Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 40 (1999), No. 1, 195-202.

Symmetric Models of the

Real Projective Plane

H. R. Farran Maria do Rosario Pinto* S. A. Robertson

Department of Mathematics, Kuwait University P. O. Box 5969, 13060 Safat, Kuwait e-mail: farran@math-1.sci.kuniv.edu.kw Centro de Matemática da Universidade do Porto Faculdade de Ciências, 4050 Porto, Portugal e-mail: mspinto@fc.up.pt Faculty of Mathematical Studies, University of Southampton Southampton SO17 3BJ, U. K. e-mail: sar@maths.soton.ac.uk

Abstract. We show that the symmetry group of a stable immersion of the real projective plane P in E^3 is either trivial or is cyclic of order 3, and that of a stable map of P in E^3 is conjugate to a subgroup of the full tetrahedral group. Thus Boy’s surface, in its ‘standard’ form, is the most symmetrical stable immersion of P in E^3, and Steiner’s surface is given by the most symmetrical stable map of P in E^3. We also construct a smooth embedding of P in E^4 with symmetry group SO(2) by orthogonal projection of the Veronese surface.

1. Stable maps of surfaces in E3

Let M be a smooth (say C^2) closed connected surface, and let f : M → E^3 be a smooth map of M into Euclidean 3-space E^3. Then f is said to be stable iff there exists a neighbourhood W_f of f in C^2(M, E^3) such that for all g ∈ W_f there exist diffeomorphisms h_1 : M → M and h_2 : E^3 → E^3 such that h_2 ∘ f = g ∘ h_1. We point out that if f is a stable map then the only multiple points of f occur as self-transverse intersections and the only singularities of f are Whitney umbrellas. Thus for each point p ∈ f(M), there is a diffeomorphism ϕ : U → V from an open neighbourhood U of O ∈ E^3 to an open neighbourhood V of p in E^3, such that f(O) = p and f(M) ∩ V is the image under ϕ of

* Partially supported by FCT and Praxis/2/2.1/MAT/63/94

0138-4821/93 $ 2.50 © 1999 Heldermann Verlag

196 H.R.Farran et al.: Symmetric Models of the Real Projective Plane

Figure 1. Local models of stable maps

the intersection with U of the set given by x = 0, or by xy = 0, or by xyz = 0, or by x^2 = zy^2, z ≥ 0 (the ‘Whitney umbrella’), as illustrated in Figure 1.

A point u ∈ f^{−1}(p), or p itself, is then said to be simple (or regular), double, triple or singular respectively. We may now partition M into subsets M_1, M_2, M_3, M_σ accordingly. Thus M_1 is the set of simple points, and so on. Notice that M_σ and M_3 are finite sets, while M_2 is a union of finitely many mutually disjoint smoothly embedded simple closed curves and open arcs which terminate at the points of M_σ and M_3. Thus M_1 is open and dense in M. Note also that the number of triple points in M is divisible by 3, and that M_2 admits an involutory self-diffeomorphism without fixed points.

We shall try to determine the constraints that are imposed on the symmetry behaviour of f by the fact that any symmetry of f must respect this partition and its internal structure. Our first task, however, is to define what we mean by symmetry in this context. Suppose, then, that f : M → E^3 is a stable map in the above sense. A symmetry of f is an isometry ϕ of E^3 to itself such that ϕ(W ) = W , where W = f(M). Any such ϕ determines a unique diffeomorphism ϕ^∗ of M to itself, such that f ∘ ϕ^∗ = ϕ ∘ f. The map ϕ^∗ is obviously well-defined on M_1, and is extended to M\M_1 by continuity. The set of all symmetries of f is a compact subgroup G_f of the Euclidean group E(3), and the map sending ϕ ∈ G_f to ϕ^∗ is a monomorphism onto a subgroup G^∗_f of the self-diffeomorphism group of M. Since M_σ is finite, f induces a Riemannian metric on M and G^∗_f is a subgroup of the isometry group of M for this metric. We may assume without loss of generality that O is the centroid of W , and hence that G_f is a subgroup of the orthogonal group O(3). If M is neither a torus nor a sphere, then G_f is finite.

2. Symmetry and the Euler number for stable immersions

We now prove some propositions that relate the symmetry group G_f of a stable immersion of a smooth closed connected surface M into E^3 to the Euler number e(M) of M. Let I(M) denote the set of all such immersions. As above, we shall assume that the centroid of the image of f ∈ I(M) is O.

Proposition 1. Let f ∈ I(M). Then either G_f < SO(3) or e(M) is even.

Proof. Suppose that G_f is not a subgroup of SO(3). Then it contains either a reflexion in a plane through O, or the reflexion J = −I_3 in O. Let us examine these two possibilities in turn.

H.R.Farran et al.: Symmetric Models of the Real Projective Plane 197

(i) Suppose that A is a plane through O, and that α ∈ G_f , where α denotes reflexion in A. Then A must be transverse to f, since f is stable. Thus α acts on M as an involutory diffeomorphism whose fixed point set F is a union of finitely many disjoint simple closed curves forming the common boundary of two compact connected surfaces M^′, M^{′′}, where M^′ ∪ M^{′′} = M with disjoint interiors, such that α(M^′) = M^{′′} and vice-versa. Hence e(M) = e(M^′) + e(M^{′′}) = 2e(M^′).

(ii) Now suppose that J ∈ G_f . If O /∈ f(M), then J determines an involution on M without fixed points, so e(M) is even. Let us suppose, therefore, that O ∈ f(M). Then O ∈ M_2, since some line through O is transverse to f , and so intersects f(M) in an even number of simple and of triple points. It follows again that e(M) is even.

Recall next that any finite subgroup of SO(3) is conjugate in SO(3) to the rotation group T of the regular tetrahedron, K of the cube, or I of the icosahedron, or, for some n ∈ N, to the cyclic group C_n of rotations through multiples of 2π/n about some line, or to the dihedral group D_n obtained by extending C_n by rotation through π about a line that intersects the rotational axis of C_n orthogonally. For n > 2, the groups C_n, D_n are the groups of rotational symmetries of a rightcone on a regular convex plane n-sided polygon and of a right prism on such a base, respectively. We note that each orbit of T contains 1, 4, 6 or 12 points, each orbit of K contains 1, 6, 8, 12 or 24 points, and each orbit of I contains 1, 12, 20, 30 or 60 points. Thus each of these orbits, except in the case of the unique fixed point O, contains an even number of points.

Proposition 2. Let f ∈ I(M). If G_f is conjugate to T , K or I, then e(M) is even.

Proof. For such f, O /∈ f(M). So each orbit of the action of G_f on M contains an even number of points. Hence e(M) is even.

Proposition 3. Let f ∈ I(M). If e(M) is odd, then G_f is conjugate to C_n, for some n ∈ N. Proof. For such f and M, G_f must be finite, so by Propositions 1 and 2, G_f is conjugate to either C_n or D_n, for some n ∈ N. In the latter case, if n > 0 then O ∈ f(M), for otherwise every orbit of the action of G_f on M would have an even number of elements, contradicting the assumption that e(M) is odd. Let L be the line through O that is fixed setwise by G_f . Then an even number of points of M map into L, and so O is a double point of f, which implies that e(M) is even. We conclude that G_f is conjugate to C_n, as claimed.

3. Stable immersions of the real projective plane

We turn now to the special case in which M = P is the real projective plane. Since e(P ) = 1, Proposition 3 implies that G_f is conjugate to C_n for some n ∈ N. We show now that either n = 1 or n = 3.

Of course the best-known stable immersion of the real projective plane is that discovered in 1901 by Werner Boy[1,5]. We can present this as a smooth immersion β : P → E^3

198 H.R.Farran et al.: Symmetric Models of the Real Projective Plane

for which the group G_β is cyclic of order three about an axis that meets β(P ) in just one simple point and one triple point. Figure 2 indicates the curves of double points and the three triple points on P itself, and their images in E^3 under β. The force of Proposition 4 below is that no stable immersion of P in E^3 is more symmetrical than this form of Boy’s surface.

Proposition 4. Let f ∈ I(P ). Then either G_f is trivial, or it is cyclic of order 3, generated by rotation through 2π/3 about a straight line on which there lies exactly one simple point, no double points, and an odd number of triple points.

Figure 2. Boy’s surface with 3-fold cyclic symmetry

Proof. Suppose that f is such an immersion, and that G_f is nontrivial. Thus G_f is conjugate to C_n, for some n > 1. Let L be the axis of rotation for G_f . Then an even number, say 2r, of points of P are mapped by f into L. If r = 0, then n|e(P ) = 1, a contradiction. So r ≥ 1. Let L ∩ f(M) comprises m_1 simple points, m_2 double points, and m_3 triple points. Then for some integer s,

1 = e(P ) = ns + m_1 + 2m_2 + 3m_3

where m_1 + 2m_2 + 3m_3 is even and positive. It follows that m_1 + 3m_3 is even, and that ns is odd and negative. Now, by a theorem of Eilenberg [9], the action of G_f on M has just one fixed point, so m_1 = 1. Hence m_3 is odd. Also G_f acts effectively on f^{−1}(q), for each triple point q ∈ f(M). It follows that n = 3, and hence that m_2 = 0.

4. Symmetry of stable maps of surfaces in E3

Suppose now that M(M) denotes the set of all smooth stable maps of M in E^3. We find that the arguments used above for stable immersions can be adapted to yield analogous results for f ∈ M(M), as follows. As before, we shall assume for simplicity that the centroid of f(M) is O.

Proposition 5. Let f ∈ M(M). Then either J /∈ G_f or e(M) is even.

H.R.Farran et al.: Symmetric Models of the Real Projective Plane 199

Proof. If J ∈ G_f , then O is not a singular point of f. Part (ii) of the proof given for Proposition 1 then applies.

Proposition 6. Let f ∈ M(P ), and suppose that H < G_f is cyclic of order n > 1. Then n = 2 or n = 3.

Proof. As in the proof of Proposition 4, H acts on P with just one fixed point, whose image under f lies on the axis of rotation L, say, of H in E^3. If there is a triple point p on L, then either n = 3, with all nearby points of L simple, or n = 2 and there is a line segment S of L, of which one end-point is p and the other end-point is either triple or singular, such that every point of the relative interior of S is double. Again, if there is no triple point on f(M), then L is not transverse to f(M), since otherwise an even number of points of M would be mapped to L, with 2r simple and 2s double: thus if n > 2, then 2r = 1, by the theorem of Eilenberg referred to above, which is impossible; and if n = 2, then e(M) is even, again a contradiction. We conclude that if there is no triple point on L, then there is a segment of L with singular end-points whose relative interior consists of double points, and so n = 2.

Let T^∗ denote the group of symmetries of a regular tetrahedron in E^3 with centroid O. Then T^∗ is a finite subgroup of O(3), of order 24, isomorphic to the symmetric group S_4.

Proposition 7. Let f ∈ M(P ). Then G_f is conjugate in O(3) to a subgroup of T^∗.

Proof. Propositions 4 and 5 imply that G_f is conjugate either to a subgroup of T^∗ or to the symmetry group of a right prism on an equilateral triangular base. But in the latter case, each reflexion in a plane that belongs to G_f contains the axis of rotation of the cyclic subgroup of G_f of order 3, since by Eilenberg’s theorem there is just one fixed point of this cyclic subgroup. This contradiction completes the proof.

Figure 3. Steiner’s surface

200 H.R.Farran et al.: Symmetric Models of the Real Projective Plane

5. Steiner’s surface

In a short note that was first published in his Collected Works [17], Steiner described a certain quartic surface that he studied during a visit to Rome in 1844, and which has become known as Steiner’s surface or the Roman surface. A convenient algebraic equation for Steiner’s surface is y^2z^2 + z^2x^2 + x^2y^2 − xyz = 0

and the surface may be regarded as the image of a stable map σ : P → E^3, given in terms of homogeneous coordinates on S^2 by σ[ξ, η, ζ] = (ηζ, ζξ, ξη). (See, for example, Sommerville [16], and for a more detailed modern treatment Apéry [1].) The map σ has six singular points (Whitney umbrellas), each of which is joined in the image by a line segment of double points to its unique triple point. The group G_σ is conjugate in O(3) to the symmetry group T^∗ of a regular tetrahedron. Thus we deduce from Proposition 7 that Steiner’s surface is the most symmetrical of all images of stable maps of P in E^3.

6. A symmetrical embedding of P in E4

For technical reasons, let us identify E^6 with the space of 3 × 3 real symmetric matrices, and regard each point of E^3 as a real 3 × 1 column matrix. As before, we denote the point of P with homogeneous coordinates x, y, z, where x^2 + y^2 + z^2 = 1 by [x, y, z]. Now define the Veronese map ν : P → E^6 by ν[x, y, z] = XX^t, where X = col(x, y, z). Then ν is a smooth embedding of P , and its image V is known as the Veronese surface. Since X ∈ S^2, V lies in the affine 5-plane F with equation

x_{11} + x_{22} + x_{33} = 1,

so ν may be regarded as a smooth embedding of P in E^5. This embedding is maximally symmetrical: its symmetry group G_ν is isomorphic to SO(3), the largest isometry group for any Riemannian metric on P . In this sense, the Veronese surface plays a rôle in E^5 analogous to that established above for Boy’s surface and Steiner’s surface in E^3. We now describe an embedding of P into E^4 which has some claim to a status alongside these three.

Suppose, then, that f : P → E^4 is a smooth embedding. Then G_f < O(3). So if G_f is isomorphic to SO(3), it must be conjugate to SO(3) itself, and then f(P ) ⊂ E^3, which is impossible, since f is an embedding. Therefore G_f is a proper subgroup of SO(3), and hence dim G_f ≤ 1. But if dim G_f = 1, then the orbits are simple closed curves with the exception of a single fixed point. Hence G_f is isomorphic to SO(2), or else is finite.

Recall that SO(3) acts on E^6 (interpreted in the above way) by A.Q = AQA^t, for A ∈ SO(3), Q ∈ E^6, and each orbit of this action contains a unique point of the form diag(a, b, c), where a ≥ b ≥ c, the numbers a, b, c being of course the eigenvalues of each point of the orbit. The isotropy subgroup S_Q of this action at Q is isomorphic to SO(3) if a = b = c, is isomorphic to SO(2) if either a > b = c or a = b > c, and is trivial if a > b > c. Now let Q = [x_{ij}] ∈ E^6, where x_{ij} = 1−δ_{ij} for all i, j, and let π_Q be orthogonal

H.R.Farran et al.: Symmetric Models of the Real Projective Plane 201

projection of E^6 to the orthogonal complement Q^⊥ of Q. The eigenvalues of Q are −1, −1 and 2, so S_Q is isomorphic to SO(2).

Let f = π_Q ∘ ν. Then f is a smooth map of P into (a copy of) E^4, and G_f = S_Q is isomorphic to SO(2). We now check that f has no singularities, and is injective. To establish the first of these claims, it is sufficient to show that no nonzero tangent vector to V is a multiple of Q. Now any tangent vector T to V at ν[x, y, z] is of the form [t_{ij} ], where

t_{11} = 2xα, t_{22} = 2yβ, t_{33} = 2zγ, t_{12} = xβ + yα, t_{13} = xγ + zα, and t_{23} = yγ + zβ. So T is a multiple of Q iff T = O. Secondly, for any p = [x, y, z], q = [u, v, w] ∈ P , f(p) = f(q) iff x^2 = u^2, y^2 = v^2, z^2 = w^2, yz = vw, zx = wu, xy = uv, that is to say iff p = q.

A different approach to an analogous example can be found in [3].

It remains to determine which finite subgroups of O(4) can occur as the symmetry group of a smooth embedding of P in E^4. We already know that any such group must be isomorphic to a subgroup of SO(3) and hence to C_n, D_n, T, K or I. An obvious topological embedding of P in E^4 with cyclic symmetry of any odd order m = 2n − 1 can be derived from the embedding μ of the Möbius band M = R × [−1, 1]/Z, m.(x, y) = (x + m, (−1)^my) in E^3, where μ(x, y) = ((2 + cos2mπy)cos2πx, (2 + cos2mπy)sin2πx, sin2mπ), by taking the cone over μ(M) ⊂ E^3 ⊂ E^4 with apex a = (0, 0, 0, 1). However, it can be shown that this embedding cannot be smoothed at a [4].

The analogous situation in which P is replaced by a closed connected surface of some other topological type offers attractive problems, some of which (like that of P in E^4), involve questions about regular homotopy. It is interesting to recall that Morin’s eversion of the 2-sphere in E^3 provides a halfway immersion with 4-fold symmetry, having a single quadruple point. Of course this does not contradict Proposition 4, since Morin’s immersion is not stable. For further information on stable immersions, symmetry, regular homotopy, and quadruple points, see references below.

We thank David Singerman, Brian Bowditch and Thomas Banchoff for helpful comments.

References

[1] Apéry, F.: Models of the Real Projective Plane. Vieweg, Braunschweig 1987. [2] Banchoff, T. F.: Triple points and surgery of immersed surfaces. Proc. Amer. Math.

Soc. 46 (1974), 407–413.

202 H.R.Farran et al.: Symmetric Models of the Real Projective Plane

[3] Banchoff, T. F.: Computer Animation and the Geometry of Surfaces in 3- and 4-Space.

In: Proc. Int. Congress of Mathematicians 1978, vol. 2, Academica Scientiarum Fennica, Helsinki 1980.

[4] Banchoff, T. F.; Johnson, O.: The Normal Euler Class and Singularities of Projections for Polyhedral Surfaces in 4-Space. Topology 37 (1998), 419–439.

[5] Boy, W.: Über die Curvatura integra und die Topologie geschlossener Flächen. Math.

Ann. 57 (1903), 151–184.

[6] Bujalance, E.; Costa, A. F.; Natanzon, S. M.; Singerman, D.: Involutions of compact Klein surfaces. Math. Z. 211 (1992), 461–478.

[7] Eccles, P. J.: Multiple points of codimension one immersions. In: Springer Lecture Notes in Math. 788, eds. U. Koschorke and W. D. Neumann, Springer, Berlin 1988, 23–38.

[8] Eccles, P. J.; Mitchell, W. P. R.: Triple points of immersed 2n-manifolds in 3n-space.

J. London Math. Soc. 39 (1989), 335–346.

[9] Eilenberg, S.: Sur les transformations périodiques de la surface de la sphère. Fund.

Math. 22 (1934), 28–41.

[10] Golubitsky, M.; Guillemin, V.: Stable Mappings and their Singularities. Springer- Verlag, New York 1973.

[11] Herbert, R. J.: Multiple points of immersed manifolds. Mem. Amer. Math. Soc. 250 (1981).

[12] Kosniowski, C.: Symmetries of surfaces. Math. Gaz. 62 (1978), 233–245. [13] Kuiper, N. H.: Convex immersions of closed surfaces in E^3. Comment. Math. Helv.

35 (1961), 85–92.

[14] Kuiper, N. H.: Generic surfaces in Euclidean three space. Math. Scand. 36 (1975), 83–96.

[15] Pinkall, U.: Regular homotopy classes of immersed surfaces. Topology 24 (1985), 421–434.

[16] Sommerville, D. M. Y.: Analytical Geometry of Three Dimensions. Cambridge University Press, Cambridge 1934.

[17] Steiner, J.: Gesammelte Werke, II. Reimer, Berlin 1882, 723–724. (See also editorial note by Weierstrass, 741–743).

[18] Szücs, A.: Surfaces in E^3. Bull. London Math. Soc. 18 (1986), 60–66.

Received April 4, 1997; revised versions December 30, 1997 (1st), April 20, 1998 (2nd)