Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 40 (1999), No. 1, 15-25.

Geometrical Probabilities for Convex Test Bodies

Andrei Duma Marius Stoka^∗

FB Mathematik der Fernuniversität -GHS- Hagen Lützowstr. 125, D-58084 Hagen, Germany

Dipartimento di Matematica dell’Università di Torino Via C. Alberto, 10, I-10123 Torino, Italy

Abstract. The purpose of the present paper is to resolve problems of the Buffon type for any convex test body and a lattice the elementary cell of which is a triangle or a regular hexagon. Finally the independence question for three lattices of parallel lines of different distances is studied. MSC 1991: 60D05, 52A22 Keywords: geometric probability, stochastic geometry, random sets; random convex sets and integral geometry

0. In [1] A. Aleman, M. Stoka and T. Zamfirescu considered Buffon’s problem for an arbitrary convex test body K and a lattice of lines whose fundamental cell is a parallelogram and computed the probability p that the test body K dropped at random intersects one of the lines of the lattice (see also [5]). If a, b are the lengths of the sides of the parallelogram, α ∈ [0,^π_2 ] and π − α are its angles, L is the length of the boundary of K and L(φ) is the width of the body in the direction φ, then for the case when max 0≤φ≤π L(φ) < min(a sin α, b sin α) it was proved that p = (a + b)L πab sin α − 1 πab sin^2 α π∫ 0 L(φ)L(φ + α)dφ . (1) �Research partially supported by C.N.R.-G.N.S.A.G.A. and M.U.R.S.T. of Italy (40%, 60%)

0138-4821/93 $ 2.50 cfl 1999 Heldermann Verlag

16 A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies

Here, as usual, φ is defined as the angle between a fixed line in the plane and a given direction related to the body.

In this paper we consider two further types of lattices in the euclidean plane R_3 = R_3(a, b, c) and R_6 = R_6(a): the fundamental cell of R_3 is a triangle with sides of length a, b and c, and the one of R_6 is a regular hexagon with side-length a. As a test body we consider an arbitrary convex body K with centroid S and length of the boundary L. As pointed out above, we fix a direction d related to K and we will specify this whenever necessary by writing (K, d). When K is tangent to an oriented line g, then S_g will denote the orthogonal projection of S onto g, and if φ is the angle between d and SS_g, we set pr(φ) := |SS_g|, the distance from S to g. The 2π-periodic extension pr : R → R of this function will be called the support function with respect to (K, d). The width of (K, d) in the direction φ is then given by L : R → R, L(φ) := pr(φ) + pr(φ + π). The purpose of the present paper is to compute the probabilities p^{(3)}_K and p^{(6)}_K that the test body dropped at random intersects the lattices R_3 and R_6 respectively under the assumption that the support function pr (and hence L) is known.

We will also need some natural assumptions concerning the distribution of the random variables involved here. Let K be the set of all convex bodies that are congruent to K and have centroids inside the fundamental cell. We are going to consider these convex bodies as uniformly distributed, that is, their centroid S, regarded as a 2-dimensional random variable, is uniformly distributed in the fundamental cell, the random variable φ is uniformly distributed in the intervall [0, 2π], and S and φ are stochastically independent.

1. Let T be a fixed cell of R_3; the vertices of T and also the sizes of the corresponding angles will be denoted A, B and C. Further, we let |AB| = c, |BC| = a, |CA| = b, and R be the radius of the circle circumscribed to T. The outward normals to the sides BC, CA and AB of T are denoted by n_a, n_b and n_c. If φ is the angle between d and n_a, then the angle between d and n_b, or d and n_c is φ − C + π, φ + B + π respectively. If φ is fixed, there is a unique triangle T(K, φ), whose sides are parallel to those of T, have the same outward normal vectors, and are also tangent to K. Clearly, T(K, φ) contains K, and for this given value of φ it is independent (up to translations) of the position of K. Let A_φ, B_φ and C_φ be the vertices of T(K, φ) and t(K, φ) its area (which can be expressed in terms of the support function). Finally, let t be the area of T, that is t = 2R^2 sin A sin B sin C. We have sketched this situation below (Figure 1). With the above notations one has

Theorem 1. If the diameter of K is less than^{4t}_{a+b+c} then

p^{(3)}_K = L 4πR sin^A_2 sin^B_2 sin^C_2 − 2π∫ 0 t(K, φ)dφ 4πR^2 sin A sin B sin C

. (2)

Proof. Let M denote the set of test bodies K (i.e. the set of bodies obtained from the fixed body K by means of translations and rotations) whose centroids lie in T, and N the set of test bodies completely contained in T. Using the elementary kinematic measure in the plane (see [4], page 126), that is dK = dx ∧ dy ∧ dφ, where x and y are the coordinates of S, we

A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies 17

Figure 1

see that M and N can be interpreted as subsets of R^3. Moreover, if μ denotes the Lebesgue measure in R^3, we get p^{(3)}_K = 1 − μ(N ) μ(M) . (3)

We first note that μ(M) = 2π∫ 0 dφ ∫∫ {(x,y)∈T} dxdy = 2πt = 4πR^2 sin A sin B sin C . (4)

Suppose that K is tangent to BC and BA (CB and CA, or AC and AB) such that the angle between d and n_a is φ, and denote by B^′_φ (C^′_φ, or A^′_φ) the position of S (always in the interior of T). As it is shown in Figure 2 below we denote by T^′(φ) the triangle with vertices A^′_φ, B^′_φ, C^′_φ and by B_a, C_a the projections of B^′_φ, C^′_φ on BC, by B_c, A_c the projections of B^′_φ, A^′_φ on AB, etc. One has |B^′_φB_a| = |C^′_φC_a| = pr(φ), |C^′_φC_b| = |A^′_φA_b| = pr(φ − C + π) and |A^′_φA_c| = |B^′_φB_c| = pr(φ + B + π). To simplify the notations we set pr(φ) =: pr(φ, a), pr(φ − C + π) =: pr(φ, b), pr(φ + B + π) =: pr(φ, c) . From |BB_a| =^1_{sin B} [ pr(φ, c) + pr(φ, a) cos B ] , |CC_a| =^1_{sin C} [ pr(φ, b) + pr(φ, a) cos C ] we get

the length a(φ) of |B^′_φC^′_φ| :

a(φ) = a − 1 sin B sin C [ pr(φ, a) sin A + pr(φ, b) sin B + pr(φ, c) sin C ] .

18 A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies

Figure 2

If E(K, T, φ) := pr(φ, a) sin A+pr(φ, b) sin B +pr(φ, c) sin C, then for the area t(φ) of T^′(φ) we have t(φ) = [a(φ)]^2 sin B sin C 2 sin A = a^2 sin B sin C 2 sin A − aE(K, T, φ) sin A + E(K, T, φ)^2 2 sin A sin B sin C . This gives μ(N ) =^{2π} ∫ 0 dφ ∫ ∫ {(x,y)∈T^0 ’} dxdy =^{2π} ∫ 0 area (T ⊖ φK)dφ =^{2π} ∫ 0 t(φ)dφ = 2πt −^a_{sin A}^{2π} ∫ 0 E(K, T, φ)dφ +^1_{2 sin A sin B sin C}^{2π} ∫ 0 E(K, T, φ)^2dφ. (5)

Using now the Cauchy formula for convex bodies, i.e.^{2π} ∫ 0 pr(φ)dφ = L, and the fact that pr is periodic we obtain 2π∫ 0 E(K, T, φ)dφ = sin A^{2π} ∫ 0 pr(φ, a)dφ + sin B^{2π} ∫ 0 pr(φ, b)dφ + sin C^{2π} ∫ 0 pr(φ, c)dφ = sin A^{2π} ∫ 0 pr(φ)dφ + sin B^{3π−C} ∫ π−C pr(φ)dφ + sin C^{3π+B} ∫ π+B pr(φ)dφ = (sin A + sin B + sin C)^{2π} ∫ 0 pr(φ)dφ = (sin A + sin B + sin C) L = 4 L cos^A_2 cos^B_2 cos^C_2 .

Let R_φ be the radius of the circle circumscribed to the triangle A_φB_φC_φ. Since the sizes of

A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies 19

the angles in A_φ, B_φ and C_φ are A, B and C respectively, by the sine theorem it follows that:

E(K, T, φ)^2 = ( |B’C’|pr(φ,a)+|C’A’|pr(φ,b)+|A’B’|pr(φ,c) 2R’ )2

= ( 2t(K,φ) 2R’ )2 = ( 2R2’ sin A sin B sin C R’ )2

= 2(2R^2_φ sin A sin B sin C) sin A sin B sin C =2t(K, φ) sin A sin B sin C.

Thus, μ(N ) = 2πt − 8R L cos A 2 cos B 2 cos C 2 + 2π∫ 0 t(K, φ)dφ . (6) and from (3), (4) and (6) we obtain the equality (2). 2 Remarks.

1) In the case when T is equilateral with side of length a, (2) becomes

p^{(3)}_K = 2 √ 3 L πa − 2 π √ 3 a^2 2π∫ 0 t(K, φ)dφ (2^′) = 2 √ 3 πa ( L − 1 a 2ß_3 ∫ 0 t(K, φ)dφ ) . In the last equality above we have used the fact that^{2π}_3 is a period (in general the smallest) of the function φ → t(K, φ).

2) In the case when the test body is a disc C(r) with radius r <^{2t}_{a+b+c} , then t(C(r), φ) equals r^2 ctan^A_2 ctan^B_2 ctan^C_2 , and from (2) we obtain

p^{(3)}_{C(r)} = r 2R sin^A_2 sin^B_2 sin^C_2 − r^2 16R^2 sin^{2 A}_2 sin^{2 B}_2 sin^{2 C}_2

. (7)

3) If K is a needle N of length l then p(φ) =^l_2 | sin φ|, and (2) gives

p^{(3)}_N = l 2πR sin^A_2 sin^B_2 sin^C_2 − l^2f(A, B, C) 8πR^2 sin^2 A sin^2 B sin^2 C

, (8)

where we have denoted

f(A, B, C) := A sin^2 A + B sin^2 B + C sin^2 C + 3 sin A sin B sin C .

This result has been proved by M. Pettineo in [3].

2. The lattice R_3(a, b, c) is the union of three families of equidistant parallel lines. If t is the area of the fundamental cell T of the lattice R_3(a, b, c), then the distance between the parallel lines is^{2t}_a ,^{2t}_b ,^{2t}_c respectively. We denote the three generating families of equidistant parallel lines by R_1 ( 2t a ) , R_1 ( 2t b ) , R_1 ( 2t c ) respectively.

20 A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies

Theorem 2. The probability p that the convex body K with diameter less than^{4t}_{a+b+c} dropped at random intersects exactly three lines of the lattice R_3(a, b, c) is given by the equation 8πR^2p sin A sin B sin C = (9) 2π∫ 0

{ L(φ) [ L(φ + A) sin A + L(φ + B) sin B + L(φ + C) sin C ] − 2t(K, φ) } dφ .

Proof. Let us denote by I_a the event that K intersects a line of R_1 ( 2t a ) . Analogously, we define the events I_b and I_c. Our probability is then p = P (I_a ∩ I_b ∩ I_c). It can be easily seen that the probability P (I_a) to intersect a line of R_1(^{2t}_a ) is the same for the random body K, whether it is generated with respect to the lattice R_3(a, b, c) or with respect to the lattice R_1(^{2t}_a ). Therefore, the well-known formula of Barbier [2] gives

P (I_a) = L π^{2t}_a = L sin A 2πR sin A sin B sin C

(10)

and analogous expressions for P (I_b) und P (I_c). The union R_1 ( 2t a ) ∪ R_1 ( 2t b ) is a lattice of lines whose fundamental cell is a parallelogram with sides of length a and b and angles C and π − C. Again, the event I_a ∪ I_b has the same probability for a random body K in the case of the triangular lattice R_3(a, b, c) as in the case of the parallelogram lattice R_1(^{2t}_a ) ∪ R_1(^{2t}_b ). Hence, from (1) it follows

P (I_a ∪ I_b)=

(sin A+sin B)L 2πR sin A sin B sin C − 1 4πR^2 sin A sin B sin C π∫ 0 L(φ)L(φ+C) sin C dφ. (11) Similarly, one computes P (I_b ∪ I_c) and P (I_c ∪ I_a). Finally, the value P (I_a ∪ I_b ∪ I_c) = p^{(3)}_K is given in Theorem 1, and formula (9) is obtained by replacing the values computed above in the well known relation

P (I_a ∩ I_b ∩ I_c) = P (I_a) + P (I_b) + P (I_c) − P (I_a ∪ I_b) − P (I_b ∪ I_c) − P (I_c ∪ I_a) + P (I_a ∪ I_b ∪ I_c) . 2 Remarks.

1) If especially K is a disc of radius r the width L is the constant function 2r, hence: p = r^2 R^2 sin A sin B sin C ( 1 sin A + 1 sin B + 1 sin C − 1 2 ctan A 2 ctan B 2 ctan C 2 ) (9^′)

2) When K is a needle N of length l such that l < min { 2t a ,^{2t}_b ,^{2t}_c } , then the area t(N, φ) of T(N, φ) is given by

t(N, φ) = l^{2 (1+cos 2φ) sin A}

4 sin B sin C if C − π 2 ≤ φ ≤^π_2 − B ,

l^{2 (1+cos(2φ−2C)) sin B}

4 sin A sin C if π 2 − B ≤ φ ≤^π_2 ,

l^{2 (1+cos(2φ+2B)) sin C}

4 sin A sin B if π 2 ≤ φ ≤^π_2 + C .

A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies 21

Moreover, T(N, φ) and T(N, φ + π) coincide for all values of φ. This implies 2π∫ 0 t(N, φ)dφ = 2 ß_2 +C ∫ C− ß2 t(N, φ)dφ = l^2 sin A 4 sin B sin C

(φ + 1 2 sin 2φ) | | | | | ß_2 −B C− ß2 + l^2 sin B 4 sin A sin C

(φ + 1 2 sin(2φ − 2C)) | | | | ß_2

ß_2 −B + l^2 sin C 4 sin A sin B

(φ + 1 2 sin(2φ + 2B)) | | | | ß_2 +C

ß_2 = l^2(A sin^2 A + B sin^2 B + C sin^2 C)

4 sin A sin B sin C + l^2 8 [ sin A(sin 2B + sin 2C) sin B sin C + sin B(sin 2A + sin 2C)

sin A sin C + sin C(sin 2A + sin 2B) sin A sin B ]

= l^2(A sin^2 A + B sin^2 B + C sin^2 C) 4 sin A sin B sin C + 3l^2 4 . Now for the needle of length l, the width in the direction φ is the function φ → l | sin φ| , hence 2π∫ 0 L(φ)L(φ + A)dφ = ( π−A∫ 0 sin φ sin(φ + A)dφ −^π ∫ π−A sin φ sin(φ + A)dφ

+^{2π−A} ∫ π sin φ sin(φ + A)dφ −^{2π} ∫ 2π−A sin φ sin(φ + A)dφ ) l^2 = [ (π − 2A) cos A + 2 sin A ] l^2 ,

which leads to 2π∫ 0 L(φ) [ L(φ+A) sin A + L(φ+B) sin B + L(φ+C) sin C ] dφ = {[ (π − 2A)ctan A + (π − 2B)ctan B + (π − 2C)ctan C ] + 6 } l^2 .

Thus, the probability for a needle of length l < min { 2t a ,^{2t}_b ,^{2t}_c } dropped at random to intersect simultaneously three lines of the lattice R_3(a, b, c) is given by p= l^2 8πR^2 sin A sin B sin C [ (π−2A)ctan A+(π−2B)ctan B+(π−2C)ctan C (9^{′′}) − A sin^2 A + B sin^2 B + C sin^2 C 2 sin A sin B sin C + 9 2 ] . When T is equilateral ( i.e. A = B = C =^π_3 ) we have p =^{√3 l2}_{2πR2} . In the limit case l →^{3R}_2 one gets p →^{9√3}_{8π} .

Under the assumptions in Theorem 2 and with the notations from its proof we now show:

22 A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies

Theorem 3. The events I_a, I_b and I_c are independent if and only if the following relations are satisfied: 2π∫ 0 L(φ)L(φ + A)dφ = 2π∫ 0 L(φ)L(φ + B)dφ = 2π∫ 0 L(φ)L(φ + C)dφ = 2L^2 π , (12) 2π∫ 0 t(K, φ)dφ = L^2 π ( 1 sin A + 1 sin B + 1 sin C ) − L^3 2π^2R sin A sin B sin C

. (13)

Proof. In [1] it is shown that the events I_a und I_b are independent if and only if: 2π∫ 0 L(φ)L(φ + C)dφ = 2L^2 π ,

which means that I_a, I_b and I_c are pairwise independent exactly when (12) holds. In order to have all three events independent the following additional condition has to be satisfied

P (I_a ∩ I_b ∩ I_c) = P (I_a)P (I_b)P (I_c) .

Using (9) and (10) we can write this last relation as 1 8πR^2 sin A sin B sin C 2π∫ 0

{ L(φ) [ L(φ + A) sin A + L(φ + B) sin B + L(φ + C) sin C ] − 2t(K, φ) } dφ

= L^3 8π^3R^3 sin^2 A sin^2 B sin^2 C . Together with the relation (12) we obtain (13). 2

3. We now consider the lattice R_6 of lines in the euclidean plane whose fundamental cell is a regular hexagon with side of length a and the test body (K, d) with support function pr and width-function L.

Theorem 4. The probability that the test body K with diameter less than a dropped at random intersects the lattice R_6 is

p^{(6)}_K = 2L √ 3 πa − 2 3πa^2 ß_3 ∫ 0

[ 2 2∑ k=−3 pr ( φ+ kπ 3 ) pr ( φ+ (k + 1)π 3 ) − 2∑ k=−3 pr^2 ( φ+ kπ 3 )] dφ. (14)

Proof. For a fixed fundamental cell H with vertices A, B, C, D, E and F consider again the set M of all test bodies K whose centroid lies in H and the set N of those test bodies which are contained completely in H. As in the proof of Theorem 1 we have to compute μ(M) and

A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies 23

μ(N ). For obvious symmetry reasons it is sufficient to consider only the values of φ in the intervall [ 0,^π_3 ] . Moreover, μ(M) is easy to determine:

μ(M) = ß_3 ∫ 0 dφ ∫∫ {(x,y)∈H} dxdy = π 3 · 3 √ 3 πa^2 2 = √ 3 πa^2 2 . Let φ be the angle between d and the outward normal to AB. Then the angles between d and the outward normals to BC, CD, DE, EF and F A are given by φ−^π_3 , φ−^{2π}_3 , φ−π, φ−^{4π}_3 and φ −^{5π}_3 respectively. Let A_φ, B_φ, C_φ, D_φ, E_φ, F_φ be the positions of the centroid of K in the interior of H, in the case when the test body is simultaneously tangent to AF and AB, BA and BC, CB and CD, . . . , F E and F A respectively. We denote by A_2 and A_1 the orthogonal projections of A_φ onto F A and AB, by B_2 and B_1 the orthogonal projections of B_φ onto AB and BC, etc. (see the sketch below, Figure 3).

Figure 3

|A_φA_1| = |B_φB_2| = pr(φ), |B_φB_1| = |C_φC_2| = pr ( φ −^π_3 ) , . . . , |F_φF_1| = |A_φA_2| = pr ( φ −^{5π}_3 ) = pr ( φ +^π_3 ) . Also, by elementary geometrical considerations: |A_φB_φ| = a − 2 √ 3 [ pr ( φ − π 3 ) + pr ( φ + π 3 ) − pr(φ) ] ,

|B_φC_φ| = a − 2 √ 3 [ pr ( φ − 2π 3 ) + pr(φ) − pr ( φ − π 3 ) ] ,

|C_φD_φ| = a − 2 √ 3 [ pr(φ − π) + pr ( φ − π 3 ) − pr ( φ − 2π 3 ) ] ,

24 A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies |D_φE_φ| = a − 2 √ 3 [ pr ( φ + 2π 3 ) + pr ( φ − 2π 3 ) − pr(φ − π) ] ,

|E_φF_φ| = a − 2 √ 3 [ pr ( φ + π 3 ) + pr(φ − π) − pr ( φ + 2π 3 ) ] ,

|F_φA_φ| = a − 2 √ 3 [ pr(φ) + pr ( φ + 2π 3 ) − pr ( φ + π 3 ) ] . Since all the angles of the (in general nonregular) hexagon H(φ) with vertices A_φ, B_φ, . . . , F_φ have the size^{2π}_3 , the area of H(φ) can be computed as:

Area H(φ) = 3 √ 3 a^2 2 − a [ L(φ) + L ( φ − π 3 ) + L ( φ + π 3 ) ]

+ √ 3 3 [ 2 2∑ k=−3 pr ( φ+ kπ 3 ) pr ( φ+ (k + 1)π 3 ) − 2∑ k=−3 pr^2 ( φ+ kπ 3 ) ] . Therefore we have

μ(N ) =

ß_3 ∫ 0 dφ ∫ ∫ {(x,y)∈H(φ)} dxdy = ß_3 ∫ 0 Area H(φ)dφ

=^{√3 πa2}_2 − a

ß_3 ∫ 0 [ L(φ) + L ( φ −^π_3 ) + L ( φ +^π_3 ) ] dφ

+^{1√}_3

ß_3 ∫ 0 [ 2^2 ∑ k=−3 pr ( φ+^{kπ}_3 ) pr ( φ+^{(k+1)π}_3 ) −^2 ∑ k=−3 pr^2 ( φ+^{kπ}_3 ) ] dφ , and (14) follows by replacing the values for μ(M) and μ(N ) in p^{(6)}_K = 1 −^{μ(N )}_{μ(M)} . 2

In the special case when K = C(r) with 2r < a we have pr(φ) = r and L(φ) = 2r for all φ, and (14) becomes: p^{(6)}_{C(r)} = 4 √ 3 r a − 4 3 ( r a )2 . (15)

For a needle of length l < a some cumbersome but straightforward computations lead to the result obtained in 1975 by Stoka (see [6]).

Acknowledgement. The authors are very grateful to the referee for his helpful suggestions.

References

[1] Aleman, A.; Stoka, M.; Zamfirescu, T.: Convex bodies instead of needles in Buffon’s experiment. Geom. Dedicata 67 (1997), 301–308.

A. Duma, M. Stoka: Geometrical Probabilities for Convex Test Bodies 25

[2] Barbier, E.: Note sur le problème de l’aiguille et le jeu du joint couvert. J. de Math. pures et appl. 2 (1860) (5), 273–286.

[3] Pettineo, M.: A Buffon type problem for triangular lattices. Supplemento Rend. Circ.

Mat. di Palermo, serie II (50) (1997), 289–298.

[4] Poincaré, H.: Calcul des probabilités. Ed. 2, Carré, Paris 1912.

[5] Ren, D.; Zhang, G.: Random convex sets in a lattice of parallelograms. Acta Math. Sci.

11 (1991), 317–326.

[6] Stoka, M.: Probabilités géometriques de type ”Buffon” dans le plan euclidien E_n. Atti Accad. Sci. Torino 110 (1975-76), 53–59.

Received June 9, 1997; revised versions November 27, 1997 (1st), April 24, 1998 (2nd)