Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 40 (1999), No. 1, 243-260.

XC-Elements in Groups and

Dietzmann Classes^�

Rudolf Maier José Robério Rogério

Universidade de Brasília, Departamento de Matemática - IE BR - 70.910-900 Brasília - DF, Brazil e-mail: maierr@mat.unb.br

Universidade Federal da Paraíba, Campus II Departamento de Matemática e Estatística BR - 58.109-970 Campina Grande - PB, Brazil

Abstract. Group classes D are investigated for which the following implication is generally true:

G/C_G(x^G) ∈ D and ⟨x⟩ ∈ D =⇒ ⟨x^G⟩ ∈ D.

MSC 1991: 20F24, 20F25 (primary); 20F50 (secondary)

The classical Dietzmann Lemma and the theory of FC-groups, originally developed by R. Baer and B. H. Neumann (see [2],[10]) form the basis of our studies. Let X be any group class (which by definition is supposed to contain the unit group {1} and is closed under isomorphisms). We say an element x of a group G has X-conjugacy class in G, or is an XCelement of G, if G induces on its normal closure N = ⟨x^G⟩ an X-group of automorphisms, that is, G/C_G(x^G) ∈ X, where C_G(x^G) = ∩_{g∈G}C_G(x^g) is the centralizer of the conjugacy class x^G of x in G. The set of all XC-elements of G, the XC-center of G we denote by

ZX^{(G). If Z}X^{(G) = G, the group G is called an} X^{C-group. We also write} X^{C to indicate}

the class of all XC-groups.

�Part of these results were obtained by the second author in his Doctoral Thesis (see [14]). Both authors received financial support by CNPq. The first author was also supported by CAPES, Brasília when staying at the Mathematical Institute in Tübingen where he enjoyed hospitality from 07/97 to 02/98 during a Sabbatical semester.

0138-4821/93 $ 2.50 cfl 1999 Heldermann Verlag

244 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

For the class F of finite groups, the FC-elements are exactly those with only finitely many conjugates, since G/C_G(x^G) is a finite group if and only if |x^G| = |G : C_G(x)| is finite. The classical Dietzmann Lemma states that the normal closure of an FC-element of finite order in every group is finite (see [4], [8, p. 3, Prop. 1.A.3], [13, p. 45, Cor. 2], [15, p. 3, Lemma 1.3]). We want to extend the Dietzmann Lemma to other group classes. For this purpose we say, a class D is a Dietzmann class, if D is closed under subgroups and quotient groups and if for every group G, the normal closure N = ⟨x^G⟩ is a D-group, whenever x is a DC-element of G such that ⟨x⟩ ∈ D. Besides F, the trivial class I = {{1}} as well as the universal class U of all groups are Dietzmann classes. So every group class X lies in a unique smallest Dietzmann class X̄, the Dietzmann closure of X. We suppose that Dietzmann classes are subgroup and quotient group closed ({S,Q}-closed). This is good for the purpose of our studies, avoids abundance of notions and will tacitly (and sometimes fully) be used in the proofs.

It seems that certain extension operators, defined on the universe of all {S, Q}-closed group classes are of interest for the study of Dietzmann classes: First of all, the operator Z which to every group class X associates the class ZX of all central-by-X-groups plays a fundamental role: The Z-closed classes (that is, ZX = X) among the {S,Q}-closed, we call the centrally saturated classes. They are Dietzmann classes for obvious reasons. Extensions of centrally saturated classes by arbitrary {S,Q}-closed ones remain centrally saturated and are therefore Dietzmann classes.

The iterated application of Z to an {S,Q}-closed group class X generates an ascending chain of classes which has as its union the centrally saturated closure, the smallest centrally saturated class which contains X.

Of particular interest, however, are the Dietzmann classes which are not centrally saturated - e.g. the class F_π of finite π-groups for any set π of prime numbers or the class U_ℵ of groups the cardinality of which doesn’t exceed a given cardinal number ℵ ≥ ℵ_0. The operator Z maps Dietzmann classes to Dietzmann classes. So every Dietzmann class D is the starting point of an infinite ascending chain of Dietzmann classes, namely the classes Z^nD of groups which are D-groups over the n-th term of its upper central series for n = 0, 1, 2, . . .. In particular, the classes N_n of all nilpotent groups of nilpotency class ≤ n are (non-centrally saturated) Dietzmann classes for all n = 0, 1, 2, . . ..

There are other extension operators which map all or some Dietzmann classes to Dietzmann classes: If D is a Dietzmann class, the class LD of all local D-groups is Dietzmann. It follows that every Dietzmann class D is the starting point of the 2-fold infinite chain of Dietzmann classes Z^mLZ^nD (m, n = 0, 1, 2, . . .).

If D is closed under the product of two normal subgroups or if D contains all cyclic groups,

the Fitting class F D over D is again Dietzmann. In particular, LF_π and F F_π are Dietzmann classes. This permits generalizations of classical results on FC-groups to (LF_π)C-groups.

Let C denote the operator which to every group class X associates the class XC of all

XC-groups. Is DC always a Dietzmann class if D is Dietzmann? We show that FC - more

general: F_πC - is a Dietzmann class. DC is also Dietzmann if D contains all cyclic groups or if D is residually closed. It remains open in general.

In contrast to these results, there are important group classes which are not Dietzmann classes: For example, the classes

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 245

1) T of all torsion groups, 2) M̂ of all groups with maximum condition on subgroups as well as P of polycyclic and PF of polycyclic-by-finite groups, 3) M̌ of groups with minimum condition on subgroups and^ˇC of^ˇCernikov groups, 4) S2 of metabelian groups. In particular, Dietzmann-by-Dietzmann need not be Dietz-

mann.

This paper is conceived as an attempt to give a preliminary introduction to the subject of Dietzmann classes and has no claim to completeness. On the contrary, the interesting part lies perhaps in the questions which one may still ask and try to answer: There are a lot of further examples of group classes for which one has to decide whether they have the Dietzmann property or not. A challenging task seems to be: How can one describe the Dietzmann closure X̄ of a group class X? Is there a canonical way to do so? We settle the cases when X is a set of finite abelian groups or when X consists of a nonabelian group of order pq only.

As complementary literature for research of different approach in related directions we may cite for example [6] and [9].

The authors are gratefully indebted to the referee for the improvements suggested.

Generalities

The following concrete group classes will appear in our considerations:

A : abelian P : polycyclic B : Baer S : solvable Č :^ˇCernikov S2 : metabelian F : finite T : torsion N : nilpotent Tπ : π-groups for a set π of prime numbers Nn : nilpotent of class ≤ n Z : cyclic U is the universal class of all groups, Uℵ the class of all groups of cardinality ≤ ℵ for a

given cardinal number ℵ and I = {{1}} means the unitary class. By D,X,Y,W we indicate variable classes. Moreover, X_π = X ∩ T_π, in particular, F_π is the class of finite π-groups. XY is the class of X-by-Y-groups, that is: G ∈ XY ⇐⇒ ∃N � G such that N ∈ X and G/N ∈ Y.

A group class X is S-closed, Q-closed, N_0-closed or D_0-closed if it is closed under subgroups, quotient groups, product of two normal subgroups or direct product of two groups, respectively.

Definition. Let X be a group class, G a group. An element x ∈ G is an XC-element of G if G/C_G(x^G) ∈ X. The set ZX(G) of all XC-elements of G is called the XC-center of G. If

ZX^{(G) = G, the group G is called an} X^{C-group. The class of all} X^{C-groups we denote again}

by XC.

In this way, we can interpret C as a right operator C : X → XC, which to every group class X associates the class of all XC-groups. Inductively we may form XC^{n+1} = (XC^n)C. Nevertheless, it won’t cause confusion if we write other classical extension operators (e. g. Z, L, F, . . .) on the left.

246 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

Proposition 1.

a) For every group class X and every group G we have that ZX(G) is a characteristic subset of G. If X ⊆ Y, then

Z(G) = ZI(G) ⊆ ZX(G) ⊆ ZY(G) ⊆ ZU(G) = G . b) G C_G(ZX(G)) is residually an X-group. In particular, if G = ZX(G) is an XC-group, then G/Z(G) is residually an X-group.

c) If X is Q-closed, a sufficient condition for G being an XC-group is G/Z(G) ∈ X. d) If X is {S, Q, D_0}-closed, then ZX(G) is a subgroup and ZX(G) is an XC-group.

Proof. The proofs of a) and c) can be left to the reader.

b) Recall that a group has the property X residually if its normal subgroups with

X-quotient meet in the unit subgroup. Now, CG(ZX(G)) =^⋂_{x∈Z}X_{(G)} CG(x^G) G/CG(x^G) ∈ X ∀x ∈ ZX(G).

d) Let x, y ∈ ZX(G) and put z = xy^{−1}. Thus ⟨z^G⟩ ≤ ⟨x^G⟩⟨y^G⟩ and N = C_G(x^G) ∩ C_G(y^G) ≤ C_G(z^G). Since X is {S, D_0}-closed, we have G/N ∈ X. Therefore, G CG(z^G) ∼=^{G/N}CG(z^G)/N ∈ X, as X is Q-closed.

Let x ∈ H = ZX(G) and E = C_G(x^G). Thus, HE/E ∼=^H_{E∩H} ∈ X, that is, H/C_H (x^H ) ∈ X, as E ∩ H ≤ C_H (x^H ) and X is Q-closed. Therefore H is an XC-group.

Proposition 2. Let X be a class, G a group, H ≤ G and N � G. Then the following hold:

a) If X is {S,Q}-closed, then ZX(G) ∩ H ⊆ ZX(H). In particular, XC is S-closed. b) If X is Q-closed, then {xN | x ∈ ZX(G)} ⊆ ZX(G/N). In particular, XC is Q-closed. c) If X is D_0-closed, then XC is D_0-closed. c’) However, F is N_0-closed but FC is not N_0-closed.

Proof. a) Since H/C_H (x^H ) is an image of HC_G(x^G)/C_G(x^G) ≤ G/C_G(x^G) ∀x ∈ H. b) Since^{G/N}

CG/N ((xN)^{G/N} ) is an image of G/C^G(x^G) ∀x ∈ G.

c) Let G = A × B and x = ab ∈ G where a ∈ A ∈ XC and b ∈ B ∈ XC. Then x^G = a^Ab^B and G/C_G(x^G) is isomorphic to A/C_A(a^A) × B/C_B(b^B) ∈ X. c’) See Example 7.

Dietzmann classes and presentation of some main results We want to dedicate our attention to the following type of group classes:

Definition. A group class D is a Dietzmann class if D is {S, Q}-closed and if for every group G we have the implication x ∈ ZD(G) and ⟨x⟩ ∈ D =⇒ ⟨x^G⟩ ∈ D .

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 247

Remark. The unitary class I and the universal class U are Dietzmann classes. The intersection of Dietzmann classes is again Dietzmann, so that every group class X is contained in a smallest Dietzmann class X̄ which contains X and which may be called the Dietzmann closure of X.

If D contains the infinite cyclic group (i. e. all cyclic groups), the hypothesis ⟨x⟩ ∈ D can of

course be dropped.

It should also be noticed that for a Dietzmann class D there is in general no guarantee or necessity for the DC-center ZD(G) to be a subgroup.

Dietzmann’s Lemma. The class F of all finite groups is a Dietzmann class.

Proof. See [15, p. 3, Lemma 1.3].

Not every group class is a Dietzmann class:

Example 1.

a) The class Z of all cyclic groups is not a Dietzmann class.

b) The class S_2 of all metabelian as well as S_2 ∩ F, the metabelian finite groups are not Dietzmann classes.

c) The class M̂ of groups with maximum condition on subgroups, the classes P of polycyclic

and PF of polycyclic-by-finite groups are not Dietzmann classes.

Proof. a) Consider the alternating group G of degree 4 and let x ∈ G be an involution. Then N = ⟨x^G⟩ ∉ Z, but x is a ZC-element of G with ⟨x⟩ ∈ Z.

b) Consider the linear group G = SL(2, 3) and let x ∈ G have order 3. We have G = N = ⟨x^G⟩ ∉ S_2, although G is a finite S_2C-group and ⟨x⟩ ∈ Z ⊆ S_2.

c) By the restricted regular wreath product G = H ≀ K of the groups H and K we mean the semidirect product G = [B]K where B is the group of all functions of finite support from K to H under pointwise multiplication, the action of K on B being given by: ∀f ∈B, ∀k ∈K: f^k(x) = f(kx) ∀x ∈ K. Let now p be a prime number and consider the restricted regular wreath product G = C_p ≀C_∞ of a group of order p with the infinite cyclic group. There exists f ∈ B such that G/C_G(f^G) is cyclic but ⟨f^G⟩ = B doesn’t satisfy the maximum condition.

The fact that PF is not a Dietzmann class is interesting in view of the following result due to Franciosi, de Giovanni and Tomkinson:

Result 1. (See [5, p. 37, Thm.2.2]) G ∈ (PF)C ⇐⇒ ⟨x^G⟩ ∈ PF ∀x ∈ G (in particular, if every x ∈ G has PF-conjugacy class, then every x generates a PF normal subgroup).

Easy to see, but of some surprise is

Example 2. The class A of all abelian groups is a Dietzmann class.

248 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

Proof. Let G be a group and x ∈ ZA(G). Clearly ⟨x⟩ ∈ A. We have to show that ⟨x^G⟩ is abelian. Let N = ⟨x^G⟩ and E = C_G(N). Thus G/E ∈ A, whence E = C_G(x) � G. It follows that x^{g1} ∈ C_G(x^{g2} ) ∀g_1, g_2 ∈ G. So any two generators of N commute and N has to be abelian.

Combining Example 2 with Dietzmann’s Lemma, we see that also A ∩ F, the finite abelian groups form a Dietzmann class. Example 1 c) shows, however, that A ∩ M̂, the class of finitely generated abelian groups is not a Dietzmann class.

In particular, sub- or upper classes of Dietzmann classes may lose the Dietzmann property. Also Dietzmann-by-Dietzmann (for example abelian-by-abelian) need not be Dietzmann. A slightly more concealed result is:

Theorem A. The class of all FC-groups is a Dietzmann class.

The proof of this theorem, which simply states the general truth of the implication G/C_G(x^G) ∈ FC =⇒ ⟨x^G⟩ ∈ FC for an arbitrary group G and any x ∈ G, is a combination of the classical Baer result “FCgroups are torsion groups over its center” [2], with the following

Fundamental Lemma. Let G be a group and x ∈ G. We put N = ⟨x^G⟩ and E = C_G(N). Let K/E = Z(G/E). Then K ∩ ⟨x⟩ ≤ Z(N). We shall prove this crucial remark below.

Other main results which should be emphasized in this section show that classical extension operators on group classes respect in general or in part the eventual Dietzmann property of a class. Namely

Theorem B. Let D be any Dietzmann class. Then the classes

a) LD of the local D-groups and b) ZD of the central-by-D-groups are Dietzmann classes again.

Theorem C. Let D be a Dietzmann class.

a) If Z ⊆ D or if D is N_0-closed, then the Fitting class F D over D is again a Dietzmann class.

b) If Z ⊆ D or D is residually closed, then the class of DC-groups is Dietzmann. As a consequence we can state:

Theorem D. The following group classes are Dietzmann classes:

a) For every n ≥ 0, the class N_n of nilpotent groups of nilpotency class ≤ n . b) The locally finite groups LF. c) The locally normal finite groups F F

(= the torsion groups among the FC-groups).

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 249

d) The locally solvable torsion groups LS ∩ T.

However, the class T of all torsion groups is not a Dietzmann class.

In the next section we first want to settle a type of “large” group classes which have the Dietzmann property for obvious reasons.

The extension operator Z and centrally saturated classes Definition.

a) For every {S, Q}-closed group class X we denote by ZX = {G | G/Z(G) ∈ X }, the class of groups which are X-groups over its center. Obviously ZX is again {S, Q}- closed and for every nonnegative integer n, the n-fold application of Z associates to every X the class Z^nX = {G | G/Z_n(G) ∈ X }, the groups which are X-groups over the n-th term of its upper central series.

b) An {S, Q}-closed group class X is centrally saturated if ZX = X, i.e. if it is also Z-closed in the usual sense (G/Z(G) ∈ X ⇐⇒ G ∈ X).

Examples of centrally saturated classes are U, N and S. But also each of the following classes is centrally saturated:

1) The groups with normalizer condition ( ∀S < G we have S < N_G(S)), 2) the groups which have all subgroups subnormal, 3) the Baer groups (⟨x⟩ � G ∀x ∈ G), 4) the hypercentral groups ( ∀N � G ∃x ∈ G \ N such that [G, x] ≤ N), 5) the hyper-X-groups ( ∀N � G ∃N < X � G such that X/N ∈ X ); here X is any {S, Q}-closed class with Z ⊆ X. In particular, when X = Z, we get 6) the hypercyclic groups (= the supersolvable groups in the general sense of Baer [3]).

Every class X is contained in a smallest centrally saturated class, the centrally saturated closure of X which is obtained in an obvious way: Proposition 3. Let X be an {S, Q}-closed group class.

a) X = Z^0X ⊆ ZX = Z^1X ⊆ Z^2X ⊆ · · · ⊆ Z^nX ⊆ · · ·

is an ascending chain of {S, Q}-closed group classes. b) Z^∞X= ∞⋃ n=1 Z^nX={G | G/Z_n(G)∈X for some n} is the centrally saturated closure of X.

Proof. Can be left to the reader.

Example 3. For the unitary class I we obtain:

250 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

Z^nI = N_n is the class of nilpotent groups of nilpotency class ≤ n and Z^∞I = N is the class of all nilpotent groups.

For the centrally saturated classes we have:

Proposition 4. Let W be a centrally saturated class. Then:

a) N ⊆ W, in particular Z ⊆ W. b) W is a Dietzmann class.

c) WX is centrally saturated for every class X which is {S, Q}-closed. In particular, WX

is Dietzmann.

Proof. a) Certainly {1} ∈ W. Let G be a nilpotent group of class ≤ n. By induction, G/Z(G) ∈ W. So G ∈ ZW = W.

b) By definition, W is {S, Q}-closed. Let G be any group and x ∈ ZW(G). We put N = ⟨x^G⟩ and E = C_G(N). Thus, G/E ∈ W and therefore N/Z(N) ∼= EN/E ∈ W. Hence N ∈ W. c) Certainly WX is {S, Q}-closed. Suppose G/Z(G) ∈ WX. There exists N/Z(G) � G/Z(G) such that N/Z(G) ∈ W and G/N ∈ X. From N/Z(N) ∈ W it follows N ∈ ZW = W. So

G ∈ WX.

Caution. The fact that arbitrary extensions of a centrally saturated class remain centrally saturated and are therefore Dietzmann classes, should not mislead one to the conclusion that an {S, Q}-closed class which simply contains a centrally saturated class is Dietzmann or centrally saturated. This is wrong:

Consider X = N ∪ F and G = ⟨a⟩ × F , where a has infinite order and F is a finite nonabelian simple group. Let x = (a, y_0) ∈ G with y_0 ≠ 1. We have G/Z(G) ∼= F ∈ F ⊆ X and ⟨x⟩ ∈ Z ⊆ N ⊆ X, but ⟨x^G⟩ ∉ X, since ⟨x^G⟩ is neither finite nor nilpotent. So this X is not Dietzmann, although it contains the centrally saturated class N.

Consequence 1. Let X and Y be any {S, Q}-closed classes of groups. Then

(Z^∞X)Y,

the class of (Z^∞X)-by-Y-groups, is a centrally saturated and therefore a Dietzmann class.

Remark. We always have Z^∞(XY) ⊆ (Z^∞X)Y. But equality doesn’t hold in general: For

X = I and Y = F{2} we have Z^∞(XY) = Z^∞(IF{2}) = N ⊂ NF{2} = (Z^∞I)F{2} = (Z^∞X)Y,

as G ∈ NF_{{2}} \ N when G is the symmetric group of degree 3.

The operator Z and non-centrally saturated Dietzmann classes

F is a non-centrally saturated Dietzmann class. First of all, Dietzmann’s Lemma can be

extended as:

Proposition 5.

a) For every cardinal number ℵ ≥ ℵ_0, the class U_ℵ of all groups of cardinality ≤ ℵ, is a Dietzmann class.

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 251

b) For every set π of prime numbers, F_π is a Dietzmann class.

Proof. a) We have Z ⊆ U_ℵ. Let G be a group and x ∈ G such that G/C_G(x^G) ∈ U_ℵ. Then of course also N = ⟨x^G⟩ ∈ U_ℵ, as the generating system x^G of N is of cardinality |x^G| = |G : C_G(x)| = |{C_G(x)y | y ∈ G}| ≤ |G/C_G(x^G)| ≤ ℵ. b) Let G be a group, x ∈ G with ⟨x⟩ ∈ F_π and suppose G/E ∈ F_π where E = C_G(N) and N = ⟨x^G⟩. By Dietzmann’s Lemma, N is finite. Moreover, N/Z(N) ∼= EN/E is a π-group. So the π-elements of N form a characteristic subgroup of N which has to contain the generators x^g of N for all g ∈ G. Therefore N is a π-group.

We now come to the proof of our

Fundamental Lemma. Let G be a group and x ∈ G. We put N = ⟨x^G⟩ and E = C_G(N). Let K/E = Z(G/E). Then K ∩ ⟨x⟩ ≤ Z(N). Proof. We have E ∩ N = Z(N). We put Y = K ∩ ⟨x⟩. Now YE/E ≤ Z(G/E) and therefore

YE � G. Thus Y Z(N) = N ∩ YE � G. For all g ∈ G we have therefore Y ≤ Y Z(N) =

(Y Z(N))^g = Y^gZ(N) ≤ ⟨x^g⟩Z(N) ≤ N. Since ⟨x^g⟩Z(N) is an abelian group, we conclude that N = ⟨x^G⟩ centralizes Y . So Y ≤ E ∩ ⟨x⟩ ≤ Z(N).

As a first application of the Fundamental Lemma we provide a proof of our Theorem B b) which states that the operator Z is generally “Dietzmann-friendly”:

Proposition 6. Let D be a Dietzmann class. Then ZD is a Dietzmann class.

Proof. ZD is closed under subgroups and homomorphic images. Let G be a group and x ∈ Z_ZD(G). Clearly ⟨x⟩ ∈ Z ⊆ ZD. We have to show that ⟨x^G⟩ ∈ ZD. We put N = ⟨x^G⟩ and E = C_G(N). Thus E ∩ N = Z(N) and G/E ∈ ZD. Let K/E = Z(G/E), so that G/K ∈ D. With Y = ⟨x⟩ ∩ K we have ⟨x⟩/Y ∼= K⟨x⟩/K ∈ D, as D is subgroup-closed. By the Fundamental Lemma, Y ≤ E ∩ ⟨x⟩. Since ⟨x⟩/Y ∈ D, the cyclic group ⟨xE⟩ = ⟨x⟩E/E ∼= ⟨x⟩/E ∩ ⟨x⟩ is also a D-group. Since G/E is a DC-group and D is a Dietzmann class, this means N/Z(N) ∼= NE/E = ⟨(xE)^{G/E}⟩ ∈ D. Therefore N ∈ ZD.

Corollary. If π is a set of prime numbers, for the Dietzmann class F_π of all finite π-groups we have the proper chain of Dietzmann classes Fπ ⊂ ZFπ ⊂ · · · ⊂ Z^nFπ ⊂ · · · . In particular, if π is empty, that is, F_∅ = I, this chain becomes

I = N0 ⊂ N1 = A ⊂ N2 ⊂ · · · ⊂ Nn ⊂ · · ·

and we see that for each n ≥ 0, the classes N_n of nilpotent groups of nilpotency class ≤ n form Dietzmann classes.

So Theorem D a) is proved.

252 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

The local operator L

Definition. Let X be an {S, Q}-closed group class. We denote by LX the class of local

X-groups, that is,

G ∈ LX ⇐⇒ ⟨S⟩ ∈ X for every finite subset S ⊆ G.

(See [8], [13]). Also the operator L is generally Dietzmann-friendly: Our Theorem B a) is identical with

Proposition 7. Let D be a Dietzmann class. Then LD is a Dietzmann class.

Proof. Clearly LD is closed under subgroups and homomorphic images. Let G be a group and x ∈ Z_LD(G) such that ⟨x⟩ ∈ LD, that is, ⟨x⟩ ∈ D. Let N = ⟨x^G⟩ and E = C_G(N). Thus G/E ∈ LD. We have to show that N ∈ LD :

Let S be a finite subset of N. Then ⟨S⟩ ≤ ⟨x, x^{g1} , x^{g2} , . . . , x^{gn} ⟩ for certain g_1, g_2, . . . , g_n ∈ G. We consider G_0 = ⟨E; x, g_1, . . . , g_n⟩ and have that the finitely generated subgroup G_0/E of G/E is a D-group. Put N_0 = ⟨x^{G0} ⟩. Since E ≤ E_0 = C_{G0} (N_0), we see that G_0/E_0 ∈ D which means that x is a DC-element of G_0. Since ⟨x⟩ ∈ D and D is Dietzmann, we conclude that N_0 ∈ D. But ⟨S⟩ ≤ ⟨x, x^{g1} , . . . , g^{gn} ⟩ ≤ N_0, so that ⟨S⟩ ∈ D. This means N ∈ LD.

By Theorem B b), Z^nD (n ≥ 0), are Dietzmann classes for every Dietzmann class D. Moreover, combining a) and b) of Theorem B, we see that every Dietzmann class is the starting point of a 2-fold infinite series of Dietzmann classes:

Consequence 2. For every Dietzmann class D, all members in the scheme LD ⊆ ZLD ⊆ · · · ⊆ Z^mLD ⊆ · · · ∩ ∩ ∩ LZD ⊆ ZLZD ⊆ · · · ⊆ Z^mLZD ⊆ · · · ∩ ∩ ∩ . . · · · . . · · · . . · · · ∩ ∩ ∩ LZ^nD ⊆ ZLZ^nD ⊆ · · · ⊆ Z^mLZ^nD ⊆ · · · ∩ ∩ ∩ . . · · · . . · · · . . · · · are Dietzmann classes.

Remark. We have for all {S, Q}-closed classes X : Z^nLX ⊆ LZ^nX. Since L is idempotent, we get therefore LZ^nLX ⊆ LZ^nX. But LX ⊇ X implies also LZ^nLX ⊇ LZ^nX. Thus LZ^nL = LZ^n. It follows Z^mLZ^{n1} LZ^{n2} L · · · Z^{nr} L = Z^mLZ^{n1+n2+...+nr} for all nonnegative exponents m, n_1, . . . , n_r.

The classes Z^nLX and LZ^nX are distinct in general. For example, ZLF ⊂ LZF:

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 253

Let 2 < p_1, p_2, . . . , p_k, . . . be a sequence of distinct prime numbers. Let H = C_{p1} × C_{p2} × · · · × C_{pk} × · · · denote the restricted direct product of groups of order p_k. Let ε_k be a primitive (p_k − 1)th root of unity mod p_k. For (x_1, x_2, . . . , x_k, . . .) ∈ H define (x_1, x_2, . . . , x_k, . . .)^a = (x^{ε1}_1 , x^{ε2}_2 , . . . , x^{εk}_k , . . .). Then a is an automorphism of H of infinite order. For the group G = [H]⟨a⟩ we have Z(G) = 1 and it follows G ∈ LZF \ ZLF.

The Fitting operator F Definition. For every {S, Q}-closed class X we denote by F X the Fitting class over X, that is, G ∈ F X ⇐⇒ ⟨x^G⟩ ∈ X ∀x ∈ G. Remark. For G ∈ F X we say that G is a Fitting-X-group. If X is also N_0-closed, every finite set of elements of a group in F X generates a normal X-subgroup. In this case F X ⊆ LX and the groups in F X are known in the literature as the “locally normal (and) X-groups” ([13, p. 36], [8, p. 3/4]). The Fitting-N-groups are exactly the groups which are generated by their nilpotent normal subgroups and are known as the “Fitting groups”.

Theorem C a) is identical with

Proposition 8. Let D be a Dietzmann class. Suppose that D is N_0-closed or Z ⊆ D. Then

F D is a Dietzmann class.

Proof. Clearly F D is {S, Q}-closed. Let G be a group and x ∈ Z_F D(G) such that ⟨x⟩ ∈ F D, that is, ⟨x⟩ ∈ D. We have to show that ⟨x^G⟩ ∈ F D. We put N = ⟨x^G⟩ and E = C_G(N). Since G/E ∈ F D, we see that N/Z(N) ∼= NE/E = ⟨(xE)^{G/E}⟩ ∈ D. In particular, N is a

DC-group. Let y ∈ N.

(i) If Z ⊆ D, then ⟨y⟩ ∈ D and we conclude ⟨y^N ⟩ ∈ D by the Dietzmann property of D. (ii) Let D be N_0-closed. Since ⟨x⟩ ∈ D, we conclude ⟨x^N ⟩ ∈ D. So N � ⟨x^N ⟩^g ∈ D for

all g ∈ G. There exist g_1, g_2, . . . , g_n ∈ G such that y ∈ n∏ i=1 ⟨x^N ⟩^{gi} ∈ D, as D is N_0-closed.

Therefore ⟨y⟩ ∈ D and it follows that ⟨y^N ⟩ ∈ D. So N ∈ F D in both cases.

Consequence 4. Let D be any Dietzmann class which is N_0-closed or which contains all cyclic groups. Then all members in the chains F D ⊆ F ZD ⊆ · · · ⊆ F Z^nD ⊆ · · · and F D ⊆ ZF D ⊆ · · · ⊆ Z^nF D ⊆ · · · are Dietzmann classes again.

Some Dietzmann classes of torsion groups Proposition 9. Let π be a set of prime numbers. The following classes of torsion groups have the Dietzmann property:

254 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

a) The class LF_π of locally finite π-groups. b) The Fitting class F F_π over the finite π-groups (= the locally normal finite π-groups = the π-groups among the FC-groups).

c) The class LS ∩ T_π of locally solvable π-groups.

Proof. For a) it suffices to remark that F_π is a Dietzmann class by Proposition 5 b). Thus Theorem B a) applies.

b) Fπ is also N0-closed. So Theorem C a) applies.

c) Since locally solvable torsion groups are locally finite, we have that LS ∩ T_π =

LS ∩ LF ∩ Tπ = LS ∩ LFπ is the intersection of two Dietzmann classes and therefore

Dietzmann.

In particular, for π = {all primes}, Theorem D b) c) d) is shown.

The classes in Proposition 9 are special classes of torsion groups. This is remarkable in view of the fact that the class T of all torsion groups is not a Dietzmann class. The following example was pointed out to us by Prof. P. Shumyatsky:

Example 4. The class T of all torsion groups is not a Dietzmann class.

Proof. There exists a nonabelian torsionfree group H for which H/Z(H) is a torsion group (see [1, Ch. VII, §1, p. 269 ff.]). Let x be a nontrivial inner automorphism of H and consider the semidirect product G = [H]⟨x⟩. Then ⟨x⟩ ∈ T and G/C_G(x^G) ∈ T, but ⟨x⟩ < ⟨x^G⟩ = ⟨x⟩(H ∩ ⟨x^G⟩) ∉ T. Also other important classes of torsion groups are not Dietzmann classes:

Example 5. The class M̌ of groups with minimum condition on subgroups as well as the class Č of the Černikov groups are not Dietzmann classes.

Proof. Recall that a group is a Černikov group if it is abelian-by-finite with the minimum condition on its subgroups, that is, Č = M̌ ∩ AF. Let p be a prime number. In the restricted regular wreath product G = C_p ≀ C_p1, of a group of order p with the p-Prüfer group, there exists an element f ∈ B of order p such that G/C_G(f^G) ∼= C_p1 ∈ Č, while ⟨f^G⟩ = B doesn’t satisfy the minimum condition.

Also this example (compare with Example 1 c)) is interesting in view of the following Polovickii-Theorem:

Result 2. (See [12], [13, p. 127, Thm.4.36]) G/C_G(x^G) ∈ Č ∀x ∈ G =⇒ ⟨x^G⟩ ∈ Č for every torsion element x of G (i.e. if all elements of G have Černikov conjugacy classes, then all torsion elements generate Černikov normal subgroups).

The same example also shows that A ∩ M̌, the abelian groups with minimum condition do not form a Dietzmann class, whereas the torsion abelian groups A ∩ T = A ∩ LF do.

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 255

The fact that LF_π is a Dietzmann class, permits the generalization of classical results on

FC-groups for (LFπ)C-groups (see [10, p. 184, 5.1]). Recall here that Dietzmann’s Lemma

can be interpreted by the equality FC ∩ T = F F.

Proposition 10. Let π be a set of prime numbers, G a group and T_π(G) the set of the π-elements of G. Then

a) T_π(G) ∩ Z_LF_π (G), the π-elements of the (LF_π)C-center of G, form a characteristic subgroup of G. In particular, if G is an (LF_π)C-group, then T_π(G) is a subgroup.

b) (LF_π)C ∩ T_π = LF_π.

c) However, if π ≠ ∅, we have (F F_π)C ∩ T_π ⊃ F F_π.

Proof. a) Let x, y ∈ T_π(G) ∩ Z_LF_π (G). Thus ⟨x^G⟩ and ⟨y^G⟩ are locally finite π-groups as LF_π is Dietzmann. Since LF_π is N_0-closed (see [8, p. 2, 1.A.2], [13, p. 35, Th. 1.45]), xy^{−1} ∈ ⟨x^G⟩⟨y^G⟩ ⊆ T_π(G) ∩ Z_LF_π (G).

b) “⊇” is clear. For x_1, . . . , x_r ∈ G ∈ (LF_π)C ∩ T_π, we have x_1, . . . , x_r ∈ ⟨x^G_1 ⟩ · · · ⟨x^G_r ⟩ ∈ LF_π, so that ⟨x_1, . . . , x_r⟩ ∈ F_π. This means G ∈ LF_π.

c) Certainly (F F_π)C ∩T_π ⊇ F F_π. We have to construct an example of a group G ∈ (F F_π)C ∩

Tπ \ F Fπ: For p ∈ π consider G = [A]⟨y⟩ where A is any infinite direct product of cyclic

groups of order p^2 and a^y = a^{p+1} ∀a ∈ A. Then G ∈ (F F_π)C ∩ T_π, but G ∉ F F_π. Indeed we have that y is of order p so that G ∈ T_π. Moreover Z(G) = {a^p | a ∈ A} = G^′ = [A, y]. Therefore, G/Z(G) ∈ A ∩ T_π ⊆ F F_π, whence G ∈ (F F_π)C. But ⟨y^G⟩ = [A, y]⟨y⟩ ∉ F, so that G ∉ F F_π. We also have

Proposition 11. For every (LF)C-group G, the commutator subgroup is locally finite and the set T(G) of all torsion elements forms a characteristic subgroup with abelian factorgroup.

Proof. By Proposition 10 a), looking at the set π of all prime numbers, we see that T(G) is a subgroup. Moreover, for any x_1, . . . , x_n ∈ G^′, we have x_1, . . . , x_n ∈ H^′ for a finitely generated subgroup H ≤ G. So H ∈ ZF and it follows that H^′ has finite order, whence ⟨x_1, . . . , x_n⟩ is finite. So G^′ is locally finite and G^′ ≤ T(G).

Remark. Example 4 shows that, in TC-groups, the set T(G) need not be a subgroup.

The Dietzmann class of all FßC-groups Also the Dietzmann property of the classes F_πC follows by our Fundamental Lemma together with the following extension of a result of Baer [2]:

Lemma. Let π be a set of prime numbers. If G is an F_πC-group, then G/Z(G) is a torsion π-group.

Proof. By [2] (see [15, p. 4, Thm.1.4]), G/Z(G) ∈ T. But we must have G/Z(G) ∈ T_π , since Z(G) = ⋂ x∈G C_G(x^G) and G/C_G(x^G) ∈ F_π.

Proposition 12. Let π be a set of prime numbers.

256 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

a) For every group G and x ∈ ZF_{πC} (G) we have ⟨x^G⟩ ∈ ZF_π.

b) FπC is a Dietzmann class.

For π = {all primes}, Theorem A follows.

Proof. a) Let G be a group and x ∈ G an (F_πC)C-element. Put N = ⟨x^G⟩ and E = C_G(N). Thus E ∩ N = Z(N) and G/E ∈ F_πC. Let K/E = Z(G/E) and Y = ⟨x⟩ ∩ K. By the Lemma, G/K is a torsion π-group. Therefore ⟨x⟩/Y ∼= K⟨x⟩/K ∈ F_π. The Fundamental Lemma yields Y ≤ E so that xE is an element of G/E of finite π-order. Since G/E is an

FπC-group, Proposition 5 b) shows that N/Z(N)^∼= NE/E = ⟨(xE)^{G/E}⟩ is a finite π-group.

Therefore N ∈ ZF_π.

b) FπC is {S, Q}-closed and for every group G and all x ∈ ZF_{πC} (G) we have by a): ⟨x^G⟩ ∈ ZFπ ⊆ FπC. The operator C and the question on the Dietzmann property of DC

Recall the definition of the class of all XC-groups: G ∈ XC ⇐⇒ G/CG(x^G) ∈ X ∀x ∈ G. Clearly X ⊆ ZX ⊆ XC for every Q-closed class of groups. If X is also residually closed, then

ZX = XC (see Proposition 1 b)). For example, for the residually closed classes Nn we have ZNn = NnC = Nn+1.

X is C-closed, if XC = X. {S, Q, C}-closed classes are also centrally saturated and therefore

Dietzmann classes.

Example 6.

a) The class B of all Baer groups is C-closed.

b) The class N of all nilpotent groups is centrally saturated but not C-closed.

Proof. a) If G ∈ BC and x ∈ G, then ⟨x⟩E/E = ⟨xE⟩ � �G/E ∈ B, where E = C_G(x^G). But ⟨x⟩ � ⟨x⟩E, so that ⟨x⟩ � �G. This means G ∈ B.

b) Let G_n ∈ N_n \ N_{n−1} for n = 1, 2, . . .. For the restricted direct product H of the G_n we have H ∈ NC \ N.

Some extensions of centrally saturated classes are even C-closed:

Proposition 13. Let W be a centrally saturated class. Then

a) F W is C-closed.

b) If W is D_0-closed, then LW is C-closed.

In particular, these classes are centrally saturated and therefore Dietzmann.

Proof. a) Let G ∈ (F W)C. We have to show G ∈ F W: For every x ∈ G we have G/E ∈ F W, where E = C_G(N) and N = ⟨x^G⟩. It follows ⟨(xE)^{G/E}⟩ ∈ W, so that N/Z(N) ∈ W. But then N = ⟨x^G⟩ ∈ ZW = W. Since x was arbitrary, this means that G ∈ F W. b) Let G ∈ (LW)C, S ⊆ G a finite subset. Let E = ⋂ x∈S C_G(x^G) and H = ⟨S⟩. Since S is

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 257

finite and W is D_0-closed, we see that G/E ∈ LW. Therefore HE/E ∼= H/H ∩ E ∈ W. We conclude H/Z(H) ∈ W, whence H ∈ ZW = W. This means G ∈ LW. So LW is C-closed.

So the locally nilpotent, the locally normal nilpotent (= the Fitting groups), the locally solvable and the locally normal solvable groups are further examples of C-closed classes.

We already know that F_πC are Dietzmann classes for every set π of primes. What about DC in general?

Theorem C b) is identical with:

Proposition 14. Let D be a Dietzmann class and suppose that Z ⊆ D or that D is residually closed. Then DC is a Dietzmann class.

Proof. (i) If D is residually closed, then DC = ZD and by Theorem B b) DC is again Dietzmann.

(ii) Let Z ⊆ D. Given any group G and x ∈ ZD_C (G), we put N = ⟨x^G⟩ and E = C_G(N). Thus G/E ∈ DC. Since ⟨xE⟩ ∈ Z ⊆ D, we get N/Z(N) ∼= EN/E = ⟨(xE)^{G/E}⟩ ∈ D. So N ∈ ZD ⊆ DC. This means that DC is a Dietzmann class.

Consequence 5. All terms in the chains Fπ ⊂ FπC ⊂ FπC^2 ⊂ · · · ⊂ FπC^n ⊂ · · · , LFπ ⊂ L(FπC) ⊂ · · · ⊂ L(FπC^n) ⊂ · · · and F Fπ ⊂ F (FπC) ⊂ · · · ⊂ F (FπC^n) ⊂ · · · are Dietzmann classes.

Proof. The first chain: For n = 0 , this is Proposition 5 b). For n = 1 this is Proposition 12. For n ≥ 2, this is a consequence of Theorem C b), since Z ⊆ F_πC.

The second chain: By Theorem B a) we may apply the local operator L to the first chain. The third chain: F F_π is Dietzmann by Theorem C a) as F_π is N_0-closed. For n ≥ 1, F (F_πC^n) is Dietzmann as Z ⊆ F_πC^n.

Question. Is it perhaps true that DC is always a Dietzmann class whenever D is Dietzmann? We know it for Z ⊆ D or for D = F_π or when D is residually closed.

What about (LF)C – is it a Dietzmann class? The proof pattern of Proposition 12 which shows the Dietzmann property for FC does not work for (LF)C, since (LF)C-groups may very well have non-torsion center quotient group (see [11, p. 385]):

Let H = C_p1 × C_p1 for some prime p and consider the automorphism x of H defined by (a, b)^x = (a, ab) ∀(a, b) ∈ H. Put G = [H]⟨x⟩. We have Z(G) = {(1, b) | b ∈ C_p1}. So G/Z(G) ∉ T as x has infinite order. But G/C_G(x^G) ∼= C_p1 and H < C_G((a, b)^G) for all (a, b) ∈ H. This shows G ∈ (LF)C (in fact G ∈ ČC).

If we could replace in our Fundamental Lemma the center K/E by L/E = C_{G/E}(NE/E) and obtained L ∩ ⟨x⟩ ≤ Z(N), we would be done with the general proof of the Dietzmann property for DC. But this “altered fundamental Lemma” is definitively false, as is shown by

258 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

the dihedral group of order 16:

Let G = ⟨x, t | x^2 = (xt)^2 = 1 = t^8 ≠ t^4⟩ with N = ⟨x^G⟩ = ⟨t^2, x⟩, E = C_G(N) = Z(N) = Z(G) = ⟨t^4⟩. We have L/E = C_{G/E}(NE/E) = N/E and so L ∩ ⟨x⟩ = ⟨x⟩ ≰ E. But, the same proof like that of Proposition 12 gives:

Proposition 15.

a) For every group G and x ∈ G with G/C_G(x^G) ∈ (LF_π)C ∩ZT_π we have ⟨x^G⟩ ∈ ZLF_π ⊆ (LFπ)C ∩ ZTπ. b) (LF_π)C ∩ ZT_π is a Dietzmann class.

Another question is, whether Proposition 12 a) can be generalized for more than one (FC)Celement. That is, if G is a group and x_1, x_2, . . . , x_r ∈ ZF_C (G), is it true that N = ⟨x^G_1 ⟩...⟨x^G_r ⟩ is central-by-finite or at least an FC-group when r ≥ 2 ? That this is not so is shown by the following example (which also shows that FC is not N_0-closed):

Example 7. Let G be the group of 3 × 3 upper triangular matrices over the integers with 1 in the diagonal and consider the elements

x = 1 1 0 0 1 0 0 0 1 and y =

1 0 0 0 1 1 0 0 1

in G. We have that G = ⟨x^G⟩⟨y^G⟩ is the product of the abelian normal subgroups ⟨x^G⟩ and ⟨y^G⟩ of G. It follows that x and y are AC-elements (in particular (FC)C-elements) of G. But N = G is not an FC-group, since these elements have infinitely many conjugates in G.

But the following remains true:

Proposition 16. Let G be a group, π a set of prime numbers and x_1, x_2, . . . , x_r ∈ ZF_{πC} (G) elements of finite π-orders. Then N = ⟨x^G_1 ⟩⟨x^G_2 ⟩ · · · ⟨x^G_r ⟩ ∈ ZF_π, in particular, N is an F_πC-group.

Proof. Let E = r⋂ i=1 C_G(x^G_i ). Thus G/E is an F_πC-group as F_πC is {S, Q, D_0}-closed. Since

the x_iE are of finite π-orders by hypothesis, Proposition 5 b) shows that N/Z(N) ∼= NE/E = ⟨x_1E⟩^{G/E}⟨x_2E⟩^{G/E} · · · ⟨x_rE⟩^{G/E} is a finite π-group. Examples of Dietzmann closures

We want to finish our studies with the construction of the Dietzmann closure in some of the simplest cases. First we prove:

Proposition 17. Let X be a class containing the cyclic group C_n. Then for any m, the m-fold direct product C_n × C_n × · · · × C_n lies in the Dietzmann closure X̄.

R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes 259

Proof. We induct on m, the case m = 1 being clear. We think of C_n in additive notation. Let already K = C_n × · · · × C_n ∈ X̄ when K has m − 1 factors. Let N = K × C_n and consider the semidirect product G = [N]A where

A = 1 a_2 a_3 · · · a_m 0 1 0 · · · 0 · · · 0 0 · · · 0 1 | a_k ∈ C_n ∼= K .

For x = (1, 0, . . . , 0) we have ⟨x⟩ ∈ X and N = ⟨x^G⟩ as well as N = C_G(N), so that by induction, K ∼= G/C_G(N) ∈ X̄. We conclude N ∈ X̄, as X̄ is a Dietzmann class.

Example 8. Let n_1, n_2, . . . , n_k, . . . be a sequence of natural numbers. We fix any finite abelian groups F_{n1} , F_{n2} , . . . , F_{nk} . . . of exponents exactly n_k and put X = {F_{n1} , F_{n2} , . . .}. We claim that the Dietzmann closure of X is

X̄ =^{∞⋃}_{k=1} An_k ,

where A_{nk} = {Y ∈ A ∩ F | x^{nk} = 1 ∀x ∈ Y } is the class of finite abelian groups of exponent dividing n_k.

Proof. Let D_0 = ∞⋃ k=1 An_k . Clearly X ⊆ D0.

(i) D0 is a Dietzmann class: D0 is {S, Q}-closed. Let G be a group and x ∈ ZD_0 (G) with

⟨x⟩ ∈ D_0. So G/C_G(x^G) ∈ A_{nk} and ⟨x⟩ ∈ A_{nl} for some k and l. Since A ∩ F is a Dietzmann class, it follows N = ⟨x^G⟩ ∈ A_{nl} ⊆ D_0.

(ii) Let D denote any Dietzmann class with X ⊆ D. Thus C_{nk} ∈ D. By Proposition 17, every m-fold direct product C_{nk} × · · · × C_{nk} ∈ D. But for every Y ∈ D_0, there exist k and m such that Y ≤ C_{nk} × · · · × C_{nk} . Therefore Y ∈ D, whence D_0 ⊆ D. (i) and (ii) show that D_0 = X̄.

Remark. Proposition 17 should not mislead the reader to conclude that Dietzmann classes are closed under direct products. This is wrong: For X = {C_2, C_3} the Dietzmann closure

X̄ = A2 ∪ A3 does not contain C2 × C3 .

Example 9. Let p, q be prime numbers such that q divides p − 1 and let X denote the nonabelian group of order pq. Then the Dietzmann closure of X = {X} is X̄ = Ap ∪ Aq ∪ {X} . Proof. Certainly {C_p, C_q, X} ⊆ X̄ so that, using Example 8 and Proposition 5 b), A_p ∪

Aq ∪ {X} ⊆^¯X ⊆ F{p,q}. We have to show that Ap ∪ Aq ∪ {X} is a Dietzmann class. Let

G be a group, x ∈ G such that G/E and ⟨x⟩ are in A_p ∪ A_q ∪ {X}, where N = ⟨x^G⟩ and

260 R. Maier, J. R. Rogério: XC-Elements in Groups and Dietzmann Classes

E = C_G(N). Now x is of order p or q. Since we may assume that N is nonabelian, we have N/Z(N) ∼= X ∼= G/E so that NE = G. Therefore N = ⟨x^N ⟩ and N is a finite {p, q}-group with abelian Sylow subgroups and normal Sylow p-subgroup P . Hence x is of order q and N cannot have a proper p-quotient. Since P = [P, N] × C_P (N) (see [7, p. 177, Thm.2.3]), we conclude [P, N] = P whence C_P (N) = 1. So Z(N) is a q-group and |P | = p. With K = [P ]⟨x⟩ we have N = Z(N) × K with x ∈ K ∼= X. Thus K = ⟨x^N ⟩ = N ∼= X. This shows X̄ = A_p ∪ A_q ∪ {X}.

References

[1] Adian, S. I.: The Burnside Problem and Identities in Groups. Ergebn. der Math. und ihrer Grenzgebiete 95, Springer, Berlin Heidelberg New York 1979.

[2] Baer, R.: Finiteness Properties of Groups. Duke Math. J. 15 (1948), 1021–1032. [3] Baer, R.: Supersoluble groups. Proc. Amer. Math. Soc. 6 (1955), 16–32. [4] Dietzmann (Dicman), A. P.: On p-groups. Dokl. Akad. Nauk SSSR 15 (1937), 71–76. [5] Franciosi, S.; de Giovanni, F.; Tomkinson, M. J.: Groups with polycyclic-by-finite conjugacy classes. Bolletino U. M. I. 7 (1990), 35–55.

[6] Franciosi, S.; de Giovanni, F.; Kurdachenko, L. A.: The Schur property and groups with uniform conjugacy classes. J. Algebra 174 (1995), 823–847.

[7] Gorenstein, D.: Finite groups. Harper and Row Publishers, New York Evanston London 1968.

[8] Kegel, O. H.; Wehrfritz, A. F.: Locally finite groups. North Holland Publishing Company, Amsterdam 1973.

[9] Kurdachenko, L. A.: On normal closures of elements in generalized FC-groups. Infinite groups 1994 – Conference Proceedings, Ravello. De Gruyter 1995.

[10] Neumann, B. H.: Groups with finite classes of conjugate elements. Proc. London Math.

Society 1 (1951), 178–187.

[11] Otal, J.; Peña, J. M.; Tomkinson, M. J.: Locally inner automorphisms of CC-groups.

J. Algebra 141 (1991), 382–398.

[12] Polovickiĭ, D.: Groups with extremal classes of conjugate elements. Sibirsk. Math. Ž.

5 (1964), 891–895.

[13] Robinson, D. J. S.: Finiteness conditions and generalized soluble groups, Part 1. Springer Verlag 1972.

[14] Rogério, J. R.: XC-elementos em grupos e classes de Dietzmann. Tese de Doutorado, Universidade de Brasília 1997.

[15] Tomkinson, M. J.: FC-groups. Pitman Advanced Publishing Program. Boston London Melbourne 1984.

Received May 18, 1998