Beiträge zur Algebra und Geometrie Contributions to Algebra and Geometry Volume 38 (1997), No. 1, 1-10.

The Bellows Conjecture

R. Connelly, I. Sabitov* , A. Walz Department of Mathematics, White Hall, Cornell University, Ithaca, New York, 14853-7901, USA, connelly@math.cornell.edu Faculty of Mechanics and Mathematics, Moscow State University Moscow, 119899, Russia, matan@top.rector.msu.su Department of Mathematics,White Hall, Cornell University, Ithaca, New York, 14853-7901, USA, anke@math.cornell.edu

Abstract. We show that any continuous flex that preserves the edge lengths of a closed triangulated surface of any genus in three-space must flex in such a way that the volume it bounds stays constant during the flex.

1. Introduction

Consider a triangulated polyhedral surface S in three-space. Regard the edges of S as rigid bars, and regard the bars as joined at ideal universal joints at the vertices of S. There are several examples when S is a mathematically exact (flexible) mechanism (see Connelly [4] for example). Indeed there are even simpler examples of such surfaces where S may intersect itself and have various singularities. The simplest non-trivial example of this sort is a self-intersecting surface due to R. Bricard [2], and there are many others, for example Connelly [5].

For each such orientable singular surface S, it is possible to define the notion of the (generalized, signed) volume bounded by S, vol(S). When S is a (triangulated) embedded surface, | vol(S)| is indeed the volume of the bounded domain with S as boundary.

Suppose S_t, 0 ≤ t ≤ 1, represents a flex of the surface S so that S_0 = S. In Connelly [3] it was conjectured that vol(S_t) is constant. This was called the Bellows Conjecture in the sense that it stated that there is no exact mathematical bellows.

Here we describe a proof of the Bellows Conjecture for any triangulated orientable surface mapped into three-space. The ideas here were inspired by a proof by I. Sabitov in [7] in case the surface S is homeomorphic to a sphere. A proof for the general case of a

* The following work by I. Sabitov was partially supported by RFFI grant no. 96-01-00836 (Russia)

0138-4821/93 $ 2.50 © 1997 Heldermann Verlag

2 Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture

manifold will appear in [8]. In fact, the proof here follows the same plan as in Sabitov [8]. The basic addition here is a way of streamlining a key induction step using the theory of places instead of resultants. This has the advantage that the proofs are simpler and easier to find, but the calculation of the polynomial in the main result is much less explicit.

We thank Victor Alexandrov, Richard Ehrenborg, and Moss Sweedler for their comments and suggestions. We especially thank Ricky Pollack for finding a gap in an earlier version of the main Corollary 1. We owe Stephen Chase a deep debt of gratitude for suggesting the theory of places as the proper algebraic tool for the problem at hand.

2. An algebraic reformulation

Although we are primarily interested in surfaces in Euclidean three-space, it is useful to think of things in the following way. Let p_i = (x_i, y_i, z_i), i = 1, . . . be a finite number of points, where the coordinates x_i, y_i, z_i together are algebraically independent quantities and generate a field K = Q (x_1 , y_1, z_1, x_2, y_2, z_2, . . . ). So each point p_i belongs to K^3, i = 1, . . . . Let M be a triangulation of an orientable combinatorial 2-dimensional manifold. In other words M is a 2-dimensional simplicial complex such that the triangles (2-simplices) adjacent to a given vertex form a cycle, and there is a consistent orientation to the triangles.

Let M → L^3 be a map that associates to each vertex i of M the point p_i ∈ L^3, where L is any field of characteristic not 2, 3. We regard this map as a singular surface S. We define the (generalized) volume of S as

vol(S) = 1 6 ∑ [i,j,k]∈M+ det[p_i, p_j , p_k],

where the sum is taken over all positively oriented triangles [i, j, k] of M (denoted by M_+). (In our notation describing a matrix, we will treat vectors as columns).

Let L be any field that contains a ring R. Recall from algebra (see Lang [6]) that an element x ∈ L is defined to be integral over R if there are elements a_i ∈ R, i = 0, 1, . . . , n−1 such that x^n + a_{n−1}x^{n−1} + · · · + a_1x + a_0 = 0.

For any field L we say that the square of the edge length between p_i and p_j in L^N is (p_i − p_j )^2 = (x_i − x_j )^2 + (y_i − y_j )^2 + (z_i − z_j )^2 . . . , where p_i = (x_i, y_i, z_i, . . . ).

The following is the main result of this paper.

Theorem 1. For any (singular) orientable surface S in L^3, where L is any field of characteristic not 2 or 3, 12 vol(S) is integral over R, the ring generated by the squares of the edge lengths of S.

Remark. In order to prove Theorem 1, it is enough to consider only the case when the field L is the field K described above. We can simply specialize each independent coordinate x_i, y_i or z_i to be the desired quantity in the field L. This provides a (ring) homomorphism

Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture 3

K → L, and the integral condition for vol(S) is preserved since, in the monic polynomial above, each of the coefficients, as well as the volume itself, is in turn a polynomial (over the integers) in the coordinates of the configuration.

Another advantage in taking the coordinates to be independent in the field K is that the Theorem above provides a single polynomial for that particular configuration. But then (using the homomorphism above) the same polynomial will be satisfied by the volume for any other configuration, as long as the combinatorial type of the underlying manifold remains the same, for any field. In particular, we can take L to be the real field.

Corollary 1. If S_t is a flex of an orientable (singular) surface in R^3 , then vol(S_t) is constant.

Proof. The integrality condition and the remark above insures that there is a fixed monic polynomial that is satisfied by the volume, and that the coefficients of this polynomial are functions of the squared edge lengths and only depend on the combinatorial type of the underlying manifold. Thus there are at most a finite number of values for vol(S_t), independent of t, 0 ≤ t ≤ 1. Since vol(S_t) is continuous in t, it must be constant.

3. Places

In order to streamline our tests for integrality, we repeat here some basic facts from Lang [6]. Suppose L and F are fields. Let φ : L → F ∪ {∞} be a function such that for all x, y ∈ L, (i) φ(x + y) = φ(x) + φ(y) (ii) φ(xy) = φ(x)φ(y) and (iii) φ(1) = 1, where it is understood that for a ∈ F (called a finite a) a ± ∞ = ∞ · ∞ =^1_0 = ∞,^a_∞ = 0, and if a ≠ 0, a · ∞ = ∞. (The expressions^0 ,^∞ , 0 · ∞, ∞ ± ∞ are not defined, and it is also understood that (i) and (ii) only hold when the right hand side is defined.)

We call such a function a place for the field L. Our basic tool for integrality is the following from Lang [6], page 12.

Lemma 1. An element x in a field L containing the ring R is integral over R if and only if every place defined on L that is finite on R is finite on x.

Corollary 2. Suppose that x, y are both integral elements in a field containing a ring R. Then x + y and x − y are integral over R as well.

4. The Cayley-Menger determinant

We need an algebraic condition on the set of distances between pairs of points that are satisfied when they exist in L^N , where L is any field and N = 3, 4. In the following vol[p_1, . . . , p_n] =^1_{(n−1)!} det[p_1, . . . , p_n] is the (n − 1)-dimensional volume of the simplex

4 Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture

determined by p_1, . . . , p_n. It is clearly 0 when the vertices lie in an (n − 2)-dimensional hyperplane. It is also clear, using the multilinearity of the determinant, that this definition of volume agrees with the definition in Section 2. (In other words, the expression for volume in Section 2 is invariant under translation of the vertices.)

Let p_1, p_2, . . . , p_n ∈ L^N be n points and let d^2_{ij} = (p_i − p_j )^2, i ≠ j = 1, 2, . . . , n be the squared pair-wise distances. Then we define the Cayley-Menger determinant to be

CM[p_1, . . . , p_n] = det

0 1 1 1 · 1 1 0 d^2_{12} d^2_{13} · d^2_{1n} 1 d^2_{12} 0 d^2_3 · d^2_n 1 d^2_{13} d^2_3 0 · d^2_{3n} · · · · · · 1 d^2_{1n} d^2_n · · 0 .

The algebraic condition on distances is given by the following.

Lemma 2. (Cayley-Menger) Suppose, for a positive integer N, p_1, p_2, . . . , p_n ∈ L^N are n points, where L is any field of characteristic not 2, 3, . . . , n − 1. Then

CM[p_1, . . . , p_n] = (−1)^n2^{n−1}((n − 1)!)^2 vol^2[p_1, . . . , p_n],

where vol represents the oriented (n − 1)-dimensional volume.

This result can be found in Blumenthal [1], page 98.

Corollary 3. If p_1, p_2, p_3, p_4, p_5 ∈ L^3 for any field L not of characteristic 2 or 3, then

CM[p_1, p_2, p_3, p_4, p_5] = 0.

Corollary 4. If p_1, p_2, p_3, p_4 ∈ L^3 for any field L not of characteristic 2 or 3, then

CM[p_1, p_2, p_3, p_4] = 2^36^2 vol^2[p_1, p_2, p_3, p_4] = 2(12 vol[p_1, p_2, p_3, p_4])^2,

where vol is the 3-dimensional volume, and

(12 vol[p_1, p_2, p_3, p_4])^2 ∈ Z[. . . , d^2_{ij}, . . . ].

Proof. The coefficient of each term of CM[p_1, p_2, p_3, p_4] is divisible by 2. (Each term in the expansion of the determinant is repeated when all the matrix entries are reflected about the main diagonal. These are distinct terms since if the entries in a term are reflected into each other, one entry must be fixed along the main diagonal and be 0 since the matrix has an odd number of rows and columns.)

Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture 5 5. The Key Lemmas We need to control the behavior of a place when it is defined on various extensions of our base ring R. Recall that in K, (p_i − p_j )^2 ≠ 0 for all i ≠ j, because of the independence of their coordinates.

Lemma 3. Let p_1, p_2, p_3, p_4, p_5 be a configuration of 5 points in K^3. Define

a_1 = d^2_{12} a_2 = d^2_{34} b_1 = d^2_{13} b_2 = d^2_4 c_1 = d^2_{14} c_2 = d^2_3

Let φ be a place defined on the field generated by all d^2_{ij} , i ≠ j, i, j = 1, 2, 3, 4, 5 such that φ(b_1) = φ(b_2) = φ ( b_1 a_1 ) = φ ( b_2 a_2 ) = ∞, and φ(d^2_{i5}), i = 1, 2, 3, 4 and φ(c_2) are finite. Then φ (_{c1} b1b2 ) ≠ 0 and hence φ (_{c1} b1 ) = φ (_{c1} b2 ) = ∞.

Proof. By Corollary 3 we have

det

0 1 1 1 1 1 1 0 a_1 b_1 c_1 d^2_{15} 1 a_1 0 c_2 b_2 d^2_5 1 b_1 c_2 0 a_2 d^2_{35} 1 c_1 b_2 a_2 0 d^2_{45} 1 d^2_{15} d^2_5 d^2_{35} d^2_{45} 0

= 0

We divide each circled row and column by the circled entry in that row or column, b_1 or b_2. This gives the following:

6 Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture

det

0^1_{b1} 1 1^1_{b2} 1 1 b1 0^{a1}_{b1} 1^{c1}_{b1b2}^{d215}_{b1}

1^{a1}_{b1} 0 c_2 1 d^2_5

1 1 c_2 0^{a2}_{b2} d^2_{35} 1 b2 c1 b1b2 1 a2 b2 0^{d245}_{b2}

1^{d215}_{b1} d^2_5 d^2_{35}^{d245}_{b2} 0

= 0

If φ (_{c1} b1b2 ) = 0, then all the matrix entries of^1_{b21b2} CM[p_1, p_2, p_3, p_4, p_5] would have a finite φ value and each entry in the circled row or column would be 0 except the circled entry 1. Expanding the determinant in each of these rows or columns gives the determinant det [ 0 1 1 0 ] = −1

so applying φ to both sides we get a contradiction to Corollary 3. Thus we get that φ (_{c1} b1b2 ) ≠ 0.

We now prepare for the analysis of the behavior of a place φ in a neighborhood of a point in a surface S.

Lemma 4. Suppose that p_1, . . . , p_n, p_{n+1} are n + 1 distinct points in K^3 and that φ is a place defined on the field generated by all the pair-wise non-zero distances d^2_{ij} , i ≠ j, i, j = 1, . . . , n, n + 1, such that

φ(d^2_{i,n+1}) and φ(d^2_{i,i+1}) are finite for i = 1, . . . , n (i + 1 mod n).

Then for some i, φ(d^2_{i,i+2}) is finite, i = 1, 2, . . . , n − 2 .

Proof. Suppose φ(d^2_{i,i+2}) = ∞ for i = 1, . . . , n − 2. We will find a contradiction. We will show inductively for i = 3, . . . , n,

φ(d^2_{1,i}) = φ ( d^2_{1,i} d^2_{1,i−1} ) = ∞.

This is clear for i = 3. We assume it for i and then we will show it for i + 1. Apply Lemma 3 to

Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture 7

a_1 = d^2_{1,i−1} a_2 = d^2_{i,i+1}

b_1 = d^2_{1,i} b_2 = d^2_{i−1,i+1}

c_1 = d^2_{1,i+1} c_2 = d^2_{i−1,i}

The conclusion of Lemma 3 is that φ ( c_1 b_1 ) = φ ( d^2_{1,i+1} d^2_{1,i} ) = φ(d^2_{1,i+1}) = ∞.

This is the inductive step. But this is the desired contradiction since for i = n, we get φ(d^2_{1,n}) = ∞, which contradicts φ(d^2_{1,n}) finite. Thus finally some φ(d^2_{i,i+2}) is finite.

Remark. Notice that for n > 4, φ(d^2_{n−1,1}) and φ(d^2_{,n}) are not mentioned as being forced to be finite. This extra bit of generality comes for free in the proof. However, in the application of Lemma 4, it is enough to know only that some φ(d^2_{i,i+2}) is finite, where all indices are reduced modulo n. For n = 4, there is no extra generality.

6. The complexity of a two-manifold

In order to describe the induction steps to follow, we define a partial ordering, which we call complexity, for the combinatorial types of closed, orientable, triangulated two-manifolds M. Let M, N be two such two-manifolds. If the genus of M is less than the genus of N, then we say M has less complexity than N. If the genus of M equals the genus of N, and M has fewer vertices than N, then we say M has less complexity than N. If the genus of M is equal to the genus of N, M and N have the same number of vertices and the minimal degree of a vertex of M is less than the minimal degree of a vertex of N, then we say M has less complexity than N. The proof of the main theorem will be based on the complexity of M, the underlying two-manifold. It is clear that any given two-manifold can have only a finite number of other two-manifolds of comparable strictly less complexity in any given chain. It is also clear that the tetrahedron with 4 vertices and 4 triangles has strictly less complexity than any other such two-manifold. Corollary 4 allows us to start the induction.

7. Surgery

Suppose that there are three vertices i, j, k of an orientable, closed, triangulated twomanifold such that all three edges [i, j], [j, k] and [k, i] are edges of M. If the triangle [i, j, k] is not part of the triangulation of M, then we say that the three edges form a splitting triangle T for M.

8 Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture

Topologically T forms a simple closed curve in M which separates a neighborhood into two components. We now describe how to do surgery along T . Remove the vertices i, j, k and replace them with two triangles T_1, T_2 that are each in a new triangulation of a new manifold M^′. T_1 is joined with the vertices of M in one component of the neighborhood of T and T_2 is joined with the other. We call M^′ the result of doing surgery on M along T .

Lemma 5. The complexity of each component of M^′ the surgered manifold is strictly less than the complexity of M.

Proof. There are essentially two cases.

Case I : T separates M into two components M_1, M_2. Here the genus of M_i ∪ T_i is no larger than the genus of M for i = 1, 2. But both M_1 and M_2 have fewer vertices than M and thus less complexity.

Case II : T does not separate M. Here M^′ is connected but the genus of M^′ is one less, and thus the complexity is strictly less.

We also need to consider what happens to the volume function when we do surgery along a simple closed curve C in a manifold M. By surgery we mean we cut M along C and add a triangulated disk D (with the consistant orientation on each triangle in D) to one local component and −D (that is D with the opposite orientation) to the other local component, obtaining the surgered manifold M^′. Let S be the (possibly singular) surface corresponding to M, and S^′ be the (possibly singular) surface corresponding to M^′. Note that M^′ may consist of two components in which case the volume function is the sum of the volume of each component. In any case we have the following.

Lemma 6. vol(S) = vol(S^′).

Proof. Each triangle in the disk D contributes one extra term in the calculation of the (generalized) volume, and the negative of that term appears in −D. Thus the volume remains the same.

Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture 9

8. The proof of the Main Theorem

We will proceed by induction on the complexity of the underlying manifold M. We will assume the statement of the theorem for all manifolds of strictly smaller complexity than M, and for all fields L. However, for the induction step we will assume that the underlying field for M and the corresponding singular surface S is the field K described in Section 2, where all the p_i, i = 1, . . . , N are distinct. After we have shown that 12 vol(S) is integral over R for K, we can recover the statement of the theorem for a general field by the Remark.

The induction starts with the tetrahedron, which has the smallest complexity. The corresponding surface S for the tetrahedron has 12 vol(S) integral by Corollary 4. We will assume that every manifold with comparable smaller complexity has the property that its corresponding surface S has an integral 12 vol(S). Since there are only a finite number of manifolds that we can obtain with splitting along a triangle or exchanging edges (described later), we will be done when we show 12 vol(S) is integral over R with our assumption.

If M has any splitting triangle T , then the surgered manifold has each component M_1, M_2 (possibly only one component) of smaller complexity. Thus each corresponding surface S_1, S_2 has 12 vol(S_i), i = 1, 2 integral over R. Since vol(S) = vol(S_1) + vol(S_2) by Corollary 2, 12 vol(S) is integral over R.

Suppose M has no splitting triangle. Let p_{n+1} be a point corresponding to a vertex of M with minimum degree n. Suppose p_1, . . . , p_n are the other points in order corresponding to the adjacent vertices. By our assumption about no splitting triangles, [i − 1, i + 1] is not in the triangulation M, (i − 1, i + 1 mod n). Thus we can replace any edge [i − 1, i + 1] with [i, n + 1] and the triangles [i − 1, i, n + 1], [i, i + 1, n + 1] with [i − 1, i + 1, n + 1], [i − 1, i, i + 1] to get another orientable two-manifold M_i and a corresponding surface S_i. Each M_i has a smaller complexity than M, so 12 vol(S_i) is integral over R[d^2_{i−1,i+1}]. See the Figure at the end of Section 7.

Let φ be any place defined on the field K that is finite on R. Consider its restriction to the field generated by R[d^2_{1,3}, . . . , d^2_{i−1,i+1}, . . . , d^2_{n−2,n}] and denote the result by the same letter φ. By Lemma 4, φ(d^2_{i−1,i+1}) is finite for some i. Thus φ is finite over R[d^2_{i−1,i+1}]. By the induction hypothesis, φ(12 vol(S_i)) integral over R[d^2_{i−1,i+1}]. Thus φ(12 vol(S_i)) is finite. By Corollary 4, φ(12 vol([p_{i−1}, p_i, p_{i+1}, p_{n+1}]) is finite as well. Since vol(S) =

10 Connelly, R., Sabitov, I., Walz, A.: The Bellows Conjecture

vol(S_i)±vol([p_{i−1}, p_i, p_{i+1}, p_{n+1}]) we see that φ(12 vol(S)) is also finite. Thus, by Lemma 1, 12 vol(S) is integral over R and this finishes the proof of the Theorem.

References

[1] Blumenthal, L. M.: Theory and Applications of Distance Geometry. 2nd ed., Chelsea, New York, 1970.

[2] Bricard, R.: Mémoire sur la théorie de l’octaedre articule. J. Math. Pures Appl. 5 (1897), 113–148.

[3] Connelly, R.: Conjectures and open questions in rigidity. Proceedings of the International Congress of Mathematicians, Helsinki (1978), 407–414 .

[4] Connelly, R.: The rigidity of polyhedral surfaces. Math. Mag. 52, no. 5, 275–283 . [5] Connelly, R.: The rigidity of suspensions. J. Diff. Geometry 13, no. 3, (1978), 399–408.

[6] Lang, S.: Introduction to Algebraic Geometry. Addison-Wesley. [7] Sabitov, I.: K probleme ob invariantnosti ob¨œma izgibaemogo mnogogrannika.

Uspehi Matematiqeskih Nauk, t. 50, vyp. 2(302), s. 223–224 (1995); English trans. On the problem of invariance of the volume of a flexible polyhedron, Russian Mathematical Surveys 50 (1995), no. 2, 451–452.

[8] Sabitov, I.: Ob¨œm mnogogrannika kak funkciØ ego metriki, Fundamental~naØ i prikladnaØ Matematika (1996); (Volume of a polyhedron as a function of its metric, in: Fundamental and Applied Mathematics).

Received October 10, 1995; revised version September 9, 1996