Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 38 (1997), No. 1, 73-86.

On Areas and Integral Geometry in

Minkowski Spaces

Rolf Schneider

Mathematisches Institut, Albert-Ludwigs-Universität Eckerstr. 1, 79104 Freiburg i.Br., Germany

Abstract. In a recent paper with J. A. Wieacker it was shown that certain integralgeometric formulas of Crofton type for lower-dimensional areas carry over from Euclidean to Minkowski spaces, if the Holmes-Thompson notion of Minkowskian area is employed and the Minkowski spaces are of a special type, called hypermetric. Here we show first that there exist Minkowski spaces for which, among all axiomatically defined Minkowskian areas, only the Holmes-Thompson area allows such generalizations. Then we extend further results from Euclidean translative integral geometry to Minkowski spaces.

MSC 1991: 52A21; 46B20, 52A22, 53C65

1. Introduction and results

In the following, we continue the investigation of the integral geometry of areas in Minkowski spaces begun in [13]. In that paper, some integral-geometric intersection formulas involving lower-dimensional areas were extended from Euclidean space to certain Minkowski spaces. One of these Euclidean results is the Crofton formula ∫ E^n_j λ_{k+j−n}(M ∩ E) dμ_j(E) = a_{nkj}λ_k(M), (1)

where the involved notions are defined as follows. We work in the Euclidean space R^n (n ≥ 3), with a scalar product ⟨·, ·⟩ and the induced norm | · |. By E^n_j we denote the space of j-dimensional flats (affine subspaces) in R^n , and μ_j is the (suitably normalized) rigid motion

0138-4821/93 $ 2.50 cfl 1997 Heldermann Verlag

74 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

invariant Borel measure on E^n_j . Further, λ_k is the k-dimensional differential-geometric surface area and also denotes the k-dimensional Lebesgue measure for measurable sets in k-flats (λ_0 is the number of elements). With these notations, formula (1) holds for k-dimensional compact submanifolds M of class C^1 (this can be generalized) in R^n and for k, j ∈ {1, . . . , n − 1} with k + j ≥ n. The constant a_{njk} depends on the normalization of μ_j. Proofs of (1) can be found in Santaló [8], p. 245, or Sulanke and Wintgen [14], p. 252.

By an n-dimensional Minkowski space we understand a pair (R^n , ‖ · ‖_B), where ‖ · ‖_B is a norm on R^n . Specifying this norm is equivalent to specifying its unit ball, B = {x ∈ R^n : ‖x‖_B ≤ 1}, which is a convex body with interior points and with the origin as centre of symmetry. When studying such a Minkowski space, we retain also the given Euclidean metric as a convenient tool; all the Minkowskian notions to be considered are independent of the choice of this Euclidean metric (cf. [13], Section 9). The notion of k-dimensional area in a Minkowski space that we adopt here is the one due to Holmes and Thompson. To define it, let

B^o := {x ∈ R^n : ⟨x, y⟩ ≤ 1 for all y ∈ B}

be the polar body of the Minkowskian unit ball B (thus we use the given scalar product to identify R^n with its dual space). For E ∈ L^n_k , the space of k-dimensional linear subspaces

of R^n , we denote by M|E the image of a set M under orthogonal projection onto E. The

function on L^n_k defined by

σ_k(E) := 1 κ_k λ_k(B^o|E), E ∈ L^n_k , (2) where κ_k is the k-dimensional volume of the k-dimensional (Euclidean) unit ball, is the scaling function of the Holmes-Thompson k-area τ_k. This area is defined by

τ_k(A) := σ_k(E_0)λ_k(A) for A ∈ B(E), E ∈ E^n_k .

Here B(E) denotes the σ-algebra of Borel sets in E, and E_0 = E − E is the linear subspace parallel to the k-flat E. More generally, the Holmes-Thompson k-area of a compact C^1 submanifold M of dimension k can be defined by

τ_k(M) = ∫ M σ_k(T_xM) dλ_k(x), (3)

where T_xM denotes the tangent space of M at x, canonically identified with a linear subspace

of R^n . We refer to Thompson [15] for a thorough discussion of areas in Minkowski spaces.

The question then arises whether, in a Minkowski space, formula (1) holds in the form ∫ E^n_j τ_{k+j−n}(M ∩ E) dφ_j(E) = a_{nkj}τ_k(M), (4)

with a suitable measure φ_j on E^n_j , called a Crofton measure in [13]. In the Euclidean case, the measure μ_j is invariant under rigid motions, that is, Euclidean isometries. We require,

R. Schneider: On Areas and Integral Geometry in Minkowski Spaces 75

therefore, that the measure φ_j be invariant under Minkowskian isometries, in particular, under translations.

The Holmes-Thompson area is only one in a variety of possible notions of area in Minkowski spaces. In Section 2 of the present paper we strengthen a statement made in [13], according to which the Holmes-Thompson area is particularly suited to the needs of integral geometry. After recalling the usual set of axioms, (M1) – (M4), for a Minkowskian (n − 1)-area and defining an associated Crofton measure, which assures the validity of a basic integral-geometric formula for area, we prove the following.

Theorem 1. There exist Minkowski spaces for which, among all Minkowskian (n − 1)-areas satisfying axioms (M1) – (M4) below, only the Holmes-Thompson area (up to a factor) admits an associated Crofton measure.

In other words, if we want a formula of type (4) for k = n − 1 and j = 1 to hold for all Minkowski spaces, we should work with the Holmes-Thompson area.

It turns out that for other values of k and j formula (4) can be achieved only in a special class of Minkowski spaces. The Minkowski space (R^n , ‖ · ‖_B) is called hypermetric if the dual unit ball B^o is a zonoid. (For zonoids, see the survey by Goodey and Weil [7].) The following was proved in [13].

Theorem 2. A translation invariant measure φ_{n−1} on E^n_{n−1} satisfying (4) for k = 1 and j = n − 1 exists only if (R^n , ‖ · ‖_B) is hypermetric. Vice versa, if (R^n , ‖ · ‖_B) is hypermetric, then there exist translation invariant measures φ_1, . . . , φ_{n−1} so that (4) holds for all k, j ∈ {1, . . . , n − 1} with k + j ≥ n. In Section 3 of the present paper, we start from the following counterpart to formula (1) in Euclidean space. If M, M^′ are compact C^1 submanifolds of R^n of dimensions k and j, respectively, where k + j ≥ n, then ∫ Gn λ_{k+j−n}(M ∩ gM^′) dμ(g) = b_{nkj}λ_k(M)λ_j(M^′). (5)

Here G_n is the group of rigid motions of R^n and μ is the Haar measure on G_n; b_{nkj} is a constant depending on the normalization of μ. We cannot hope for a Minkowskian analogue of (5) with G_n and μ replaced by the translation group and its invariant measure, since such a formula does not even hold in the Euclidean case. However, the following special case of (5) involves, in effect, only an integration over the translation group. If we take for M^′ the Euclidean unit sphere, S^{n−1} := {x ∈ R^n : |x| = 1}, then (5) reduces to ∫

R^n λ_{k−1}(M ∩ (S^{n−1} + t)) dλ_n(t) = c_{nk}λ_k(M), (6)

with a constant c_{nk}; here λ_n is Lebesgue measure on R^n . It is now a reasonable question to ask if (6) holds in the Minkowski space (R^n , ‖ · ‖_B), with λ_{k−1}, λ_k replaced by the Holmes- Thompson areas τ_{k−1}, τ_k and with the sphere S^{n−1} replaced by the boundary ∂K of a suitable

76 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

convex body K. Thus, we are asking for a convex body K and a constant c_{nk}(K) so that ∫ R^n τ_{k−1}(M ∩ (∂K + t)) dλ_n(t) = c_{nk}(K)τ_k(M) for M ∈ S_k, (7)

where S_k is the set of all k-dimensional compact C^1 submanifolds of R^n . In order that λ_n be a Minkowskian notion, we impose on | · | and B the normalization condition

λ_n(B^o) = κ_n. (8)

In analogy to Theorem 2, the following result will be proved in Section 3. (Observe that τ_0 is the number of elements.)

Theorem 3. A convex body K in R^n satisfying (7) for k = 1 exists only if (R^n , ‖ · ‖_B) is hypermetric. Vice versa, if (R^n , ‖ · ‖_B) is hypermetric, then there exists a convex body K so that (7) holds for all k ∈ {1, . . . , n − 1}.

For general convex bodies K, and in particular in a Minkowski space which is not hypermetric, intersection integrals of the type occurring in (7) will in general not have a simple expression. By “simple” we mean here that the result is a product of two functions, one depending only on M and the other only on K. In some cases, however, explicit expressions in terms of mixed volumes involving associated zonoids are possible. In Euclidean translative integral geometry, such results are due to Wieacker [16] (see also Section 6 of [12]). One of his theorems ([16], Theorem 4) was extended to Minkowski spaces in [13]. In Section 4 we obtain the following Minkowskian counterpart to another result of Wieacker (loc. cit., Theorem 5 (a)).

Theorem 4. For k ∈ {1, . . . , n − 1}, one can associate with each k-surface M ∈ S_k a zonoid Π_kM so that, for every convex body K ⊂ R^n , ∫ R^n τ_{k−1}(M ∩ (∂K + t)) dλ_n(t) = 2nV (Π_kM, K, . . . , K).

Here V denotes the mixed volume in R^n . Due to the normalization (8), it does not depend on the choice of the Euclidean metric.

2. Minkowski areas and Crofton measures

In a Minkowski space there is only one natural notion of curve length and, up to a constant factor, only one natural notion of volume. For k ∈ {2, . . . , n−1}, however, it is not canonically clear how a k-dimensional area in an n-dimensional Minkowski space should be defined. Some requirements are plausible (see Busemann and Straus [2], Busemann [1], Thompson [15]). Naturally, any k-area in a Minkowski space should be invariant under Minkowskian isometries and thus, at least, under translations. If α_k is a Minkowskian k-area on (R^n , ‖·‖_B), one also requires that, for any k-dimensional subspace E ∈ L^n_k , the restriction of α_k to the Borel sets in E is a non-zero, locally finite measure, hence it is a multiple of Lebesgue measure λ_k in E and, therefore, uniquely determined by the value α_k(B ∩ E) =: α. Since α_k on E

R. Schneider: On Areas and Integral Geometry in Minkowski Spaces 77

should depend only on the Minkowskian metric in E, we assume that α depends only on B∩E and is the same for every linear transform of this set. Together with plausible continuity and normalization assumptions, these considerations lead to a set of axioms. For the rest of this section, we restrict ourselves to the case k = n − 1.

Let C^{n−1} denote the set of all (n − 1)-dimensional convex bodies in R^n with centre of symmetry at the origin. A Minkowskian (n − 1)-area is defined by a function

α : C^{n−1} → R^+

satisfying the following properties (M1) – (M4). (M1) α is invariant under linear transformations of R^n , (M2) α is continuous, (M3) α(E_{n−1}) = κ_{n−1} if E_{n−1} is an (n − 1)-dimensional ellipsoid.

The continuity in (M2) may be understood with respect to the Hausdorff metric induced by the auxiliary Euclidean metric (but compare Thompson [15] for the case where Minkowskian areas are defined for all dimensions 1, . . . , n − 1 simultaneously).

If such a function α and a Minkowski space (R^n , ‖ · ‖_B) are given, then the induced Minkowski (n − 1)-area α_B on (R^n , ‖ · ‖_B) is defined by

α_B(M) := α(B ∩ E_0) λ_{n−1}(B ∩ E_0) λ_{n−1}(M) for M ∈ B(E), E ∈ E^n_{n−1}, E_0 = E − E, and more generally by α_B(M) = ∫ M α(B ∩ T_xM) λ_{n−1}(B ∩ T_xM) dλ_{n−1}(x) for compact C^1 submanifolds M. The result is independent of the choice of the auxiliary Euclidean metric.

It is convenient to define the homogeneous scaling function (depending on the Euclidean metric) by σ_{α,B}(u) := |u| α(B ∩ u^⊥) λ_{n−1}(B ∩ u^⊥) for u ∈ R^n \ {0}. (9)

Here u^⊥ denotes the hyperplane through 0 orthogonal to u. One usually imposes a fourth axiom:

(M4) σ_{α,B} is a convex function.

If this is satisfied, then σ_{α,B} is the support function of a convex body I_{α,B}, called the isoperimetrix of the pair (α, B). (See Thompson [15] for the motivation, in particular for the fact that the homothets of the isoperimetrix solve the isoperimetric problem. Usually the isoperimetrix is normalized in a different way, but in our context this is immaterial.)

Among the possible Minkowskian (n − 1)-areas satisfying these axioms, the following two have attracted particular attention. Busemann’s area is defined by the constant function α = κ_{n−1}.

78 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

The Holmes-Thompson area is defined by the function α(C) = 1 κ_{n−1} vp(C) for C ∈ C^{n−1}, (10)

where vp denotes the volume product, that is, vp(C) = λ_{n−1}(C)λ_{n−1}(C^o). Here C^o denotes the polar body of C, taken in the linear hull of C. For the function defined by (10), the (n − 1)-area α_B coincides with τ_{n−1} as defined in the introduction, since (B ∩ E)^o = B^o|E. The isoperimetrix for the Busemann area is given by

I_{α,B} = κ_{n−1}(IB)^o,

where I denotes the intersection body, and for the Holmes-Thompson area the isoperimetrix is I_{α,B} = 1 κ_{n−1} ΠB^o, where Π denotes the projection body (intersection and projection bodies are explained in [10] and, to a fuller extent, in [5]).

If one tries to extend the simplest integral-geometric formula for k-areas from Euclidean to Minkowski spaces, one is led to the following notion (see [13]). A Crofton measure associated with a Minkowskian k-area α_k on (R^n , ‖ · ‖_B) is a translation invariant, locally finite measure φ_{n−k} on E^n_{n−k} satisfying φ_{n−k}({E ∈ E^n_{n−k} : E ∩ P ≠ ∅}) = α_k(P ) for all k-dimensional parallelepipeds P . It is known (see [13], Section 3) that the Minkowskian (n − 1)-area α_B admits an associated Crofton measure if and only if the corresponding isoperimetrix I_{α,B} is a zonoid. Since projection bodies are zonoids, the Holmes-Thompson (n − 1)-area always admits an associated Crofton measure. This fact, which was the basis for much of [13], is now complemented by Theorem 1.

Proof of Theorem 1. We shall show that the space ℓ^n_∞ has the property described in Theorem 1. This space can be considered as (R^n , ‖·‖_C ), with C the unit cube with vertices ±e_1±. . .±e_n, where (e_1, . . . , e_n) is an orthonormal basis of R^n with respect to the auxiliary Euclidean structure. Let α_C be any Minkowskian (n − 1)-area on ℓ^n_∞, given by a function α, and recall that the support function of the corresponding isoperimetrix I_{α,C} is given by (9). Let a > 0 be such that aσ_{α,C} (e_1) = 1 and write aσ_{α,C} =: σ and aI_{α,C} =: I. Since I has the same (Euclidean) symmetries as C, the point e_1 is a point of I. Now consider the vector u := e_1 +e_2. Since α is invariant under linear transformations and C ∩ u^⊥ is linearly equivalent to C ∩ e^⊥_1 and since λ_{n−1}(C ∩ e^⊥_1 ) = λ_{n−1}(C ∩ u^⊥) ⟨u, e_1⟩ |u| , we see from (9) that σ(u) = ⟨u, e_1⟩.

R. Schneider: On Areas and Integral Geometry in Minkowski Spaces 79

Hence, the support hyperplane to I with exterior normal vector u contains the point e_1. Similarly, the support hyperplane to I with normal vector e_1 − e_2 contains e_1.

Now suppose that the (n − 1)-area α_C admits an associated Crofton measure. Then I is a zonoid, which means that σ(u) = ∫ S^n�1 |⟨u, v⟩| dρ(v), u ∈ R^n , with an even measure ρ on the unit sphere S^{n−1}. As seen above, we have σ(u) = ⟨u, e_1⟩ for u = e_1 and for u = e_1 ± e_2, thus

σ(2e_1) = σ(e_1 + e_2) + σ(e_1 − e_2). (11)

On the other hand, |⟨2e_1, ·⟩| ≤ |⟨e_1 + e_2, ·⟩| + |⟨e_1 − e_2, ·⟩|, (12) with strict inequality on the set A_{1,2} := {v ∈ S^{n−1} : |⟨e_1, v⟩| < |⟨e_2, v⟩|}. Integrating (12) with respect to ρ, we obtain an inequality, which must coincide with the equality (11), hence ρ(A_{1,2}) = 0. Since I has at least the same symmetries as C and the even measure ρ is uniquely determined, ρ vanishes on the images of A_{1,2} under the symmetry group of C. Each vector u ∈ S^{n−1} which is not one of the vectors ±e_1 ± . . . ± e_n ‖ ± e_1 ± . . . ± e_n‖ , (13)

has two coordinates (with respect to e_1, . . . , e_n) with different absolute values, say |⟨u, e_1⟩| < |⟨u, e_2⟩|, without loss of generality. Thus u ∈ A_{1,2}, therefore u is not an element of the support of the measure ρ. It follows that the support of ρ is contained in the finite set given by (13). By symmetry, ρ assigns the same mass to each of these points. The vectors (13) are precisely the exterior unit normal vectors of the facets of the crosspolytope C^o. We conclude that I is a multiple of the projection body ΠC^o. This proves that the (n − 1)-area α_C is a multiple of the Holmes-Thompson area, which completes the proof of Theorem 1.

It is of interest to observe that also the space ℓ^n_1 has the property of Theorem 1. The space ℓ^n_1 can be identified with (R^n , ‖ · ‖_Q), where Q is the crosspolytope with vertices ±e_1, . . . , ±e_n. Let α be a function satisfying (M1) – (M4) so that the induced (n − 1)-area α_Q admits an associated Crofton measure and thus the isoperimetrix I_{α,Q} is a zonoid. Choose a > 0 so that aσ_{α,Q}(e_1) = 1 and put aσ_{α,Q} = σ and aI_{α,Q} = I. Since I has at least the same symmetries as Q, it must be contained in the unit cube C. Let v = αe_1 + βe_2 with α, β ≥ 0 and α + β > 0. All sections Q ∩ v^⊥ are linearly equivalent, hence σ(v) = |v| λ_{n−1}(Q ∩ e^⊥_1 ) λ_{n−1}(Q ∩ v^⊥) = ⟨v, e_1 + e_2⟩.

Since |⟨e_1 + e_2, v⟩| < |⟨e_1, v⟩| + |⟨e_2, v⟩| if ⟨e_1, v⟩⟨e_2, v⟩ < 0, but σ(e_1 + e_2) = σ(e_1) + σ(e_2), we conclude as above that the generating measure ρ of the zonoid I vanishes on the set {v ∈ S^{n−1} : ⟨e_1, v⟩⟨e_2, v⟩ < 0}

80 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

and on the images of this set under the symmetry group of Q. Therefore, ρ is concentrated in the points ±e_1, . . . , ±e_n. By symmetry, I is a multiple of the cube C and hence a multiple of ΠQ^o. Thus the (n − 1)-area α_Q is again a multiple of the Holmes-Thompson area.

We conclude this section with a few comments. In the above considerations, besides the cube C and the crosspolytope Q, the following polytopes implicitly played a role. Let H_{1,2} be the supporting halfspace of {e_1} with exterior normal vector e_1 + e_2, let R be the intersection of all images of H_{1,2} under the symmetries of C. Further, let P be the convex hull of the points ±e_i ± e_j, i ≠ j. Then we have shown that a suitable multiple, I, of the isoperimetrix of any Minkowskian (n − 1)-area satisfies Q ⊂ I ⊂ R on the space (R^n , ‖ · ‖_C ), and P ⊂ I ⊂ C on the space (R^n , ‖ · ‖_Q). For n = 3, where R is a rhombic dodecahedron and P is a cuboctahedron, this was pointed out by Thompson [15], Examples 5.3.5 (2), (3). We have shown in addition that a zonoid Z satisfying Q ⊂ Z ⊂ R is uniquely determined, coinciding with R for n = 3 (but not for n > 3), and that the only zonoid Z with P ⊂ Z ⊂ C is C itself. Closer inspection of the first proof shows that it can be extended to some polytopes different from the cube. Besides symmetry properties, the proof used the fact that every boundary point of the polytope different from a vertex lies in a suitable open cylindrical region of the boundary. A three-dimensional example for which the proof carries over is given by the truncated octahedron, whose boundary consists of regular hexagons and squares. Further examples are the zonoids (4,6,8) and (4,6,10) on p. 109 of [4].

The above examples show, in particular, that for the Busemann (n − 1)-area there does not always exist an associated Crofton measure. This was conjectured in [13], Section 4, in the following equivalent form. There are Minkowski unit balls B for which (IB)^o, the polar of the intersection body, is not a zonoid. As we have seen, the crosspolytope and the cube are such examples. On the other hand, it would be rash to conjecture that (IB)^o is a zonoid only if B is an ellipsoid. The techniques of [9] should show (we did not check the details) that the polar intersection body remains a zonoid under small and sufficiently smooth (convexity preserving) perturbations of the ellipsoid.

3. Proof of Theorem 3

We assume, first, that in a Minkowski space (R^n , ‖ · ‖_B) with unit ball B formula (7) holds for k = 1, for some convex body K (always with interior points) and for all closed segments M. For x ∈ R^n \ {0} and the segment [0, x] joining 0 and x we thus have

I(x) := ∫ R^n card([0, x] ∩ (∂K + t)) dλ_n(t) = c_{n1}(K)‖x‖_B. (14)

It is easy to see that I(x) = 2|x|λ_{n−1}(K|x^⊥). Now λ_{n−1}(K|x^⊥) = 1 2|x| ∫ S^n�1 |⟨x, v⟩| dS_{n−1}(K, v),

R. Schneider: On Areas and Integral Geometry in Minkowski Spaces 81

where S_{n−1}(K, ·) denotes the area measure of K (see, e.g., [10], in particular formula (5.3.32)). Since ‖x‖_B = h(B^o, x), where h denotes the support function, equality (14) leads to

h(B^o, x) = c^{−1}_{n1} (K) ∫ S^n�1 |⟨x, v⟩| dS_{n−1}(K, v) for x ∈ R^n . In other words, B^o is a multiple of the projection body, ΠK, of K (see, e.g., [10], p. 296). Thus B^o is a zonoid, which means that our Minkowski space is hypermetric. Vice versa, if B^o = ΠK, then we see that ‖x‖_B = 1 2 ∫ R^n card([0, x] ∩ (∂K + t)) dλ_n(t) (15)

for x ∈ R^n . This equality is due to El-Ekhtiar [3] and appears also as Theorem 6.4.8 in Thompson [15].

Formula (15) is a special case of (7). To prove the general case for a hypermetric Minkowski space, we first establish a more general formula. The proof makes use of some properties of mixed volumes, for which we refer to [10]. We state one of these results (which follows from [10], (5.3.23)) as a lemma. For notation not explained, we also refer to [10].

Lemma. Let m ∈ {1, . . . , n − 1} and E_m ∈ L^n_m. If K ⊂ R^n and U ⊂ E^⊥_m are convex bodies, then ( n m ) V (K[m], U[n − m]) = λ_m(K|E_m)λ_{n−m}(U).

By H^k we denote the k-dimensional Hausdorff measure, based on the Euclidean metric used

on R^n . For the notion of surface used in the integral-geometric formulas to be considered,

we do not aim here at the greatest possible generality (see Wieacker [16] for more general versions). A subset M ⊂ R^n is k-rectifiable if either k = 0 and M is finite, or k ∈ {1, . . . , n−1} and M is the image of some bounded subset of R^k under a Lipschitz map. In the following, a k-rectifiable and H^k-measurable subset of R^n will briefly be called a k-surface. Examples are compact C^1 submanifolds of dimension k and, for k = n−1, the boundaries of convex bodies. For a k-surface M, the approximate tangent space Tan^k(H^k M, x) at x is for H^k-almost all x ∈ M a k-dimensional vector subspace of R^n ; we denote it by T_xM. (Clearly, these notions do not depend on the choice of the Euclidean metric.)

For an (n − 1)-surface (or hypersurface) H, the projection body ΠH is defined as follows (see [13], §6, for references). Its support function is given by h(ΠH, x) := 1 2 ∫ R^n card([0, x] ∩ (H + t)) dλ_n(t), x ∈ R^n ;

it can also be represented in the form h(ΠH, x) = 1 2 ∫ H |⟨x, u(y)⟩| dH^{n−1}(y), x ∈ R^n ,

82 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

where u(y) is a unit normal vector to H at y.

Now we assume that H is an (n−1)-surface and M is a k-surface, where k ∈ {1, . . . , n−1}. Then

I : = ∫ R^n τ_{k−1}(M ∩ (H + t)) dλ_n(t) = ∫ R^n ∫ Dt σ_{k−1}(T_xD_t) dH^{k−1}(x) dλ_n(t) (16)

with D_t := M ∩ (H + t), by the definition of τ_{k−1}, namely (3), extended to (k − 1)-surfaces. According to Lemma 6.1 of [13], this can be written in the form I = ∫ M ∫ H σ_{k−1}(T_xH ∩ T_yM)[T^⊥_x H, T^⊥_y M] dH^{n−1}(x) dH^k(y). (17)

(The meaning of the bracket [·, ·] is explained in [13], and also by (18) below.) For H^{n−1}- almost all x ∈ H, the tangent space T_xH is a unique (n−1)-dimensional linear subspace, and we denote by S(x) the segment of unit (Euclidean) length orthogonal to it and with centre at the origin. Similarly, for H^k-almost all y ∈ M, the tangent space T_yM is unique and of dimension k, and we let P (y) be the (n − k)-dimensional Euclidean ball in T^⊥_y M with centre 0 and λ_{n−k}(P (y)) = 1. Then

[T^⊥_x H, T^⊥_y M] = λ_{n−k+1}(S(x) + P (y)), (18)

and from (2) and the Lemma we get σ_{k−1}(T_xH ∩ T_yM)[T^⊥_x H, T^⊥_y M] = κ^{−1}_{k−1}λ_{k−1}(B^o|T_xH ∩ T_yM) λ_{n−k+1}(S(x) + P (y)) = κ^{−1}_{k−1} ( n k − 1 ) V (B^o[k − 1], (S(x) + P (y))[n − k + 1]) = a_{nk}V (S(x), P (y)[n − k], B^o[k − 1]) (19) with a_{nk} := κ^{−1}_{k−1} ( n k − 1 ) (n − k + 1). In the last step, we used the multilinearity properties of the mixed volume and the fact that V (S(x), S(x), . . .) = 0, since S(x) is a line segment.

We now use the representation of mixed volumes in terms of support functions and mixed area measures ([10], (5.1.18)) together with Fubini’s theorem to obtain (denoting the endpoints of S(x) by ±^1_2 u(x)) ∫ H V (S(x), P (y)[n − k], B^o[k − 1]) dH^{n−1}(x)

R. Schneider: On Areas and Integral Geometry in Minkowski Spaces 83 = 1 n ∫ H ∫ S^n�1 h(S(x), v) dS(P (y)[n − k], B^o[k − 1], v) dH^{n−1}(x) = 1 n ∫ S^n�1 1 2 ∫ H |⟨u(x), v⟩| dH^{n−1}(x) dS(P (y)[n − k], B^o[k − 1], v) (20) = 1 n ∫ S^n�1 h(ΠH, v) dS(P (y)[n − k], B^o[k − 1], v) = V (ΠH, P (y)[n − k], B^o[k − 1]). (21)

The mixed volume (21) is a measurable function of y, hence we obtain from (16), (17), (19), (21) ∫ R^n τ_{k−1}(M ∩ (H + t)) dλ_n(t) = a_{nk} ∫ M V (ΠH, P (y)[n − k], B^o[k − 1]) dH^k(y). (22) This general formula now simplifies if we introduce the special assumption that ΠH = B^o.

Since ( n k ) V (B^o[k], P (y)[n − k]) = λ_k(B^o|T_yM) by the Lemma, we then arrive at ∫ R^n τ_{k−1}(M ∩ (H + t)) dλ_n(t) = kκ_n κ_{k−1} τ_k(M). (23)

The assumption ΠH = B^o implies, in particular, that B^o is a zonoid and thus (R^n , ‖ · ‖_B) is hypermetric. If, vice versa, B^o is a zonoid, there exists a centrally symmetric convex body K such that B^o = ΠK, where ΠK = Π∂K is the ordinary projection body of K. Thus (23) is satisfied with H = ∂K. This completes the proof of Theorem 3.

If we assume only that ΠK is homothetic to B^o, we obtain formula (7) with a factor c_{nk}(K) depending on K.

In general, the projection body ΠK does not determine K up to translation, so if B^o is a zonoid, there will also be convex bodies K without a centre of symmetry for which (7) holds. The only exception where the equality ΠK = B^o determines K up to translation is the case where B^o is a parallelepiped (Gardner and Volčič [6]), that is, the case where (R^n , ‖ · ‖_B) is isometric to ℓ^n_1 .

4. A general translative intersection formula

In this section, we want to obtain a formula for the translative intersection integral appearing in (7), namely ∫

R^n τ_{k−1}(M ∩ (∂K + t)) dλ_n(t) (24)

for a k-surface M and a convex body K, without the assumption that the underlying Minkowski space is hypermetric. It is clear from the Euclidean case treated by Wieacker

84 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

[16], Theorem 5, that the best we can hope for is expressing (24) as a mixed volume involving K and an auxiliary zonoid associated with M. In Minkowski space, such an associated zonoid, denoted by Π_kM, can be defined by its support function given by

h(Π_kM, u) := 1 2 ∫ R τ_{k−1}(M ∩ (u^⊥ + αu)) dα for u ∈ S^{n−1} (25)

and homogeneous extension. Thus Π_kM extends Wieacker’s body Φ^k_M (see Wieacker [16], p. 236, and [17], p. 77) from Euclidean to Minkowski spaces. The Minkowskian nature of Π_kM becomes clear from the following equivalent definition not using a Euclidean metric. We denote R^n by X and its dual space by X^∗ and then define the support function of Π_kM, as a function on X^∗, by

h(Π_kM, x^∗) = 1 2 ∫ R τ_{k−1}(M ∩ {x ∈ X : x^∗(x) = α}) dα, x^∗ ∈ X^∗. Thus Π_kM is a body in X, whereas the projection body ΠH considered in §3 is a body in the dual space X^∗ (see also [13], Section 9).

To see that (25) yields, in fact, the support function of a zonoid, we use the Euclidean metric again. For given u ∈ S^{n−1} we choose a compact set H ⊂ u^⊥ with λ_{n−1}(H) = 1. By Fubini’s theorem we can write ∫ R^n τ_{k−1}(M ∩ (H + t)) dλ_n(t) = ∫ R ∫ u? τ_{k−1}(M ∩ (H + z + αu)) dλ_{n−1}(z) dλ_1(α). For λ_1-almost all α, the set M ∩(u^⊥ +αu) := M_α is a (k −1)-surface, and from [11], Satz 1.2.7 (applied to τ_{k−1} M_α, the restriction of τ_{k−1} to the subsets of M_α, and to λ_{n−1}, in u^⊥ + αu) we have ∫ u? τ_{k−1}(M ∩ (H + z + αu)) dλ_{n−1}(z) = τ_{k−1}(M ∩ (u^⊥ + αu)). Thus from (22) we get h(Π_kM, u) = 1 2 ∫ R^n τ_{k−1}(M ∩ (H + t)) dλ_n(t) = a_{nk} 2 ∫ M V (conv {−u/2, u/2}, P (y)[n − k], B^o[k − 1]) dH^k(y). (26) If in (19) we take H = u^⊥ (and x ∈ H arbitrary), we see that a_{nk}V (conv {−u/2, u/2}, P (y)[n − k], B^o[k − 1]) = κ^{−1}_{k−1}λ_{k−1}(B^o|u^⊥ ∩ T_yM)[u^⊥, T^⊥_y M] = κ^{−1}_{k−1}h(Π^′(B^o|T_yM), u). Here Π^′(B^o|T_yM) is the ordinary projection body of B^o|T_yM, taken in the k-dimensional vector space T_yM. Thus we have h(Π_kM, u) = 1 2κ_{k−1} ∫ M h(Π^′(B^o|T_yM), u) dH^k(y). (27)

R. Schneider: On Areas and Integral Geometry in Minkowski Spaces 85

This shows that Π_kM is a zonoid, since each body Π^′(B^o|T_yM) is a zonoid. It also shows how the representation of h(Φ^k_M , ·) given in Wieacker [16], Theorem 2(a), extends to Minkowski spaces. In the Euclidean case, we simply have 1 κ_{k−1} Π^′(B^o|T_yM) = B^n ∩ T_yM

(= B^y in Wieacker’s notation), where B^n = {x ∈ R^n : |x| ≤ 1}.

Now we prove Theorem 4 for a convex body K ⊂ R^n with interior points and a k-surface M, where k ∈ {1, . . . , n − 1}. For H^{n−1}-almost all points x ∈ ∂K there is a unique outer unit normal vector u(x) to ∂K at x. We shall use the transformation formula ∫ ∂K f(u(x)) dH^{n−1}(x) = ∫ S^n�1 f(u) dS_{n−1}(K, u) (28)

for a nonnegative Borel measurable function f; this follows from [10], (4.2.24). From (16), (17), (19), (26) we get ∫ R^n τ_{k−1}(M ∩ (∂K + t)) dλ_n(t) = a_{nk} ∫ M ∫ ∂K V (S(x), P (y)[n − k], B^o[k − 1]) dH^{n−1}(x) dH^k(y) = a_{nk} ∫ M ∫ S^n�1 V (conv {−u/2, u/2}, P (y)[n − k], B^o[k − 1]) dS_{n−1}(K, u) dH^k(y) = 2 ∫ S^n�1 h(Π_kM, u) dS_{n−1}(K, u) = 2nV (Π_kM, K, . . . , K). This completes the proof of Theorem 4.

References

[1] Busemann, H.: Areas in affine spaces III. The integral geometry of affine area. Rend.

Circ. Mat. Palermo (2) 9 (1960), 226–242.

[2] Busemann, H.; Straus, E. G.: Area and normality. Pacific J. Math. 10 (1960), 35–72. [3] El-Ekhtiar, A.: Integral geometry in Minkowski space. Ph.D Thesis, University of California, Davis (1992).

[4] Fejes Tóth, L.: Reguläre Figuren. Akadémiai Kiadó, Budapest (1965). [5] Gardner, R. J.: Geometric Tomography. (Encycl. of Math. and its Appl., vol. 58), Cambridge University Press, Cambridge (1995).

[6] Gardner, R. J.; Volčič, A.: Determination of convex bodies by their brightness functions.

Mathematika 40 (1993), 161–168.

86 R. Schneider: On Areas and Integral Geometry in Minkowski Spaces

[7] Goodey, P.; Weil, W.: Zonoids and Generalisations. In “Handbook of Convex Geometry” (eds. P. M. Gruber and J. M. Wills), North-Holland, Amsterdam etc. (1993), 1297–1326.

[8] Santaló, L. A.: Integral Geometry and Geometric Probability. (Encyclopedia of Math.

and its Appl., vol. 1), Addison-Wesley, Reading, MA (1976).

[9] Schneider, R.: Zonoids whose polars are zonoids. Amer. Math. Soc. 50 (1975), 365–368. [10] Schneider, R.: Convex Bodies: the Brunn-Minkowski Theory. (Encycl. of Math. and its Appl., vol. 44) Cambridge University Press, Cambridge (1993).

[11] Schneider, R.; Weil, W.: Integralgeometrie. Teubner, Stuttgart (1992). [12] Schneider, R.; Wieacker, J. A.: Integral geometry. In “Handbook of Convex Geometry” (eds. P. M. Gruber and J. M. Wills), North-Holland, Amsterdam etc. (1993), 1349–1390.

[13] Schneider, R.; Wieacker, J. A.: Integral geometry in Minkowski spaces. Adv. Math. (to appear).

[14] Sulanke, R.; Wintgen, P.: Differentialgeometrie und Faserbündel. Birkhäuser, Basel etc.

(1972).

[15] Thompson, A. C.: Minkowski Geometry. (Encycl. of Math. and its Appl.) Cambridge University Press, Cambridge (1996).

[16] Wieacker, J. A.: Translative Poincaré formulae for Hausdorff rectifiable sets. Geom.

Dedicata 16 (1984), 231–248.

[17] Wieacker, J. A.: Geometric inequalities for random surfaces. Math. Nachr. 142 (1989), 73–106.

Received May 23, 1996