Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 38 (1997), No. 1, 19-32.

Harmonic Maps of Lorentz Surfaces, Quadratic Differentials and

Paraholomorphicity

Sadettin Erdem

Matematik Bölümü, Orta Doğu Teknik Üniversitesi 06531 Ankara, TURKEY e-mail: serdem@rorqual.cc.metu.edu.tr

Abstract. Some relations are established between harmonic maps f of Lorentz surfaces M into indefinite Riemannian manifolds and paracomplex analysis including a theory of quadratic and higher order differentials associated to f as in the Riemannian case.

Introduction

There has been some research in classifying and characterizing harmonic maps in terms of holomorphic data. Among many other works [12], [15], [16] and [17] may be cited. In [16], [17] harmonicity of maps of Riemann surfaces M is linked up with holomorphicity of certain quadratic differentials and sections of certain holomorphic bundles over M by J. C. Wood. In [13], Tilla Klotz Weinstein characterized harmonic maps of Lorentz surfaces in terms of holomorphic differentials. In this paper we established similar relations between harmonic maps of Lorentz surfaces and ”paraholomorphic” differentials. In doing that we use the ring of paracomplex numbers. These numbers play a role similiar to that played by ordinary complex numbers in the work of Wood and Weinstein.

Paracomplex analysis and paracomplex geometry resting on these paracomplex numbers are at an early stage of development and this field of research is quite promising [1]. Physicists as well as mathematicians have been using paracomplex analysis and geometry in their field of research, see for example [5], [9], [10], [11].

0138-4821/93 $ 2.50 cfl 1997 Heldermann Verlag

20 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity

Acknowledgement I would like to thank John C. Wood for giving his time for discussions, suggestions and reading this manuscript.

1. Paracomplex analysis [15], [1]

In R^2 , define a multiplication (x, y)(u, v) = (xu + yv, xv + yu). With this multiplication and the usual addition, R^2 becomes a commutative, associative and unitary algebra over R of rank 2 with zero divisors (x, x) and (x, −x). Identifying (x, y) with x + ϵy, where ϵ is an indeterminate with ϵ^2 = 1 and following the notations in [1], we set A = {x + ϵy : x, yϵR}. A is called the algebra of paracomplex numbers. (They are also called double numbers or

hyperbolic complex numbers.) Note that with the above identification, ϵ = (0, 1). For a real vector space V of dimension n with a basis {v_1, · · · , v_n}, set V^A = V ⊗R A = spanR{v_k ⊗ 1, v_k ⊗ ϵ : k = 1, · · · , n} V^A is the paracomplexification of V and may be viewed as a free module over A generated by {v_1, · · · , v_n}, [9]. A may be canonically endowed with an indefinite Riemannian metric by < z, ω >= Re(zω) = xu − yv where z = x + ϵy, ω = u + ϵv ∈ A with ω = u − ϵv.

An endomorphism J : V → V is called a paracomplex structure on V if J^2 = I, the identity map and the eigenspaces corresponding to 1 and −1 are of the same dimension. Let g be a nondegenerate symmetric bilinear form on V . Then J is said to preserve (or to be compatible with) the metric g if g(x, y) = −g(Jx, Jy). In this case g is called a parahermitian metric. A parahermitian metric is necessarily indefinite.

In A^∼= R^2 , the multiplication by ϵ induces a paracomplex structure compatible with the

canonical indefinite metric on A . The usual metric (which is indefinite of index (m, m)) and the paracomplex structure on A^m are obtained in the usual way from that on A . Note that

A^m is a free module over A . In general every real vector space V of dimension 2m with an

indefinite metric g of index (m, m) and a paracomplex structure J compatible with g can be turned into a free module with m generators over A . Here the multiplication by a scalar (x + ϵy) is given by (x + ϵy)v = xv + yJ(v), v ∈ V .

S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity 21

Definition 1.1 [15] A differentiable map f : (R^{2m} , J) → (R^{2k} , J^0 ) is said to be paraholomorphic (resp. anti-paraholomorphic) at p ∈ R^{2m} if

df ∘ J = J^0 ∘ df (resp. df ∘ J = −J^0 ∘ df)

on a neighbourhood of p.

Notations: For z = x + ϵy we set ∂_z =^1_2 (∂_x + ϵ∂_y), ∂_z =^1_2 (∂_x − ϵ∂_y), ∂_u =^∂_{∂u} , f_u =^{∂f}_{∂u} .

For z = (z^1, · · · , z^m) ∈ A^m with z^r = x^r + ϵy^r and f^r = u^r + ϵv^r we have

Lemma 1.2 Let f : A^m → A^k be a real differentiable map with f(z) = (f^1(z), · · · , f^k(z)). Then the following are equivalent on an open subset D ⊂ A^m :

i) f is paraholomorphic;

ii) u^r_xt = v^r_yt and u^r_yt = v^r_xt ; 1 ≤ r ≤ k, 1 ≤ t ≤ m (These are called the para-Cauchy-Riemann equations);

iii) ∂_zt f = 0, 1 ≤ t ≤ m.

Proof. As in the ordinary complex case. 2

Definition 1.3 [1] A map f : A → A is said to be paracomplex differentiable at a point z ∈ A if there exists a number α(z) such that f(z + h) − f(z) = α(z)h + σ(z, h)||h||, where h = h_1 + ϵh_2, ||h||^2 = h^2_1 + h^2, and σ(z, h) → 0 as h → 0.

If the map α exists, it is unique and is called paracomplex derivative of f and we write α(z) =^{df}_{dz} (z) = f^′(z).

Lemma 1.4 [1] A map f : A → A is paraholomorphic on an open subset D if and only if f is paracomplex differentiable on D.

Lemma 1.5 Let f = u + ϵv : A → A with u, v are of class C^2. Then f is paracomplex differentiable at z if and only if (I) lim_{h→0}^{f(z+h)−f(z)}_h = L(z) exists and further L(z) = α(z) = f^′(z). Here the limit is taken in the set of h with hh ≠ 0.

Proof. Let (I) be satisfied. For h = h_1 and h = ϵh_2 with h_1, h_2 real, (I) gives ∂u ∂x + ϵ ∂v ∂x = ∂v ∂y + ϵ ∂u ∂y , which gives ∂u ∂x = ∂v ∂y and ∂u ∂y = ∂v ∂x .

22 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity

From Lemma (1.2) and (1.4) paracomplex differentiability of f follows. On the other hand (I) gives f(z + h) − f(z) = L(z)h + σ̃(z, h)h ||h|| ||h|| with σ̃ → 0, (hh ≠ 0). Since h_k/||h|| (k = 1, 2) is bounded, σ(z, h) ≡ σ̃(z, h)h/||h|| → 0 as h → 0. By the uniqueness of L(z), f^′(z) = L(z).

Next let f = u + ϵv be paracomplex differentiable. Then u, v satisfy the para-Cauchy- Riemann conditions; so setting s = x + y, t = x − y we get

∂^2u ∂s∂t = 0 =

∂^2v ∂s∂t which have solutions u(s, t) = F (s) + G(t) and v(s, t) = F (s) − G(t) for some differentiable functions F and G. Thus one can write f(z + h) − f(z) h = Δf h = (Δf)h hh = (Δf)h (Δs)(Δt)

= (1 + ϵ) ΔF Δs + (1 − ϵ) ΔG Δt . Since Δs → 0, Δt → 0 as h → 0 and F and G are differentiable, (I) follows from above.

That f^′(z) = L(z) is clear. 2

Remark: The essence of the statement of the lemma and the proof of the fact that “(I) implies the para-Cauchy-Riemann equations” are provided in [15].

[1], [7] A function f : A → A is said to be paracomplex analytic if it has a power series expansion in A . Here the multiplication is the one in A . We remark in passing that every paracomplex analytic f is paraholomorphic. The converse is not true in general. However every paraholomorphic f = u+ϵv is paracomplex analytic provided u and v are real analytic.

(Almost) paracomplex, (almost) parahermitian, (almost) parakaehler manifolds are defined in the usual way with a difference that the defining elements are replaced by the corresponding “para” ones.

The torsion tensor N of an almost paracomplex structure J of M is defined as (see for example [1], [15]) N(X, Y ) = [JX, JY ] − J[JX, Y ] − J[X, JY ] + [X, Y ] for smooth vector fields X, Y on M.

Lemma 1.6 [1] An almost paracomplex structure J on an almost paracomplex manifold of dimension m is integrable (i.e. its torsion vanishes) if and only if J can be obtained from the paracomplex structure on A^m by means of the paraholomorphic charts.

Definition 1.7 For a metric g on a surface, a coordinate system (x, y) is said to be gisothermal if g(∂_x, ∂_x) = kg(∂_y, ∂_y) and g(∂_x, ∂_y) = 0. Here k = 1 when g is positive definite, k = −1 when g is indefinite.

S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity 23

Let (M, g) be a Lorentz surface, i.e an oriented, paracompact connected surface with a neutral metric (a metric of index (n, n), n = 1, 2, · · ·). The orientation and the metric determine a unique almost paracomplex structure J on M so that M becomes almost parahermitian manifold [1], (cf. [8]). Since every almost paracomplex structure on a manifold of dimension 2 is integrable, M is parahermitian (in fact it is parakaehler [15]). It can thus be proved that there exist g-isothermal coordinates (x, y) on M, [12].

The pseudosphere

S^2_1 = {(x, y, z) ∈ R^3 : −x^2 + y^2 + z^2 = 1}

with the neutral metric h induced from that on Minkowski space R^3_1 is orientable (since it is a level surface). So S^2_1 with the unique paracomplex structure J compatible with the metric h becomes a parahermitian surface and therefore possesses h-isothermal coordinates.

2. Harmonic maps and paraholomorphic differentials

Throughout, (M, h) and (N, g) will denote a Lorentz surface and n-manifold with an indefinite metric g of index (r, n − r), respectively.

Let J be the canonical paracomplex structure on M so that M becomes a parahermitian manifold and let (x, y) be an h-isothermal coordinate system. The A -linear extension J^A of J to the paracomplexified tangent bundle T^AM decomposes T^AM into T^′M and T^{′′}M so that T^AM = T^′M ⊕ T^{′′}M, where T^′M = {X + ϵJX : X ∈ T M} and T^{′′}M = T^′M = {X − ϵJX : X ∈ T M} are the eigenspaces of J^A corresponding to the eigenvalues ϵ and −ϵ. Clearly ∂_z =^1_2 (∂_x + ϵ∂_y) ∈ T^′M and ∂_z = ∂_z ∈ T^{′′}M.

Now let D be the metric connection on N. This connection D and the metric g on T N extend to an A -linear connection and a paracomplex bilinear, symmetric, nondegenerate metric on T^AN, respectively, which we will denote by the same letters. It is easy to see that the bundle T^AN remains Riemannian connected, that is, vg(z, w) = g(D_vz, w) + g(z, D_vw) for v ∈ T^AN, and z, w ∈ C(T^AN). Let f : (M, h) → (N, g) be a smooth map. Then one may extend its differential df to d^Af : T^AM → T^AN by paracomplex linearity. For D_w let us write D^′ if w = d^Af(∂_z) = f_z and D^{′′} if w = d^Af(∂_z). We also write D^′f = f_z etc. On an open subset U of M define q : U → A by q(p) = g((D^′f)(p), (D^′f)(p)) = g(f_z(p), f_z(p)) for p ∈ U. Consider now the quadratic differential Q associated with f given by Q(p) = q(p)dz^2. Note that although q is only defined locally, Q is defined globally since it does not depend on the isothermal coordinates z = x + ϵy choosen (cf. [16]).

Notation: For a C^1 map f : M → N we set M̃ = {p ∈ M : df_p ≠ 0}.

24 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity Definition 2.1 (cf. [4]) For a C^1 map f : (M, h) → (N, g),

1) f is said to be weakly conformal if, for any p ∈ M̃ there is a real number λ(p) ≠ 0 such that, for every u, v ∈ T_pM, g(df_p(u), df_p(v)) = λ(p)h(u, v). One may extend λ on M̃ to whole of M by setting λ(p) = 0 for p ∈ M − M̃. Then the extended λ becomes a continuous function on M.

2) f is said to be (image) nondegenerate if g is nondegenerate on df(T_pM) for every p ∈ M̃.

Unless otherwise stated, f will be smooth nondegenerate map throughout.

Proposition 2.2 f is weakly conformal if and only if the associated quadratic differential Q ≡ 0. Proof. Observe that

(1) q = g(D^′f, D^′f) = g(f_z, f_z) =^1_4 [ g(f_x, f_x) + g(f_y, f_y) + 2ϵg(f_x, f_y) ] . Let now f be weakly conformal. Then the “only if”-part of the result easily follows from the fact that (x, y) are isothermal coordinates. Conversely, by (1), Q ≡ 0 implies g(f_x, f_x) = −g(f_y, f_y) and g(f_x, f_y) = 0. This, together with the nondegeneracy of f, implies that g_p(f_x, f_x) ≠ 0 for all p ∈ M̃. Note that then for u = a∂_x + b∂_y, v = r∂_x + k∂_y and s = ar − kb we have g(f_u, f_v) = sg(f_x, f_x), and sh(∂_x, ∂_x) = h(u, v) so g(f_u, f_u) = g(f_x, f_x) h(∂_x, ∂_x) sh (∂_x, ∂_x) = λh(u, v), with λ =^{g(fx,fx)}_{h(∂x,∂x)} ≠ 0 on M̃. This completes the proof. 2

We now define the second fundamental form ▽df of f : (M, h) → (N, g) by, [2], ▽df(u, v) = D_{df(u)}(df(v)) − df(D^M_u v). Here D^M is the metric connection on M and u, v ∈ C(T M). Note that ▽df is symmetric and extends to a symmetric, paracomplex bilinear form (▽df)^A.

Let (x^1, x^2) be any local coordinates on the Lorentz surface (M, h) and set X_i = ∂_xi ∈ T M and Y_i = df(X_i) ∈ T N.

Definition 2.3 f is said to be harmonic if its tension field

τ_h(f) = τ(f) = 2∑ i,j=1 h^{ij} ▽ df(X_i, X_j) vanishes. Here h^{ij} is the (ij) th entry of (h_{ij})^{−1}.

S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity 25 Lemma 2.4 Let (x^1, x^2) be h-isothermal coordinates on M. Then

i) the Christoffel symbols Γ^k_{ij} of M satisfies Γ^1_1 − Γ^1_{22} = Γ^2_{11} − Γ^2_2 = 0; ii) for τ(f), the tension field of f, we have

h_{11}τ(f) = 2∑ i=1 (−1)^{i+1} ▽ df(X_i, X_i) = 2∑ i=1 (−1)^{i+1}D_{Yi} df(X_i).

Proof. i) If we express Γ^k_{ij} in terms of the metric h, the result easily follows.

ii) (x^1, x^2) are h-isothermal, h^{ij} = h^{11}δ_{ij}(−1)^{i+1}.

(Note here that without loss of generality we may assume that h^{11} > 0 on M.) So 2∑ i=1 (−1)^{i+1} ▽ df(X_i, X_i) = h_{11}τ(f).

Further note that_2 ∑ i=1 (−1)^{i+1}D^M_{Xi} X_i = 2∑ i=1 (Γ^i_{11} − Γ^i_{22})X_i = 0

by the first part (i). Thus we get

h_{11}τ(f) = 2∑ i=1 (−1)^{i+1}D_{Yi} df(X_i). This completes the proof. 2

Proposition 2.5 1 4h^{11} τ(f) = D^{′′}D^′f = D^′D^{′′}f and therefore f is harmonic if and only if D^{′′}D^′f = D^′D^{′′}f = 0. Proof. D^′f = df(∂_z) =^1_2 (df(X_1) + ϵdf(X_2)), where X_i = ∂_xi . So

D^{′′}D^′f = 1 2 (D_{Y1} D^′ − ϵD_{Y2} D^′)f = 1 4 { 2∑ i=1 (−1)^{i+1}D_{Yi} df(X_i) + ϵ [ D_{Y1} df(X_2) − D_{Y2} df(X_1) ]} .

But the term in the square bracket on the right hand side is equal to ϵdf([X_1, X_2]), (cf. [2]), which vanishes since the Lie bracket is zero. So D^{′′}D^′f becomes equal to first part of the right hand side. Then by Lemma (2.4/ (ii)) the result follows. The treatment of D^′D^{′′}f is the same. 2

For a smooth nondegenerate f, τ(f) ∈ T N decomposes into

τ_h(f) = H^h(f) + ν^h(f)

26 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity

on M̃, where ν^h(f) ∈ E = df(T M) and H^h(f) = E^⊥ are the tangential and normal components of τ(f) respectively. If f is an immersion then we call H^h(f) the h-mean curvature vector field along f. (Note that H^I (f) is the ordinary mean curvature vector field. Here the metric on M is taken to be I = g|_E.)

We say that the quadratic differential Q = qdz^2 is paraholomorphic if q = g(D^′f, D^′f) is paraholomorphic.

Theorem 2.6 For a smooth nondegenerate map f : (M, h) → (N, g) we have i) the associated quadratic differential Q = qdz^2 is paraholomorphic on M if and only if ν^h(f) = 0 on M̃ ii) further if M̃ is dense in M, then f is harmonic if and only if Q is paraholomorphic and H^h(f) = 0.

Proof. Observe that ∂q ∂z = ∂ ∂z g(D^′f, D^′f) = g(D^{′′}D^′f, D^′f) + g(D^′f, D^{′′}D^′f) = 1 2h^{11} g(D^′f, τ(f)) = 1 4h^{11} [ g(f_x, τ(f)) + ϵg(f_y, τ(f)) ]

where z = x + ϵy. So

i) Q is paraholomorphic if and only if g(f_x, τ(f)) = 0 and g(f_y, τ(f)) = 0 if and only if τ(f) ∈ E^⊥ if and only if ν^h(f) = 0 since f is nondegenerate.

ii) If f is harmonic then τ(f) = 0 so H^h(f) = 0 and ∂^{′′}q = ∂_zq = 0 by the observation above, thus Q is paraholomorphic. Conversely if Q is paraholomorphic, then by part (i), τ(f) = H^h(f) on M̃ which is zero by the hypothesis, so f is harmonic on M̃ and therefore, by continuity, harmonic on M. 2

Corrollary 2.7 (cf. [4]) For f : (M, h) → (N, g) a smooth non-degenerate map between Lorentz surfaces with M̃ dense in M, we have

i) f is harmonic if f is weakly conformal.

ii) Further let df_p be one-to-one for all p ∈ M̃. Then f is harmonic if and only if Q is paraholomorphic.

Proof. i) By Proposition (2.2), if f is weakly conformal then Q ≡ 0 and therefore Q is trivially paraholomorphic. On the other hand, since f is weakly conformal and nondegenerate, df_p is 1 − 1 for p ∈ M̃. Thus E = T N and so H(f) = 0. Hence f is harmonic by Theorem (2.6)/(ii).

ii) Observe that H^h(f) = 0 since f is nondegenerate and df_p is 1 − 1 for p ∈ M̃. By the theorem (2.6)/(ii) the result follows. 2

We say that a map f : (M, J) → (N, J^′) between (almost) paracomplex manifolds is paraholomorphic (resp. antiparaholomorphic) if df ∘ J = J^′ ∘ df (resp. df ∘ J = −J^′ ∘ df), [15].

S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity 27

Next we show that weak conformality implies paraholomorphicity under certain conditions.

Proposition 2.8 Let f : (M, h, J) → (N, g, J^′) be a nondegenerate map of a Lorentz surface into a parahermitian manifold of dimension 2n satisfying the following two conditions:

i) E = df(T M) is invariant under J^′ i.e. J^′(E) = E.

ii) The zero set K = {p ∈ M : df_p = 0} does not disconnect M i.e M − K = M̃ remains connected.

Then f is weakly conformal if and only if f is paraholomorphic or anti-paraholomorphic.

Proof. Let f be weakly conformal. Then the associated quadratic differential Q of f is identically zero. Thus we have (1) g(df(J∂_x), df(J∂_x)) = −g(df(∂_x), df(∂_x)) and g(df(∂_x), df(J∂_x)) = 0. Note that df_p(∂_x) and df_p(∂_y) are non-null vectors for p ∈ M − K by the virtue of (1) and nondegeneracy of f, where ∂_y = J∂_x. Observe also that df(J∂_x) is g-orthogonal to df(∂_x) by (1) and J^′df(∂_x) is g-orthogonal to df(∂_x) since N is parahermitian. By the fact that df(J∂_x), J^′df(∂_x), df(∂_x) are all in E, we deduce that df(J∂_x) and J^′df(∂_x) are parallel. On the other hand g(J^′df(∂_x), J^′df(∂_x)) = −g(df(∂_x), df(∂_x)) = g(df(J∂_x), df(J∂_x)) by (1). So

(2) df(J∂_x) = ±J^′df(∂_x).

Also note that

df(J∂_y) = df(J^2∂_x) = J^{′2}df(∂_x) = ±J^′df(J∂_x) = ±J^′df(∂_y) by (2).

This, together with (2) gives df ∘ J = ±J^′o df at every p ∈ M. Now we need to show that (3) df ∘ J = J^′ ∘ df on M or (4) df ∘ J = −J^′ ∘ df on M. To do this let A and B be the sets of all points at which (3) is true and (4) is true respectively. Then A and B are closed by continuity of df and J. Next note that (3) and (4) give M = A∪B thus M − (A ∩ B) = (M − A) ∪ (M − B) which is the union of two open disjoint sets. But it is easy to see that A ∩ B = K = {p ∈ M : df_p = 0}. This leads to a contradiction with the assumption (ii). So we must have M − A = ϕ or M − B = ϕ. That means that f is either paraholomorphic or antiparaholomorhic on M.

Conversely, let f be paraholomorphic then J^′ ∘ df = df ∘ J so g(df(J∂_x), df(J∂_x)) = g(J^′df(∂_x), J^′df(∂_x)) = −g(df(∂_x), df(∂_x)) and g(df(J∂_x), df(∂_x)) = g(J^′df(∂_x), df(∂_x)) = 0. This amounts to saying that the associated quadratic differential Q = g(f_z, f_z)dz^2 is identically zero. If f is anti-paraholomorphic, in a similiar fashion, we get Q ≡ 0. This completes the proof. 2

Corollary 2.9 Let f be a local diffeomorphism between Lorentz surfaces. Then f is weakly conformal if and only if f is paraholomorphic or anti-paraholomorphic.

28 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity

Remark: Let (M, g) be an orientable Lorentz surface with g-isothermal coordinates (x, y). It is easy to see that the transition functions induced by the charts defining these g-isothermal coordinates are conformal and therefore they are paraholomorphic or anti-paraholomorphic. Replacing (x, y) by (−x, −y) where necessary we obtain that the transition functions are all paraholomorphic. Thus (M, g) becomes a parahermitian manifold.

When N is a parakaehler space form (parakaehler manifold with constant paraholomorphic sectional curvature) we can define higher order paraholomorphic differentials associated with f : M → N. For this, first we make the following observations: (cf. [15]). As for T^AM, J^′ splits T^AN into T^′N and T^{′′}N so that T^AN = T^′N ⊕ T^{′′}N. For the connection ▽ on T^′N induced by D via ▽ : T^AN × T^AN^D→ T^AN^π→ T^′N where π is the projection along T^{′′}N, write ▽^′u = π∘D^′u and ▽^{′′}u = π∘D^{′′}u for u ∈ C(T^AN). Further put ▽^′f = π ∘ D^′f = π ∘ d^Af(∂_z) and ▽^{′′}f = π ∘ D^{′′}f so that D^′f = ▽^′f + ▽^{′′}f. Since N is parakaehler, D sends the sections of T^′N (resp. T^{′′}N) into sections of T^′N (resp. T^{′′}N). Further one can show that

1) D^′u = ▽^′v + ▽^{′′}w for u ∈ C(T^AN) with u = v + w, where v, w ∈ C(T^′N). In particular D^{′k}f = ▽^{′k}f + ▽^{′′k}f and D^′u = ▽^′u, D^{′′}u = ▽^{′′}u for u ∈ C(T^′N).

2) g(u, v) = 0 for all u, v ∈ C(T^′N) or u, v ∈ C(T^{′′}N). So setting G(u, v) = g(u, v), u, v ∈ T^′N, gives a parahermitian inner product G on T^′N. Thus the bundle T^′N over N together with G and the connection ▽ becomes parahermitian connected.

3) f is paraholomorphic (resp. antiparaholomorphic) if and only if ▽^{′′}f (resp. ▽^′f) vanishes. Further f is harmonic if and only if ▽^′ ▽^{′′} f = ▽^{′′} ▽^′ f = 0. Thus if f is paraholomorphic or antiparaholomorphic then it is harmonic. In fact [15], every paraholomorphic or antiparaholomorphic map between parakaehler manifolds is harmonic. 2 Set Q_{s,t} = q_{s,t}dz^{s+t} and B_{s,t} = b_{s,t}dz^{s+t} where q_{s,t} = g(D^{′s}f, D^{′t}f) and b_{s,t} = G(▽^{′s}f, ▽^{′′t}f). Q_{s,t} and B_{s,t} are differentials of order s + t.

Definition 2.10 (cf. [3]) By the order of parareal (resp. paracomplex) isotropy of a map f : M → N with parakaehler N we mean the greatest value of k ∈ {1, 2, 3, · · · , ∞} such that, on each chart, q_{s,t} ≡ 0 (resp. b_{s,t} ≡ 0) for all integers t, s ≥ 1 with s + t ≤ k.

For a map f let μ(f) (resp. μ̃(f)) denote its order of parareal (resp. paracomplex) isotropy. Clearly μ(f) ≥ μ̃(f).

Lemma 2.11 For a smooth map f and integers s, t ≥ 1 let μ(f) = k and μ̃(f) = ℓ and set s + t = r + 1. Then

i) q_{s,t} = (−1)^{t−1}q_{r,1}, when r ≤ k, ii) b_{s,t} = (−1)^{t−1}b_{r,1} when r ≤ ℓ, iii) k > ℓ when ℓ is even, iv) if ℓ is odd then q_{ℓ,1} = ±2b_{ℓ,1} and therefore k = ℓ.

S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity 29 Proof. Note q_{s,t} = ∂^′g(D^{′s}f, D^{′t−1}f) − g(D^{′s+1}f, D^{′t−1}f) = −q_{s+1,t−1} by the fact that T^AN is a Riemannian connected bundle over N. So (i) follows from this easily. For (ii) the argument is similiar. For (iii) and (iv) first observe that (I) q_{s,t} = b_{s,t} + b_{t,s} = (−1)^{t−1}b_{r,1} + (−1)^{s−1}b_{r,1} for all s, t with 1 ≤ s + t = r + 1 ≤ ℓ + 1. Now if s + t < ℓ + 1 then (I) clearly gives q_{s,t} = 0 so k ≥ ℓ. Let ℓ be even, then s + t = ℓ + 1 is odd, thus one of s, t is odd and the other is even. So (I) gives q_{s,t} = 0. From this, (iii) follows.

For the case that ℓ is odd, s + t = ℓ + 1 is even and thus s, t are both even or both odd. In either case, (I) gives q_{ℓ,1} = ±2b_{ℓ,1}. This proves (iv). 2

Notice that q = q_{1,1} = 2b_{1,1} so that Q = 2B_{1,1}.

Proposition 2.12 Let f : M → (N, J^′, g) be a harmonic map into a parakaehler space form N. Then

i) Q_{2,1} = q_{2,1}dz^3 is paraholomorphic, where q_{2,1} = g(D^{′2}f, D^′f), ii) if further f is weakly conformal with μ(f) = k (thus k ≥ 3) and

g(J^′(D^′f), D^{′k−1}f) = 0, then Q_{k,1} = q_{k,1}dz^{k+1} is a globally defined paraholomorphic differential.

Proof. For any smooth map f consider ∂_zq_{k,1} = ∂^{′′}q_{k,1} = g(D^{′′}D^{′k}f, D^′f) + g(D^{′k}f, D^{′′}D^′f) = g(D^{′′}D^{′k}f, D^′f) since D^{′′}D^′f = 0 by the harmonicity of f. Setting X = df(∂_x) = f_x, Y = f_y, P = D^′f = X + ϵY and W = D^{′k−1}f for k ≥ 3 we have D^{′′}D^{′k}f = D^{′′}D^′W − D^′D^{′′}W = 2ϵ(D_X D_Y − D_Y D_X )W = 2ϵR(X, Y )W where R is the Riemannian curvature tensor of N. Note here that we use the fact that

[X, Y ] = D_X Y − D_Y X = df([∂_x, ∂_y]) = 0.

Thus (1) ∂^{′′}q_{2,1} = 2ϵg(R(X, Y )P, P ) (2) ∂^{′′}q_{k,1} = 2ϵg(R(X, Y )W, P ), for k ≥ 3. On the other hand (see [6]) (⋆) R(X, Y )W = c 4 { g(X, W )Y − g(Y, W )X

+g(X, J^′W )J^′Y − g(Y, J^′W )J^′X + 2g(X, J^′Y )J^′W }

where c is the paraholomorphic sectional curvature. So

30 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity (3) g(R(X, Y )W, P ) = c 4 { g(X, W )g(Y, P ) − g(Y, W )g(X, P ) +g(X, J^′W )g(J^′Y, P ) −g(Y, J^′W )g(J^′X, P ) + 2g(X, J^′Y )g(J^′W, P ) } . Replacing W by P in (3), the equation (1) gives ∂^{′′}q_{2,1} = 0. This proves (i).

For (ii), first observe that g(W, P ) = g(W, X + ϵY ) = g(W, X) + ϵg(W, Y ) = 0 by the isotropy assumption. So we have (4) g(W, X) = −ϵg(W, Y ). By (4), we get (5) g(X, W )g(Y, P ) − g(Y, W )g(X, P ) = ϵg(X, W )g(P, P ) = 0 since g(P, P ) = 0 by the isotropy assumption. Next the hypothessis g(J^′P, W ) = 0 gives (6) ϵg(X, J^′W ) = −g(Y, J^′W ). By (6) we get (7) g(X, J^′W )g(J^′Y, P ) − g(Y, J^′W )g(J^′X, P ) = ϵg(X, J^′W )g(J^′P, P ) = 0 since g(J^′P, P ) = 0. Combining (3), (5) and (7) we get ∂^{′′}q_{k,1} = 0 so Q_{k,1} is paraholomorphic. This completes the proof. 2 Proposition 2.13 Let f : M → (N, J^′, g) be a harmonic map into a parakaehler space form N with the paracomplex isotropy order μ̃(f) = k. Then B_{k,1} = b_{k,1}dz^{k+1} is a globally defined paraholomorphic differential of order k + 1 Proof. (cf. [17]) Note that (1) ∂^{′′}b_{k,1} = ∂^{′′}G(▽^{′k}f, ▽^{′′}f) = G(▽^{′′} ▽^{′k} f, ▽^{′′}f) + G(▽^{′k}f, ▽^′ ▽^{′′} f) = G(▽^{′′} ▽^{′k} f, ▽^{′′}f).2 Claim: ▽^{′′} ▽^{′ℓ} f ∈ S_{ℓ−1} = spanA {▽^′f, · · · , ▽^{′ℓ−1}f} for any 1 ≤ ℓ ≤ k. This is true for ℓ = 1 by the harmonic equation. Assume now that it is true for ℓ = r − 1 < k and consider ▽^{′′} ▽^{′r} f = 2ϵR(X, Y ) ▽^{′r−1} f + ▽^′(▽^{′′} ▽^{′r−1} f). For the second term on the right we have, by assumption, ▽^{′′} ▽^{′r−1} f ∈ S_{r−2} so that ▽^′ (▽^{′′} ▽^{′r−1} f) ∈ S_{r−1}. For the curvature term, first observe that for X = f_x, Y = f_y, ▽^{′′}f = π(df(∂_z)) = 1 2 π(X − ϵY ) = 1 4 [ (X − J^′Y ) + ϵJ^′(X − J^′Y ) ] = 1 4 (V + ϵJ^′V )

S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity 31

where V = X − J^′Y . Put A = ▽^{′r−1}f ∈ S_{r−1}, then by μ̃(f) = k, we have G(A, ▽^{′′}f) = 1 4 [ g(A, V ) − ϵg(A, J^′V ) ] = 0.

Then this, together with g(A, ▽^{′′}f) = 0 gives g(A, V ) = g(A, X) − g(A, J^′Y ) = 0. So (2) g(A, X) = g(A, J^′Y ) = −ϵg(A, Y ) since J^′A = ϵA for all A ∈ T^′N.

Next, by (⋆) in the proof of Proposition (2.12), we have R(X, Y )A = c 4 { g(X, A)Y − g(Y, A)X + g(X, J^′A)J^′Y − g(Y, J^′A)J^′X + 2g(X, J^′Y )J^′A }

= c 4 { g(X, A)Y + ϵg(X, A)X + ϵJ^′g(X, A)Y + J^′g(X, A)X + 2ϵg(X, J^′Y )A } (by (2)) = c 4 { g(X, A)[(X + J^′Y ) + ϵJ^′(X + J^′Y )] + 2ϵg(X, J^′Y )A }

where c is the constant paraholomorphic sectional curvature of N. That is, R(X, Y )A is a linear combination of ▽^′f = (X + J^′Y ) + ϵJ^′(X + J^′Y ) and A, thus it is in S_{r−1}. This completes the proof of the claim.

By the claim we have ▽^{′′} ▽^{′k} f ∈ S_{k−1}. So by the assumption that μ̃(f) = k, (1) gives ∂^{′′}b_{k,1} = G(▽^{′′} ▽^{′k} f, ▽^{′′}f) = 0. That is, B_{k,1} is paraholomorphic. 2

Corollary 2.14 For a weakly conformal harmonic map f : M → N to a parakaehler space form N,

i) Q_{2,1} = q_{2,1}dz^3 ≡ 0 ii) B_{2,1} = b_{2,1}dz^3 is paraholomorphic.

References

[1] Cruceanu, V.; Fortuny, P.; Gadea, P. M.: A Survey on Parahermitian Geometry. Rocky Mountain J. Math. (1995) (to appear).

[2] Eells, J.; Lemaire, L.: Selected topics in harmonic maps. CBMS Regional Conf. Ser.

in Math. No. 50, Amer. Math. Soc. (1983).

[3] Eells, J.; Wood, J. C.: Harmonic maps from surfaces to complex projective spaces. Adv.

Math. 49 (1983), 217–263.

[4] Fuglede, B.: Harmonic morphism between semi-Riemannian manifolds. Ann. Acad.

Sci. Fenn. Ser. A I Math. 21 (1996), 31–50.

[5] Gu, C. H.: On the motion of a string in curved space time. Proc. of the third Marcel Grossmann Meeting on General Relativity. (1983).

32 S. Erdem: Maps of Lorentz Surfaces, Quadratic Differentials and Paraholomorphicity

[6] Garcia-Rio, E.; Hervella, L.; Vazquez-Lorenzo, R.: Curvature Properties of parakaehler Manifolds. Proc. Colloquium on Differential Geometry, Debrecen (to appear).

[7] Gadea, P. M.; Masqué, J. M.: A -differentiability and A -analyticity. Proc. Amer. Math.

Soc. (to appear in 1996).

[8] Jensen, G.; Rigoli, M.: Neutral surfaces in neutral four-spaces. Matematiche, (Catania) 45 (1991), 407–443.

[9] Kunstatter, G.; Moffat, J. W.: Geometrical Interpretation of a Generalized Theory of Gravitation. J. Math. Phys. 24 (4), 1983.

[10] Lambert, D.; Piette, B.: Solutions of Minkowskian σ Models on Hyperbolic Complex Grassmannian Manifolds. Classical Quantum Grav. 5 (1988) 307–319.

[11] Lambert, D.; Tombal, Ph.: Hyperbolic Complex Numbers and Nonlinear Sigma Models.

Internat. J. of Theoret. Phys., 26 (1987).

[12] Weinstein, T. K.: Lorentz surfaces. (Book, preprint). Rutgers University, New Brunswick, U.S.A.

[13] Milnor, T. K. (now called Weinstein, T. K.): Characterizing harmonic immersions of surfaces with indefinite metric. Proc. Nat. Acad. Sci. U.S.A. 79 (1982) 2143–2144, Mathematics.

[14] O’Neill, B.: Semi-Riemannian Geometry (with applications to Relativity). Academic Press, 1983.

[15] Parmar, V. K.: Harmonic Morphisms Between Semi-Riemannian Manifolds. Ph.D.

Thesis, University of Leeds, U.K. (1991).

[16] Wood, J. C.: Harmonic Maps and Complex Analysis. Proceedings of the Summer Course in Complex Analysis, Trieste, 1976, Vol. III, 289–308.

[17] Wood, J. C.: Holomorphic Differentials and Classification Theorems for Harmonic Maps and Minimal Immersions. Global Riemannian Geometry, 168–175, Ellis Horwood Ltd., 1984.

Received January 4, 1996; revised version July 8, 1996