Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 40 (1999), No. 1, 67-78.

Immersions into the Hyperbolic Space Invariant by Reflections

Antonella Carfagna D’Andrea Sergio Console Dipartimento di Metodi e Modelli Matematici per le Scienze Applicate Università di Roma “La Sapienza”, via Scarpa, 8; I-00185 Roma e-mail: carfagna@dmmm.uniroma1.it Dipartimento di Matematica, Università di Torino via Carlo Alberto, 10; I-10123 Torino e-mail: console@dm.unito.it

Abstract. In this paper we prove that a nicely curved full submanifold of the hyperbolic space with parallel higher fundamental forms is 2-symmetric. This allows to give examples of 2-symmetric submanifolds of the hyperbolic space. Moreover we prove a splitting theorem for 2-symmetric submanifolds of a space of constant curvature.

Since the seventies there was an extensive study of (extrinsic) symmetric submanifolds of spaces of constant curvature, i.e. the submanifolds which are locally invariant under reflections with respect to their normal spaces. These submanifolds are characterized by the fact that their second fundamental form is parallel [9], [17] and are known to be essentially the so-called standard embeddings of symmetric R-spaces [9], [18], [1].

A generalization of these submanifolds was given by O. Kowalski and I. Kulich in [11], who defined the notion of k-symmetric submanifold (k any integer). In particular one has the 2-symmetric submanifolds, which can be equivalently defined as follows [3]: a nicely curved substantial submanifold f : M → M of a space of constant curvature is 2-symmetric if f(M) is locally invariant under reflections of M at any point p ∈ M with respect to a subspace of the normal space N^{odd}_p M (see Section 1 for the definition of N^{odd}_p M. In particular, it is easy to see that symmetric submanifolds are 2-symmetric).

In [4] and [2] are given examples of 2-symmetric submanifolds of Euclidean space and the sphere. In particular one has helical geodesic immersions and standard minimal immersions into spheres.

In this note we examine 2-symmetric submanifolds of the hyperbolic space H^N . Generalizing to H^N a result in [3] on submanifolds of spaces of constant non-negative curvature

0138-4821/93 $ 2.50 © 1999 Heldermann Verlag

68 A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . .

we give the following differential characterization of 2-symmetric submanifolds in terms of the higher fundamental forms s^k (see Section 1 and [16] for their definition; s^0 is the usual second fundamental form).

Theorem A. A nicely curved, substantial submanifold of the hyperbolic space f : M → H^N is 2-symmetric if and only if each higher fundamental form s^k is parallel in ⊥^{k+1} M, k = 0, . . . , m. Here m denotes the degree of the immersion and ⊥^{k+1} M is the (k + 1)^{th}-normal bundle (see Section 1 for the definitions).

The proof will be given in Section 2 and will use the Frenet theory for immersed curves in a Riemannian manifold and the study of certain symmetry properties of curves related to the decomposition of the normal bundle into k^{th}-normal bundles. This is the same method as the one used by W. Strübing to show that a submanifold with parallel second fundamental form is symmetric [17]. We remark that this proof actually works for submanifolds of any space of constant curvature (but the result for non-negative curvature is already known, [3]).

Using Theorem A, in Section 3 we can examine examples of 2-symmetric submanifolds of the hyperbolic space form H^N . There are two classes of examples: the compact and the non-compact ones. The latter are to some extent trivial since they can be obtained by composition of compact 2-symmetric submanifolds of the sphere S^n with a totally umbilical embedding of S^n into H^N (following [20] we shall say that they are not full). Thus “new examples” can arise only in the non-compact case. In this situation, we observe that the class of full (non-compact) 2-symmetric submanifolds of H^N is not empty. Indeed one can see, as a consequence of Theorem A, that any homogeneous curve in H^N (i.e. any image in H^N of a one-parameter subgroup of O(N, 1)) is 2-symmetric. (Perhaps it is worthwhile to remark this gives a difference with the case of symmetric submanifolds of H^N . In fact there are no full irreducible symmetric submanifolds of H^N , see [18] or [1]).

We also observe that 2-symmetric submanifolds arise as singular orbits of the representation of the group I(M, H^N ) of the isometries of H^N which leave M invariant into the isometry group O(N, 1) of H^N .

In Section 4 we prove a splitting theorem for 2-symmetric submanifolds of a space of constant curvature. We prove a more general result (Theorem 4.2) which in particular yields the following

Theorem B. A 2-symmetric submanifold of a space of constant curvature with parallel mean curvature is either minimal or minimal in a hypersphere or it splits as an extrinsic product of 2-symmetric submanifolds.

1. Normal spaces and higher fundamental forms Let f : M → M be an isometric immersion of a Riemannian manifold M into a space M of constant curvature. Since f is locally an embedding, we may locally identify M with its image in M and a vector field Y on M with its image f_∗(Y ).

Denoted by ∇ the Levi-Civita connection of M and by ∇ the induced connection on M, the Gauß formula is ∇_{Xp} Y = ∇_{Xp} Y + s^0_p(X_p, Y_p),

A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . . 69

where X_p and Y_p are in the tangent space T_pM of M at p, Y is any extension of Y_p to a vector field. The map s^0_p : (X_p, Y_p) → s^0_p(X_p, Y_p) = (∇_{Xp} Y )^⊥ is the second fundamental form of f at p (⊥ denotes the normal projection on the orthogonal complement ⊥_p M of T_pM in T_pM). Indeed, s^0(X_p, Y_p) depends only on the value Y_p of Y at p.

The linear subspace ⊥^1_p M of the normal space ⊥_p M of M at p, spanned by the image of s^0_p, is called the first normal space of M at p.

The higher fundamental form s^1_p of f at p is defined by

s^1_p(X_p, ξ^1_p) = (∇_{Xp} ξ^1)^{⊥2}

for X_p ∈ T_pM, ξ^1_p ∈⊥^1_p M arbitrary extended to a vector field ξ^1 (⊥^2 is the normal projection on the orthogonal complement of T_pM⊕ ⊥^1_p M).

We denote by ⊥^2_p M the linear span of the image of s^1_p and we call it the second normal space of M at p. Then s^1_p is a bilinear form from T_pM× ⊥^1_p M into ⊥^2_p M.

In general, if k is an integer, the higher fundamental form s^k_p is defined by

s^k_p(X_p, ξ^k_p ) = (∇_{Xp} ξ^k)^{⊥k+1} ,

where X_p ∈ T_pM, ξ^k_p ∈⊥^k_p M is arbitrary extended to a vector field ξ^k and ⊥^{k+1} is the normal projection on the orthogonal complement of ⊕^k_{i=0} ⊥^i_p M (we set ⊥^0_p M = T_pM). The (k + 1)^{th}-normal space ⊥^{k+1}_p M is the linear span of the image of s^k_p. Clearly this process must stop at some index k since dim(⊕^k_{i=0} ⊥^i_p M) ≤ dim T_pM. The first index m such that ⊥^m_p M =⊥^{m+1}_p M = . . . is called the degree of the immersion f at p (note that m ≥ 1).

The submanifold M is said nicely curved if the dimension of each normal space ⊥^k_p M does not depend on p ∈ M.

If M is nicely curved, then one has a vector bundle ⊥^k M (k = 0, . . . , m), whose fibre at p is ⊥^k_p M. The connection ∇ induces a connection ∇^k on the vector bundle ⊥^k M, by the formula ∇^k_{Xp} ξ^k =⊥^k (∇_{Xp} ξ^k), X_p ∈ T_pM, ξ^k ∈ Γ(⊥^k M)

where Γ(⊥^k M) is the sheaf of local sections of ⊥^k M. Setting

⊥^{k−1} (∇_{Xp} ξ^k) = −A^k_p(X_p, ξ^k_p ),

we define the k^{th}-Weingarten map. Note that A^1 =: A is the usual Weingarten map or shape operator. We have the generalized Frenet formulas

(1.1) ∇_{Xp} ξ^k = −A^k_p(X_p, ξ^k_p ) + ∇^k_{Xp} ξ^k + s^k_p(X_p, ξ^k_p ),

(see [16, page 250]). We set A^0_p = 0 and s^m_p = 0. Note that s^k_p and A^k_p determine tensor fields s^k and A^k.

Moreover, denoted by ⟨ , ⟩ the inner product of M, (1.2) ⟨A^k_p(X_p, ξ^k_p ), η^{k−1}_p ⟩ = ⟨s^{k−1}_p (X_p, η^{k−1}_p ), ξ^k_p ⟩.

70 A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . . The covariant derivatives of s^k and A^k are defined by the formulas (∇s^k)(X_p, Y_p, ξ^k_p ) = ∇^{k+1}_{Xp} s^k(Y, ξ^k) − s^k(∇_{Xp} Y, ξ^k) − s^k(Y, ∇^k_{Xp} ξ^k), (∇A^k)(X_p, Y_p, ξ^k_p ) = ∇^{k−1}_{Xp} A^k(Y, ξ^k) − A^k(∇_{Xp} Y, ξ^k) − A^k(Y, ∇^k_{Xp} ξ^k), for Y ∈ Γ(T M) and ξ^k ∈ Γ(⊥^k M) arbitrary extensions of Y_p and ξ^k_p respectively. For any p ∈ M, ∇s^k and ∇A^k are symmetric with respect to the first two arguments. It is known (see [3]) that if M is nicely curved, then ∇s^k = 0 if and only if ∇A^k = 0.

We shall say that s^k is parallel in ⊥^{k+1} M if ∇s^k = 0.

Moreover one can introduce the higher order fundamental forms S^k recursively by defining S^0_p (v_1, v_2) = s^0(v_1, v_2), if v_1, v_2 ∈ T_pM and

S^k_p (X_p, v_1, . . . , v_{k+1}) = (∇_{Xp} S^{k−1}(V_1, . . . , V_{k+1}))^{⊥k+1} for X_p ∈ T_pM, v_1, . . . , v_{k+1} ∈ T_pM arbitrarily extended to vector fields V_1, . . . , V_{k+1}. One can also define the covariant derivative ∇S^k of S^k and show that ∇S^k = 0 if and only if ∇s^k = 0.

We denote by N^{odd}M the bundle given by the direct sum of the odd normal bundles: N^{odd}M = ⊕^{[ m2 ]}_{i=0} ⊥^{2i+1} M and by N^{even}M the bundle given by the direct sum of the even normal bundles: N^{even}M = ⊕^{[ m2 ]}_{i=0} ⊥^{2i} M.

Note that N^{odd}M ⊂⊥ M and T M ⊂ N^{even}M. The submanifold f(M) ⊂ M is substantial if it is not contained in any totally geodesic submanifold of M. For a nicely curved substantial submanifold of M we have ⊥ M = ⊕^m_{i=1} ⊥^i M. Consider the vector bundle F on M whose fibre at p is F_p = ⊕^m_{i=0} ⊥^m_p M and define the tensors s, A : T M ⊗ F → F by s(X_p, ξ_p) = mX_{k=0 sk(Xp, ξkp ),} A(X_p, ξ_p) = mX_{k=0 Ak(Xp, ξkp ),}

A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . . 71 with X_p ∈ T_pM and ξ_p = ξ^0_p + . . . + ξ^m_p , ξ^i_p ∈⊥^i_p M (i = 0, . . . , m). We have that s_{|T M⊗N} odd_M , A_{|T M⊗N} odd_M : T M ⊗ N^{odd} → N^{even}, s_{|T M⊗N} even_M , A_{|T M⊗N} even_M : T M ⊗ N^{even} → N^{odd}. We can define two connections ∇^o and ∇^e on N^{odd}M and N^{even}M respectively, setting ∇^o_{Xp} ξ^o = (∇_{Xp} ξ^o)^{⊥o} , for X_p ∈ T_pM, ξ^o ∈ Γ(N^{odd}M), where ⊥^o is the orthogonal projection on N^{odd}M, and ∇^e_{Xp} ξ^e = (∇_{Xp} ξ^e)^{⊥e} , for X_p ∈ T_pM, ξ^e ∈ Γ(N^{even}M). Note that we have a connection ∇^F on the vector bundle F (given by the sum of the connections in each normal bundle) and, by the generalized Frenet formulas (1.1), ∇^F = ∇^o + ∇^e, i.e., if ξ ∈ Γ(F) and ξ = ξ^o + ξ^e, where ξ^o ∈ Γ(N^oM) and ξ^e ∈ Γ(N^{even}M), we have (1.3) ∇^F_{Xp} ξ = ∇^o_{Xp} ξ^o + ∇^e_{Xp} ξ^e.

We say ξ is ∇^F -parallel if ∇^F ξ = 0. By (1.3), ξ is ∇^F-parallel if and only if ξ^o and ξ^e are parallel in N^{odd}M and N^{even}M respectively. By the generalized Frenet formulas (1.1) it is easy to check that ξ^o ∈ Γ(N^{odd}M) (ξ^e ∈ Γ(N^{even}M)) is parallel in N^{odd}M (N^{even}M) if and only if its component in each odd (even) normal space ⊥^{2k+1} M (⊥^{2k} M) is parallel in ⊥^{2k+1} M (⊥^{2k} M).

Proposition 1.1. Let ξ ∈ Γ(F) be a ∇^F-parallel section of F along a curve with tangent vector X_p at p. Then (1.4) ∇_{Xp} ξ = (s − A)(X_p, ξ_p).

Proof. Setting ξ = P^m_{k=0} ξ^k, ξ^k ∈ Γ(⊥^k M), since (by assumption and what remarked above) ∇^k_{Xp} ξ^k = 0, by the Frenet formulas we have

∇_{Xp} ξ = mX_{k=0 sk(Xp, ξkp ) − Ak(Xp, ξkp ) = (s − A)(Xp, ξp).} Next, we prove the following Proposition 1.2. Let f : M → M be a nicely curved, substantial 2-symmetric submanifold of a space M of constant curvature. For any ξ^o ∈ Γ(N^{odd}M) ∇^o-parallel in N^{odd}M, ∇_{Xp} ξ^o

72 A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . .

is a ∇^e-parallel section of N^{even}M and for any η^e ∈ Γ(N^{even}M) ∇^e-parallel in N^{even}M, ∇_{Xp} η^e is a ∇^o-parallel section of N^{odd}M.

Proof. Let X be any parallel extension of X_p along a curve with tangent vector Z_p at p. Then, by Theorem A and (1.4), we have ∇^e_{Zp} (∇_{Xp} ξ^o) =∇^e_{Zp} (s − A)(X, ξ^o) = = [^m2 ]X

k=1 (∇^{2k+1}_{Zp} s^{2k+1}(X, ξ^{2k+1}) − ∇^{2k+1}_{Zp} A^{2k+1}(X, ξ^{2k+1})) = 0

The other case has an analogous proof.

2. Frenet curves of osculating rank d

We recall first some notions about Frenet curves (cf. [17]). Let γ : J → M be a (differentiable) curve in a Riemannian manifold M, parametrized by arc length s. Denote by ∇ the Riemannian connection on M, let V_1(s) = X(s) be the unit tangent vector, put k_0 = ‖X‖ and k_1 = ‖∇_X X‖, where ‖ ‖ is the norm. If k_1 is not identically zero, then we define V_2 by k_1V_2 = ∇_X X on the set I_1 = {s ∈ J | k_1(s) ≠ 0}. Set k_2 = ‖∇_X V_2 + k_1X‖. If k_2 is not identically zero, we can define V_3 by k_2V_3 = ∇_X V_2 + k_1X on the set I_1 = {s ∈ J | k_2(s) ≠ 0}. By recursion, one then defines k_i and V_{i+1}. The well-known Frenet formulas are

(2.1) ∇_X V_i + k_{i−1}V_{i−1} = k_iV_{i+1}.

V_1, V_2, . . . , V_{i+1} are called Frenet vectors and k_0, k_1, . . . , k_i are called curvatures.

We call γ : J → M a Frenet curve in M of osculating rank d if the higher order derivatives of V_1 V_1(s), (∇_X V_1)(s), . . . , (∇^{d−1}_X V_1)(s)

are linearly independent and

V_1(s), (∇_X V_1)(s), . . . , (∇^d_X V_1)(s)

are linearly dependent in T_{γ(s)}M.

Note that in this case {V_1, V_2, . . . , V_d} is an orthonormal frame along γ, called the Frenet frame of γ.

It is easy to see that γ is a Frenet curve of osculating rank d if and only if the curvature functions k_1, k_2, . . . , k_{d−1} are nowhere zero and k_d is identically zero [16].

Strübing [17] proved the following

Proposition 2.1. Given a Frenet curve γ : (−ϵ, ϵ) → M of osculating rank d whose curvature functions are even functions on (−ϵ, ϵ), then for any isometry σ : M → M with (a) σ(γ(0)) = γ(0),

A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . . 73

(b) σ_∗(V_i(0)) = (−1)^iV_i(0) for all i = 1, . . . , d, the equation σ ∘ γ(t) = γ(−t) holds for all t ∈ (−ϵ, ϵ).

Next we prove

Theorem 2.2. Let f : M → M be an isometric immersion of a Riemannian manifold M into a space of constant curvature c. Denote by ∇ the Levi-Civita connection on M and by ∇ the induced connection on M. Let γ : J → M be a geodesic of M and γ = f ∘γ : J → M be the image of γ in M. Suppose that each higher fundamental form s^k is ∇^{k+1}-parallel in ⊥^{k+1} M along γ for all vector fields X ∇-parallel along γ and all ξ^k ∈ Γ(⊥^k M), ∇^k-parallel in ⊥^k M along γ, for k = 0, . . . , m. (Obviously the above holds if ∇s^k = 0, k = 0, . . . , m.) Then

i) The curve γ is a curve of osculating rank m and all curvature functions k_i(s) (i = 0, . . . , m − 1) are constant along γ.

ii) The Frenet m-frame V_1, V_2, . . . , V_m satisfies the following conditions (a) V_{2i+1} are ∇^e-parallel sections in N^{even}M along γ, (b) V_{2i+2} are ∇^o-parallel sections in N^{odd}M along γ for i = 0, . . . , [^m_2 ].

Proof. We set V_1 = γ̇(s) = X(s), thus V_1 is ∇-parallel in T M and k_0 = ‖X‖ = 1 is constant along γ.

We proceed by induction. Suppose that (a) and (b) hold for all i such that 2i + 1, 2i + 2 ≤ ρ. Setting ∇_X V_ρ + k_{ρ−1}V_{ρ−1} = k_ρV_{ρ+1},

by Proposition 1.1 we have

(2.2) (s − A)(X, V_ρ) + k_{ρ−1}V_{ρ−1} = k_ρV_{ρ+1}.

The first member of (2.2) is a ∇^e-parallel vector field of N^eM if ρ is even and a ∇^o-parallel vector field of N^oM if ρ is odd, since it is the sum of either two ∇^e-parallel vector fields or two ∇^o-parallel vector fields. Thus k_ρ is constant along γ and V_{ρ+1} is either a ∇^e-parallel vector field in N^{even}M or a ∇^o-parallel vector field in N^{odd}M.

Next we are able to give the

Proof of Theorem A. If f : M → H^N is 2-symmetric (substantial, nicely curved), then it is proved in [3] (in the general case of a submanifold of a space of constant curvature) that M has parallel higher fundamental forms.

For the converse we still deal with the general case of a submanifold of a space M of constant curvature. Let U and U be neighbourhoods of p in M and of f(p) in M respectively. Denote by σ : U → U the local isometry of M such that σ(f(p)) = f(p), σ_{∗p}(ξ^e) = −ξ^e, for any ξ^e ∈ N^{even}_p M, σ_{∗p}(η^o) = η^o, for any η^o ∈ N^{odd}_p M. Let X_p ∈ T_pM

74 A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . .

be a unit vector and consider the geodesic γ : (−ϵ, ϵ) → M defined by γ(t) = exp^M_p (tX_p), for all t ∈ (−ϵ, ϵ). Setting γ = f ∘ γ, according to Theorem 2.2, the Frenet vectors of γ are such that V_{2i}(0) ∈ N^{odd}_p M, V_{2i+1}(0) ∈ N^{even}_p M and the curvatures are constant along γ. Thus σ(γ(0)) = σ(f(p) = f(p) = γ(0) and σ_{∗p}V_i(0) = (−1)^iV_i(0). By Proposition 2.1 we have σ(γ(t)) = γ(−t). Then σ maps f(U) into itself and it is the reflection with respect to the affine subspace at p parallel to N^{odd}_p M.

3. Examples of 2-symmetric submanifolds of the hyperbolic space

Let R^{N,1} be R^{N+1} endowed with the Lorentz pseudometric ds^2 = −dx^2_1 +dx^2 +...+dx^2_{N+1}. In the sequence we identify H^N with the N-sphere of radius −1 of R^{N,1} {X ∈ R^{N,1} | ⟨X, X⟩ = −1}, where ⟨ , ⟩ is the inner product induced by the Lorentz pseudometric.

Let M → H^N be a submanifold of the hyperbolic space H^N . Like in [20] we define M to be full if it is not contained in a proper totally umbilical submanifold of H^N . It is well-known that the latter are the intersections of hyperplanes of R^{N,1} with H^N .

Note that, by Cartan’s Theorem, any compact homogeneous submanifold of H^N is contained in a sphere (hence it is not full). Since a 2-symmetric submanifold is homogeneous, we deduce that any compact 2-symmetric submanifold of H^N is not full. Therefore any compact 2-symmetric submanifold of H^N is the composition of a 2-symmetric submanifold of the sphere S^n with the totally umbilical embedding of S^n into H^N .

Examples of 2-symmetric submanifolds of the sphere are given in [2]. They include helical geodesic immersions and standard minimal immersions into spheres.

Let us turn now to the non-compact case. First, as an application of Theorem A, we show that any homogeneous curve in H^N is 2-symmetric. Indeed, let γ : s → g_s · p be a homogeneous curve in H^N , where g_s ∈ O(N, 1) and γ is parametrized by arc length. If V_1 := X ·p is the (unit) tangent vector at γ at 0 (with X =^d_{ds s=0}g_s), and V_i and k_i (k > 1) are defined as in Section 2, then the Frenet equations

∇_X V_i = k_iV_{i+1} − k_{i−1}V_{i−1},

show that S^{i−1}(V_1, . . . , V_1) = k_1 · . . . · k_iV_{i+1} and ∇_{V1} S^i = 0.

This result implies that it is not difficult to find reducible non-compact 2-symmetric submanifolds of H^N . Recall that a submanifold M of H^N ⊆ R^{N,1} is reducible if it is an extrinsic product (M_1 × M_2, i_1 × i_2) of submanifolds i_1 : M_1 → R^{n1} , i_2 : M_2 → R^{n2,1}, n_1 + n_2 = N. Hence to produce a full non-compact (reducible) 2-symmetric submanifold of H^N it suffices to consider the extrinsic product of a 2-symmetric submanifold of R^{n1} and a homogeneous curve in H^{n2} .

To find a full irreducible non-compact 2-symmetric submanifold of H^N (of dimension greater than one) seems to be involved.

In general a 2-symmetric submanifold M of a space of constant curvature M is an orbit of a representation τ : G → I(M) (where I(M) is the isometry group of M). To see

A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . . 75

this one can claim that, by Theorem A, a canonical connection on T M⊕ ⊥ M ([13], [6]) is given by ∇ ⊕ ∇^F (where ∇ is the Levi-Civita connection on M and ∇^F was defined by (1.3) in Section 1). Thus by [6, Theorem A], M is an orbit. One can see this more directly, describing also a representation having M as an orbit. To this aim, recall first that a regular 2-structure on M is a family of isometries of M, {σ_x}_{x∈M} , such that:

(1) σ_x(M) ⊆ M.

(2) x is an isolated fixed point of σ_{x|M} . (3) for any x, y ∈ M, σ_x · σ_y = σ_z · σ_x, z = σ_x(y).

If {σ_x}_{x∈M} is of finite order 2 (i.e. σ^2 = id), M is a 2-symmetric submanifold.

Let T r(M, {σ_{x|M} }) be the group of the transvections, i.e. the group generated by the isometries σ_{x|M} σ^{−1}_{y|M} of M. Then one can define the representation τ : T r(M, {σ_{x|M} }) → I(M) σ_{x|M} σ^{−1}_{y|M} → σ_xσ^{−1}_y . M is an orbit of T r(M, {σ_{x|M} }) in the representation τ.

Let G be the group I(M, M) of isometries of the ambient space M which leave M invariant. Clearly M is an orbit of the representation ρ : G → O(N, 1) (given by inclusion).

For 2-symmetric submanifolds of the hyperbolic space we have the following result

Lemma 3.1. Let M be a full and irreducible 2-symmetric submanifold M of H^N . Then M is a singular orbit of the representation ρ : G → O(N, 1).

Proof. Suppose that M = G/K is a principal orbit of ρ. Let S be the (extrinsic) homogeneous structure associated to a reductive decomposition of the Lie algebra of G (cf. [13], [6]). Let k be an element of the isotropy subgroup K of M at p ∈ M. The differential of k (which we shall still denote by k) acts on T_pM as isotropy representation and on ⊥_p M as slice representation. The slice representation is trivial, because M is a principal orbit (see e.g. [15, Proposition 5.4.7, page 86]). Since k induces an isometry H^N leaving M invariant, we have for any X ∈ T_pM, ξ ∈⊥_p M S_{kX} kξ = kS_X ξ. Now, using the fact that the slice representation is trivial we get S_{kX} ξ = S_X ξ, or (3.1) S_{(k−id)X} ξ = 0. Taking k = σ_p we get (k − id)X = −2X. So

S_X ξ = 0 for any X ∈ T_pM,

76 A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . .

which by the main result in [14] implies that M is a full irreducible isoparametric submanifold of H^N . But this is absurd by [20].

4. A splitting theorem

In this section we prove a splitting theorem for 2-symmetric submanifolds of a space of constant curvature M.

More in general we consider submanifolds of spaces of constant curvature for which s^0 is parallel in the first normal space. This means explicitly that (4.1) ⟨(∇^⊥_X s^0)(Y, Z), ξ⟩ = 0 for any X, Y, Z ∈ T_pM, ξ ∈⊥^1_p M, where ∇^⊥_X s^0 is the usual covariant derivative of s^0.

The splitting theorem we will prove gives a generalization of the results of Ferus in the case of symmetric submanifolds [8]. Our main tool will be the following homogeneous version of the Lemma of Moore [12]:

Lemma 4.1. Let M be a homogeneous submanifold of M. Then M is reducible if and only if there exists a non-trivial parallel distribution H on some open neighbourhood of q in M such that s^0(H, H^⊥) = 0.

Theorem 4.2. Let M be a submanifold M of a space of constant curvature M for which s^0 is parallel in the first normal space. Let ξ be a parallel normal vector field which lies in the first normal bundle ⊥^1 M. If ξ is not umbilical, then M splits as an extrinsic product of submanifolds. In particular if the mean curvature H is parallel in the normal connection, then either M is minimal or minimal in a hypersphere or it splits.

Proof. Suppose ξ is a parallel (locally defined) normal section which lies in the first normal bundle ⊥^1 M. Consider then the shape operator A^1_ξ = A_ξ and let λ_1, . . . , λ_g be its (different) eigenvalues. If ξ is not umbilical, then g > 1.

Lemma 4.3. The eigenvalues of A_ξ are constant.

Proof. Let Y ∈ ΓT M and let (e_{i1} ) be an orthonormal frame of the eigenspace E_1 of λ_1, (e_{j2} ) an orthonormal frame of the eigenspace E_2 of λ_2 and so on. Then by (4.1), since ∇e_{jk} is orthogonal to e_{jk} we have (for any e_{ji} in the frame of E_i) Y λ_i =Y ⟨s^0(e_{ji} , e_{ji} ), ξ⟩ = ⟨∇^⊥_Y s^0(e_{ji} , e_{ji} ), ξ⟩ + ⟨s^0(e_{ji} , e_{ji} ), ∇^⊥_Y ξ⟩ = = ⟨(∇^⊥_Y s^0)(e_{ji} , e_{ji} ), ξ⟩ − 2⟨s^0(∇_Y e_{ji} , e_{ji} ), ξ⟩ = 0.

Note that Lemma 4.3 holds also in the case that ξ is parallel just in the first normal space.

Lemma 4.3 implies that the eigendistributions E_i are autoparallel. Let η ∈ Γ(⊥ M). Then, since ⟨∇^⊥_X ξ, η⟩ = 0 implies that ⟨R^⊥_{XY} ξ, η⟩ = 0, by the Ricci equation we have

(4.2) [A_ξ, A_η] = 0.

A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . . 77

This implies that the E_i are common eigendistributions of the family {A_η} of the shape operators. Thus

(4.3) s^0(E_i, E_j) = 0, for i ≠ j.

Lemma 4.4. The eigendistributions E_i are parallel.

Proof. To prove that E_i is parallel it suffices to show that ∇_X Y ∈ Γ(E_i) for any X ∈ Γ(E_j ), Y ∈ Γ(E_i). By (4.1) we get (∇A)_ξ = 0 and, since ξ is parallel and λ_i is constant,

A_ξ∇_X Y = ∇_X A_ξY = ∇_X (λ_iY ) = λ_i∇_X Y.

Thus ∇_X Y ∈ E_i.

We can now apply Lemma 4.1 inductively to E_i and E^⊥_i , getting the first part of Theorem 4.2.

Next we consider the mean curvature vector field H (which is a section of the first normal bundle). If H is zero, M is minimal. If H (which we now assume to be nonzero) is umbilical, then M is pseudoumbilical with parallel mean curvature and by [5, Proposition 4.2, Chapter 4] M is a minimal submanifold of a hypersphere of M. If H is not umbilical we can apply the above procedure to the mean curvature vector field and we get a splitting of M as M_1 × . . . × M_g → M_1 × . . . × M_g (where M_i is a space of constant curvature). Observe that any M_i is pseudoumbilical in M_i.

Remark. If M_i has parallel mean curvature then by [5, Proposition 4.2] M_i is a minimal submanifold of a hypersphere of M_i.

Acknowledgments. We wish to thank Carlos Olmos and Adrian Will of Universidad Nacional de Córdoba (Argentina) for the great deal of suggestions they gave us and the useful discussions.

References

[1] Backes, E.; Reckziegel, H.: On Symmetric Submanifolds of Spaces of Constant Curvature. Math. Ann. 263 (1983), 419–433.

[2] Carfagna D’Andrea, A.: Immersions into spheres with parallel higher fundamental forms. Beiträge Algebra Geom. 37 (1996), 75–86.

[3] Carfagna D’Andrea, A.; Mazzocco, R.; Romani, G.: Some characterizations of 2- symmetric submanifolds in spaces of constant curvature. Czechoslovak Math. J. 44 (119) (1994), 691–711.

[4] Carfagna D’Andrea, A.; Romani, G.: Generalized 2-symmetric submanifolds. Ann.

Mat. Pura Appl. (4) CLXI (1992), 237–252.

[5] Chen, B. Y.: Total Mean Curvature and Submanifolds of Finite Type. World Scientific, Singapore 1984.

78 A. Carfagna D’Andrea, S. Console: Immersions into the Hyperbolic Space . . .

[6] Console, S.: Algebraic characterization of homogeneous submanifolds of space forms.

Boll. Un. Mat. Ital. B (7) 10 (1996), 129–148.

[7] Erbacher, J.: Reduction of the codimension of an isometric immersion. J. Differential Geom. 5 (1971), 333–340.

[8] Ferus, D.: Produkt-Zerlegung von Immersionen mit paralleler zweiter Fundamentalform. Math. Ann. 211 (1974), 1–5.

[9] Ferus, D.: Symmetric submanifolds of euclidean space. Math. Ann. 247 (1980), 81–93.

[10] Kowalski, O.: Generalized Symmetric Spaces. Lecture Notes in Math. 805, Springer, Berlin Heidelberg New York 1980.

[11] Kowalski, O.; Kulich, I.: Generalized symmetric submanifolds of Euclidean Spaces.

Math. Ann. 277 (1987), 67–78.

[12] Moore, J. D.: Isometric immersions of Riemannian products. J. Differential Geom.

5 (1971), 159–168.

[13] Olmos, C.: Isoparametric submanifolds and their homogeneous structures. J. Differential Geom. 38 (1993), 225–234.

[14] Olmos, C.; Sánchez, C.: A geometric characterization of the orbits of s-representation.

J. Reine Angew. Math. 420 (1991), 195–202.

[15] Palais, R.; Terng, C.-L.: Critical Point Theory and Submanifold geometry. Lect.

Notes in Math. 1353, Springer, Berlin Heidelberg New York 1988.

[16] Spivak, M.: A comprehensive introduction to differential geometry, vol. IV. Publish or Perish, Wilmington, Delaware, 1979.

[17] Strübing, W.: Symmetric Submanifolds of Riemannian Manifolds. Math. Ann. 245 (1979), 37–44.

[18] Takeuchi, M.: Parallel submanifolds of space forms. Manifolds and Lie Groups, in honor of Y. Matsushima, 429–447, Birkhäuser, Boston 1981.

[19] Will, A.: Homogeneous submanifolds of the Hyperbolic Space. To appear in Rend.

Sem. Mat. Univ. Politec. Torino.

[20] Wu, B.: Isoparametric Submanifolds of Hyperbolic Spaces. Trans. Amer. Math. Soc.

331 (1992), 609–626.

Received December 30, 1997