Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 39 (1998), No. 2, 329-348

Higher Order Codazzi Tensors on Conformally Flat Spaces

H. L. Liu* U. Simon** C. P. Wang** Technische Universität Berlin, MA 8-3 Straße des 17. Juni 136, D-10623 Berlin e-mail: liu@math.tu-berlin.de / simon@sfb288.math.tu-berlin.de

Department of Mathematics, Beijing University Beijing 100871, P. R. China e-mail: wang@sxx0.math.pku.edu.cn

Abstract. We generalize the concept of Codazzi tensors to higher order tensors and present examples. We derive second order PDE’s of Weitzenboeck type and give local and global applications to hypersurfaces in space forms, minimal submanifolds and affine hypersurfaces.

MSC 1991: 53B21, 53A15, 53A30, 53B20, 53B25, 53C20, 53C21, 53C40, 53C42 Keywords: Codazzi tensors of higher order, conformally flat spaces, Weitzenboeck formulas, affine hypersurfaces, minimal submanifolds in spheres

1. Introduction

The well-known notion of a Codazzi-tensor Φ relative to a connection ∇ on a differentiable manifold M is contained as a special case, namely for m = 2, in the following definition.

Definition. Let M be a connected, oriented C^∞-manifold of dimension n = dim M ≥ 2, ∇ an affine connection and Φ a totally symmetric (0, m)-tensor field, m ≥ 1. (i) We call Φ a (0, m)-Codazzi tensor relative to ∇, or a ∇-Codazzi tensor of order m, if the covariant derivative ∇Φ is totally symmetric. In this case we call {∇, Φ} also a Codazzi pair. If ∇ is the Levi-Civita connection ∇ = ∇(g) of a semi-Riemannian metric g we call Φ a Codazzi tensor relative to g.

(ii) We call Φ traceless relative to a semi-Riemannian metric g if trace_gΦ = 0.

* Supported by a DFG-project at the TU Berlin ** Partially supported by a DFG-project at the TU Berlin

0138-4821/93 $ 2.50 © 1998 Heldermann Verlag

330 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

For order m = 2 there are many well-known examples and results, see 2.1.2 below.

For order m = 3, affine differential geometry gives examples of Codazzi tensors, namely the Codazzi property of certain cubic forms characterizes special classes of affine hypersurfaces like affine spheres; see 2.1.3.

In section 2 we list also new examples of higher order Codazzi tensors. In this and a complementary paper [29] we extend results which are known for Codazzi order m = 2 and partly for m = 3. There are well-known PDE’s and Weitzenboeck formulas for the square norm of a Codazzi-tensor; we refer to [50], [57], [45] for m = 2, and to Blaschke’s original PDE for the Pick invariant (see [2] §76; Blaschke’s PDE is much older than Simons’) and its generalizations [6], [7], [42], [46] for m = 3; these led to our paper [25]. The latter paper was the starting point for our investigations on Codazzi tensors of arbitrary order m in [29] and the present note. Due to the complex methods the strong results in [29] are restricted to the dimension n = 2, here we study the higher dimensional case. In particular, we unify known results and generalize the Weitzenboeck-type formulas for Codazzi tensors to arbitrary order m. A typical result is the following surprisingly simple PDE.

1.1. Theorem. Let (M, g) be a Riemannian manifold, where M is connected and oriented of dimension n > 2. Assume (M, g) to be conformally flat and Φ to be a traceless (0, m)- Codazzi tensor relative to g. Then 1 2 Δ‖Φ‖^2 = ‖∇Φ‖^2 + n + 2m − 4 n − 2 α_{ij} (R^{ij} − (m − 1)n n + 2m − 4 κg^{ij}). Here R_{ij} denote the components of the Ricci tensor in standard local notation, κ the normed scalar curvature, g^{ij}R_{ij} = n(n − 1)κ, and α a symmetric, semi-positive definite (0, 2)-tensor defined in terms of Φ (see (4.1.2) below).

From section 5 on we give a series of exemplary local and global applications for Riemannian manifolds, their submanifolds as well as affine hypersurfaces. Our list of examples in section 2 admits additional applications of our main results in section 4. It is the aim of our examples and our applications to demonstrate that higher order Codazzi tensors naturally appear in many problems in differential geometry.

2. (0,m)-Codazzi tensor fields, examples

2.1. Examples. In this section we list examples and references.

2.1.1. (0,1)-Codazzi tensors. For m = 1, every exact 1-form is a (0,1)-Codazzi tensor.

2.1.2. (0,2)-Codazzi tensors. For m = 2 there are many results, examples and references.

2.1.2.1. Codazzi tensors on semi-Riemannian manifolds.

(a) The conference proceedings [16], pp. 243–299, contain a section of 10 contributions on Codazzi tensors. The papers [8] and [37] contain further examples, the papers [4], [20], [24], [40], [43], [44], [45], [56], [57], [58] give additional results and methods.

(b) [8] in particular investigates the situation of Codazzi tensors on Riemannian manifolds with exactly two distinct eigenvalue functions. These results were generalized by [18].

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 331

(c) [26] generalized the Cartan identities on isoparametric hypersurfaces to Codazzi tensors.

(d) Codazzi tensors appear in the theory of generalized curvature tensor fields; see e.g.

[33].

(e) On a space (M, g) of constant curvature κ, every f ∈ C^∞(M) generates a Codazzi tensor H(f) := Hessf + κfg

where Hessf denotes the covariant Hessian of the function. Moreover, if M is simply connected, any Codazzi tensor Φ on (M, g) can be generated by an appropriate function f such that Φ = H(f). See [15] and section 2.1.2.2 below.

2.1.2.2. Codazzi tensors on projectively flat manifolds. Let ∇ be a torsion free connection on M. We call ∇ projectively flat if (M, ∇) locally is projectively equivalent to the projective space RP^n with its canonical projectively flat connection. One can generalize the properties of Codazzi tensors from constant curvature spaces to projectively flat spaces (see e.g. [41], p. 232, or [47]).

Norden’s Lemma. Let (M, ∇) be torsion free and projectively flat with symmetric Ricci tensor Ric.

(i) If f ∈ C^∞(M) define

H(f) := Hessf + 1 n − 1 Ricf, where Hessf is the ∇-covariant Hessian of f and Ric := Ric(∇) its Ricci tensor (our sign convention for the curvature tensor and the Ricci tensor of ∇ follows [21]). Then {∇, H(f)} is a Codazzi pair. In particular, for f = constant ≠ 0, this includes the well-known fact that {∇, Ric} is a Codazzi pair for (M, ∇) projectively flat.

(ii) If M is simply connected , any Codazzi tensor Φ on (M, ∇) can be generated by an appropriate function f such that Φ = H(f).

2.1.2.3. Conjugate connections. A triple {∇, g, ∇^∗} of two connections and a semi- Riemannian metric g is called conjugate if X(g(Y, Z)) = g(∇_X Y, Z) + g(Y, ∇^∗_XZ) for all vector fields X, Y, Z on M. Let ∇ be torsion free. Then {∇, g} is a Codazzi pair if and only if ∇^∗ is a torsion free connection. For details and references see section 3 below.

2.1.3. (0,3)-Codazzi tensors. For m = 3 we list the following examples. 2.1.3.1. Centroaffine hypersurfaces.([48], 6.3) Let C be the centroaffine cubic Pick form of a non-degenerate hypersurface and h be the centroaffine metric. C is a (0,3)- Codazzi tensor relative to h. This follows from (4.12.2.1.iii) together with (6.3.2) in [48]. 2.1.3.2. Relative spheres.([48], 7.2) Let C be the relative cubic Pick form of a relative sphere. Then C is a (0,3)-Codazzi-tensor relative to any of the following 3 connections in relative geometry: the induced connection ∇, the Levi-Civita connection ^∇ of the relative metric, the conormal connection ∇^∗. One easily verifies the fact that any of these Codazzi properties characterizes relative spheres. See [25], Corollary 1.4.6. For affine spheres this was proved in [3].

332 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

2.1.3.3. Tchebychev hypersurfaces.([25]) Consider a relative Tchebychev hypersurface x : M → A as in [25] together with its relative cubic Pick form C and the symmetric (0,3)- field C̃ which is the traceless part of C ~C(u, v, w) := C(u, v, w) − n n + 2 [h(u, v) ^T (w) + h(v, w) ^T (u) + h(w, u) ^T (v)]; here the relative Tchebychev form ^T and the relative Tchebychev vector field T are defined by nT̂ (v) := trace{u → C(u, v)}, h(T, v) := ^T (v), and h is the relative metric. x is called a relative Tchebychev hypersurface if the relative Tchebychev operator L := 1 2 S − n n + 2 ∇(h)T satisfies L = λ id. It is proved in [25] that, for a non-degenerate hypersurface, ~C is a (0,3)-Codazzi tensor with respect to the relative metric h if and only if x is a relative Tchebychev hypersurface. 2.1.3.4. Totally real submanifolds. Let < , > be the inner product on C^n = R^{2n} given by < z, w >= 1 2 (zw̄ + z̄w), z, w ∈ C^n . An n-dimensional submanifold M of C^n is called totally real, if < iX, Y > = 0 for all X, Y ∈ T M. Let x : M → C^n be a totally real submanifold. We define a cubic form C on M^n by C(X, Y, Z) :=< ¯∇_X Y, iZ >, X, Y, Z ∈ T_pM^n, where ¯∇ is the standard connection on C^n . It is easy to verify that C is a Codazzi tensor on M. If M is totally real and minimal, then C is a traceless Codazzi tensor. We have C ≡ 0 if and only if the submanifold is totally geodesic.

2.1.3.5. (0,3)-Codazzi tensors on constant curvature spaces. Like for (0,2)-Codazzi tensors there is a procedure to generate (0,3)-Codazzi tensors by functions, and as before this procedure is suggested by results about spherical harmonics, now of second order ([52], [17]).

Proposition. Let (M, g) be a space of constant curvature κ. For f ∈ C^∞(M), denote by f_i := ∂_if = df(∂_i) the local components of df. Define the (0, 3)-tensor C(f) by C(f)_{ijk} := ∇_k∇_j ∇_if + κ{2f_kg_{ij} + f_ig_{jk} + f_jg_{ik}}. Then (a) C(f) is a (0, 3)-Codazzi tensor on (M, g); (b) C(f)^j_{ij} = ∇_i(Δf + 2(n + 1)κf).

(c) In particular, if (M, g) is a Riemannian sphere (M, g) ∼= (S^n(κ), g_{can}), f^# := f − c is a second eigenfunction, where c is an appropriate constant.

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 333

The proof uses the Ricci-identities (see [13], p. 30); it is straightforward. 2.1.3.6. Projectively flat spaces. Let (M, ∇) be projectively flat as in 2.1.2.3. Then the Ricci tensor of ∇ is a (0,2)-Codazzi tensor, that means the covariant derivative is totally symmetric. One easily verifies that also the second covariant derivative is totally symmetric, that means ∇Ric is a (0,3)-Codazzi tensor ([23], p. 39).

2.1.4. (0,4)-Codazzi tensors.

2.1.4.1. (0,4)-Codazzi tensors on constant curvature spaces. We extend the procedure from (2.1.2.1.e) and (2.1.3) to generate (0,4)-tensors by functions. Similar constructions were used in [38] and [22] for results in spectral theory and on minimal submanifolds in spheres. Again, the constructions originate from results on spherical harmonics (see [17]).

Proposition. Let (M, g) be a space of constant curvature κ. For f ∈ C^∞(M), define the (0, 4)-tensor U := U(f) in local terms by

U_{ijkl} :=∇_l∇_k[∇_jf_i + κfg_{ij} ] + 2κ[∇_lf_kg_{ij} + ∇_lf_j g_{ik} + ∇_lf_ig_{jk}] + κ[∇_j f_ig_{kl} + ∇_kf_j g_{il} + ∇_kf_ig_{jl}] + 3κ^2f[g_{ij}g_{kl} + g_{jk}g_{il} + g_{ik}g_{jl}].

Then (i) U is a (0, 4)-Codazzi tensor.

(ii) g^{ij} U_{ijkl} = ∇_l∇_k(Δf + 3(n + 2)κf) + κg_{kl}(Δf + 3(n + 2)κf). (iii) If (M, g) is part of a sphere and f is a third order spherical harmonic, then g^{ij} U_{ijkl} = 0. (iv) If (M, g) is part of a sphere and F := Δf + 3(n + 2)κf is a first order spherical harmonic, then g^{ij}U_{ijkl} = 0.

2.1.4.2. Remark on higher order Codazzi tensors. If f is a spherical harmonic of order k, we know from [17] that f satisfies PDE systems of order (k + 1). The foregoing results suggest that such systems admit a general procedure for the construction of (0,k)- Codazzi tensor on constant curvature spaces.

2.1.4.3. Improper affine spheres. Consider an affine sphere x : M → A which is not a quadric, equipped with the unimodular normalization; denote by C its equiaffine cubic form and by ∇ its induced connection. Then ∇C is totally symmetric if and only if x is an affine sphere. Moreover, it was proved in section 2 of [3] that x is improper if and only if ∇∇C is totally symmetric. Thus x from above is an improper affine sphere if both C and ∇C are Codazzi tensors. One similarly can consider ∇^∗ and C, i.e. the total symmetry of ∇^∗C and ∇^∗∇^∗C.

2.1.5. Higher order Codazzi tensors.

2.1.5.1. Parallel forms. In Euclidean geometry there are investigations on hypersurfaces with the property that a higher order covariant derivative of the second fundamental form II vanishes, let say ∇^kII = 0. In particular, ∇^2II = 0 implies that ∇II −^n_{n+2} sym{dH ⊗ g} is a traceless Codazzi tensor of order 3 with constant squared norm; here H denotes the mean curvature and sym{. . .}

334 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

the total symmetrization of the expression in brackets. See [9] and [10] for higher order parallel forms.

Similar investigations are known from affine differential geometry. A survey on such results is given by F. Dillen in A 2.2 in [27]; see also [12]. 2.1.5.2. Reduction of the order.

2.1.5.2.1. Traces. Let (M, g) be semi-Riemannian and Φ be a Codazzi tensor of order m ≥ 3 relative to g. The contraction of Φ gives a Codazzi tensor of order m − 2 ≥ 1. 2.1.5.2.2. Ejiri’s method. Let ∇ be torsion free on M and Φ a ∇-Codazzi tensor of order m ≥ 2. If X is a differentiable vector field, then Φ(X, ., . . . , .) is a totally symmetric tensor of order m − 1 ≥ 1. In particular geometric situations one uses a vector field X with particular properties such that Φ(X, ., . . . , .) is a Codazzi tensor. This procedure was used in [54] for the cubic form as (0,3)-Codazzi-tensor on affine spheres, but the method was introduced in an earlier paper of Ejiri [14].

3. Conjugate connections and Codazzi equations

In this section we summarize recent results on conjugate connections and give some applications for our purposes. We refer to [11], [34], [35] or [48]. Recall that a connection ∇ is called metric if it is the Levi-Civita connection of some semi-Riemannian metric g, ∇ = ∇(g). 3.1. Definition. Consider on M a semi-Riemannian metric h and two torsion free connections ∇, ∇^∗. We call ∇, ∇^∗ conjugate relative to h if X(h(Y, Z)) = h(∇_X Y, Z) + h(Y, ∇^∗_X Z) for all tangent fields X, Y , Z on M. We also call {∇, h, ∇^∗} a conjugate triple.

3.2. Lemma. Let {∇, h, ∇^∗} be conjugate. Then (i) {∇, h} and {∇^∗, h} are Codazzi pairs. (ii) The Levi-Civita connection ∇(h) satisfies ∇(h) = 1 2 (∇ + ∇^∗).

(iii) ∇ is a metric connection, ∇ = ∇(g), if and only if ∇^∗ is a metric connection, ∇^∗ = ∇(g^∗).

(iv) If ∇ and ∇^∗ are metric in (iii), then there exists a regular operator L which is hselfadjoint such that g(X, Y ) = h(L^{−1}X, Y ), g^∗(X, Y ) = h(LX, Y ). (v) [19], [57]. Let λ_1, . . . , λ_n be the eigenvalues of L in (iv) with g-orthonormal eigenvectors E_1, . . . , E_n, then the sectional curvatures of g and g^∗, resp., satisfy

λ_iλ_j κ^∗(E_i, E_j) = κ(E_i, E_j).

In particular, if L from (iv) is definite on M, i.e. all eigenvalues of L have the same sign, then the sectional curvatures of g and g^∗ have the same sign at any point.

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 335

3.3. Proposition.([11]; [48], (4.4.5)). Let {∇, h, ∇^∗} be conjugate, φ an h-selfadjoint operator and Φ the associated symmetric bilinear form, Φ(X, Y ) = h(φX, Y ). Then φ is a ∇-Codazzi operator if and only if Φ is a ∇^∗-Codazzi tensor. 3.4. Examples.

(i) Consider a hypersurface in Euclidean space E_{n+1} with nondegenerate second fundamental form II. Then g := I, L = S (Weingarten operator) and g^∗ = III give the conjugate triple {∇(I), II, ∇(III)}. (ii) Consider a space form M̄(κ̄) with κ̄ ≠ 0 and a (hyper-)surface immersion x : M → M̄ with non-zero Gauss-Kronecker curvature. Following the terminology in affine geometry we call x a non-degenerate immersion. According to (3.2) we can consider a conjugate triple {∇(I), II, ∇^∗} where g^∗(X, Y ) := II(SX, Y ), ∇^∗ = ∇(g^∗). Then {∇^∗, II} is a Codazzi pair, and trace_g�II = n^{Hn}�^1_{Hn} =: nP_1.

(iii) The normed scalar curvature κ^∗ of (M, g^∗) satisfies (see [5])

κ^∗ = κ̄P_2 + 1, where P_2 := H_{n−2} H_n . Thus κ̄P_2 is an intrinsic invariant of (M, g^∗).

Below we will use the following curvature relations for (M, g^∗):

3.5. Proposition. Let x : M → M̄(κ̄) a non-degenerate hypersurface. Assume II_{ij} = k_iδ_{ij} at p ∈ M. Then the curvature tensor R^∗, the Ricci tensor Ric^∗ and the normed scalar curvature n(n − 1)κ^∗ = trace_g�Ric^∗ satisfy: (3.5.1) R^{∗l}_{rij} = (g^∗_{rj} δ^l_i − g^∗_{ri}δ^l_j ) + κ̄(II_{rj}I_{ki} − II_{ri}I_{kj} )II^{(kl)}, where II^{(kl)}II_{lj} = δ^k_j defines the inverse matrix (II^{(kl)});

(3.5.2) R^∗_{ij} = (n − 1)g^∗_{ij} + κ̄(n H_{n−1} H_n II_{ij} − I_{ij} ),

(3.5.3) n(n − 1)κ^∗ = n(n − 1) + κ̄((n H_{n−1} H_n )^2 − trace_g�I);

the last equation implies (iii) in (3.4). Proof. From [35] we have II(R(u, v)w, z) + II(w, R^∗(u, v)z) = 0. Since R^i_{jkl} = κ̄(δ^i_kI_{jl} − δ^i_l I_{jk}) + (S^i_kII_{jl} − S^i_l II_{jk}), by a direct computation, we get (3.5.1)–(3.5.3). �

4. Codazzi tensors on semi-Riemannian spaces, local results

We generalize PDE’s known for (0,2)-Codazzi tensors and (0,3)-Codazzi tensors on Riemann spaces; see the references in the introduction.

336 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

In this section we use the following notation in Riemannian geometry: let (M, g) be a connected, oriented semi-Riemannian space of dimension n ≥ 3, ω(g) its Riemannian volume form, ∇ its Levi-Civita connection, R its curvature tensor with the sign convention from [21], Ric its Ricci tensor, trace_gRic = n(n − 1)κ its scalar curvature. Δ denotes the Laplacian, Δf = trace_g(Hessf), and (Hess f) the covariant Hessian of f. W denotes the conformal Weyl curvature tensor. If convenient we use the standard local notation and adopt the Einstein convention.

4.1. Proposition. Let (M, g) be as above and of dimension n ≥ 3. Let Φ denote a (0, m)-Codazzi field, m ≥ 2. Then 1 2 Δ‖Φ‖^2 =‖∇Φ‖^2 + (m − 1)Φ^{jkk3...km} Φ^{il}_{k3...km} W_{ijkl} (4.1.1) + n + 2m − 4 n − 2 α_{ij} (R^{ij} − (m − 1)nκ n + 2m − 4 g^{ij}) + Φ^{k1...km} g^{ij}∇_{k1} ∇_iΦ_{jk2...km} − 2(m − 1) n − 2 Φ^i_{k3...km} Φ^{jkk3...km} R_{jk} + nκ(m − 1) n − 2 Φ^{ik2...km} i Φ^j_{k2...km} ; W_{ijkl} denote the components of the Weyl conformal curvature tensor, R_{ij} the components of the Ricci curvature tensor. We define the symmetric (0,2)-tensor α by (4.1.2) α_{ij} := Φ_{ik2...km} Φ^{k2...km}_j . Proof. 1 2 Δ‖Φ‖^2 = ‖∇Φ‖^2 + Φ^{k1...km} g^{ij}∇_i∇_j Φ_{k1...km} = ‖∇Φ‖^2 + Φ^{k1...km} g^{ij}∇_i∇_{k1} Φ_{jk2...km} , since Φ and ∇Φ are totally symmetric. From the Ricci identity we get ∇_i∇_{k1} Φ_{jk2...km} = ∇_{k1} ∇_iΦ_{jk2...km} + Φ_{λk2...km} R^λ_{jk1i} + m∑ l=2 Φ_{jk2...λ...km} R^λ_{klk1i}. For the Riemannian curvature tensor of the metric g we have the well-known orthogonal decomposition R_{ijkl} = W_{ijkl} + 1 n − 2 (g_{ik}R_{jl} + g_{jl}R_{ik} − g_{il}R_{jk} − g_{jk}R_{il}) − nκ n − 2 (g_{ik}g_{jl} − g_{il}g_{jk}). Therefore 1 2 Δ‖Φ‖^2 = ‖∇Φ‖^2 + Φ^{k1...km} g^{ij}∇_i∇_{k1} Φ_{jk2...km}

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 337 =‖∇Φ‖^2 + Φ^{k1...km} Φ_{λk2...km} g^{ij}R^λ_{jk1i} + Φ^{k1...km} m∑ r=2 g^{ij}Φ_{jk2...λ...km} R^λ_{kr k1i} + Φ^{k1...km} g^{ij}∇_{k1} ∇_iΦ_{jk2...km} =‖∇Φ‖^2 + α_{ij} R^{ij} + (m − 1)Φ^{jkk3...km} Φ^{il}_{k3...km} R_{ijkl} + Φ^{k1...km} g^{ij}∇_{k1} ∇_iΦ_{jk2...km} =‖∇Φ‖^2 + (m − 1)Φ^{jkk3...km} Φ^{il}_{k3...km} W_{ijkl} + α_{ij} R^{ij} + 2(m − 1) n − 2 α_{ij} R^{ij} − (m − 1)nκ n − 2 α_{ij} g^{ij} + Φ^{k1...km} g^{ij}∇_{k1} ∇_iΦ_{jk2...km} − 2(m − 1) n − 2 Φ^i_{k3...km} Φ^{jkk3...km} R_{jk} + nκ(m − 1) n − 2 Φ^{ik2...km} i Φ^j_{k2...km} =‖∇Φ‖^2 + (m − 1)Φ^{jkk3...km} Φ^{il}_{k3...km} W_{ijkl} + Φ^{k1...km} g^{ij} ∇_{k1} ∇_iΦ_{jk2...km} + n + 2m − 4 n − 2 α_{ij} (R^{ij} − (m − 1)nκ n + 2m − 4 g^{ij}) − 2(m − 1) n − 2 Φ^i_{k3...km} Φ^{jkk3...km} R_{jk} + nκ(m − 1) n − 2 Φ^{ik2...km} i Φ^j_{k2...km} . This completes the proof of Proposition 4.1. � 4.2. Corollary. If, additionally to the assumptions in Proposition 4.1, Φ is traceless, we have 1 2 Δ‖Φ‖^2 =‖∇Φ‖^2 + (m − 1)Φ^{jkk3...km} Φ^{il}_{k3...km} W_{ijkl} (4.2.1) + n + 2m − 4 n − 2 α_{ij} (R^{ij} − (m − 1)nκ n + 2m − 4 g^{ij}).

4.3. Corollary. If, additionally to the assumptions in Corollary 4.2, the metric g is conformally flat, we have

(4.3.1) 1 2 Δ‖Φ‖^2 = ‖∇Φ‖^2 + n + 2m − 4 n − 2 α_{ij} (R^{ij} − (m − 1)nκ n + 2m − 4 g^{ij} ). 4.4. Corollary. Let (M, g) be Ricci-pinched:

Ric > (m − 1)nκ n + 2m − 4 g. Let Φ denote a traceless (0, m)-Codazzi tensor field, m ≥ 2, and assume ‖Φ‖^2 = constant. (i) If dim M ≥ 4 and (M, g) is conformally flat then Φ ≡ 0. (ii) If dim M = 3 then Φ ≡ 0.

4.5. Corollary. Let (M, g) be Ricci pinched

Ric ≥ (m − 1)nκ n + 2m − 4 g. Let Φ be a traceless (0, m)-Codazzi tensor field, m ≥ 2, and assume ‖Φ‖^2 = constant.

338 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

(i) If dimM ≥ 4 and (M, g) is conformally flat, then ∇Φ = 0. (ii) If dimM = 3, then ∇Φ ≡ 0.

(iii) ∇Φ ≡ 0 in (i) and (ii), resp., implies the following properties (see [49], [56]):

(1) the eigenvalues of α (relative to g) are constant on M; (2) the eigenvalues define eigendistributions; these are integrable and parallel; (3) M is locally the product of the integral manifolds (M_k, g(k)) from (2); (4) let λ_1, . . . , λ_r be the different eigenvalues of α with multiplicities μ_1, . . . , μ_r, ∑_r k=1 μ_k = n; then there exist appropriate local coordinates associated to the product structure stated in (3), and

(4.5.1) dimM(k) = μ_k, g = r∑ k=1 g(k), α = r∑ k=1 λ_kg(k). (iv) If M is simply connected and (M, g) complete, (M, g) is globally a product of complete manifolds (M_k, g(k)).

Proof. The proofs of (i) and (ii) follow directly from (4.3.1). To prove (iii) and (iv) we note that ∇Φ ≡ 0 implies ∇α ≡ 0 where α was defined in (4.1.2). Now the product structure is a consequence of the de Rham decomposition theorem and the parallelity of α according to the properties (1)–(4). �

4.6. Remark. If Φ is of order 2, then the statements (1)–(4) hold for Φ. This fact is of particular importance for applications.

4.7. Corollary. Let (M, g) be of constant nonnegative curvature κ, n ≥ 2. Assume Φ is a traceless Codazzi tensor of order m ≥ 2, satisfing ‖Φ‖^2 = constant on M. Then Φ ≡ 0 or κ ≡ 0.

Proof. (M, g) has constant curvature if and only if it is conformally flat and Einstein. If κ > 0, the latter implies, together with n ≥ 3, m ≥ 2,

Ric = (n − 1)κg > (n − 1)

2(m − 1) n + 2m − 4 κg > n(m − 1) n + 2m − 4 κg. We can now apply Corollary 4.4. For the proof in case of dimension n = 2 see [29]. �

4.8. Remark. Corollary 4.7 originates from affine geometry. See [54] and Proposition 8.3 below.

5. Global results for Codazzi tensors

There are many global results on Codazzi tensors for m = 2; see the references in (2.2.2.1). As a particular example we recall (see e.g. [57], [44], [45])

5.1. Theorem. Let (M, g) be a closed (compact without boundary), connected, oriented Riemannian manifold of dimension n ≥ 2, let Φ be a traceless Codazzi tensor of order m = 2.

(i) If the sectional curvature of (M, g) is positive then Φ ≡ 0. (ii) If the sectional curvature of (M, g) is non-negative, then ∇Φ ≡ 0.

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 339

In this section, from now on, we consider M to be oriented, connected, closed with dimM ≥ 3.

5.2. Proposition. Let M be closed, connected, oriented and Φ be a traceless Codazzi tensor of order m relative to the Riemannian metric g, m ≥ 2. Assume (M, g) to be Ricci-pinched Ric > (m − 1)nκ n + 2m − 4 g. (i) If dimM ≥ 4 and (M, g) is conformally flat, then Φ ≡ 0. (ii) If dimM = 3, then Φ ≡ 0.

5.3. Proposition. Let (M, g) be as above and Φ a traceless Codazzi tensor of order m, m ≥ 2. Assume (M, g) to be Ricci pinched

Ric ≥ (m − 1)nκ n + 2m − 4 g. (i) If dimM ≥ 4 and (M, g) is conformally flat, then ∇Φ ≡ 0. (ii) If dimM = 3, then ∇Φ ≡ 0.

Moreover, ∇Φ ≡ 0 in (i) and (ii), resp., implies that (M, g) globally is a product of Riemannian manifolds (M_k, g(k)) and g = r∑ k=1 g(k), r ≥ 1.

It is well-known that Theorem 5.1 implies uniqueness theorems in global differential geometry, namely particular applications of the fact that, in the above situation, the trace of a Codazzi tensor determines the Codazzi tensor itself. It is obvious that (5.2) and (5.3) have similar consequences.

5.4. Corollary. Let (M, g) be as in (5.2). Let Φ, Φ^# be (0, m)-Codazzi tensors such that trace_gΦ = trace_gΦ^#. Then Φ = Φ^#.

One can repeat this argument, using the following 5.5. Observation. Let Φ be a (0, m)-Codazzi tensor relative to a semi-Riemannian metric g on M for m = 2k + l, l = 0, 1. Let 1 ≤ s ≤ k. Define by recursion trace^s_gΦ := trace_g(trace^{s−1}_g Φ), where trace^0_gΦ := Φ.

Then trace^s_gΦ is again a (0, 2(k − s) + l)-Codazzi tensor.

5.6. Corollary. Let (M, g) be as in (5.2) and let Φ, Φ^# be (0, m)-Codazzi tensors where m = 2k + l and 1 ≤ k, l = 0, 1. Let 1 ≤ s ≤ k. Then trace^s_gΦ = trace^s_gΦ^# implies Φ = Φ^#.

340 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

6. Hypersurfaces in space forms

We consider hypersurfaces in space forms and present applications of the results from section 5 to (0,2)-Codazzi tensors.

6.1. Curvature relations. Let x : M → M̄(κ̄) be a hypersurface with Riemannian metric g in a real space form M̄(κ̄). Let S be the Weingarten operator of x and H the mean curvature. Choose an orthonormal basis for T M such that, at p, S_{ij} = k_iδ_{ij} , where k_1, . . . , k_n denote the principal curvatures at p. Recall the Gauss equations R_{ijkl} = κ̄(δ_{ik}δ_{jl} − δ_{il}δ_{jk}) + S_{ik}S_{jl} − S_{il}S_{jk}, and the corollaries R_{ik} = (n − 1)κ̄δ_{ik} + nHS_{ik} − ∑ j S_{ij} S_{jk},

n(n − 1)κ = n(n − 1)κ̄ + n^2H^2 − ‖S‖^2.

It is well-known that, within all (normed) elementary symmetric functions H_r of the principal curvatures, the mean curvature H = H_1 is a distinguished curvature function by the theorema egregium, as H_{2k} and |H_{2k+1}|, for k ≥ 1, are intrinsic invariants. Define (6.1.a) f_m := ∑ i (k_i − H)^m, m ∈ N. We call f_m the curvature momentum function of order m. While f_1 = 0, for m ≥ 2 the functions f_m give appropriate measures for the deviation of the principal curvatures k_i (i=1,. . .,n) from the value of H. This is illustrated by the results in section 6.2 below which give integral relations between such extrinsic curvature functions and the Euler characteristic.

6.2. Theorem. Let x : M^4 → M̄^5(κ̄) be a compact hypersurface with Euler characteristic χ(M) and Riemannian metric g in a real space form M̄^5(κ̄) such that the mean curvature H of x is constant. Then we have the following integral formula

(6.2.1) ∫ M^{{ 52 f 22 −(6κ̄+10H2)f2 +12(κ̄+H2)2 −3f4}ω(g)−} ∫ M^{‖∇Φ‖2ω(g) = 16π2χ(M),}

where Φ_{ij} := S_{ij} − Hg_{ij} .

Proof. From the Gauss equations we have ‖R_{ijkl}‖^2 = 24(κ̄ + H^2)^2 + 2f^2_2 + 4(H^2 − κ̄)f_2 − 2f_4 − 8Hf_3, ‖R_{ij} ‖^2 = f_4 − 4Hf_3 − (6κ̄ + 2H^2)f_2 + 36(κ̄ + H^2)^2, (12κ)^2 = f^2_2 − 24(κ̄ + H^2)f_2 + 144(κ̄ + H^2)^2.

The foregoing expressions give the identity

‖R_{ijkl}‖^2 − 4‖R_{ij} ‖^2 + (12κ)^2 = −6f_4 + 8Hf_3 + 3f^2_2 − (4κ̄ + 12H^2)f_2 + 24(κ̄ + H^2)^2.

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 341

The left hand side is the integrand of the Gauss Bonnet formula which in dimension n = 4 reads (c.f. [1], p. 82) ∫ M ( ‖R_{ijkl}‖^2 − 4‖R_{ij} ‖^2 + (12κ)^2 ) ω(g) = 32π^2χ(M).

On the other hand, we have 1 2 Δ‖Φ‖^2 = ‖∇Φ‖^2 + ∑ Φ_{ij} Φ_{λk}R_{λijk} + ∑ Φ_{ij} Φ_{iλ}R_{jλ} = ‖∇Φ‖^2 + {(κ̄ + H^2)f_2 + f_4 + 2Hf_3 − f^2_2 } + {−f_4 + 2Hf_3 + 3(κ̄ + H^2)f_2} = ‖∇Φ‖^2 + 4(κ̄ + H^2)f_2 + 4Hf_3 − f^2_2 .

This gives a second integral formula 0 = ∫ M^{{‖∇Φ‖2 + 4(κ̄ + H2)f2 + 4Hf3 − f 22 }ω(g).} We integrate the identity derived above and insert both integral formulas. This proves the assertion. � 6.2.2. Lemma. The curvature functions f_2, f_4 satisfy the following inequalities f_4 ≤ f^2_2 ≤ 4f_4.

Equality on the left hand side or the right hand side at a point p ∈ M holds if and only if all principal curvatures coincide: k_1 = k_2 = k_3 = k_4 and p is an umbilic; in particular, equality on one side of the inequalities in (ii) implies equality on the other, and in this case f_k = 0 for all k.

Proof. (i) From the definition (6.1.a) of f_i, i = 1, 2, 3, 4, we have f^2_2 = [(k_1 − H)^2 + (k_2 − H)^2 + (k_3 − H)^2 + (k_4 − H)^2]^2

≥ (k_1 − H)^4 + (k_2 − H)^4 + (k_3 − H)^4 + (k_4 − H)^4 = f_4.

Equality holds if and only if (k_1 − H)^2 = (k_2 − H)^2 = (k_3 − H)^2 = (k_4 − H)^2 = 0;

that means k_1 = k_2 = k_3 = k_4.

(ii) To prove the second inequality consider the relation

f^2_2 = [(k_1 − H)^2 + (k_2 − H)^2 + (k_3 − H)^2 + (k_4 − H)^2]^2 = [(k_1 − H)^2 × 1 + (k_2 − H)^2 × 1 + (k_3 − H)^2 × 1 + (k_4 − H)^2 × 1]^2 ≤ [(k_1 − H)^4 + (k_2 − H)^4 + (k_3 − H)^4 + (k_4 − H)^4] × [1^2 + 1^2 + 1^2 + 1^2] = 4f_4;

here we used the Cauchy-Schwarz inequality. Equality holds if and only if (k_1 − H) = (k_2 − H) = (k_3 − H) = (k_4 − H).

This proves (ii). �

342 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

6.3. Corollary. Let x : M^4 → M̄^5(κ̄) be as above. Then (i) ∫ M^{{ 52f 22 − (6κ̄ + 10H2)f2 + 12(κ̄ + H2)2 − 3f4}ω(g) ≥ 16π2χ(M),}

(ii) ∫ M^{{ 74 f 22 − (6κ̄ + 10H2)f2 + 12(κ̄ + H2)2}ω(g) −} ∫ M^{‖∇Φ‖2ω(g) ≥ 16π2χ(M) ≥} ≥ ∫ M^{{− 12 f 22 − (6κ̄ + 10H2)f2 + 12(κ̄ + H2)2}ω(g) −} ∫ M^{‖∇Φ‖2ω(g).} For a compact constant mean curvature immersion x : M^4 → M̄^5(κ̄), the integral inequalities in (ii) relate the curvature momentum function f_2 with the topology of M, giving lower and upper bounds for the Euler characteristic. 6.4. Corollary. Let x : M^4 → M̄^5(κ̄) be as in Theorem 6.1.

(a) Equality in the relation (6.3.i) holds if and only if the Weingarten operator S is parallel.

Then, in particular, the principal curvatures must be constant, thus x is isoparametric. (b) Equality on one side in the relation (ii) holds if and only if x is totally umbilical. 6.5. Non-degenerate hypersurfaces. In this section we sketch how to get results similar to 6.1–6.4 in terms of the geometry of (M, g^∗) on a non-degenerate hypersurface x : M^4 → M̄^5(κ̄); see (3.4). In analogy to (6.1.a) we consider the curvature momentum functions of order m

(6.5.a) f^∗_m := ∑ i ( 1 k_i − P_1)^m, m ∈ N.

Again we have f^∗_1 = 0, and for m > 1 the curvature functions f^∗_m give a measure for the deviation of the principal radii of curvature from P_1.

6.5.1. Theorem. Let x : M^4 → M̄^5(κ̄) be a compact, non-degenerate hypersurface. Assume that the curvature function P_1 is constant. Then we have the following integral formula:

32π^2χ(M) = − 6κ̄ ∫ M^{‖∇∗Φ‖2ω(g∗)} + κ̄^2 ∫ M^{{5f ∗22 − 2f ∗4 − 4f ∗2 (11P 21 + 5κ̄ ) − 24(P 21 + 1κ̄ )2}ω(g∗),}

where Φ := II − P_1g^∗.

Proof. Step 1. We use the curvature relations from (3.5) for n = 4. A lengthy, but straightforward calculation gives

‖R^∗‖^2_∗ = κ̄^2{2f^∗_4 + 8P_1f^∗_3 − 2f^∗2_2 + 4( 1 κ̄ − P^2_1 )f^∗_2 − 24( 1 κ̄ + P^2_1 )^2},

‖Ric^∗‖^2_∗ = κ̄^2{f^∗_4 − 4P_1f^∗_3 − ( 6 κ̄ + 2P^2_1 )f^∗_2 + 36( 1 κ̄ + P^2_1 )^2},

(12κ^∗)^2 = κ̄^2{f^∗_2^2 − 24f^∗_2 ( 1 κ̄ + P^2_1 ) + 144( 1 κ̄ + P^2_1 )^2},

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 343

where the ∗-tensor-norm ‖ ‖_∗ is defined by the metric g^∗. Thus

‖R^∗‖^2_∗ − 4‖Ric^∗‖^2_∗ + (12κ^∗)^2 = (6.5.1.a) = κ̄^2[−24( 1 κ̄ + P^2_1 )^2 + (4 1 κ̄ − 20P^2_1 )f^∗_2 − f^{∗2}_2 + 24P_1f^∗_3 − 2f^∗_4 ].

Step 2. Φ := II − P_1g^∗ is a traceless g^∗-Codazzi tensor. Then (6.5.1.b) 1 2 Δ^∗‖Φ‖^2_∗ = ‖∇^∗Φ‖^2_∗ + κ̄[4( 1 κ̄ + P^2_1 )f^∗_2 + 4P_1f^∗_3 − f^{∗2}_2 ].

Step 3. Integrate (6.5.1.a), (6.5.1.b) and use the Gauss-Bonnet formula as in (6.2). � 6.5.2. Corollary. Let x : M^4 → M̄^5(κ̄) be as in (6.5.1). Then

32π^2χ(M) ≤ κ̄^2 ∫ M^{{5f ∗2 2 − 2f ∗4 − 4(11P 21 + 5κ̄ )f ∗2 − 24(P 21 + 1κ̄ )2}ω(g∗);}

equality holds if and only if x is isoparametric.

6.5.3. Corollary. Let x : M^4 → M̄^5(κ̄) be as in (6.5.1). Then we have the following integral estimates in terms of P_1 and f_2 for the Euler characteristic:

κ̄^2 ∫ M^{{ 92 f ∗2 2 − 4f ∗2 (11P 21 + 5κ̄ ) − 24(P 21 + 1κ̄ )2}ω(g∗) ≥ 32π2χ(M) ≥} ≥ κ̄^2 ∫ M^{{3f ∗22 − 4f ∗2 (11P 21 + 5κ̄ ) − 24(P 21 + 1κ̄ )2}ω(g∗) − 6κ̄} ∫ M^{‖∇∗Φ‖2∗ω(g∗).} Equality holds on the left or on the right hand side if and only if x is totally umbilical. In this case we have 4π^2χ(M) = −3κ̄^2(P^2_1 + 1 κ̄ )^2vol(M, g^∗).

7. Minimal submanifolds of spheres

Consider an isometric immersion x̃ : M → S^{n+p}(1) of a Riemannian manifold (M, g) and the canonical inclusion j : S^{n+p}(1) → E^{n+p+1} of the unit sphere into Euclidean space, n ≥ 2, p ≥ 1. We choose the center of the sphere as origin of the canonical coordinate system and denote by x also the position vector of the isometric immersion x := j ∘ x̃.

The mean curvature normals ξ, ξ̃ of x, x̃ satisfy (7.1) Δx = ξ = ξ̃ + n(−x), where Δ denotes the Laplacian of the metric and here is applied to the vector valued mapping x. It is a well-known result of Takahashi [51] that x̃ is a minimal immersion if and only if ξ̃ = 0.

If ξ is parallel in the normal bundle, say Dξ = 0 (D denotes the induced connection in the normal bundle of x), then its induced second fundamental form II(ξ) is a ∇(I)-Codazzi tensor with constant trace, trace_gII =< ξ, ξ >, and Φ := II(ξ) − 1 n ( trace_gII(ξ) ) g

344 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

is traceless. If Φ ≡ 0 then integration of the Weingarten equation Dξ = 0 and comparison with (7.1) gives ξ̃ = 0; that means x̃ is a minimal immersion; see e. g. [43], section 9.

We combine the foregoing remarks with the results from section 5.

7.2. Theorem. Let (M, g) be closed. As above, denote by x̃ an isometric immersion into a sphere such that the mean curvature vector ξ of x = j ∘x̃ is parallel in the normal bundle, Dξ = 0.

(i) If n ≥ 2 and the sectional curvature of (M, g) is positive then x̃ is a minimal isometric immersion.

(ii) If n = 3 and the Ricci tensor is pinched as in Proposition (5.2) then x̃ is a minimal isometric immersion.

(iii) If n ≥ 4, (M, g) is conformally flat and the Ricci tensor is pinched as in (5.2) then x̃ is a minimal isometric immersion.

Analogously we can apply Proposition 5.3 and prove that (M, g) has a product structure, (M, g) ~= ⨁ k(M_k, g(k)). Then Φ = ⨁ k λ_kg(k), where λ_k is a constant eigenvalue of Φ with multiplicity μ_k = dimM_k. Moreover, ∑ λ_kμ_k = 0. This implies a decomposition of II(ξ) II(ξ) = ⨁ k ( λ_k + 1 n < ξ, ξ > ) g(k).

8. Affine hypersurfaces

There are several papers on cubic forms in affine differential geometry. Particular topics are PDE’s for cubic forms and classifications of hypersurfaces. We refer e.g. to F. Dillen’s survey in [27] and to [53].

In [25] we studied Codazzi properties of cubic forms; this paper initiated our study of Codazzi tensors of arbitrary order. It contains a detailed study of PDE’s for cubic forms and applications of our general results to affine differential geometry.

In the following we give some further applications in centroaffine hypersurfaces theory. We recall basic notations from centroaffine hypersurfaces theory (see [48], section 6.3, or [25], [30–32], [28,29]). Let g denote the centroaffine metric of a hypersurface, C its cubic form, T̂ its Tchebychev form and T its Tchebychev vector field. Define (compare (2.1.3.3)) ~C^k_{ij} := C^k_{ij} − n n + 2

(T_iδ^k_j + T_j δ^k_i + T^kg_{ij}).

A centroaffine Tchebychev hypersurface is defined by ∇T = λid, λ ∈ C^∞(M). One can find results on Tchebychev hypersurfaces in the papers we referred to above.

8.1. Theorem. Let x : M^n → R^{n+1} be a compact centroaffine Tchebychev hypersurface, dimM ≥ 3. If the centroaffine metric g, its Ricci curvature and its normed scalar curvature κ satisfy Ric > κg, then x is an ellipsoid.

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 345

Proof. From [28], Corollary 5.1, we know that a compact centroaffine Tchebychev hypersurface is conformally flat for n ≥ 3. Define Φ_{ij} := ~C_{ijl}T^l, then Φ_{ij} is symmetric and traceless. Since ∇_kΦ_{ij} = ∇_k( ~C_{ijl}T^l) = (∇_k ~C_{ijl})T^l + ~C_{ijk}(∇_kT^l)

and x is Tchebychev, from [28], (4.2.1) and (4.1) we get that ∇Φ is totally symmetric. Hence Φ is a traceless Codazzi tensor. From Corollary 4.2 above, if Ric > κg, we get Φ ≡ 0. On the other hand, for a centroaffine Tchebychev hypersurface, we have ([28], (4.3)) ρ(e) (^ S(e) − H(e)g ) = − 2n n + 2 Φ, where the mark (e) denotes equiaffine quantities of x and Ŝ is the Weingarten form, H the mean curvature and ρ the support function. Therefore, from Φ = 0, x is an equiaffine sphere. Now the Theorem of Blaschke and Deicke completes the proof of Theorem 8.1. �

8.2. Remark. Theorem 8.1 partially improves Theorem 6.2 from [25]. Realize that the pinching condition for the Ricci tensor in (8.1) is weak.

Corollary 4.7 extends a result from affine geometry to arbitrary Codazzi tensors, but the extent is restricted to non-negative sectional curvature while the original affine result on the cubic Pick form yields for any sign of the sectional curvature (compare [54]).

8.3. Proposition. Let x : M → R^{n+1} be a locally strongly convex affine hypersphere with non-negative constant sectional curvature. Then x is a quadric or κ ≡ 0 and x is equiaffinely equivalent to the hypersurface x_1x_2 . . . x_{n+1} = 1.

Proof. The equiaffine cubic form C is traceless (apolarity) and satisfies Codazzi equations (see 2.1.3.2). Apply 4.7. If C ≡ 0 then x is a quadric. If C is not a quadric then the Pick invariant J is a positive constant from the assumptions and κ = J + H (see [48]), thus κ ≡ 0 from 4.7. Then it is a well-known result of A. M. Li that x is (modulo equivalences) the hypersurface x_1 . . . x_{n+1} = 1 (compare [54]). �

References

[1] Berger, M.; Gauduchon, P.; Mazet, E.: Le Spectre d’une Variété Riemannienne. Lecture Notes in Math. 194, Springer 1971.

[2] Blaschke, W.: Vorlesungen über Differentialgeometrie. I. Springer, Berlin 1921; II.

Springer, Berlin 1923.

[3] Bokan, N.; Nomizu, K.; Simon, U.: Affine hypersurfaces with parallel cubic forms.

Tôhoku Math. J. 42 (1990), 101–108.

[4] Bourguignon, J. P.: Les variétés de dimension 4 à signature non nulle dont la courbure est harmonique sont d’Einstein. Invent. Math. 63 (1981), 263–286.

[5] Brito, F.; Liu, H. L.; Simon, U.; Wang, C. P.: Constant mean curvature hypersurfaces in space forms. Preprint, FB Mathematik, TU Berlin 1996.

[6] Calabi, E.: Improper affine hyperspheres of convex type and a generalization of a theorem by K. Jörgens. Mich. Math. J. 9 (1958), 105–126.

346 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

[7] Cheng, S. Y.; Yau, C. T.: Complete affine hypersurfaces, Part I. The completeness of affine metrics. Commun. Pure and Appl. Math. 39 (1986), 839–866.

[8] Derdziński, A.; Shen, C.-L.: Codazzi tensor fields, curvature and Pontryagin forms.

Proc. London Math. Soc.(3) 47 (1983), 15–26.

[9] Dillen, F.: The classification of hypersurfaces of a Euclidean space with parallel higher order fundamental form. Math. Z. 203 (1990), 635–643.

[10] Dillen, F.: Higher order parallel submanifolds. In: Geometry and Topology of Submanifolds III, 148–152, Leeds Differential Geometry Workshop 1990, World Scientific, Singapore 1990.

[11] Dillen, F.; Nomizu, K.; Vrancken, L.: Conjugate connections and Radon’s theorem in affine differential geometry. Monatshefte Math. 109 (1990), 221–235.

[12] Dillen, F.; Vrancken, L.: Hypersurfaces with parallel difference tensor. Preprint, KU Leuven 1995, 1–16.

[13] Eisenhart, L. P.: Riemannian Geometry. Princeton University Press, Second printing 1949.

[14] Ejiri, N.: Totally real minimal immersions of n-dimensional real space forms into n-dimensional complex space forms. Proc. Amer. Math. Soc. 84 (1982), 243–246.

[15] Ferus, D.: A remark on Codazzi tensors in constant curvature spaces. In [16], 257. [16] Ferus, D.; Kühnel, W.; Simon, U.; Wegner, B. (Eds.): Global Differential Geometry and Global Analysis. Conf. Proceedings TU Berlin 1979, Lecture Notes in Math. 838, Springer 1981.

[17] Gallot, S.: Équations différentielles charactéristiques de la sphère. Ann. Sci. École Norm. Sup. (4) 12 (1979), 235–267 [18] Gebarowski, A.: The structure of certain Riemannian manifolds admitting Codazzi tensors. Demonstratio Math. 27 (1994), 249–252.

[19] Hicks, N. J.: Linear perturbations of connexions. Mich. Math. J. 12 (1965), 389–397. [20] Huck, H.; Roitzsch, R.; Simon, U.; Vortisch, W.; Walden, R.; Wegner, B.; Wendland, W.: Beweismethoden der Differentialgeometrie im Großen. Lecture Notes in Math. 335, Springer, Berlin 1973.

[21] Kobayashi S.; Nomizu, K.: Foundations of Differential Geometry I, II. Interscience Publishers 1962, 1969.

[22] Kozlowski, M.; Simon, U.: Minimal immersions of 2-manifolds into spheres. Math.

Z. 186 (1984), 377–382.

[23] Leder, J.: Erzeugung kubischer Formen durch Funktionen. Diploma Thesis, FB Mathematik, TU Berlin, Dec. 1995, 1–56.

[24] Li, A. M.: Some theorems on Codazzi tensors. Math. Z. 191 (1986), 575–584. [25] Li, A. M.; Liu, H. L.; Schwenk-Schellschmidt, A.; Simon, U.; Wang, C. P.: Cubic form methods and relative Tchebychev hypersurfaces. Geom. Dedicata, to appear.

[26] Li, H. Z.: The generalized Cartan identities on the isoparametric manifolds. Preprint, Tsinghua University 1995, 1–5.

H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . . 347

[27] Liu, H. L.; Magid, M.; Scharlach, Ch.; Simon, U.: Recent developments in affine differential geometry. In: Geometry and Topology of Submanifolds VIII, edited by F. Dillen et al., Proc. Conf. Nordfjordeid, Norway, 18–31 July 1995, World Scientific, Singapore 1996, to appear.

[28] Liu, H. L.; Simon, U.; Wang, C. P.: Conformal structures in affine geometry: complete Tchebychev hypersurfaces. Abh. Math. Sem. Hamburg 66 (1996), 249–262.

[29] Liu, H. L.; Simon, U.; Wang, C. P.: Codazzi Tensors and the Topology of Surfaces.

Preprint.

[30] Liu H. L.; Wang, C. P.: Relative Tchebychev surfaces in R^3. Kyushu J. Math. 50 (1996), to appear.

[31] Liu, H. L.; Wang, C. P.: Centroaffine surfaces with parallel traceless cubic form.

Bulletin of the Belgian Mathematical Society, to appear.

[32] Liu, H. L.; Wang, C. P.: The centroaffine Tchebychev operator. Results Math. 27 (1995), 77–92.

[33] Nomizu, K.: On the decomposition of generalized curvature tensor fields; Codazzi, Ricci, Bianchi and Weyl revisited. Differential Geometry in honor of K. Yano, Kino Konoya, Tokyo 1972, 335–345.

[34] Nomizu, K.; Sasaki, T.: Affine Differential Geometry. Cambridge University Press 1994.

[35] Nomizu, K.; Simon, U.: Notes on conjugate connections. In: Geometry and Topology of Submanifolds IV, Proc. Conf. Leuven, Belgium, June 1991, World Scientific, Singapore 1992, 152–173.

[36] Obata, M.: Certain conditions for a Riemannian manifold to be isometric with a sphere. J. Math. Soc. Japan 14 (1962), 333–340.

[37] Oliker, V. I.; Simon, U.: Codazzi tensors and equations of Monge-Ampère type on compact manifolds of constant sectional curvature. J. Reine Angew. Math. 342 (1983), 35–65.

[38] Pavlista, T.: Geometrische Abschätzungen kleiner Eigenwerte des Laplaceoperators.

Dissertation, FB 3 Mathematik, TU Berlin 1984.

[39] Pinkall, U.; Simon, U.; Schwenk-Schellschmidt, A.: Geometric methods for solving Codazzi and Monge-Ampère equations. Math. Ann. 298 (1994), 89–100.

[40] Reckziegel, H.: Hypersurfaces with harmonic curvature in spaces of constant curvature. Preprint, U Köln.

[41] Schirokow, P. A.: Schirokow, A. P.: Affine Differentialgeometrie. Teubner, Leipzig 1962.

[42] Schneider, R.: Zur affinen Differentialgeometrie im Großen, II: Über eine Abschätzung der Pickschen Invariante auf Affinsphären. Math. Z. 102 (1967), 1–8.

[43] Simon, U.: Probleme der lokalen und globalen mehrdimensionalen Differentialgeometrie. Manuscripta Math. 2 (1970), 241–286.

[44] Simon, U.: A further method in global differential geometry. Abh. Math. Sem.

Hamburg 44 (1975), 52–69.

348 H. L. Liu, U. Simon, C. P. Wang: Higher Order Codazzi Tensors. . .

[45] Simon, U.: Codazzi-tensors and eigenfunctions. Proceedings of the Conference on Algebra and Geometry, Kuwait 1981, 165–170.

[46] Simon, U.: Hypersurfaces in equiaffine geometry. Geom. Dedicata 17 (1984), 157–168. [47] Simon, U.: Transformation techniques for partial differential equation on projectively flat manifolds. Results Math. 1995, 160–187.

[48] Simon, U.; Schwenk-Schellschmidt, A.; Viesel, H.: Introduction to the Affine Differential Geometry of Hypersurfaces. Lecture Notes, Science University Tokyo, ISBN 3-7983-1529-9, 1991.

[49] Simon, U.; Weinstein, A.: Anwendungen der de Rhamschen Zerlegung auf Probleme der lokalen Flächentheorie. Manuscripta Math. 1 (1969), 139–146.

[50] Simons, J.: Minimal varieties in Riemannian manifolds. Ann. of Math. 88 (1968), 62–105.

[51] Takahashi, T.: Minimal immersions of Riemannian manifolds. J. Math. Soc. Japan 18 (1966), 380–385.

[52] Tanno, S.: Some differential equations on Riemannian manifolds. J. Math. Soc.

Japan 30 (1978), 509–531.

[53] Vrancken, L.: Affine higher order parallel hypersurfaces. Ann. Fac. Sci. Toulouse, V.

Ser., Math. 9, No. 3, 1988, 341–353.

[54] Vrancken, L.; Li, A. M.; Simon, U.: Affine spheres with constant sectional curvature.

Math. Z. 206 (1991), 651–658.

[55] Walden, R.: Untermannigfaltigkeiten mit parallelen zweiten Fundamentalformen in Euklidischen Räumen und Sphären. PhD Thesis, TU Berlin 1973.

[56] Walden, R.: Untermannigfaltigkeiten mit parallelen zweiten Fundamentalformen in Euklidischen Räumen und Sphären. Manuscripta Math. 10 (1973), 91–102.

[57] Wegner, B.: Codazzi-Tensoren und Kennzeichnungen sphärischer Immersionen. J.

Diff. Geom. 9 (1974), 61–70.

[58] Wegner, B.: Kennzeichnungen von Räumen konstanter Krümmung unter lokal konform euklidischen Riemannschen Mannigfaltigkeiten. Geom. Dedicata 2 (1973), 269– 281.

Received May 21, 1997