g. Consequently, the non-degeneration of B shows that

I ∩ I^⊥ is an abelian graded ideal of g, which is a contradiction with the semisimplicity of g. We conclude that g is simple. �

In the following theorem we recall the notion of double extension of a quadratic Lie superalgebra. This notion is a tool for construction of new quadratic Lie superalgebras.

Theorem 1.3. [5] Let (g_1, B_1) be a quadratic Lie superalgebra, g_2 a Lie superalgebra and

ψ : g2 → Dera(g1) ⊂ Der(g1) a morphism of Lie superalgebras. Let φ be the map from g1 × g1 to g2^∗, defined by

φ(X, Y )(Z) = (−1)^{(x+y)z} B_1(ψ(Z)(X), Y ) ∀X ∈ (g_1)_x, ∀Y ∈ (g_1)_y, ∀Z ∈ (g_2)_z.

208 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

Let π be the coadjoint representation of g_2. Then the vector space g = g_2 ⊕ g_1 ⊕ g_2^∗ with the product

[X_2 + X_1 + f, Y_2 + Y_1 + g] = [X_2, Y_2]g_2 + [X_1, Y_1]g_1 + ψ(X_2)(Y_1) − (−1)^{xy}ψ(Y_2)(X_1) + π(X_2)(g) − (−1)^{xy}π(Y_2)(f) + φ(X_1, Y_1),

where X_2 + X_1 + f (resp. Y_2 + Y_1 + g) is homogeneous of degree x (resp. y) in g, is a Lie superalgebra. Moreover, if γ is an invariant supersymmetric bilinear form on g_2, then the bilinear form T defined on g by

T (X_2 + X_1 + f, Y_2 + Y_1 + g) = B_1(X_1, Y_1) + γ(X_2, Y_2) + f(Y_2) + (−1)^{xy}g(X_2)

where X_2 +X_1 +f and Y_2 +Y_1 +g are homogeneous of respective degree x, y, is an invariant scalar product on g. The Lie superalgebra g is called the double extension of (g_1, B_1) by g_2 by means of ψ.

2. The root space decomposition of a quadratic Lie superalgebra relative to a Cartan subalgebra of the even part This section is devoted to studying certain properties of the roots and the root space decomposition of a quadratic Lie superalgebra.

Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, λ a linear form on H, we set

g^λ = {x ∈ g : ∃n ∈ N, (adg(h) − λ(h) idg)^n(x) = 0 ∀h ∈ H}.

It’s clear that g^λ is a graded subspace of g. By [5] (Propositions 8 and 9, ch. 7, §1, p. 14), we have the root space decompostion of g relative to H : g = ⨁ λ∈H^∗ g λ. Let us define:

Δ¯_0 = {λ ∈ H^∗ : λ ≠ 0, (g^λ)¯_0 ≠ {0}}, Δ¯_1 = {λ ∈ H^∗ : (g^λ)¯_1 ≠ {0}}, Δ = Δ¯_0 ∪ Δ¯_1.

The elements of Δ are called the roots of g relative to H, more precisely, a root is called even (resp. odd) if it is an element of Δ¯_0 (resp. Δ¯_1). Remark that some roots could be even and odd.

We begin with a preliminary lemma, whose proof is straightforward.

Lemma 2.1. Let (g = g¯_0 ⊕ g¯_1, B) be a Lie superalgebra, H a Cartan subalgebra of g¯_0, x ∈ H, y ∈ g, z ∈ g, and α, β ∈ K . Then for all n ≥ 1 :

(ad x − (α + β) idg)^n([y, z]) = p=n∑ p=0 C^p_n[(ad x − α idg)^py, (ad x − β idg)^{n−p}z].

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 209

Proposition 2.1. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0 and Δ the set of the roots of g relative to H. Then: i) [g^α, g^β] ⊂ g^{α+β}, ∀α, β ∈ Δ ∪ {0}. ii) If α, β ∈ Δ ∪ {0} such that α + β ≠ 0, then B(g^α, g^β) = {0}. iii) B_{|H×H} is non-degenerate.

iv) If α ∈ Δ_i, then −α ∈ Δ_i (where i = E¯0, ¯1).

v) dim(g^α)¯_0 = dim(g^{−α})¯_0 and dim(g^α)¯_1 = dim(g^{−α})¯_1 ∀α ∈ Δ.

Proof. The assertion i) one derives easily from Lemma 2.1. Proposition 9 of [5] implies the assertion ii).

iii) g^0 = H ⊕ (g^0)¯_1 because H = (g^0)¯_0. By ii), B(g^0, g^α) = {0} ∀α ∈ Δ\{0}, consequently B_|g_{0×}g_0 is non-degenerate. Since B is even then B_{|H×H} is non-degenerate. iv) Let α ∈ Δ, then by ii), B(g^α, g^β ) = {0} for all β ∈ Δ such that β ≠ −α. Consequently,

g^{−α} ≠ {0} because B is non-degenerate, it follows that −α ∈ Δ. If α ∈ Δi (i =^¯0 or^¯1),

then −α ∈ Δ_i because B is even.

v) Let α ∈ Δ, because B_|g_{α×}g_{−α} is non-degenerate and B is even, then B_{|(}g_{α)i×(}g_{−α )i} is non-degenerate where i ∈ {¯0, ¯1}. We conclude that dim(g^α)_i = dim(g^{−α})_i ∀α ∈ Δ and ∀ i ∈ {¯0, ¯1}. � Let us consider (g = g¯_0 ⊕ g¯_1, B) a quadratic Lie superalgebra and H a Cartan subalgebra

of g¯_0. The fact that BH×H is non-degenerate implies that if φ ∈ H^∗ be any linear form

on H then there exists a unique h_φ ∈ H such that φ(h) = B(h_φ, h) ∀ h ∈ H. If φ, ϕ ∈ H^∗, we define:

(φ|ϕ) = B(h_φ, h_ϕ) = φ(h_ϕ) = ϕ(h_φ).

Proposition 2.2. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H and α ∈ Δ\{0}.

i) If {e_i, 1 ≤ i ≤ n} is a basis of (g^α)¯_0 relative to which the elements of H act in upper triangular form, and {r_i, 1 ≤ i ≤ n} is the dual basis in (g^{−α})¯_0 of {e_i, 1 ≤ i ≤ n}, then [e_i, r_i] = h_α and [e_i, r_j ] = 0 if i < j, ∀i, j ∈ {1, . . . , n}.

ii) If {f_i, 1 ≤ i ≤ m} is a basis of (g^α)¯_1 relative to which the elements of H act in upper triangular form, and {s_i, 1 ≤ i ≤ m} is the dual basis in (g^{−α})¯_1 of {f_i, 1 ≤ i ≤ m}, then [f_i, s_i] = −h_α and [f_i, s_j] = 0 if i < j, ∀i, j ∈ {1, . . . , m}. Proof. Let h ∈ H, i, j ∈ {1, . . . , n} and k, p ∈ {1, . . . , m}, then: ad h(e_i) = α(h)e_i + i−1∑ l=1 a^l_ie_l, where a^l_i ∈ K , ∀l ∈ {1, . . . , i − 1},

ad h(f_k) = α(h)f_k + k−1∑ q=1 b^q_kf_q, where b^q_k ∈ K , ∀q ∈ {1, . . . , k − 1}.

210 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

By the invariance of B, we have

B([e_i, r_j ], h) =B(r_j, [h, e_i]) = α(h)B(r_j , e_i) + i−1∑ l=1 a^l_iB(r_j , e_l),

B([f_k, s_p], h) = − B(s_p, [h, f_k]) = −α(h)B(s_p, f_k) − k−1∑ q=1 b^q_kB(s_p, f_q).

It follows that:

a) If i < j and k < p, then B([e_i, r_j], h) = B([f_k, s_p], h) = 0, b) B([e_i, r_i], h) = α(h) = B(h_α, h) and B([f_k, s_k], h) = −α(h) = −B(h_α, h). Since B_{|H×H} is non-degenerate, then

[e_i, r_i] = h_α, [f_k, s_k] = −h_α, [e_i, r_j] = 0 if i < j and [f_k, s_p] = 0 if k < p. �

Proposition 2.3. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H and α ∈ Δ¯_0. If (α|α) = 0, then (α|β) = 0, ∀β ∈ Δ. Proof. Let α ∈ Δ¯_0 such that (α|α) = 0 and let β ∈ Δ. Consider the following vector subspace of g: V = ∑ n∈Zg^{β+nα. By Proposition 2.2, there exists an element eα of (}g^{α)¯}0

and an element e_{−α} of (g^{−α})¯_0 such that [e_α, e_{−α}] = h_α. The fact that V is invariant by adg h_α, by adg e_α and by adg e_{−α} implies that trace((adg h_α)_{|V} = 0. It follows that ∑ n∈Z^{(β(hα) + nα(hα)) dim(}g^{β+nα) = 0, then β(hα) ∑}n∈Z^{dim(}g^{β+nα) = 0, we conclude}

that β(h_α) = (α|β) = 0. �

Remark 2.1. Proposition 2.2 (resp. Proposition 2.3) is a generalization of Proposition 5 (resp. the corollary of Proposition 6) of [2] obtained by V. V. Astrakhantsev in the case of quadratic Lie algebras.

The following proposition is a main result of [2].

Proposition 2.4. Let (g, B) be a quadratic Lie algebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H and α ∈ Δ. If (α|α) ≠ 0, then dim g^α = 1.

Proposition 2.5. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H and α ∈ Δ such that (α|α) ≠ 0.

i) If α ∈ Δ¯_0, then dim(g^α)¯_0 = dim(g^{−α})¯_0 = 1. ii) If α ∈ Δ¯_1, then 2α ∈ Δ¯_0 and dim(g^α)¯_1 = dim(g^{−α})¯_1 = 1.

Proof. Let α ∈ Δ such that (α|α) ≠ 0.

i) If α ∈ Δ¯_0, Proposition 2.4 implies that dim(g^α)¯_0 = dim(g^{−α})¯_0 = 1.

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 211

ii) Now, suppose that α ∈ Δ¯_1, then by the assertion iv) of Proposition 2.1 we have dim(g^α)¯_1 = dim(g^{−α})¯_1 = m. Moreover, by Proposition 2.2, there exist a basis {f_i, 1 ≤ i ≤ m} of (g^α)¯_1 relative to which the elements of H act in upper triangular form, and a basis {s_i, 1 ≤ i ≤ m} of (g^{−α})¯_1 such that [f_i, s_i] = −h_α and [f_i, s_j] = 0 if i < j, ∀i, j ∈ {1, . . . , m}. Let i ∈ {1, . . . , m}. Since [[f_i, f_i], s_i] = [f_i, [f_i, s_i]] + [f_i, [s_i, f_i]],

then [[f_i, f_i], s_i] = 2 [h_α, f_i] = 2α(h_α)f_i + ∑_{i−1} j=1 a^j_i f_j ≠ 0 because {f_1, . . . , f_m} is a basis of

(g^α)¯_1 and α(hα) ≠ 0. Consequently, [fi, fi] ≠ 0, it follows that (g^{2α})¯_0 ≠ {0}. We conclude

that 2α ∈ Δ¯_0.

In the following, we will show that dim(g^α)¯_1 = 1. Suppose that dim(g^α)¯_1 = m > 1. Since 2α(h_{2α}) = 2α(2h_α) = 4α(h_α) ≠ 0, then, by the assertion i), dim(g^{2α})¯_0 = 1. Consequently there exists λ ∈ K such that [f_2, f_2] = λ[f_1, f_1] because [f_1, f_1] ∈ (g^{2α})¯_0 and [f_2, f_2] ∈ (g^{2α})¯_0. Therefore, [[f_2, f_2], s_2] = 2λ[f_1, [f_1, s_2]] = 0 because [f_1, s_2] = 0, which contradicts the fact that

[[f_2, f_2], s_2] = 2[h_α, f_2] = 2af_1 + 2α(h_α)f_2 ≠ 0 where a ∈ K ,

because α(h_α) ≠ 0 and {f_i, 1 ≤ i ≤ m} is a basis of (g^α)¯_1. We conclude that dim(g^α)¯_1 = 1.�

Corollary. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra such that g¯_0 is reductive, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H. If α ∈ Δ¯_1, then (α|α) ≠ 0 if and only if 2α ∈ Δ¯_0.

Proof. By Proposition 2.5, the fact that (α|α) ≠ 0 implies that 2α ∈ Δ¯_0. Conversely, if 2α ∈ Δ¯_0 then 2α is the root of the Lie reductive Lie algebra g¯_0, consequently, (2α|2α) ≠ 0, it follows that (α|α) ≠ 0. �

Remark 2.2. In the case of a quadratic Lie superalgebra (g = g¯_0 ⊕ g¯_1, B) such that g¯_0 is not a reductive Lie algebra, the implication

2α ∈ Δ¯_0 ⇒ (α|α) ≠ 0,

where Δ is the set of the roots of g relative to a fixed Cartan subalgebra of H of g¯_0 and α ∈ Δ¯_1, is not true in general. Indeed, consider the two-dimensional simple sl(2)-module

U = D(^1_2 ), denote by π the representation of sl(2) on U associated to this module. Recall

that there exists a basis {Y, F, G} of sl(2) such that [F, G] = 2Y, [Y, F ] = F, [Y, G] = −G, and there exists a basis {e_1, e_2} of U such that F.e_1 = e_2, F.e_2 = 0, Y.e_1 = −^1_2 e_1, Y.e_2 = 1 2 e_2, G.e_1 = 0, G.e_2 = e_1.

On U we consider the structure of abelian Lie superalgebra such that U = U¯_1 and U¯_0 = {0}. Let B : U×U → K be the bilinear form on U defined by: B(e1, e1) = B(e2, e2) =

0 and B(e_1, e_2) = −B(e_2, e_1) = 1, then (U, B) is a quadratic Lie superalgebra. It’s easy to see that π(sl(2)) is contained in Der_a(U) and, by Theorem 1.3, the double extension

g = sl(2) ⊕ sl(2)^∗ ⊕ U of U by sl(2) by means of π is a quadratic Lie superalgebra such that

212 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

g¯_1 = U is an irreducible (g¯_0 = sl(2)⊕sl(2)^∗)-module, z(g) = {0} and g isn’t simple because sl(2)^∗ is an ideal of g. Moreover, g is a T -irreducible quadratic superalgebra where T is an

invariant scalar product of g. More precisely, T is defined as follows (see Theorem 1.3):

T (X_2 + X_1 + f, Y_2 + Y_1 + l) = B(X_1, Y_1) + f(Y_2) + l(X_2),

where X_1, Y_1 ∈ U, X_2, Y_2 ∈ sl(2) and f, l ∈ sl(2)^∗. It’s clear that H = K Y ⊕ K f, where f ∈ H^∗ defined by: f(Y ) = 1, f(G) = f(F ) = 0, is a Cartan subalgebra of

(g¯_0 = sl(2) ⊕ sl(2)^∗). It’s easy to verify that if Δ is the set of the roots of g relative to H,

then Δ¯_0 = {±α} and Δ¯_1 = {±β}, where α and β are defined as follows:

α(Y ) = 1 and α(f) = 0, β(Y ) = 1 2 and β(f) = 0. Then α = 2β.

Consequently h_α = f and h_β =^1_2 f, it follows that (α|α) = (β|β) = 0. We conclude that 2β ∈ Δ¯_0 and (β|β) = 0.

Proposition 2.6. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H. Let α and β be two elements of Δ¯_1 such that α ≠ ±β. If (α|β) ≠ 0, then α + β ∈ Δ¯_0 or α − β ∈ Δ¯_0.

Proof. Let α and β be two elements of Δ¯_1 such that α ≠ ±β. By Proposition 2.2, there exist a basis {f_{α,i}, 1 ≤ i ≤ m} of (g^α)¯_1 relative to which the elements of H act in upper triangular form, and a basis {s_{α,i}, 1 ≤ i ≤ m} of (g^{−α})¯_1 such that [f_{α,i}, s_{α,i}] = −h_α and [f_{α,i}, s_{α,j}] = 0 if i < j, ∀i, j ∈ {1, . . . , m}, and there exist a basis {f_{β,i}, 1 ≤ i ≤ n} of (g^β)¯_1 relative to which the elements of H act in upper triangular form, and a basis {s_{β,i}, 1 ≤ i ≤ n} of (g^{−β} )¯_1 such that [f_{β,i}, s_{β,i}] = −h_β and [f_{β,i}, s_{β,j}] = 0 if i < j, ∀i, j ∈ {1, . . . , n}. Since [[f_{β,1}, f_{α,1}], s_{α,1}] + [[s_{α,1}, f_{β,1}], f_{α,1}] = [f_{β,1}, [f_{α,1}, s_{α,1}]] and [f_{α,1}, s_{α,1}] = −h_α, then [[f_{β,1}, f_{α,1}], s_{α,1}] + [[s_{α,1}, f_{β,1}], f_{α,1}] = [h_α, f_{β,1}] = (α|β)f_{β,1} ≠ 0. Consequently, [f_{β,1}, f_{α,1}] ≠ 0 or[s_{α,1}, f_{β,1}] ≠ 0. It follows that (g^{α+β})¯_0 ≠ {0} or (g^{α−β} )¯_0 ≠ {0}. We conclude that α + β ∈ Δ¯_0 or α − β ∈ Δ¯_0. �

Remark 2.3. The assertion ii) of Proposition 2.5 and Proposition 2.6 generalize the results obtained in [16] by M. Scheunert in case of the quadratic Lie superalgebras g = g¯_0 ⊕ g¯_1 such that g¯_0 is a reductive Lie algebra and the g¯_0-module g¯_1 is semisimple.

Lemma 2.2. Let (g, B) be a quadratic Lie algebra, H a Cartan subalgebra of g, Δ the set of the roots of g relative to H and α ∈ Δ such that (α|α) ≠ 0. Then, kα ∈ Δ (where k ∈ K \{0}) if and only if k = ±1.

Proof. Let α ∈ Δ such that (α|α) ≠ 0. Consider A = {k ∈ Z : kα ∈ Δ}, it is clear that ±1 ∈ A. Let p be the greatest element of A and V_α = ∑_p n=−1 g nα. By Proposition 2.2, there exists an element e_α of (g^α)¯_0 and an element e_{−α} of (g^{−α})¯_0 such that [e_α, e_{−α}] = h_α. It’s clear that V_α is invariant by adg h_α and by adg e_α. The fact that (α|α) ≠ 0 implies that

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 213

(−α| − α) ≠ 0, and by Proposition 2.4 we have dim g^{−α} = 1. Consequently, V_α is invariant by adg e_{−α}, it follows that trace((adg h_α)_{|Vα} = 0. Then ∑_p n=−1 n(α|α) dim g nα = 0. Since (nα|nα) = n^2(α|α) ≠ 0, then dim g^{nα} = 1, so ( ∑_p n=−1 n)(α|α) = 0. The fact that

(α|α) ≠ 0 implies that p = 1. Consequently, A = {−1, 1} because −Δ = Δ. �

Proposition 2.7. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H and α ∈ Δ such that (α|α) ≠ 0.

i) If α ∈ Δ¯_0, kα ∈ Δ¯_0 (where k ∈ K \{0}) if and only if k = ±1. ii) If α ∈ Δ¯_0 and kα ∈ Δ where k ∈ K \{0}, then k ∈ {−1, −^1_2 ,^1_2 , 1}. iii) If α ∈ Δ¯_1, kα ∈ Δ (where k ∈ K \{0}) if and only if k ∈ {−1, −2, 1, 2}.

Proof. Let α ∈ Δ such that (α|α) ≠ 0, and let k ∈ K \{0} such that kα ∈ Δ. i) If α ∈ Δ¯_0, by Lemma 2.2, kα ∈ Δ¯_0 if and only if k = ±1.

ii) Suppose that α ∈ Δ¯_0. If kα ∈ Δ¯_0, then, by the assertion i), k = ±1. If kα ∈ Δ¯_1, then, by Proposition 2.5, 2kα ∈ Δ¯_0 because (kα|kα) ≠ 0, it follows that 2k = ±1, so k = ±^1_2 . We conclude that if α ∈ Δ¯_0 and kα ∈ Δ where k ∈ K \{0}, then k ∈ {−1, −^1_2 ,^1_2 , 1}. iii) Now, suppose that α ∈ Δ¯_1. Because (α|α) ≠ 0, then, by Proposition 2.5, 2α ∈ Δ¯_0. If kα ∈ Δ¯_1, then the fact that (kα|kα) ≠ 0 implies that 2kα = k(2α) ∈ Δ¯_0, consequently, by the assertion i), k = ±1.

If kα ∈ Δ¯_0, then the fact that^1_k (kα) = α ∈ Δ¯_1 implies that^1_k = ±^1_2 , it follows that k = ±2. We conclude that if α ∈ Δ¯_1 and kα ∈ Δ where k ∈ K \{0}, then k ∈ {−1, −2, 1, 2}.

Conversely, if α ∈ Δ¯_1, by Proposition 2.1, −α ∈ Δ¯_1. Since (α|α) ≠ 0, then by Proposition 2.5, 2α ∈ Δ and by Proposition 2.1, −2α ∈ Δ. �

Corollary. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra

of g¯_0, Δ the set of the roots of g relative to H. If g¯_0 is a reductive Lie algebra, then

Δ¯_0 ∩ Δ¯_1 = ∅.

Proof. Assume that g¯_0 is a reductive Lie algebra. Suppose that Δ¯_0 ∩ Δ¯_1 ≠ ∅, then there exists α ∈ H^∗ such that α ∈ Δ¯_0 ∩ Δ¯_1. The fact that g¯_0 is a reductive Lie algebra implies that (α|α) ≠ 0, it follows by Proposition 2.5, that 2α ∈ Δ¯_0 which contradicts the fact that α ∈ Δ¯_0 (see the the first assertion of Proposition 2.7). �

Remark 2.4. The converse of the corollary above is not true. Indeed, take the quadratic Lie superalgebra g = sl(2) ⊕ sl(2)^∗ ⊕ D(^1_2 ) of Remark 2.2. We proved in Remark 2.2 that if Δ is the set of the roots of g relative to the cartan subalgebra H = K Y ⊕ K f of g¯_0, then Δ¯_0 = {±α} and Δ¯_1 = {±β}, where α and β are defined as follows:

α(Y ) = 1 and α(f) = 0, β(Y ) = 1 2 and β(f) = 0,

so Δ¯_0 ∩ Δ¯_1 = ∅. The multiplication on g (see Theorem 1.3) implies that g¯_0 is not a reductive Lie algebra because sl(2) is a Levi component of g¯_0, sl(2)^∗ is the solvable radical

of g¯_0 and [sl(2), sl(2)^∗] ≠ {0}.

214 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

Lemma 2.3. If (g = g¯_0 ⊕ g¯_1, B) is a B-irreducible quadratic Lie superalgebra such that

the g¯_0-module g¯_1 is semisimple and g¯_0 ≠ {0}, then z(g) = z(g) ∩ g¯_0.

Proof. Since the g¯_0-module g¯_1 is semisimple, then g¯_1 = g¯_1g^{¯0} ⊕ [g¯_0, g¯_1] where g¯_1g^{¯0} = {x ∈

g¯_1 : [g¯_0, x] = {0}}. It’s clear that I = g¯_0 ⊕ [g¯_0, g¯_1] is a graded ideal of g. Since B is

invariant, then B([g¯_0, g¯_1], g¯_1g^{¯0} ) = {0}, it follows that I is a non-degenerate graded ideal of

g. Thus g = I because g is B-irreducible, so [g¯_0, g¯_1] = g¯_1 and g¯_1g^{¯0} = {0}. The fact that z(g) ∩ g¯_1 is contained in g¯_1g^{¯0} implies that z(g) ∩ g¯_1 = {0}, consequently z(g) = z(g) ∩ g¯_0.�

Proposition 2.8. If (g = g¯_0 ⊕ g¯_1, B) is a B-irreducible quadratic Lie superalgebra such that the g¯_0-module g¯_1 is semisimple and g¯_0 ≠ {0}, H a Cartan subalgebra of g¯_0 and Δ the set of the roots of g relative to H and if Δ¯_0 ∩ Δ¯_1 = ∅, then 0 ∉ Δ¯_1.

Proof. Suppose that Δ¯_0 ∩ Δ¯_1 = ∅ and 0 ∈ Δ¯_1. Then (g^0)¯_1 ≠ {0} and by Engel’s theorem there exists an element X ≠ 0 of (g^0)¯_1 such that [H, X] = {0}. Since [X, (g^α)¯_1] ⊂ (g^α)¯_0, [X, (g^α)¯_0] ⊂ (g^α)¯_1 for all α ∈ Δ then [X, (g^α)¯_0] = [X, (g^α)¯_1] = {0} for all α ∈ Δ\{0}. Now, by invariance of B we have

B([(g^0)¯_1, X], H) = B((g^0)¯_1, [X, H]) = {0},

it follows that [(g^0)¯_1, X] = {0} because [(g^0)¯_1, X] ⊂ H and B_{|H×H} is non-degenerate. Hence, [X, g^α] = {0} for all α ∈ Δ, so X ∈ z(g) ∩ g¯_1. Then, by Lemma 2.3, X = 0. Thus we have arrived at a contradiction and the proposition is proved. �

Remark 2.5. Using the corollary of Proposition 2.7 and Proposition 2.8, we obtain the following known result(the assertion a) of Proposition 1 of [16], page 137): If g is a basic classical Lie superalgebra, then if we denote by Δ the set of the roots of g relative to a fixed subalgebra H of g¯_0, then Δ¯_0 ∩ Δ¯_1 = ∅ and 0 ∉ Δ¯_1 (because, by Theorem 1 of [16] (page 101), g¯_0 is a reductive Lie algebra).

Remark 2.6. If (g = g¯_0 ⊕g¯_1, B) is a quadratic Lie superalgebra, H a Cartan subalgebra of

g¯_0 and Δ the set of the roots of g relative to H. Then (g¯_0, B¯_0 = B_|g_{¯0×}g_{¯0} ) is a quadratic Lie

algebra and Δ¯_0 is the root system of g¯_0 relative to H. Consequently, the results obtained by V. V. Astrakhantsev in [2] on the root system of the quadratic Lie algebras furnish us with other information on the even roots of the quadratic Lie superalgebras.

3. Characterizations of basic classical Lie superalgebras among the quadratic Lie superalgebras

Using the information about the root decomposition of quadratic Lie superalgebras obtained in the second section, we give in this section two characterizations of the basic classical Lie superalgebras among the quadratic Lie superalgebras. We need the two following lemmas.

Lemma 3.1. Let (g, B) be a quadratic Lie algebra, H a Cartan subalgebra of g, Δ the set of the roots of g relative to H. The following assertions are equivalent:

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 215

i) g is reductive;

ii) H is commutative and (α|α) ≠ 0 ∀α ∈ Δ.

Proof. ii) ⇒ i). By Proposition 2.4: ∀α ∈ Δ, dim g^α = 1 because (α|α) ≠ 0. Let α ∈ Δ and let {e_α} be a basis of g^α, then [h, e_α] = α(h)e_α. This defines an H-module structure

on g^α. Moreover, the H-module g is semisimple because H is commutative. It’s clear that

if α and β are two elements of Δ, then the H-modules g^α and g^β are isomorphic if and only if α = β. Consequently g^β is an isotypic component of the H-module g = H ⊕ ( ⨁ α∈Δ g^α),

for all β ∈ Δ. Moreover, the fact that H is commutative implies that H is an isotypic component of the H-module g = H ⊕ ( ⨁ α∈Δ g^α). Let R(g) be the solvable radical of g. Since R(g) is an H-submodule of g, then R(g) = (R(g) ∩ H) ⊕ (^⨁_{α∈Δ}(R(g) ∩ g^α)). Let α ∈ Δ, since [h, eα] = α(h)eα, [h, e−α] =

−α(h)e_{−α}∀h ∈ H and [e_α, e_{−α}] = kh_α where k ∈ K \{0} (see Proposition 2.2), then

g^α ⊕ g^{−α} ⊕ K hα is a Lie subalgebra of g which is isomorphic to sl(2, K ). Consequently R(g) ∩ g^α = {0}. It follows that R(g) = R(g) ∩ H, so the fact that H is commutative

implies that [R(g), H] = {0}.

Let X ∈ R(g) ∩ H and α ∈ Δ, then [X, g^α] ⊂ R(g) ∩ g^α = {0}. Consequently [ ⨁ α∈Δ g^α, R(g)] = {0}. We conclude that R(g) = z(g), it follows that g is a reductive Lie

algebra.

The implication i) ⇒ ii) is straightforward. �

Lemma 3.2. Let g = g¯_0 ⊕ g¯_1 be a Lie superalgebra, H a Cartan subalgebra of g, Δ the set of the roots of g relative to H. If g is a classical simple Lie superalgebra, then Δ generates the linear dual H^∗ of H.

Proof. Suppose that g is a classical simple Lie superalgebra, then, by Theorem 1 of [16] (page 101), g¯_0 is a reductive Lie algebra. If g¯_0 is a semisimple Lie algebra, then, by [6], Δ¯_0 generates H^∗. Now, assume that g¯_0 is not semisimple, so g¯_0 = z(g¯_0) ⊕ S such that

z(g¯_0) ≠ {0}, where z(g¯_0) is the center of g¯_0 and S is the greatest semisimple ideal of g¯_0.

Moreover, by corollary of [16] (page 107), dim z(g¯_0) = 1, the g¯_0-module g¯_1 decomposes into the direct sum of two irreducible g¯_0-modules: g¯_1 = g^1_{¯1} ⊕ g^2_{¯1}, and there exists a unique element C ∈ z(g¯_0) such that:

[C, x] = (−1)^rx ∀x ∈ g^r_{¯1}; r = 1, 2.

It’s clear that H = z(g¯_0) ⊕ L where L is a Cartan subalgebra of S. By [6], the root system

R(S, L) of S relative to L generates the linear dual L^∗ of L.

Let α ∈ R(S, L), consider α̃ ∈ H^∗ defined by α̃_{|L} = α and α̃(C) = 0, it’s easy to verify that α̃ ∈ Δ. Therefore {α̃ : α ∈ R(S, L)} ⊂ Δ. In the following, we construct an element λ̃ of H^∗ such that {λ̃} ∪ {α̃ : α ∈ R(S, L)} generates H^∗.

By Lie’s theorem, there exists X ∈ g^1_{¯1}\{0} and there exists λ ∈ L^∗ such that [l, X] = λ(l)X, ∀l ∈ L. Consider λ̃ ∈ H^∗ defined by λ̃_{|L} = λ and λ̃(C) = −1. It follows that [C, X] − λ̃(C)X = [l, X] − λ̃(l)X = 0, ∀l ∈ L,

216 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

consequently, [h, X] − λ̃(h)X = 0, ∀h ∈ H, so X ∈ (g^{λ̃})¯_1. Therefore λ̃ ∈ Δ¯_1 ⊂ Δ.

The fact that λ̃(C) ≠ 0 implies that λ̃ is not an element of the vector subspace W of H^∗ generated by {α̃ : α ∈ R(S, L)}, it follows that

dim(W + K λ̃) = dim W + 1 = dim L^∗ + 1 = dim H^∗.

Consequently {λ̃} ∪ {α̃ : α ∈ R(S, L)} generates H^∗. We conclude that Δ generates H^∗ because {λ̃} ∪ {α̃ : α ∈ R(S, L)} ⊂ Δ. �

Remarks 3.1. 1) If g is a simple Lie algebra, H a Cartan subalgebra of g and Δ the set of the roots of g relative to H then, by Lemma 3.1, we have: (α|α) ≠ 0 ∀α ∈ Δ. From the proof of Lemma 3.2, we can see that this is not true in the case of simple Lie superalgebra. More precisely, if g is a basic classical Lie superalgebra such that g¯_0 is not a semisimple Lie algebra, then (λ̃|λ̃) = 0 where λ̃ is the root of g constructed in the proof of Lemma 3.2. Indeed, if we suppose that (λ̃|λ̃) ≠ 0, then, by Proposition 2.5, 2λ̃ ∈ Δ¯_0 because λ̃ ∈ Δ¯_1, so 2λ̃(z(g¯_0)) = {0}, which contradicts the fact that λ̃(C) ≠ 0. Hence (λ̃|λ̃) = 0.

Note that there exist basic classical Lie superalgebras g such that the even part g¯_0 is a semisimple Lie algebra and (α|α) ≠ 0 ∀α ∈ Δ where Δ is the set of the roots of g relative to a Cartan subalgebra of g¯_0, for example osp(1, 2), and there exist basic classical Lie superalgebras g such that g¯_0 is a semisimple Lie algebra with at least one root α relative to a Cartan subalgebra of g¯_0 such that (α|α) = 0, for example A(1, 1) = sl(2, 2)/K .I_4 .

2) Let (g = g¯_0 ⊕g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0, Δ the set of the roots of g relative to H. In Proposition 2.3, we proved that if α ∈ Δ¯_0 such that (α|α) = 0, then (α|β) = 0 ∀β ∈ Δ. Remark that there exist quadratic Lie superalgebras

g with α ∈ Δ¯_1 such that (α|α) = 0 and there exists β ∈ Δ such that (α|β) ≠ 0, where

Δ consists of the roots of g relative to a Cartan subalgebra of g¯_0. Indeed, if g is a basic classical Lie superalgebra such that g¯_0 is not semisimple, then (λ̃|λ̃) = 0 where λ̃ is the root constructed in the above proof. Since Δ generates H^∗ and λ̃ ≠ 0, then there exists β ∈ Δ such that (α|β) ≠ 0.

Now we are in position to state the first main result of this third section.

Theorem 3.1. Let (g = g¯_0 ⊕ g¯_1, B) be a B-irreducible quadratic Lie superalgebra such that the g¯_0-module g¯_1 is semisimple and g¯_0 ≠ {0}, H a Cartan subalgebra of g¯_0 and Δ the set of the roots of g relative to H. Then g is a basic classical Lie superalgebra if and only if Δ generates the linear dual H^∗ of H.

Proof. If g is a basic classical Lie superalgebra, then by Lemma 3.2, Δ generates the linear dual H^∗ of H.

Conversely, suppose that Δ generates the linear dual H^∗ of H.

Claim 1: z(g) = {0}.

Proof of Claim 1. Let x ∈ z(g) ∩ g¯_0, then x ∈ H and [x, e_α] = 0 ∀α ∈ Δ. Therefore α(x)e_α = 0 ∀α ∈ Δ, so α(x) = 0 ∀α ∈ Δ, consequently x = 0 because Δ generates H^∗. It follows that z(g) ∩ g¯_0 = {0}, then, by Lemma 2.3, z(g) = {0}.

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 217

Claim 2: If α ∈ Δ¯_0, then (α|α) ≠ 0.

Proof of Claim 2. Let α ∈ Δ¯_0. If we assume that (α|α) = 0, then by Proposition 2.3, (α|β) = 0 ∀β ∈ Δ, consequently h_α = 0 because Δ generates H^∗, which contradicts the fact that α ≠ 0. Hence, (α|α) ≠ 0 ∀α ∈ Δ¯_0.

Claim 3: If α ∈ Δ¯_0 or if α ∈ Δ¯_1 such that (α|α) ≠ 0, then [h, h_α] = 0 ∀h ∈ H. Proof of Claim 3. Let h ∈ H and let α ∈ Δ¯_0. By Claim 2, (α|α) ≠ 0. The Proposition 2.5 implies that dim(g^α)¯_0 = dim(g^{−α})¯_0 = 1, so, by Proposition 2.2, (g^α)¯_0 = K e_α and

(g^{−α})¯_0 = K e−α such that [eα, e−α] = hα. Then we have:

[h, h_α] = [h, [e_α, e_{−α}]] = [e_α, [h, e_{−α}]] − [e_{−α}, [h, e_α]] = (−α(h) + α(h))[e_α, e_{−α}] = 0.

Now, let α ∈ Δ¯_1 such that (α|α) ≠ 0 and let h ∈ H. The assertion ii) of Proposition 2.5 implies that dim(g^α)¯_1 = dim(g^{−α})¯_1 = 1, Consequently, by Proposition 2.2, (g^α)¯_1 = K f_α and (g^{−α})¯_1 = K f_{−α} such that [f_α, f_{−α}] = −h_α. So

[h_α, h] = [h, [f_α, f_{−α}]] = [f_α, [h, f_{−α}]] + [f_{−α}, [h, f_α]] = (−α(h) + α(h))[f_α, f_{−α}] = 0.

Claim 4: If α, β ∈ Δ¯_1 such that α ≠ β and (α|α) = (β|β) = 0, then [h_α, h_β ] = 0. Proof of Claim 4. First case: (α|β) ≠ 0. Then, by Proposition 2.6, α + β ∈ Δ¯_0 or α − β ∈ Δ¯_0. By Claim 3, it follows that [h, h_{(α+β)}] = 0 ∀h ∈ H or [h, h_{(α−β)}] = 0 ∀h ∈ H. Consequently [h, h_α] = −[h, h_β ] ∀h ∈ H or [h, h_α] = [h, h_β ] ∀h ∈ H, which implies that [h_α, h_β] = 0.

Second case: (α|β) = 0. If we assume that α + β ∈ Δ¯_0 or α − β ∈ Δ¯_0, then, by Claim 2, (α+β|α+β) ≠ 0 or (α−β|α−β) ≠ 0, it follows that (α|β) ≠ 0, because (α|α) = (β|β) = 0, which contradicts the fact that (α|β) = 0. Hence, α + β ∉ Δ¯_0 and α − β ∉ Δ¯_0. By the assertion iv) of Proposition 2.1, it follows that −α − β ∉ Δ¯_0 and −α + β ∉ Δ¯_0. Consequently, we have:

[(g^α)¯_1, (g^β)¯_1] = [(g^{−α})¯_1, (g^β)¯_1] = [(g^α)¯_1, (g^{−β})¯_1] = [(g^{−α})¯_1, (g^{−β})¯_1] = {0}. (∗)

By Proposition 2.2, there exist f_α ∈ (g^α)¯_1, f_{−α} ∈ (g^{−α})¯_1, f_β ∈ (g^β)¯_1, f_{−β} ∈ (g^{−β})¯_1 such that [f_α, f_{−α}] = −h_α and [f_β, f_{−β} ] = −h_β . So, by (∗) and by Jacobi identity, we have:

[h_α, h_β] = [[f_α, f_{−α}], [f_β, f_{−β}]] = 0.

Then, if α, β ∈ Δ¯_1 such that (α|α) = (β|β) = 0, then [h_α, h_β] = 0 and the Claim 4 is proved.

By Claims 2, 3 and 4, we conclude that [h_α, h_β ] = 0 ∀α, β ∈ Δ.

218 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

Because the linear map φ : H → H^∗ defined by φ(h)(x) = B(h, x), ∀x ∈ H is an isomorphism of vector spaces, then the fact that Δ generates H^∗ implies that {h_α : α ∈ Δ} generates H. Since [h_α, h_β ] = 0 ∀α, β ∈ Δ, then H is commutative. Consequently, by Lemma 3.1, g¯_0 is a reductive Lie algebra because its Cartan subalgebra H is commutative and (α|α) ≠ 0 ∀α ∈ Δ¯_0. Since z(g) = {0}, then by Theorem 1.2, the Lie superalgebra g is simple. We conclude that g is a basic classical Lie superalgebra. �

An immediate open question is

Question. Let (g = g¯_0 ⊕g¯_1, B) be a B-irreducible quadratic Lie superalgebra, H a Cartan subalgebra of g¯_0 and Δ the set of the roots of g relative to H. If Δ generates the linear dual H^∗ of H, is g a basic classical Lie superalgebra?

In the theorem above, we have shown that the answer is affirmative if the g¯_0-module g¯_1 is semisimple.

Remark 3.2. From the proof of Theorem 3.1, we can see that if g is a quadratic Lie superalgebra such that the set of the roots of g relative to a Cartan subalgebra H of g¯_0 generates the linear dual H^∗ of H, then g¯_0 is a reductive Lie algebra. Consequently we get the following result: Let g be a simple quadratic Lie superalgebra, H a Cartan subalgebra

of g¯_0 and Δ the set of roots of g relative to H. Then Δ generates the linear dual H^∗ of H

if and only if g is classical.

Indeed, if g is classical then, by Lemma 3.2, Δ generates H^∗. Conversely, if Δ generates H^∗, then g¯_0 is a reductive Lie algebra, so, by Theorem 1 of [16] (page 101), g is classical.

Corollary 1. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra such that the g¯_0-module

g¯_1 is semisimple , H a Cartan subalgebra of g¯_0 and Δ the set of the roots of g relative to

H. Then the following assertions are equivalent:

i) Δ generates the linear dual H^∗ of H;

ii) g =^{⨁n}_{i=1} gi, where each gi is a non-degenerate graded ideal of g such that gi is a

basic classical Lie superalgebra and B(g_i, g_j) = {0} for all i, j ∈ {1, . . . , n} such that i ≠ j. Moreover, this decomposition is unique.

Proof. i) ⇒ ii). Since (g, B) is a quadratic Lie superalgebra, then, by Proposition 1.1,

g =^{⨁n}_{i=1} gi such that:

(a) gi is a non-degenerate graded ideal, for all i ∈ {1, . . . , n},

(b) (g_i, B_i = B_{|(}g_{i×}g_{i)}) is B_i-irreducible, for all i ∈ {1, . . . , n}, (c) B(g_i, g_j) = {0} for all i, j ∈ {1, . . . , n} such that i ≠ j. Moreover, the fact that the

g¯_0-module g¯_1 is semisimple implies that the (gi)¯_0-module (gi)¯_1 is semisimple for all i ∈ {1, . . . , n}. It is well-known that the Cartan subalgebra H of g¯_0 takes the form H = ⨁_n i=1 H_i, where H_i is a Cartan subalgebra of (g_i)¯_0, 1 ≤ i ≤ n, and it’s clear that the fact that Δ generates H^∗ implies that the set Δ_i of the roots of g_i relative to a Cartan subalgebra H_i of (g_i)¯_0

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 219

generates a linear dual (H_i)^∗ of H_i, for all i ∈ {1, . . . , n}. Consequently, by Theorem 3.1,

gi is a basic classical Lie superalgebra for all i ∈ {1, . . . , n}.

Now, suppose that g = ⨁_m i=1 g^′_i, where each g^′_i is a graded ideal of g such that g^′_i is a

basic classical Lie superalgebra. Let k ∈ {1, . . . , m}, since g^′_k is simple, then [g^′_k, g^′_k] = g^′_k. Consequently, [g, g^′_k] = g^′_k, it follows that g^′_k = ⨁_n i=1[g_i, g^′_k]. Since g^′_k is simple, then there exists α(k) ∈ {1, . . . , n} such that g^′_k = [g_{α(k)}, g^′_k]. The fact that g_{α(k)} and g^′_k are simple graded ideals of g implies that g_{α(k)} = g^′_k. We conclude that n = m and for any k ∈ {1, . . . , n} there exists a unique α(k) ∈ {1, . . . , n} such that g_{α(k)} = g^′_k. We conclude that the decomposition g = ⨁_n i=1 gi, where each gi is a graded ideal of g such that gi is a

basic classical Lie superalgebra, is unique.

The implication ii) ⇒ i) is clear. �

Remark 3.3. The following result is the version of the Corollary 1 above in the case of Lie algebras: Let (g, B) be a quadratic Lie algebra, H be a Cartan subalgebra of g and Δ be the set of the roots of g relative to H. Then, g is a semisimple Lie algebra if and only if Δ generates the linear dual H^∗ of H.

Remark that using Proposition 13 of [2], we can obtain this result.

Corollary 2. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra

of g¯_0 and Δ the set of the roots of g relative to H. Δ¯_0 generates H^∗ if and only if g =^{⨁n}_{i=1} gi, where each gi is a non-degenerate graded ideal of g such that gi is a basic

classical Lie superalgebra with (g_i)¯_0 a semisimple Lie algebra , and B(g_i, g_j ) = {0} for all i, j ∈ {1, . . . , n} such that i ≠ j. Moreover, this decomposition is unique.

Proof. Suppose that Δ¯_0 generates H^∗, then, by Remark 3.3, g¯_0 is a semisimple Lie algebra, so the g¯_0-module g¯_1 is semisimple. By Corollary 1, it follows that g = ⨁_n i=1 gi, where each gi is a non-degenerate graded ideal of g such that gi is a basic classical Lie superalgebra,

and B(g_i, g_j ) = {0} for all i, j ∈ {1, . . . , n} such that i ≠ j. Moreover, this decomposition is unique. The fact that g¯_0 is a semisimple implies that (g_i)¯_0 is a semisimple Lie algebra for all i ∈ {1, . . . , n}. The converse is clear. �

In Theorem 3.1 we obtained a characterization of the basic classical Lie superalgebras among the quadratic Lie superalgebras with completely reducible action of even part on odd part. Now, in the following theorem we give a characterization of the basic classical Lie superalgebras among the quadratic Lie superalgebras.

Theorem 3.2. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic B-irreducible Lie superalgebra, H a Cartan subalgebra of g¯_0.Then g is a basic classical Lie superalgebra if and only if z(g) = {0} and adg h is semisimple for all h ∈ H.

Proof. If g is a basic classical Lie superalgebra, then z(g) = {0} and adgh is semisimple for all h ∈ H (see [12], [13] or [16]). Conversely, suppose that z(g) = {0} and adg h is semisimple for all h ∈ H, and show that g is a basic classical Lie superalgebra. Let α ∈ Δ¯_0. If we suppose that (α|α) = 0, then by Proposition 2.3, (α|β) = 0 ∀β ∈ Δ.

220 S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras

The fact that adg h_α is semisimple implies that [h_α, H] = {0} and [h_α, g^β ] = {0}, it follows that h_α ∈ z(g) = {0}, which contradicts the fact that α ≠ 0. We conclude that (α|α) ≠ 0 ∀α ∈ Δ¯_0.

Moreover, H is commutative because adg h is semisimple for all h ∈ H, then by Lemma 3.1, g¯_0 is a reductive Lie algebra. Since z(g¯_0) ⊂ H, then adg x is semisimple for all x ∈ z(g¯_0). By Corollary 1.6.4 of [7], it follows that the g¯_0-module g¯_1 is semisimple. By Theorem 1.2, we conclude that g is a simple classical Lie superalgebra. �

Corollary. Let (g = g¯_0 ⊕ g¯_1, B) be a quadratic Lie superalgebra, H a Cartan subalgebra

of g¯_0. Then the following assertions are equivalent: i) z(g) = {0} and adg h is semisimple for all h ∈ H;

ii) g =^{⨁n}_{i=1} gi, where each gi is a non-degenerate graded ideal of g such that gi is a

basic classical Lie superalgebra, and B(g_i, g_j) = {0} for all i, j ∈ {1, . . . , n} such that i ≠ j. Moreover, this decomposition is unique.

Remark 3.4. The following result is the version of the corollary above in the case of Lie algebras: Let (g, B) be a quadratic Lie algebra, H a Cartan subalgebra of g. Then g is a semisimple Lie algebra if and only if z(g) = {0} and adg h is semisimple for each element h of H.

This result is Theorem II.1. of [3].

Acknowledgments. I would like to thank the referee for his remarks which improved the readability of this article.

References

[1] Andruskiewitsch, N.: Lie superalgebras and Poisson-Lie supergroups. Abh. Math.

Sem. Univ. Hamburg 63 (1993), 147–163.

[2] Astrakhantsev, V. V.: A characteristic property of simple Lie algebras. Funct. Anal.

Appl. 19 (2) (1985), 65–66.

[3] Benayadi, S.: Une propriété nécessaire et suffisante pour qu’une algèbre de Lie sympathique quadratique soit semi-simple. C.R. Acad. Sci. Paris, 319 (1994), 1155–1158.

[4] Benayadi, S.: Quadratic Lie superalgebras with the completely reducible action of even part on the odd part. Preprint, Université de Metz 1997.

[5] Benamor, H.; Benayadi, S.: Double extension of Lie superalgebras. Comm. Algebra (to appear).

[6] Bourbaki, N.: Groupes et algèbres de Lie. Ch. 7 et 8, Hermann, Paris 1975. [7] Dixmier, J.: Algèbres Enveloppantes. Gautier-Villars Éditeur, Paris 1974. [8] Elduque, A.: Lie superalgebras with semisimple even part. J. Algebra, 138 (1996), 649–663.

[9] Figueroa-O’Farrill, J. M.; Stanciu, S.: Nonreductive WZW models and their CFTs.

Nuclear Phys. B 458 (1990), 137–164.

S.Benayadi: The Root Space Decomposition of the Quadratic Lie Superalgebras 221

[10] Figueroa-O’Farrill, J. M.; Stanciu, S.: On the structure of symmetric self-dual Lie algebras. J. Math. Phys. 37 (8), (1996), 4121–4134.

[11] Gould, M. D.; Zhang, R. B.; Bracken, A. J.: Lie bi-superalgebras and graded classical Yang-Baxter equation. Reviews Math. Phys. 3 (2), (1991), 223–240.

[12] Kac, V.: Lie superalgebras. Adv. Math. 26 (1977), 8–96.

[13] Kac, V.: Representations of classical Lie superalgebras. Lecture Notes in Math. 676 (1978), 597–626.

[14] Medina, A.; Revoy, Ph.: Algèbres de Lie et produit scalaire invariant. Ann. Sci. École Norm. Sup. (4) 18 (1985), 553–561.

[15] Mohammedi, N.: Wess-Zumino-Novikov-Witten models based on Lie superalgebras.

Phys. Lett. B 331 (1994), 93–98.

[16] Scheunert, M.: Theory of Lie superalgebras. An introduction. Lecture Notes in Math.

716 (1979).

Received December 1, 1998