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Invariant measures for Burgers equation
with stochastic forcing

By WEINAN E, K. KHANIN, A. MAZEL, and YA. SINAI

1. Introduction

In this paper we study the following Burgers equation

ou 9 u? 0%
(1.1) 5+a—x(7) =cqm T /(2,1)

where f(z,t) = %—f(m,t) is a random forcing function, which is periodic in x
with period 1, and with white noise in ¢. The general form for the potentials
of such forces is given by:

(1.2) F(z,t) =) Fy(2)Bi(t)
k=1

where the {Bj(t), t € (—o0,00)}’s are independent standard Wiener processes
defined on a probability space (Q,F, P) and the F}’s are periodic with period
1. We will assume for some 7 > 3,

(13) file) = Fi(w) € "8, lfiller <
Here S' denotes the unit circle, and C, a generic constant. Without loss of
generality, we can assume that for all &, fol Fk(aﬁ)dx = 0. We will denote
the elements in the probability space Q by w = (Bi(-), Ba(:),...). Except
in Section 8 where we study the convergence as ¢ — 0, we will restrict our
attention to the case when ¢ = 0:

M 2=
ot " or'2) " a0

Besides establishing existence and uniqueness of an invariant measure for the

(1.4)

Markov process corresponding to (1.4), we will also give a detailed description
of the structure and regularity properties for the solutions that live on the
support of this measure.

The randomly forced Burgers equation (1.1) is a prototype for a very wide
range of problems in nonequilibrium statistical physics where strong nonlinear
effects are present. It arises in studies of various one-dimensional systems such
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as vortex lines in superconductors [BFGLV], charge density waves [F], directed
polymers [KS], etc. (1.1) with its high-dimensional analog is the differentiated
version of the well-known KPZ equation describing, among other things, ki-
netic roughening of growing surfaces [KS]. Most recently, (1.1) has received
a great deal of interest as the testing ground for field-theoretic techniques in
hydrodynamics [CY], [Pol], [GM], [BFKL], [GK2]. In fact, we expect that the
randomly forced Burgers equation will play no lesser a role in the understand-
ing of nonlinear non-equilibrium phenomena than that of the Burgers equation
in the understanding of nonlinear waves.

Before proceeding further let us give an indication why an invariant mea-
sure is expected for (1.1) even when ¢ = 0. Since energy is continuously
supplied to the system, a dissipation mechanism has to be present to maintain
an invariant distribution. In the case when € > 0, the viscous term provides
the necessary energy dissipation, and the existence of an invariant measure
has already been established in [S1], [S2]. When ¢ = 0, it is well-known that
discontinuities are generally present in solutions of (1.4) in the form of shock
waves [La]. These weak solutions are limits of solutions of (1.1) as ¢ — 0, and
satisfy an additional entropy condition: u(x+,t) < u(x—,t), for all (x,t). It
turns out that this entropy condition enforces sufficient energy dissipation (in
the shocks) for maintaining an invariant measure. We will always restrict our
attention to weak solutions of (1.4) that satisfy the entropy condition.

The starting point of our analysis is the following variational characteri-
zation of solutions of (1.4) satisfying the entropy condition [Li]:

For any Lipschitz continuous curve &: [t1,t3] — S!, define its action

1

15 Ane@= [ {%as)?ds " ZFk<§<s>>dBk<s>} .
t k

Then for ¢ > 7, solutions of (1.4) satisfy

o - &(7)
(1.6) u(z,t) = %g(ltr)l:x Ar(€) —i—/o u(z,7)dz

where the infimum is taken over all Lipschitz continuous curves on [, t] satis-
fying £(t) = x.

Here and below, we avoid in the notation explicit indication of the de-
pendence on realization of the random force when there is no danger of con-
fusion. Otherwise we indicate such dependence by a super- or subscript w.
In addition, we will denote by 67 the shift operator on  with increment
T: 07w(t) = w(t+ 1), and by SJw the solution of (1.1) at time ¢ = 7 when the
realization of the force is w and the initial datum at time ¢ = 0 is w. We will
denote by D the Skorohod space on S! (see [B], [Pa]) consisting of functions
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having only discontinuities of the first kind; i.e., both left and right limits exist
at each point, but they may not be equal.

It is easy to see that the dynamics of (1.4) conserves the quantity
fol u(z,t)dz. Therefore to look for unique invariant measure, we must restrict
attention to the subspace

1
D.={uc¢e D,/O u(z)dr = c}.

In this paper we will restrict most of our attention to the case when ¢ = 0 but
it is relatively easy to see that all of our results continue to hold for the case
when ¢ # 0. We will come back to this point at the end of this section. At
the end of Section 3, we will outline the necessary changes for the case when
c#0.

Our basic strategy for the construction of an invariant measure is to show
that the following “one force, one solution” principle holds for (1.4): For almost
all w, there exists a unique solution of (1.4), u*, defined on the time interval
(—00,400). In other words, the random attractor consists of a single trajectory
almost surely. Furthermore, if we denote the mapping between w and u* by ®:

(1.7) u’ = ®(w),

then ® is invariant in the sense that

(1.8) P(0"w) = STP(w).

It is easy to see that if such a map exists, then the distribution of &y : 2 — D:
Do (w)(z) = u*(z,0),

is an invariant measure for (1.4). Moreover, this invariant measure is neces-
sarily unique.

This approach of constructing the invariant measure has the advantage
that many statistical properties of the forces, such as ergodicity and mixing,
carry over automatically to the invariant measure. More importantly, it fa-
cilitates the study of solutions supported by the invariant measure, i.e. the
associated stationary Markov process. This study will be carried out in the
second half of the present paper.

The construction of u“ will be accomplished in Section 3. The variational
principle (1.6) allows us to restrict our attention to ¢ = 0.

Our construction of ® relies heavily on the notion of one-sided minimizer.
A curve ¢ (—o0,0] — S! is called a one-sided minimizer if it minimizes the
action (1.5) with respect to all compact perturbations. More precisely, we
introduce:
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Definition 1.1. A piecewise Cl—~curve {&(t), t < 0} is a one-sided mini-
mizer if for any Lipschitz continuous ¢ defined on (—o0, 0] such that £(0) = £(0)
and £ = £ on (—oo, 7| for some 7 < 0,

AS,O(f) < AS,O(E)
for all s <.

It is important to emphasize that the curves are viewed on the cylinder
R! x S!. Similarly, we define one-sided minimizers on (—oo, ], for t € R!.

The interest of this notion lies in the fact that we are considering an infinite
interval. It is closely related to the notion of geodesics of type A introduced
and studied by Morse [Mo] and Hedlund [H] and the notion of global minimal
orbits in Aubry-Mather theory [A], [M]. In the geometric context, it has been
studied by Bangert (see [Bal]) as geodesic rays. A somewhat surprising result
is that, in the random case, one-sided minimizers are almost unique. More
precisely, we have:

THEOREM 1.1. With probability 1, except for a countable set of x values,
there exists a unique one-sided minimizer &, such that £(0) = x.

This theorem states that one-sided minimizers are intrinsic objects to
(z,w). It allows us to construct ®o(w) by patching together all one-sided
minimizers:

(1.9) do{w(r), T < 0}(x) = u®(x,0) = £(0)

where ¢ is the unique one-sided minimizer such that £(0) = x. In (1.9) we
emphasized the fact that ®y depends only on the realization of w in the past
7 < 0. Now (1.9) defines u*(-,0) except on a countable subset of S*. Similarly
we construct u*(-,t) for other values of t € RL. Tt is easy to verify that this
construction is self-consistent and satisfies the invariance condition (1.8), as a
consequence of the variational principle (1.6).

The existence part of Theorem 1.1 is proved by studying limits of minimiz-
ers on finite intervals [—k, 0] as k — +o00. The uniqueness part of Theorem 1.1
is proved by studying the intersection properties of one-sided minimizers. The
absence of two intersections of two different minimizers is a general fact in cal-
culus of variations. However, we will prove the absence of even one intersection
which is a consequence of randomness.

We are now ready to define formally the invariant measure. There are
two alternative approaches. Either we can define the invariant measure on the
product space (2x Dy, FxD) with a skew-product structure, or we can define it
as an invariant distribution of the Markov process on (Dg, D) defined by (1.4),
where D is the o-algebra generated by Borel sets on Dg. The skew-product
structure is best suited for the exploration of the “one force, one solution”
principle.
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Definition 1.2. A measure p(du,dw) on (2 x Dy, F x D) is called an
tmvariant measure if it is preserved under the skew-product transformation
Ft29XDO—>Q><D0,

(1.10) F'(w,ug) = (0'w, Stup),
and if its projection to €2 is equal to P.

Alternatively we may consider a homogeneous Markov process on Dg with
the transition probability

(1.11) Py(u, A) :/XA(UaW)P(dW)
Q

where u € Dy, A € D, and

1 ifStueA

0 otherwise.

(1.12) xA(u,w) = {

Definition 1.3. An invariant measure k(du) of the Markov process (1.11)
is a measure on (Dy, D) satisfying

(1.13) Kk(A) = /Pt(u,A)/-i(du)

Do

for any Borel set A € D and any ¢ > 0.

Let 6“(du) be the atomic measure on (Dg,D) concentrated at ®p(w) =
u“(+,0), and let p(du, dw) = 6“(du)P(dw); we then have:

THEOREM 1.2. If u is an invariant measure for the skew-product trans-
formation F!, it is the unique invariant measure on (Q x Do, F x D) with the
given projection P(dw) on (2,F).

THEOREM 1.3. For the Markov process (1.11), k(du) = [ p(du, dw) is the
Q
unique nvariant measure.

The uniqueness result is closely related to the uniqueness of one-sided
minimizers and reflects the lack of memory in the dynamics of (1.4): Consider
solutions of (1.4) with initial data u(x, —T") = uo(x). Then for almost all w € Q
and any t € R, Tlim u(-,t) exists and does not depend on wuy. The key step

“+00
in the proof of uniqueness is to prove a strengthened version of this statement.

In the second half of this paper, we study in detail the properties of
solutions supported by the invariant measure. The central object is the two-
sided minimizer which is defined similarly to the one-sided minimizer but for
the interval (—oo,+00) = R!. Under very weak nondegeneracy conditions,



882 WEINAN E, K. KHANIN, A. MAZEL, AND YA. SINAI

we prove that almost surely, the two-sided minimizer exists and is unique. In
Section 6, we show that the two-sided minimizer is a hyperbolic trajectory of
the dynamical system corresponding to the characteristics of (1.4):

dz du OF

P

We can therefore consider the stable and unstable manifolds of the two-sided
minimizer using Pesin theory [Pes|. As a consequence, we show:

THEOREM 1.4. With probability 1, the graph of ®y(w) is a subset of the
unstable manifold (at t = 0) of the two-sided minimizer.

We use this statement to show that, almost surely, u°(-, 0) is piecewise
smooth and has a finite number of discontinuities. This is done in Section 7.

Dual to the two-sided minimizer is an object called the main shock which is
a continuous shock curve z¢: R — S! defined on the whole line —0o < t < o0.
The main shock is also unique. Roughly speaking, the main shock plays the
role of an attractor for the one-sided minimizers while the two-sided minimizer
plays the role of a repeller.

Finally in Section 8, we show that as € — 0, the invariant measures of
(1.1) constructed in [S1], [S2] converge to the invariant measure of (1.4).

The results of this paper have been used to analyze the asymptotic be-
havior of tail probabilities for the gradients and increments of u (see [EKMS]).
It also provides the starting point for the work in [EV] on statistical theory
of the solutions. These results are of direct interest to physicists since they
can be compared with predictions based on field-theoretic methods (see [Pol],
[GM], [GK2], [CY)).

Our theory is closely related to the Aubry-Mather theory [A], [M] which is
concerned with special invariant sets of twist maps obtained from minimizing
the action

(1.14) %2:@w<w4—vf+A§:V@D

where 7 is a parameter and V is a periodic function. The continuous version

of (1.14) is

(1.15) /{

where F' is a periodic function in = and ¢ [Mo]. The main result of the Aubry-

(E(t) — a)® + F(&(t), 1)}t

[N

Mather theory is the existence of invariant sets with arbitrary rotation number,
with a suitable a. Such invariant sets are made from the velocities of the two-
sided minimizers defined earlier. It can be proved that such an invariant set
lies on the graph of the periodic solutions of (1.4) [E], [JKM], [So]. In this



INVARIANT MEASURES FOR BURGERS EQUATION 883

connection, the results of this paper apply to the random version of (1.15):
(1.16) [1én-a b Y FE(0)B0).

Although only a = 0 is considered in this paper, extension to arbitrary a is
straightforward and the results are basically the same for different values of
a. This is because, over a large interval of duration 7', the contribution of the
kinetic energy is of order T, and the contribution from the potential is typically
of order /T for the random case but of order T for the periodic case. This
gives rise to subtle balances between kinetic and potential energies in the latter
case. Consequently the conclusions for the random case become much simpler.
While in the deterministic case, there are usually many different two-sided
minimizers in the invariant set and they are not necessarily hyperbolic, there
is only one two-sided minimizer in the random case and it is always hyperbolic.
The value of a is closely related to the value of ¢ discussed earlier. In the
setting of Aubry-Mather theory, a is the average speed of the global minimizers
and is related to ¢ through the Legendre transform of the homogenized Hamil-
tonian. In the random case, a = c¢ for the reason given in the last paragraph.

2. The variational principle

Let us first define in the probabilistic context the notion of weak solutions
of (1.4) with (deterministic) initial data u(x,tp) = wo(x). We will always
assume ug € L°°(S1).

Definition 2.1. Let u, be a random field parametrized by (x,t) € S! x
[to, +00) such that for almost all w € Q, uy(-,t) € D for all t € (ty,00). Then
Uy, is a weak solution of (1.4) if:

(i) For all t > to, uy(-,t) is measurable with respect to the o-algebra J7,
generated by all Bi(s), to < s < t.
(ii) uy € L (S' x [tg,00)) almost surely.
(iii) With probability 1, the following holds for all ¢ € C?(S! x R!) with
compact support:

1
/uo() xtodm—l—/ / w(@,t)drdt + = / / actda:dt
0 to

{ /O axat (2, ) (Bi(t) — Bk(to))dt}dm.
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Also, u,, is an entropy-weak solution if, for almost all w € 2,
Uy (4, 1) < uy(x—,1t)
for all (z,t) € St x (¢, 0).

Our analysis is based on a variational principle characterizing entropy
weak solutions of (1.4). To formulate this variational principle, we redefine
the action in order to avoid using stochastic integrals. Given w € €, for any
Lipschitz continuous curve &: [t1,t2] — S, define

(2.1)

1

Aty 1, (€) :/ 2{%5(3)2 =D fil€())E()(Br(s) — Bk(tl))}ds
¢ k
+ ) Fi(&(t2))(Br(t2) — Bi(t)).

k

(2.1) can be formally obtained from (1.5) with an integration by parts. It has
the advantage that the integral in (2.1) can be understood in the Lebesgue
sense instead of the Ito sense, for example.

LEMMA 2.1. Let ug(x) € D. For almost all w € Q, there exists a unique
weak solution of (1.4) satisfying the entropy condition, such that u(z,ty) =
uo(z). Fort > ty, this solution is given by:

o &(to)
(22) ) = 5o int { @+ [ wata)az

and u( -,t) € D.

This type of result was obtained for the first time in [Ho|, [La] and [Ol] for
scalar conservation laws. The generalization to multi-dimensional Hamilton-
Jacobi equations is given in [Li]. Extension to the random case is straightfor-
ward, but requires some additional arguments which we present in Appendix A.

Any action minimizer ~ satisfies the following Euler-Lagrange equation:

(2.3) A(s) = v(s), du(s) = fe(y(s))dBu(s).
k=1

Under the assumptions in (1.3), the stochastic differential equation (2.3) has
a unique solution starting at any point z. It is nothing but the equation of
characteristics for (1.4). Therefore the variational principle (2.2) can be viewed
as the generalization of the method of characteristics to weak solutions. In
general, characteristics intersect each other forward in time, resulting in the
formation of shocks. Given initial data at time ty: u(x,tg) = uo(x), to find
the solution at (x,t), consider all characteristics v that arrive at x at time ¢
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and choose among them the ones that minimize Ay, 4(7y) + fo v(to) o(2)dz. If
such a minimizing characteristic is unique, say (- ), then u(x,t) = 4(t). 1

)} the
solution u( -, t) has a jump discontinuity at z, with u(z—,t) = sup Yo (t) and

u(z+,t) = néf'ya( ).
This characterization is closely related to the notion of backward charac-
teristics developed systematically by Dafermos (see [D]).

the case when there are several such minimizing characteristics, {vq( -

Our task of finding the invariant measure for (1.4) is different from what
is usually asked about (1.4). Instead of solving (1.4) with given initial data,
we look for a special distribution of the initial data that has the invariance
property. Translated into the language of the variational principle, we will
look for special minimizers or characteristics.

3. One-sided minimizers

A fundamental object needed for the construction of invariant measures
for (1.4) is the one-sided minimizer. These are curves that minimize the action
(2.1) over the semi-infinite interval (—oo, t].

In the following we will study the existence and intersection properties
of one-sided minimizers. Before doing this, we formulate some basic facts
concerning the effect on the action as a result of reconnecting and smoothing
of curves.

Fact 1. Let &1, & be two Cl-curves on [t1, to] with values in S'. Then one
can find a reconnection of the two curves, &, such that &.(t1) = &1(t1), & (t2) =
fg(tg) and

(31) “Atl tz( ) - ‘A;}l,tg (£T‘)|7 |‘ALtul,t2 (52) - ‘A;}l,tg (£T)|
< C(u(r),7 € a6 (0 (Olor 1+ =) (14 max (o), (o))
Here and in the following we will use norms such as || - |1 for functions that

take values on S!. These will always be understood as the norms of a particular
represention of the functions on R!. The choice of the representation will either
be immaterial or obvious from the context.

Fact 2. If £ is a curve containing corners, i.e. jump discontinuities of é,
smoothing out a corner in a sufficiently small neighborhood strictly decreases
the action.

Both facts are classical and are more or less obvious.

The following lemma provides a bound on the velocities of minimizers over
a large enough time interval.
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LEMMA 3.1. For almost all w € Q and any t € (—o0,00) there exist
random constants T'(w,t) and C(w,t) such that if v minimizes Ay, ,(-) and
t1 <t—T(w,t), then

(32) 17(t)] < C(w,t).
Proof. Denote

(3.3) Ci(w,t) =} + max Z 1 Fy(x)lo2| Br(s) — B ()

t—1<s<t

and set C(w,t) = 200 (w,t), T(w,t) = (4C1(w,t))" L. Clearly T(w,t) < 1. If
|9(t)] < 16C; then (3.2) is true with C' = 16CY.

If |4(t)| > 16C1, we first show that the velocity 4(s) cannot be too large
inside the interval [t — T, ¢]. Denote

(3.4) vo = |[§(t)] and v= max |¥(s).

t—T<s<t

Integrating by parts from (2.3), one gets for s € [t — T, ¢]

(3.5) ()l = [3(e) - / ka By (r)

<Uo+‘2fk (s) — B(t ))‘

'S HA) (Bu(r) — Bi(t))dr]
k=1

<w + C1 + C1vT

1
=v9+C1+ - v.

4
Hence
(36) U§1}0+Cl+£,
implying

4 3
(3.7) v < g(vo—i—Cl) < 51)0

since vg > 16C71.
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Next we check that |¥(s)| remains of order v, i.e. sufficiently large, for
s € [t —T,t]. As before, we have

t o0
(3.8) F(s) =AW = | [ D faly(r))dBy(r)
S k=1

< Ch+ CioT

3
<Ci+ 3 o
1
< Z
-2
The last step is to show that (3.8) contradicts the minimization property
of v(s) if vg > 20C,. Consider a straight line v;(s) joining ~(¢) and (¢t — T)).
Clearly |y(t) — v(t — T)| < 1 since y(t),y(t — T) € S'. Then
(3.9)

o .

1 /y(t) —~v(t—T)\> £ — At =T 1
A2 () < & () vt -T) T4Cy 1O, (&) =yt -T)| < Lo
, 2 T 2T
while
w 1 Vo 2 3
(3.10) RIS (5) T—Ci=SuGiT.

2
It is easy to see that % %0 T— %U()ClT > % + 3C for vy > 20C7; i.e.,

(3.11) AL (1) < AL (7) -

This contradicts the minimization property of v. Hence vy < 20C7. O

Now we are ready to prove the existence of one-sided minimizers that
arrive at any given point z € S!.

THEOREM 3.1. With probablity 1, the following holds. For any (z,t) €
S xRY, there exists at least one one-sided minimizer v € C'(—o0, ], such that

y(t) = x.

Proof. Given w € Q, fix (z,t) € S' x R!. Consider a family of minimizers
{77} for 7 <t —T(w,t), where v, minimizes A% ,(§) subject to the constraint
that £(t) = x, (1) € S'. From Lemma 3.1, we know that {%,(¢)} is uniformly
bounded in 7. Therefore, there exists a subsequence {7}, 7, — —o0, and
v € RY, such that

lim 4. (t) =v.
Tj——00
Furthermore, if we define v to be a solution of (2.3) on (—o0,t] such that
v(t) = z, §(t) = v, then v, converges to v uniformly, together with their
derivatives, on compact subsets of (—oo,t]. We will show that + is a one-sided
minimizer.
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Assume that there exists a compact perturbation v; € C'(—o0,1], of v
such that v (t) = z, support (y1 — ) C [t2,t3], and

Aty () = AL (1) = > 0.
Let j be sufficiently large such that 7; < ¢ and

w w €
(3.12) ‘Atg,t(V) - Atz,t(’}’q—)’ < 3
and
(3.13) [7(s) = v ()lerfrg—1,00) <6

(6 will be chosen later). Define a new curve 2 by
Vr;(8), for s € [rj,ta —1];
(3.14) y2(s) =< v (s), fors € [ta—1,ta);
7(s), for s € [to,t],
where ~, is the reconnecting curve described in Fact 1. We have
(3.15) AT (7)) = AT 1 (12) = AL () — AL ()
+ ‘A‘tuz,t<7) - Ag,t(’h)
+ AL 1 (V) — A 11, (72)
> - 4e-Cs

3
€
i )
-3
if 6 is small enough. Here the constant C' depends only on w and ;. This
contradicts the minimization property of ., (s). O

Now we study the intersection properties of one-sided minimizers. We use
Cl(—00,1] to denote the set of C! curves v on (—oo, t] such that () = z. We
start with a general fact for minimizers (see [A], [M]).

LEMMA 3.2. Two different one-sided minimizers vy € Cl(—o0,t1] and
v2 € CY(—00,ts] cannot intersect each other more than once.

In other words, if two one-sided minimizers intersect more than once, they
must coincide on their common interval of definition.

Proof. Suppose that v; and 9 intersect each other twice at times t3 and
ty4, with t4 > t3. Assume without loss of generality

(3.16) Aty (1) <AL 4, (2)-

Then for the curve

(3.17) va(s) = { v2(s), for s € (—oo,t3] U [ta, ta);

’)/1(8), for s € [t3,t4],
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one has

(318) Ag7t4 (’73) S A;g7t4 (72) )

where 3 has two corners at t3 and t4. Smoothing out these corners, we end
up with a curve v* € C'(—o0, t5] for which

(319) A%*T,tg (’7*) - ‘Agfﬂ',tg (72) < 0

for some 7 > 0. This contradicts the assumption that y2(s) is a one-sided
minimizer. O

Exploiting the random origin of the force f, we can prove a result which
is much stronger than Lemma 3.2.

THEOREM 3.2. The following holds for almost all w. Let vy, 2 be two
distinct one-sided minimizers on the intervals (—oo,t1] and (—oo, ta], respec-
tively. Assume that they intersect at the point (x,t). Then t; = to = t, and

71(t1) = 72(t2) = .

In other words, two one-sided minimizers do not intersect except for the
following situation: they both come to the point (x,t), having no intersections
before and they both are terminated at that point as minimizers. Of course
they can be continued beyond time ¢ as the solution of SDE (2.3) but they are
no longer one-sided minimizers.

The proof of Theorem 3.2 resembles that of Lemma 3.2 with an additional
observation that, because of the randomness of f, two minimizers always have
an “effective intersection at t = —00.” The precise formulation of this state-
ment is given by:

LEmMA 3.3. With probability 1, for any € > 0 and any two one-sided
minimizers 1 € C1(—o0,t1] and vo € C'(—o00,t3], there exist a constant T =
T(e) and an infinite sequence t,(w,e) — —oo such that

(3.20)
VAL _qe, (1) = AL e, (m2)ls VAL 7, (72) = AL 7, (71,2)]
VALY —rp, (1) = AL —rp, (201 AL, 14, (v2) — AfL 1, (721)] <€,

where 1 2 s the reconnecting curve defined in Fact 1 with
Y2(tn = T) = 71(tn = T),11,2(tn) = 12(tn),
and 72,1 15 the reconnecting curve satisfying

Yo1(tn —T) = v2(tn — T),72,1(tn) = 71(tn)-



890 WEINAN E, K. KHANIN, A. MAZEL, AND YA. SINAI

Proof. Fix T sufficiently large. With probability 1, there exists a sequence
tn(w,e) — —oo such that

> 1
3.21 max Fi.(x Bi(s) — Bi(ty)| < C1 = —.
2w SR IB) ~ Bl <G =
Repeating the proof of Lemma 3.1, one can check that for any n
4 7
. ) ) < = = —.
G22)  wac ()] @) < 5 (200 +C) = £
Using (3.22), we can choose 71 2, 72,1 such that
(3.23) max_ (1209, P () < =+ 7 = >
. tnngzigtn Y1,2(8)ls 72,1 ST T T T
We then have
(3.24)
|-A§un—T,tn (m) — -Afn—T,tn (71,2)]
<D (Fei(tn)) = Fe(n2(tn))) (Bk(tn) — Bi(tn —T))
k=1
t
"ol L 2
Z A1) — = Ana(t
[ Gne - 5
= > (B(t) = Biltn = D) (S ()51 (8) = 512(1))
k=1
+ (fe(n () — fk(71,2(t)));}’1,2(t)> ‘dt
1 1/7\* 1/8)\? 7 8 8
< I B = —
e (1)) e (G2 )
1
ST
< g
if T > % Similarly, one proves other inequalities in (3.20). O

Proof of Theorem 3.2. We will use T to denote a sufficiently large negative
number. Suppose that 7; and 2 intersect each other at time ¢t < max(t1,2)
and for definiteness let ¢t; > ¢t. Then the curve

v2(s), for s € (—o0,t];

(3.25) V3(8) = { ~v1(s), for s € [t,t1]

has a corner at time ¢. This corner can be smoothed out according to Fact 2,
and the resulting curve v* € C'!(—o0, t1] satisfies

(3.26) A2 (y3) = A2, (1) = 6> 0.
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Set ¢ = 6/4. Choose sufficiently negative ¢, (w, ) defined in Lemma 3.3 such
that v*(s) = v2(s) for s € (—o0, ty,].
Assume that

(3.27) Af () = Af 1) > 2¢.
Then in view of Lemma 3.3
v2(s),  for s € (—oo,t, — T1;
(3.28) v4(8) = ¢ 721(8), forse[t, —T,t,];
m(s), for s € [tp,t],

is a local perturbation of v, € C'(—o0,t] with

(3:29) AZ1(v2) = AT () = A%, s, (02) — AL, 1, (12,1)
+ AL 1(r2) = AL (1)
> —e+2¢
= €.

This contradicts the assumption that ~» is a one-sided minimizer. Thus
(3.30) Ap () — AL, 1(2) = —2¢,

and
m(s), forse (—oo,t, —1T;

(3.31) Y5(8) = ¢ m.2(8), forseft, —T,t,];
v*(s), for s € [tn,t1]

is a local perturbation of 7, € C'(—o00,t1] with

AT () = AT () = A e, (1) — AL 1, (71,2)
+Af (1) — AL (12)
+ Ao%h (13) — A?,tl (v)
> —eg—2e+46

(3.32) = >0.

This contradicts the assumption that +; is a one-sided minimizer and proves
the theorem. O

Theorem 3.2 implies the following remarkable properties of one-sided min-
imizers. Given w and ¢, denote by J(w,t) the set of points x € S' with more
than one one-sided minimizer coming to (z,t).

LEMMA 3.4. The following holds with probability 1. For any t, the set
J(w,t) is at most countable.
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Proof. Any x € J(w,t) corresponds to a segment [y_(t — 1),v4(t — 1)],
where v_ and vy are two different one-sided minimizers coming to (x,t) and
Y+ (s) > v-(s), for s < t. In view of Theorem 3.2, these segments are mutually
disjoint. This implies the lemma. O

LEMMA 3.5. Given w and t, consider a sequence of one-sided minimizers
Yn(s) defined on (—oo,t] such that y,(t) — x and 4, (t) — v as n — oco. Let vy
be the solution of the SDE (2.3) on (—oo,t] with the initial data y(t) = x and
4(t) =v. Then vy is a one-sided minimizer.

Proof. Suppose that v* € C'!'(—o0, t] coincides with 7 outside an interval
[t1,t2] C (—o0,t] and Ag, 4, (v) — Af 4, (7*) = & > 0. It is clear that by taking
sufficiently large n one can make |[v(s) — Vn(8)|lc1}, —1,4 arbitrarily small. Let
~1 be the reconnecting curve on [t; — 1,¢1] between 7, (t; — 1) and ~(¢1), and
for some ¢ > 0, let 72 be the reconnecting curve on [t — 6,t] between ~(t — ¢)
and v, (t). Then the curve

( Yn(s), fors e (—oo,t; —1];
1(s), for s e[ty —1,t1];
*(s), for s € [t1,ta];
[
[

20D

(3.33)

)

*

*

S
Il
2

(s), for s € [ta,t —0];
v2(s), for s e[t —o,t]

2

satisfies AL o 1(yn) — A0 1 (v) > 0if 6 and [|y(s) — u(s)llc1[t,—1,¢ are small
enough. This contradicts the assumption that ~,, is a one-sided minimizer since
~v** is a local perturbation of 7,,. Note that (3.33) cannot be used if t3 = ¢. In
this case in the segment [t — §,t] one can directly reconnect 7, and v* and it
is not hard to check that for ¢ small enough, [AY 5,(v*) — AZ 4,(v*)| can be
made arbitrarily small. ’ O

LEMMA 3.6. With probability one, the following holds. Fix an arbitrary
sequence t, — —oo and a sequence of functions {vy,}, v, € Do, fol vn(2)dz = 0.
Consider (1.4) on the time interval [t,,t] with the initial condition u(x,t,) =
vn(x). Take any * € S' and a sequence of characteristics v, € C'tn, 1],
Yn(t) = = minimizing A (£) + fof(t”)vn(z)dz. Suppose that v is a limiting
point of the set {4, (t)}. Then the solution v of SDE (2.3) with initial data
v(t) =z and 4(t) = v is a one-sided minimizer on (—oo,t].

Proof. The proof of this lemma is the same as the final part of the proof
of Theorem 3.1. O
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Next we study the measurability issues. Fix a time ¢ and consider all
integer times —n < ¢. Introduce

(3.34) A%, (@)= min A%, ,(0).

LEmMA 3.7. The following statement holds with probability 1. Suppose
that v € CL(—o0, t] is a one-sided minimizer. Then for any e > 0 there exist
an infinite number of integer times —n < t such that

(3.35) AZ, (1) = AZ, () < e

—n,t

Conversely, if a curve ¢ € CL(—oo,t] has the property that for any e > 0 there
exist an infinite number of integer times —n < t such that

(3.36) A2, (€)= A%, (@)] < e,
then & is a one-sided minimizer.

Proof. Suppose that for some ¢ > 0 and ng
(3.37) A2, 4 (7) — A%, (2)] > €

for all —n < —ng. Consider the curves £_,, € Cj[—n, t] such that AY, ({p) =
A2, (z). Then, according to Lemma 3.3, there exist an interval [—n1, —ng] C
(=00, —np| and a reconnecting curve v, with v.(—n1) = v(—n1), 7 (—n2) =

&_n,(—n2), such that

w w 6
(338) “Afnl,fng (’Y—Tbl) - ‘Afnl,fng (77")| < § .
Then
~(s), for s € (—o0, —n1];
(3.39) 7(s) =< m(s), for s € [—n1, —nal;

&_ny(s), for s € [—no,t]

is a local perturbation of « which lowers the action by at least £/2. This
contradicts the assumption that v is a one-sided minimizer.

Note that formally Lemma 3.3 cannot be applied here since £_,, is not a
one-sided minimizer but Lemma 3.1 remains valid for all £_,, with sufficiently
negative —n. Thus the same argument as in the proof of Lemma 3.3 proves
(3.38).

To prove the second statement, observe that if £ is a local perturbation
of £ lowering A%, ,(§) by some ¢ > 0, then A%, ,(§) > A%, (z) + ¢ for all
sufficiently negative —n. This contradicts (3.36). O
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Now we are ready to define the main object of this paper. We will denote
by {Va,t,a(s)} the family of all one-sided minimizers coming to (z,t) indexing
them by «.

Definition 3.1.
(3.40) 2 (2.8) = inf fy (1),
(3.41) u? (x,t) = sup Yat,alt) -
It is clear that u¥ (z,t) = u¥(x,t) for x ¢ J(w,1).

LEMMA 3.8. With probability 1, for every x € S!

(3.42) lim s (5.1) = u (@.1)
ylzx

(3.43) lim s (5.1) = (@.1)
ylx

and hence v (-,t) € D for fized t.

Proof. We will prove (3.42). The proof of (3.43) is similar. It was shown
in Lemma 3.1 that |[uf(y,t)| < C(w,t). Suppose that there exists a sequence
yn T @ such that u¥ (y,,t) — v # u?(x,t). Then, according to Lemma 3.5, the
solution v of SDE (2.3) with the initial data vy(t) = = and #(¢) = v is a one-
sided minimizer. Theorem 3.2 implies that (¢t) > u% (z,t) which contradicts
the definition of u¥ (z,t). O

It follows immediately from the construction that on any finite time in-
terval [t1,t2], u4 is a weak solution of (1.4) with initial data ug(x) = u¥ (x,t1).
Moreover, the following statement holds:

LEMMA 3.9. Given t, the mapping u4 ( -,t): Q1+ D is measurable.

Proof. Without loss of generality, let £ = 0. Since D is generated by cylin-
der sets of the type A(x1,...,z,) with ; from a dense subset of S!, it is enough
to show that u% (z,0): @ — R! are measurable for a dense set of z values. For
any positive integer n, denote by u¥, | the right continuous weak solution
of (1.4) on the time interval [-n,0] with the initial data u*, ,(x,—n) = 0.
For any # € S' and v € R! denote by & ,(s), s € [-n,0] the backward
solution of (2.3) with the initial data &,(0) = z and 5;’1,(0) = v. The
action A%, o(x,v) = A¥, (&,) is a continuous function on © x S' x R'.
Hence the set M = {(w,z,v): A%, o(2,v) = AY, o(2)} is closed. Let M, . =
{v e R": (w,z,v) € M}. We conclude that u®,, | (x,0) = max M, is a mea-

surable function on Q x S' and u¥, 4 ( +,0) is a measurable mapping 2 +— D.
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As in the proof of Theorem 3.1, it is easy to check that for

(3.44) vy (7,0) = limsup u?,, , (x,0)
n

the corresponding curve 7% = & is a one-sided minimizer.

w
$,’Ui (:E?O)

For positive integers k and m, introduce measurable subsets of 2 xS! x R!:

(3.45)
M, (k,m) = {(w,z,v) € A x S' x R": |v — u?, 4 (2,0)] >

)

}.

Znol@,v) = AZ, o(7) <

§|’* Nl

Let II be the projection of the measurable set
(3.46) Uk N, (Mg U2 My (k,m))

on  x S'. The points (w, ) in II are characterized by the following property.
There exists a backward solution &, different from the one-sided minimizer v,
such that at infinitely many negative integer times —n, the action A¥,, ((&7,)
is arbitrarily close to its minimal value A% ((x). In view of Lemma 3.7, II

is precisely the set (w,x) having at least two one-sided minimizers coming to
(z,0); i.e.,

(3.47) II=J={wxr) e QxS u(z,0) # u(z,0)}.

Consider the sections J, = {w € Q: u¥(z,0) # u*(x,0)} of J and define
I = {z € S*: P(J;) > 0}. Using the measurability of J, Lemma 3.4 and
Fubini’s theorem, we conclude that the Lebesgue measure of I is 0.

Fix € S' \ I. Then for almost all w one has

(3.48) uf (2,0) = lim u;;  (z,0).

n—oo
The functions us , (z,0): Q — R! are measurable. Hence u¥ (z,0): Q — R! is

also measurable. This proves the lemma, since S' \ I is dense in S!. O

Before ending this section, we formulate some corollaries of Lemmas 3.1
and 3.6 that will be useful later.
LEMMA 3.10. The following estimate holds:
[u ()| oo ey < C{w(s), s € [t = 1,1)}).

The stationary random variable C({w(s), s € [t — 1,t]}) has finite moments of
all orders.
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This estimate says that |u“(x,t)| can be bounded by a quantity that de-
pends only on {w(s),s € [t — 1,1)}.

LEMMA 3.11. Let {v,} be a sequence of functions in Dy. Let {t,} be a
sequence such that t, — —oo, and let u, be the solution of (1.4) with initial
condition up(x,tn) = vy(x). Then for almost all w, limy, oo un(-,0) =
uq (-, 0) almost everywhere.

This result follows directly from Lemma 3.6.

So far we restricted our attention to the case when fol u(z,t)dx = 0.
This is reflected in the variational principle used in (2.1). In the case when
fol u(x,t)dz = ¢ # 0, the relevant action is replaced by

Ave®= [ 2{%<é<s> P Y Sl (Bels) Bk<t1>>}ds
t k

1

+ ) Fr(6(t2))(Br(ta) — Br(th)),

k

In this more general case, we can also define one-sided minimizers in an anal-
ogous way, and all the results obtained so far hold in the general case. Instead
of giving all the details, let us just comment on the most important aspect
when ¢ # 0. When ¢ = 0, the one-sided minimizers stay roughly inside one
period so that their asymptotic speed (which is the analog of rotation number
in Aubry-Mather theory) is zero when lifted to the universal cover:

a(c=0)= lim @:O.
t——oco ¢
In the general case,
t
(3.49) a(c) = lim £ =c

t——oco ¢

Roughly speaking, this is because, if a curve has different asymptotic speed,
the cost to the action grows linearly in time, whereas the savings from the
random potential can at most grow as O(v/t). For example, in Lemma 3.3
and Theorem 3.2, we showed that there are large time intervals on which the
one-sided minimizers are almost parallel. These results are still true except
that the minimizers are parallel with an average slope 1/c in the x — t plane.
Similarly, the reconnection used in Lemma 3.1 to prove a bound for the velocity
of minimizers will also have to be done with curves that have an average slope
of 1/c.

(3.49) is in sharp contrast with the case of periodic (in x and t) poten-
tial studied in Aubry-Mather theory. There the function « is usually a very
complicated function of ¢ with Cantor-like structures.
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4. Construction and uniqueness of the invariant measure

In this section we prove Theorems 1.2 and 1.3 stated in Section 1. Let
6“(du) be the atomic measure on (Dg, D) concentrated at u4 (-,0).

THEOREM 4.1. The measure
(4.1) p(dw, du) = 6% (du) P(dw)

is an invariant measure for the skew-product transformation F* (see Definition
1.2), and the measure k(du) = [, p(dw, du) is a stationary distribution for the
Markov process corresponding to (1.4).

Proof. The second statement of the theorem follows trivially from the first
one since the §“(du)’s are measurable with respect to the o-algebra F° . It
is a general fact that any measure which satisfies the measurability property
and which is invariant under F! generates a stationary distribution for the
Markov process (1.4). The first statement is an immediate consequence of the
construction of u¥ (x,t). Indeed, uﬂ:w(az, 0) = u¥ (x,t) by construction. Hence
Stow = §9"¢. This is exactly the condition for the invariance of . O

The “one force, one solution” principle not only gives the existence of an
invariant measure, it also implies uniqueness.

THEOREM 4.2. The measure pu(dw, du) is the unique invariant measure on
(Q x Do, F x D) with given projection P(dw) on (2,F). The measure k(du) =
Jo 1(dw, du) is the unique stationary distribution for the Markov process (1.4).

Proof. Assume ) is another invariant measure on €2 x Dy. Write A as
(4.2) Mdw, du) = / No(du) Pdw).
Q

For t < 0, let Hy be the operator which maps the solution of (1.4) at time ¢
to the solution at time 0 when the realization of the force is w. By definition,
the invariance of A implies that

(4.3) (H) Nt (du) = Ay (du)
for t < 0, where (H{’)* is the push forward action on the spaces of measures.

This means that there exists a subset B of Dy of full measure with respect to
Aw(du), such that for every u € B and n € N, there exists a v, such that

H? v, =u.
From Lemma 3.6, if a solution of (1.4) can be extended backward to arbi-

trary negative times, that solution must coincide with u? at ¢t = 0, for all
r € S'\ J(w,0). In particular, we have

u(x) = uf (x,0)

for z € S\ J(w,0). Hence A\, (du) = bus (du) and A = p.
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To prove the second statement suppose that v(du) # r(du) is another
stationary distribution for the Markov process (1.4). Let

A= {u: (u(zy),...,u(zy)) € C C R¥Y

be an arbitrary cylindrical set based on the points xz1,...,z; € I°. By defini-
tion
(4.4) V(A) = / P, A)w(du_)

Do

-[ ([ xatum () ()
- [([ 0 Xl (d) | P(d).

Denote by x4(w) the indicator function of the event that u4 € A. Then for
(W) = [p, Xa(t—p,w)v(du_p) one has

(4.5) Jim 7, (w) = xa(w)

implying v(A) = [, xa(w)P(dw) = k(A).
Indeed, in view of the uniqueness of one-sided minimizers, coming to each
of the points (z1,0),..., (zk,0), one observes that

) (1 for (A\ 0A) > (u¥(x1,0),...,u% (z,0)),
(4.6) nlinéo”"(”)_{o for (A°\ DA) 5 (u (21, 0), ..., u (a5, 0))

Thus to obtain (4.3) one need only show that P{w: (u% (x1,0),...,u%(x},0)) €
0A} = 0. Clearly it is enough to check that:

LEMMA 4.1. For any v € R! and for any z € X,

(4.7) P{w: uf(x,0) =v} =0.

Proof. For fixed x and v the backward solution (for ¢ < 0) of the SDE (2.3)
with the initial data «(0) = = and §(0) = v is a random process with variance
Var4(t) that grows like |t| as ¢ — —oo. Thus with probability 1 this solution
cannot be a one-sided minimizer. This completes the proof of Theorem 4.2. O

5. The two-sided minimizer and the main shock

Sections 5—7 will be devoted to the study of the structure of the solution
u®. In this section, we will define the two basic objects needed for this study,
the two-sided minimizer and the main shock.

Let (x,t) be a point of shock, i.e., z € J(w,t). Denote by Ay 4(t1), t1 < t,
an open interval at time ¢; generated by the shock at (z,t):
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(5.1) Ari(ty) = (vze(t), 7ie(t1))

where we use v, , and fy; , to denote respectively the left-most and right-most
one-sided minimizers starting at (z,t). Roughly speaking, A, ;(¢1) is the set of
points at time t; that merge into the shock at x before time ¢, i.e. the one-sided
minimizer that passes through (y,t1),y € Ay (t1), intersects the past history
of the shock at (z,t) before time t.

LEMMA 5.1. For almost all w the following statements hold for any fized
t1 and t such that t1 < t.

(a) For arbitrary x1 € S*, either there exists a unique one-sided minimizer at
time t which passes through (x1,t1) or there exists a unique shock at (x,t)
for some x € S, such that (z1,t1) € Agz+(t1). In the second case we will
say that (x1,t1) is covered by the shock at (x,t). In particular, if (x1,t1)
is a point of shock, i.e., x1 € J(w,t1), then there exists a unique shock
(x,t) which covers (x1,t1); i.e., (x1,t1) € Agt(t1).

(b) Let (x1,t1) € J(w,t1) be a point of shock. Denote by x(t), t > t1, the
position of the shock at time t which covers (x1,t1). Then x(t), t > t1, is
a Lipschitz continuous function.

Proof. Denote by A(t1,t) the set of points 21 € S! that correspond to the
first situation; i.e., there exists a one-sided minimizer at time ¢ which passes
through (x1,¢1). Obviously this minimizer is unique, and A(¢;,t) is closed.
Hence B(t1,t) = S!'\ A(t1,t) is open and consists of nonintersecting open
intervals. Let (2}, 2]) be one of these intervals. Both (z},¢1) and (z7,t1) are
reached by one-sided minimizers which start at (z/,¢) and (z”,t). It is easy to
see that 2’ = . Otherwise a minimizer which starts from some point between
2’ and 2’ will reach a point inside (2}, ). It follows that (a’,t) is a point of
shock, and (2, 27) C Ay +(t1). Obviously a point of shock cannot be reached
by a one-sided minimizer that extends to time ¢. Thus if ¢{; < ¢, any point of
shock at (x1,t1) must be covered by a shock at (x,t) for some z € St. Clearly
such a covering shock (z,t) is unique. This completes the proof of (a).

(b) basically follows from the fact that the velocities of minimizers are
bounded. It is enough to show that z(-) is Lipschitz continuous at ¢ = ¢;. It
follows from Lemma 3.1 that there exists a constant Ci(t1,w) such that for
all one-sided minimizers v and t € [t1,t1 + 1], |§(¢)] < Ci(t1,w). Therefore
for any shock at (z(t),t), t € [t1,t1 + 1], |z(t) — 7;(t),t(t1)| < Ch(t1,w)(t —t1),
| (t) _'VI(t),t(tl)‘ < Ci(ty,w)(t—t1). Since x1 € (’Vx_(t),t(tl)’ 'y;r(t)i(tl)), we also
have |z1 —z(t)| < Cy(t1,w)(t —t1). This estimate implies that =(t) is Lipschitz
continuous. O
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Remark. It may happen for some points (z1,%;) that they are covered by
shocks and at the same time there exist one-sided minimizers passing through
them. This is possible only if there are more than two minimizers starting at
covering shock. This situation occurs when two shocks merge.

In this and following sections we study the detailed structure and reg-
ularity properties of solutions supported by the invariant measure. For this
purpose, we need certain nondegeneracy conditions on the forcing.

Nondegeneracy condition. If x* is the local maximum of some Fj,, we will
denote by I(x*) a closed interval on S containing #* which is contained in the
basin of attraction of z* for the potential Fj. In other words, fr < 0 on I(z*)
to the right of 2*, and fi > 0 on I(z*) to the left of z*. Assume that

(A1) There exists a finite set of points X* = {x*}, 2* € S!, each of which is a
local maximum of some Fj, with the following property: for any (z1,z2)
€ St x S! there exists an x* € X*, such that 1,29 € I(x*).

Below we will always assume that (A1) holds. Obviously (Al) fails if
there is only one term in the sum of F'(x,t). Nevertheless (Al) is fulfilled in
generic situations. In particular, it is easy to see that three such intervals I(z*)
suffice. However, by refining the argument in Appendix D, we can show that
the basic collision lemma below also holds when the potential contains two
shifted cosine functions, for example. We will come back to this point at the
end of this section.

Consider two points z{ and z§ at time t = 0. We say that 2 and z9
merge before t = 7 > 0 if there exists a shock at (y,7), y € S', which covers
both z{ and z9; i.e., 29,23 € A, -(0). The following lemma is of fundamental
importance to what follows.

LEMMA 5.2 (basic collision lemma). For any T > 0, there exists a positive
number po(T) with the following property. Let u( -,0) € Doy and 29,29 be
two positions at t = 0 which are measurable with respect to F° . Then the
conditional probability under F°  that 29 merges with 29 before t = T is no
less than po(T).

The proof of this lemma is given in Appendix D.

LEMMA 5.3. The set of w’s for which u“( -, tg) is continuous for some
to € R! has probability zero.

Proof. Tt follows from Lemma 5.1 that if u®( -,p) is continuous, then
u®( -,t) is continuous for all ¢ < ty. Denote by C(t) the set of w such that
u®( -, s) is continuous for s < t. Then #°C(t) = C(t +s) C C(t) for all s > 0.
Using ergodicity we conclude that either P(C(t)) =1 for all ¢, or P(C(t)) =0
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for all ¢. Assume that P(C(t)) = 1. It follows from Lemma 5.2 that there is a
positive conditional probability p({w(t'),t < t}) under F* _ that u( -, ¢+ 1)
has at least one shock. Hence we have

(52) PC@E+1) = / (1 - plw(t'),t' < t}) dP < P(C(1)).
c)
Therefore P(C(t+ 1)) < 1. Hence P(C(t)) =0 for all ¢. a

It follows from Lemma 5.3 that for almost all w and arbitrary ty there
exists at least one shock at 3. Since the number of shocks is at most countable
and the sum of their sizes is bounded, i.e.,

Z (u?(x,t0) — uf (z,t0)) < Varu? (z,tg) < +oo0,
z€J(w,to)

we can numerate all the shocks in a measurable way. The first shock is the

largest one, the second is next in size and so on. If two or more shocks have

the same size then we numerate them according to their order of occurrence

on the semi-interval [0,1). Denote by &;(to) = (x;(to),to) the position of the

i-th shock. Obviously &;(tp) is a measurable function with respect to ffﬁ)oo.
We will use ¢(I) to denote the length of the interval .

LEMMA 5.4. There exist positive constants C1,Co, K1, Ko > 0 such that
for all 3, and t > to,

(5.3)  Plw: t;(t) = ¢ <Arj(t)’t(to)) <1- Kjexp(—Ci(t —to))}
< Ky exp(—Ca(t —to)).

Proof. Fix any j € N. The position of the j-th shock at time ¢ will be
denoted by x(t). The following estimates are independent of j.

Consider a sequence of times t; = tg + 14, ¢ = 0,1,2,.... For each ¢ let
I = S'\ Ayt (to) and z; be the mid-point of ;. Denote by y; a point on
S! at time t; which corresponds to z; at t = tg; i.e., either (y;,t;) is a point of
shock which covers (z;,tg), or there is a unique one-sided minimizer at (y;, ;)
which passes through (z;,t9). Clearly, y; is measurable with respect to 3“200.
Denote by n; a random variable which takes the value 1 if y; is covered by
Ag(tizr) tisn (ti) and 0 otherwise. Obviously 7; = 1 if and only if y; merges with
x(t;) before t;11.

Notice that if 17; = 1 then the length of the complement to the inter-
val Ay, 1)t (to) is no more than half of the length of the complement to
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Ayt 4 (to). For any fixed positive integer K, with n =t — to,
(5.4)

n—1
Pl{w:4(I,) > 275} < P<Z n; < K>
=0

K
<> > Piniy =iy = - = iy, = 0}

m=0 0<i;<i2<...<ip—m<n—1

where we used Lemma 5.2 and the Markov property to conclude that

(5.5) Py =ni, = ... =m, =0) < (1 —po(1))%,
for all 0 <11 <o < ... < 1.
It follows from (5.4) that for K < 4

(5.6) P{w: ((I,) > 275} < (K +1)CE (1 — po(1))"E.
Let K = [an] and choose a so small that
1 e’ 1 -«
5.7 = (= 1—po(1)'™ < 1.
(5.7 a=(2) (125) a-mwy<
Then,
(5.8) P{w: U(I,) > e~ lem2y < Ar /g
where M is an absolute constant. It follows that
(5.9) Plw: £ (D 4(to)) <1 — e lemm2}y < M /E =4 g} 0.
Take any ¢ such that g1 < g < landlet C; =aln2, K1 =4, Cy = —1Ing.
Then (5.3) follows from (5.9) for large enough K. O

Using the Borel-Cantelli lemma, one gets from Lemma 5.4 the following;:
LEMMA 5.5. For almost all w
(5.10) ¢ (ij(w(to)) =1 a5 t— oo

Moreover for any shock at &j(ty) there exists a random constant Tj(w,to) such
that for all t > T;(w, to)

(5.11) ¢ (ij(t),t(to)) >1 - 2K exp(—Ci(t — to)).
Remark. Since the intervals ij(t)7t(to) do not intersect each other,

Lemma 5.5 implies that the shocks &;, (t0), &, (o) merge with each other after
time 7" = max(Tj,, T},).
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Let us define now an object which will play a very important role in the
remaining part of this paper.

Definition 5.1. A C* curve ~: (=00, +00) — St is called a two-sided min-
imizer if for any C! compact perturbation v + 8v: (—oo, +00) — St of

-Afs,s(’y + 57) > .A7575(’Y)

for all sufficiently large s.

In other words, a curve 7 is called a two-sided minimizer if and only if for
arbitrary ¢y € R!, its restriction on (—oo, o] is a one-sided minimizer.

THEOREM 5.1. With probability 1 there exists a unique two-sided mini-
mizer.

Proof. Existence of the two-sided minimizer follows from a compactness
argument. Consider a sequence of curves v(™: [-n,n] — S! which minimize
A_pn(7) in the class of C* curves. It follows from Lemma 3.3 that |5 (0)]
< C(w,0). Hence the sequence of points (azén), v(()n)) = (v")(0), 4 (0)) belongs
to a compact set St x [~C(w, 0), C(w, 0)]. Then there exists at least one limiting
point (xg,vp). A standard argument as in the proof of Theorem 3.1 shows
that the solution of the Euler-Lagrange equation (2.3) with initial conditions
x(0) = xg, v(0) = vg defines a two-sided minimizer.

For uniqueness notice that points on a two-sided minimizer v do not belong
to the intervals A, () ¢(to) for any j. Since ¢ (Az (t)’t(to)) — 1 as t — oo, the

i
two-sided minimizer is unique.

Denoting the two-sided minimizer by y,,, we now construct another impor-
tant object, the main shock. For arbitrary tg € R! consider a sequence of non-
intersecting intervals Ay, 1 (t), t < to corresponding to shocks &;(to) = (z;,t0)
at time to, z; € J(w,tp). Notice that here we consider intervals Az, 1, (t)
for t < ty. It turns out that for almost all w there exists a unique shock at
(2(t0), to) for which £(t) = £(A (1) (1)) — 1 as t — —oo.

THEOREM 5.2. For almost all w the following statements hold.
(a) For any tg € R there exists a unique shock at (z(tg),to) such that
(5.12) 0(t) =L (Ate) 00 (1) — 1 as  t— —o0.

Moreover, for any 6 > 0 there ezists a random constant Ts,(w) such that
for all t < Tsy,(w)

(5.13) £(t) 2 1 — exp(—(C1 = 6)(to — t)).

The position of the shock (z(to),to) is measurable with respect to the o-
algebra F*°__ .
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(b) For all other shocks &;(to) = (x;(to), to)
li(t)y=1¢ (ij(to),to(t)> —0 as t — —oo.

(c) {(2(),t), t € R'} is a Lipschitz continuous curve.

Proof. Consider a sequence of times t; = tog — ¢. It follows from Lemma
5.4 that with probability greater than 1 — Ky exp(—Cai) there exists a shock
at some point (z¢(4),tp) such that

(514) f (Axo(i)ﬂh (72)) 2 1-— K1 exp(—C’li) .

By the Borel-Cantelli lemma, there exists Ni(w) such that for all i > Ny (w),
(5.14) holds for some shock at (z(7),tp). We will show that for ¢ large enough
x0(i) does not depend on i. Suppose xo(i+ 1) # (i) for some 7 > N;. Then,

¢ (Axo(iJrl),to (fi)) < Ky exp(—Chi)

and
/ (Axo(iJrl),to (LTZ_H)) >1-K; eXp(—Cl(i + 1))

Denote by a;, b;, ait1, biy1 the end points of A ;41 4, (8:) and Ay g1y 4, (Eir1),
respectively, and by v(a;), v(b;), v(ai+1), v(biy1) the velocities of the corre-
sponding one-sided minimizers. It follows from Lemma B.8 that

lv(ai) —v(bi)| < Lila; — bil,
where L; = Lo(6"~'w). Thus,
(5.15)
D; = dist((ai, v(as)), (bi,v(b;))) < \/1+ L? K exp(—Chi),

®i+1 = dist((aiﬂ,v(ai“)), (bi+1,?}<bi+1))) >1-K; exp(—Cl(z’ + 1)) .

On the other hand, we have D;y; < exp(d;)D;, where d; = di(0" ‘w) and
dy(w) is as defined in Lemma B.5. It follows that
D; 1
(5.16) exp(d;) > gl > exp(C1i).
i 21+ L2 K,y

Since L; and d; have finite expectations, it follows that for any € > 0 there
exists Ng(w) such that

(5.17) |d;| <ei, |Li|] <ei, forall i> N.(w)

(see Lemma 6.2). Take ¢ < C7. Then for i > N.(w) > N.(w), (5.16) and
(5.17) contradict each other. Hence, for i > N.(w), 2¢(i + 1) = x0(i). Define
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z(to) = wo(i), i > Ne(w). Obviously, £(A ()4, (t:)) > 1 — Kyexp(—Chi),
i > N¢(w). It follows from the estimates (5.15)—(5.17) that for any 6 > 0 there
exists a random constant T, (w) such that for all t < Ty, (w), (5.13) holds. A
shock that satisfies (5.12) is obviously unique. Clearly z(#p) is measurable with
respect to . Notice that for any t > tg, the shock which covers (z(to), o)
also satisfies (5.12), (5.13). Hence for almost all w such a shock exists for all
to € RL. (a) is now proven. (b) follows from (a), since

0< Z 14 (ij(t0)7t0(t)> <1 and /¢ (Az(t0)7to(t)) —1 as t— —o0.
xz;€J(w,to)
Since the shock at (z(fo), %) covers (z(to), to) for all ¢y > to, we get (c). O

Definition 5.2. The shock (z(t),t) constructed in Theorem 5.2 is called
the main shock at time t.

As remarked in the introduction, the two-sided minimizer and the main
shock play dual roles. The former acts as a repeller, the latter acts as an
attractor. Indeed, it follows from Theorem 5.2 that for any two one-sided
minimizers 71, 2, dist(71(t),72(t)) — 0 as ¢ — —oo. One can say that all
one-sided minimizers approach the two-sided minimizer as ¢t — —oc.

LEMMA 5.6. (a) For any two minimizers vi, 72
(5.18) dist(1(t),y2(t)) = 0 as t— —oo.

Moreover, for any 6 > 0 there exists a random constant T61’2(w) such that for
all t < T)?(w)

dist(v1(?),72(t)) < exp(—(C1 — 0)t) .
If v1 starts at time ty, and 72 starts at ta, then T;’Q(w) = Tsp2(w), where

constant Ty (w) is defined as in Theorem 5.2 and t"? = min(t,t3).
For minimizers starting at the same time convergence in (5.18) is uniform.

(b) Any shock at a given time t will be eventually absorbed by the main shock.

This is obvious.
Another way to characterize the curve of the main shock is to say that it
is the only shock curve defined for all t € R

LEMMA 5.7. For almost all w there exists a unique shock curve
¥ : (—00,400) — St

such that us (z*(t),t) < u®(x¥(t),t) and x*(t) is measurable with respect to
Ft . This curve is the curve of the main shock.
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Proof. The existence follows from the existence of the main shock. Sup-
pose now that there exists another measurable shock curve z*(-) defined on
R!. Fix arbitrary ¢y € R!. It follows from Lemma 5.2 that with probability 1
the curves z(t) and z¥(t) merge before t = to. Since ¢ is arbitrary, x*(t)
coincides with z(t) with probability 1. O

Remark. Later we will prove a stronger result: the curve of the main shock
is the only shock curve which is defined for all sufficiently negative times.

We end this section with some discussion on the assumption (A1l). Obvi-
ously, a necessary condition for the main result of this section to hold, namely
the existence of a unique main shock and two-sided minimizer, is that the
minimum period of all the F}’s is equal to 1. However, this condition is not
sufficient, as we show now.

THEOREM 5.3. If F(x,t) = cos2nx dB(t), then with probability 1, there
are at least two main shocks, i.e., shock curves defined for all negative times.
There are also at least two two-sided minimizers on St x R1,

We will give an outline of the proof showing that with probability one,
x =0 and x = 1/2 are points of shock for any time ¢. The main point is:

LEMMA 5.8. With probability 1, &: (—oo,t] — RL, £(s) = 0, is not a one-
sided minimizer.

This follows from the observation that with probability 1, there are large
intervals on which B(t) — B(s) > 0. On such intervals, one-sided minimizers
are close to z = % Hence ¢ = 0 is not minimizing.

As a consequence of symmetry, if £: (=00, ] — R! is a one-sided minimizer
such that £(t) = 0, then —¢ is also a one-sided minimizer. Therefore, with
probability 1, = 0 is a point of shock for all ¢ € R'. The same argument
applies to ¢ = % So there are at least two main shocks. The rest of the
statement in Theorem 5.3 follows from the same argument as in the proof of
Theorems 5.1 and 5.2.

It is easy to check that (A1) holds for
(5.19)

F(xz,t) = cos2m(x + x1)dB1(t) + cos 2m(x + x2)dBa(t) + cos 2 (x + x3)dBs(t)

where 1, x2, x3 are fixed constants such that their differences are not integral
multiples of % By refining the argument in Appendix D, one can actually show
that Lemma 5.2 also holds if there are only two terms in (5.19). On the other
hand, without shifting phases, (A1) does not hold if all of the Fj’s are of the
form cos 2rkz. Tt fails when 2§ = 0, 2 = % However, the following argument
shows that Lemma 5.2 still holds if:
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The set {F}} contains either

{sin 27z, cos 27lx, for some [ # 0}, or {cos 27z, sin 2wlz, for some [ # 0}.

We will illustrate how this claim can be proved when {Fj} contains
{cos 2, sin4mz}. The only situation we have to reconsider is when z{ is
close to a critical point of F}(z) = cos 2wz, and xg is close to a critical point of
Fy(z) = sindmz. Without loss of generality, let us assume that z{ is close to
0, and :Ug is close to %. Heuristically we can first use F} to move mg to a small
neighborhood of % If in this process ! has moved out of the neighborhood
of 0, then we can use Lemma 5.2 with F}. If not, we use F5 to move x(l) to a
small neighborhood of —%. The forces d By can be chosen such that 2§ will stay
inside ( é, %) Now both z{ and z§ are inside the region where F is bounded
away from 0, so we can apply the proof of Lemma 5.2 to 37(1) and xg with the
potential . We will omit the detailed proof of these statements since they

follow closely the proof of Lemma 5.2.

6. Hyperbolicity and unstable manifolds of the two-sided minimizer

In this section we prove that the two-sided minimizer y,,(-) constructed
in Section 5 is a hyperbolic trajectory of the dynamical system (2.3), and we
establish the existence of its stable and unstable manifolds. The main technical
difficulty is associated with the fact that the hyperbolicity is nonuniform, as in
many other dynamical systems with noises. This is overcome by using Pesin’s
theory (see [Pes], [En]). Note in passing that

Yot + 8) = Ypsw(t)-

Denote by GY the stochastic flow generated by the solutions of (2.3). Let
Ji(w) be the Jacobi map, i.e., the tangent map that maps the tangent plane
T (Y (), u”(yw(s), s)) onto the tangent plane T'(y,(t),u*(yw(t),t)). This is
well-defined since y, () is a point of continuity of u*( -,t) for all ¢. Moreover
the Jacobi map has determinant 1 since the dynamical system (2.3) preserves
the Lebesgue measure. Obviously, we have

J2 (W) = JP (0" w) T (w)

for all #1,t2. In the terminology of ergodic theory, {J{(w)} is a cocycle (see
[O)).

LEMMA 6.1. Define logt 2 = max(log x,0), for x > 0. Then

sup log" [|J4(w)]| € L'(dP).
—1<t<1
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This result, together with some other technical estimates, is proved in
Appendix B (Lemma B.5).

As a consequence of the multiplicative ergodic theorem [O], [En], we con-
clude that with probability 1:

(A) either

.1 -+t
Jim g L @l =0
for all e € Ty, = T(yo(t1), u* (yw(t1), 1))

(B) or there exist a constant A > 0 and a measurable normalized basis
{ef'(w),ef(w)} of Ty = T'(yw(t), u”(yw(t),t)), such that

Jtt1 (w)e}fll (W) = au <t7 tl? W)ey (CL)), ']ttl (W)efl (w) = as (t7 tl’ C(J)ef (CU) ’
where the functions a(t,t1;w) and a®(t, t1;w) are also cocycles satisfying

a“(t +s,0;w) = a“(s,0;0'w)a"(t,0;w) ,
a®(t+ 5,0;w) = a’(s,0;0'w)a®(t,0;w) .

Furthermore,

1 u . l S .
i 10 (t,t1;w) _ ) lim na’(t,t1;w) _
t—o0o t — tl t—o00 t — tl
If (B) holds, the cocycle {J!(w)} is said to be hyperbolic and the basis

{ef'(w), ef(w)} is called the Oseledetz basis.
THEOREM 6.1. With probability 1, the cocycle {JL(w)} is hyperbolic.

We will prove Theorem 6.1 later. It is useful to recall the following simple
result:

LEMMA 6.2. Let {n;} be a sequence of identically distributed random vari-
ables such that E|n;| < +o0c0. Then for any e > 0, there exists a random variable
N. > 0, such that for all i, |i| > Ng,

Ini| < el .

This is a simple consequence of the Chebyshev inequality and the Borel-
Cantelli lemma. Lemma 6.2 is equivalent to the statement that

lim 2 =0
1—00 1
with probability 1. However, we will use it in the form of Lemma 6.2.
Let z(-) be an arbitrary one-sided minimizer defined on (—o00,0]. Fix a

positive integer k£ and consider a sequence of times t; = —ki.



INVARIANT MEASURES FOR BURGERS EQUATION 909

D‘;_HOte (Wi ui) = (Yolti), v (Yu(ti), ti), (zi,vi) = (zti),u(x(t:), ti)),
Ji = Jy N w), b = dist(wi, yi), pi = dist((zi,v:), (yis ui))-

LEMMA 6.3. For any € > 0 there exists a random constant {. (w) such
that with probability 1

(6.1) pi < (1 +e)l[Jit1llpivr, >0,
provided that Ly < . j(w).

Proof. Let Lo(i) = Lo(6%w), d(i) = dy(0%w), d(i) = di(0%w), where Ly is
as defined in Lemma B.8, and dj, dj, are as defined in (B.29-30) and Lemma

B.5. It follows from Theorem 5.2 that for any 6 > 0 there exists a random
constant Ng(w) such that for all i > Ns(w)

(62) fz < exp((01 — (S)tl) .

Since |v; — u;| < Lo(i)¢;, we have

(6.3) pi < AJLG(E) +1 £; < \/L§(i) + 1 exp((Cr — 6)t;) .

Let A; = {(z,v) = a(x;,v;) + (1 — @)(yi,ui), 0 < a < 1} be the interval
connecting (z;,v;) and (y;,u;). Clearly A; € By(0%w). It follows from the
definition of d(7) that for any (z,v) € A;

(6.4) 1GE" (2, v) — G (ys, wi) || < exp(d(i))ps, —k <t<0.

Since d(i), d(i), Lo(i) have finite expectations, for any v > 0, there exists
N, (w) such that

(6.5) |d(@)], [d(@)], |Lo(i)| S vi for i> Ny(w).
Hence, for i > max(Ns(w), Ny (w))
(6.6)

1G22, 0) — G (i, w)|| < V122 + 1 exp(vi+ (Cy — 6)t;), —k <t <0.
Take v < (C1 — ). Then (6.6) implies that there exists
N5, (w) > max(Ng(w), N, (w))

such that A; C Og(6%w) for all i > N, (w). Clearly, if pg is small enough, then
A; C Oy(#"w) for i < Ng,(w). Since the two-sided minimizer corresponds to
a point of continuity of uY, we have pg — 0 as o — 0. Thus, there exists
lo(w) > 0 such that A; € Og(8%w) for all i, provided that £y < fy(w). Denote
now D(i) = Dga(w), D(i) = Dg2(w), where Dr,(w), Dr,(w) are defined as
in (B.22). Since A; € O (6%w), we have for all i > 0

oD@, )

1 =
pi < Wil + 5 exp(D@) s = Mol (1+ pirt
2 2| Jiga |
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Since m < HJZ':}lH < exp(D(i)),

(6.7) pi < s lpion (1 + Lexp(D() + D(¢))Pz‘+1> .

Again, since D(i) and D(i) have finite expectations, for any v > 0, there exists
N, (w) such that

(6.8) |D®)|, |D()| <vi for i> N,(w).

Thus, by (6.3), (6.5), (6.8), for i > max(Ns(w), N, (w), N, (w)):

(6.9) %exp(D(i) + D(i))piss < %\/y%z 1 exp(2vi+ (Cr — 8)t;).

Take v < %. It follows from (6.9) that there exists N(w) such that for
i> N(w)

(6.10) 5 ep(D(i) + D(i))pis < <.

This implies (6.1) for i > N(w). Now, in order to get (6.1) for all i, take po(w)
so small that for pg < po(w)

(6.11) S exp(D(i) + D()pia <5 0<i < N(w).

As above, we can choose /. j(w) < fo(w) so small that £y < £ j(w) implies
po < po(w). (6.1) obviously follows from (6.10), (6.11). O

Proof of Theorem 6.1. Assume that (A) holds. It follows from the subad-
ditive ergodic theorem that

(6.12) e 1016 (@)l P(dw)

n—00 n

=0.

Then, for any € > 0 there exists k£ € N such that Ay = %fln | J& (w) || P(dw)
< &. By the ergodic theorem, with probability 1,

1 < , 1
©13) S e )] o [P = A
=1

Hence there exists a random constant n.(w) such that, with probability 1,

1 n
(6.14) " D ||l J5(0"w)|| < Ap +e < 2
i=1

for all n > n.(w).
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Consider now a one-sided minimizer z(-) at time tp = 0 such that ¢y =

|2(0) — Y (0)] < €. k(w), where £, j(w) is defined as in Lemma 6.3. Then, by
Lemma 6.3 for all n > 0:

(6.15) lo < po < (1+e) HIIJ/ HW)llon-

Thus for n > n.(w)

(6.16)
pn > npo _ 50
ti— n )
1+ LI @I (e esp( S @ w)])
> poe” °" exp(—2¢ckn) .

On the other hand, it follows from Theorem 5.2 that for large enough n

(6.17)
g n) <4/L§(n) + 1 exp(—(Cy — 6)kn)
<Vv )/m)

Here, as in the proof of Lemma 6.3, we used again that |Lo(n)| < vn for n
large enough. Take € so small that 3¢ < C; — 6. Then, (6.16) and (6.17) are
contradictory to each other. O

Remark. It follows from the proof of Theorem 6.1 that A > C1 — §. Since
0 is arbitrarily small, A > (.

Next we construct stable and unstable manifolds of the two-sided mini-
mizer. We will denote by I',, the trajectory in the phase space of the two-sided
minimizer Ty, = {(yw(t), v’ (yo(t),1)), t € R}, and let (x(t; 29, uo), u(t; 2o, uo))
be the solution of the SDE (2.3) with initial data x(0) = zo, u(0) = ug. We
will concentrate on t = 0 but the same holds for any other ¢.

Definition 6.1. A local stable manifold of T, at t = 0 is the set
W5 . = {(zo0,u0), dist((x(t;zo,u0), u(t; zo,uo)),
(4 (1), u* (g (), 1)) < S~

for some € >0, 6 > 0 and all ¢ > 0. A local unstable manifold of T, at t =0
is the set

Wi, = {(xo,u0), dist((x(t; xo,up), u(t; xo,up)),
(o (£), 1 (s (), 1))) < e~ A=)y

for some € > 0, 6 > 0 and all ¢t < 0.
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Pesin [Pes| gave general conditions under which such local stable and
unstable manifolds exist for smooth maps of compact manifolds. It is easy
to check that his results can be extended directly to the current situation of
stochastic flows. Below we will formulate Pesin’s theorem and later verify that
its conditions are satisfied for our problem.

Denote by S; the Poincaré map at ¢ = ¢ associated with the SDE (2.3).
In other words, S; maps (x;,u;) at ¢ = ¢ to the solution of (2.3), (zi+1,uit1)
at t =i+ 1. Similarly we denote by S/, S; " the maps that map the solution
of (2.3) at t = i to the solution at t =i+ n, t =i — n respectively.

Define A¥, A7 by the relations

1+1 u __ A% u i+1 s _ =X s
JiT (w)ej' = e veih, J; (w)ei =e P11

where {ef, el

. el'} constitutes the Oseledetz basis.

PESIN’S THEOREM. Assume that there exist constants \,u > 0, and
go € (0,1), and for e € (0,2¢), one can find a positive random variable C(e,w)
such that fori € Z

) IDSPes|| < C(e,w)e” A=meel
DS el < Ce,w)eWeImeslil

(II) | sin (€5, e) | > ———e I,

1771

(IT1) Let r; = C(Sl =) el and

Bi(w) = {(z,u), [(z, u) = (4o (1), u* (yo (), )| < i}

Then for some r > 2,

sup  max (| DISi(x, ), [|DIS; (z,u)]) < Cle,w)eli

Under these assumptions, there exist positive €1(A, u,€0) and 6(¢), defined
for0 < e < ey, and C"™1 curves W5, Wi in the phase space of the dynamical
system (2.3), such that

(i) W(;E and ngs are respectively the stable and unstable manifolds of 'y, at
t = 0. Moreover, they are C"~! graphs on the interval [—61(¢), 61(g)] for
some 61(¢) > 0.

(i) Wi, NWE = (4.(0), u* (y,(0), 0)).

iii) The tangent vectors to W¢_ and W2 at (y.,(0),u”(y,(0),0)) are respec-
b,e b,
tively e and eg.
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(iv) If (z,u) € By, and n > 0,
dist (S ™(z, ), (y(—n), v’ (Yo (—n), —n))) < s X"
for some constants x > 0 and 6 > 0, then (z,u) € Wi

Our task is reduced to checking the assumptions (I), (II) and (III) in
Pesin’s Theorem.

To begin with, let us observe that (II) follows from the next argument
(see [R]). Since

In a® In o
i B0 (0,1) _ ) lim na*(0,t)

t—o0 t—o0

=)

and the area of the parallelogram generated by ef and e} is independent of ¢,

we have
In |sin (e}, e}') |

lim =0.
t—o00
To see that (IIT) holds, define
di(w)= sup  sup | DG(xu)],
—1<¢<0 (z,u)€Bo(Fiw)
di(w)= sup  sup [|DGI“(z,u)],

0<t<1 (z,u)€Bo(Fiw)
where G is the stochastic flow defined earlier.

LEMMA 6.4. For any € > 0, there exist random constants Ci(e,w),
Cy(e,w) such that, with probability 1,

dz(w) < Cl(va)esmv CL(U)) < CQ(an)esm
fori e Z.

Proof. Assume C(eg,w) > 1. Then it follows from Lemma B.5 that
/log+ do(w)dP < 400, /logJr do(w)dP < +o0.

Now Lemma 6.4 follows directly from Lemma 6.2. O

Let C(g,w) > max(Ci(e,w), Ca(e,w)), and

dir(w) = su max [|D?(S;_1) " (z, v)] .

Statement (IIT) follows from the next result.
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LEMMA 6.5. For any € > 0, there exist random constants Cs(e,w) and
Cu(e,w) such that

dig(w) < Ca(e, ), dip(w) < Cale,w)e M
fori e Z.

Proof. Let (z9,v9) € Bi(w). Consider the solution of (2.3), (z(t),v(t)),
such that z(i) = xg, v(i) = vo, for t € [i,i + 1],

[0(t) — u* (Yo (i + 1), 0 + )] < di(w)[[(20, v0) = (9o (8), u* (Y (), )| <1

from Lemma 6.4. Therefore B;(w) C O1(6'w) where O1(w) is defined as in
Appendix B. Lemma 6.5 now follows directly from Lemma B.4 and Lemma
6.2. The second estimate can be proved in the same way. O

Finally, we prove statement (I).

LEMMA 6.6. For any e > 0, one can find random constants Cs(e,w) and
Cs(e,w) such that

IDSPes|| < Cs (e, w)e”Aemeslil
HDS;”G?H S CG(E,W)Q_()\_E)ITL|6€M’

n>1,
n<-—1.

Proof. We will prove the first statement. The second one can be proved
in the same way.
From the ergodic theorem,

1n—1
i - S =
ngrfwnzng A<0.
]:

Thus for any ¢ € (0, \), there exists a constant C7(e,w) > 0 such that
ESEV
efgO K < Cq(e,w)e "9
For any ¢ € (0,1), define K(¢) by:
K(6)=inf{K: P(Cw)<K)Z>é}.

Denote

61 = P(C(w) < K(8)) > 6, mi(m,w) =max{i: 1<i<m, C0w)<K(6)}.
Notice that mj(m,w) is defined for large enough m. By the ergodic theorem,

- #{i: 1<i<m, COw) < K(5)} _

m—00 m
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where # denotes cardinality. Thus for any 62 € (0,61), there exists a random
constant M (62,w) such that for all m > M (62, w),

#{i: 1<i<m, Clw) < K(5)}

> 61— 02

Hence
mi Z (51 — 62)771

Consequently for m > M(b2,w),

m4n—1 m4n—1 m—1
D SREV D DR
IDSpenll = e 7 =T e T
nil
_ AS
< O™ w)e mEnmmDA-D, =
m—1

> (=)

< K(5)efn()\fs)ef(mfml)()\fg)ej:ml

We also have, with 63 = 61 — d9

m—1 m—1

A < -\
Z ( )\]) - 53mg}€a§Xm_1 Z( >\.7)
J=m1 k

max Z log™* [[D(S;) (o (5, 1 (9 (1), ) |

63m<k:<m 1

j=k+1
max Z dy ( 67w
(53m<k<m 1
j=k+1

where dj(w) is defined as in (B.29). Using Lemma B.5 and standard prob-
abilistic estimates, one can show that for appropriate 63 < 1 there exists a
constant M (w) such that for all m > M (w),

m
2\ < J < .
Z (=A%) < pomlax Z di (P w) <em
j=m1 Jj=k+1

In fact it is enough to have 63 so close to 1 that (1 — é3)Ed;(w) < §, where

Edi(w) = [ di(w . Hence we choose § =1 — 8Ed51 o Oy = SEdsl Ok Then
for m > max(Ml( ),M((Sg,w)),
| DS es || < K(6)e MAe)esm O

This completes the verification of the assumptions in Pesin’s theorem,
and establishes the existence of local stable and unstable manifolds W _, W'_.
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One can also define, in a standard way, global stable and unstable manifolds
W3, W

= S W2 (191 (0), u* (1., (0), 0)) ,

=1
US W§5 Yo— Zw( ) (yﬁ_iw(0)7o))‘

Obviously, W#, W* are also C"~! curves which coincide with Wg., W' in
some neighborhood of (y,,(0), u*(y.(0),0)).

The following theorem is a consequence of the properties of unstable man-
ifolds.

THEOREM 6.2. a. The graph {(z,u%(z,0)), z € S'} is a subset of the
global unstable manifold W*.

b. There exists a (random) neighborhood of (y.,(0),u*(y,(0),0)) such that
Wyl conststs of one-sided minimizers in this neighborhood, i.e., the solu-
tions of (2.3) with initial data on W' in this neighborhood give rise to
one-sided minimizers.

Proof. a. As was shown earlier, any one-sided minimizer (x,u) con-
verges exponentially fast to (y.(t), u”(y.(t),t)) as t — —oo. It follows that
Sy H(z,u) € Bo(f~'w) for some i > 0. Hence S *(z, u) lies on the local unstable
manifold W'_(yg-i,(0), u* (ys-i,,(0),0)), as a consequence of Pesin’s theorem
(iv), and (x,u) lies on the global unstable manifold.

b. The local unstable manifold Wil is a C"™! curve with the tangent
vector ef at (y,(0), u* (¥ (0),0)). Let M, = {(z,u): z € (yu(0) — o,y (0) +
a), (z,u) corresponds to a one-sided miminizer}. Since y,(0) is a point of
(Lipschitz) continuity of u¥ (x) it follows that there exists ag(w) such that for
all o < ag(w), My C Wg'.. Hence ef is not a vertical vector; i.e., eg # (0, 1).
Therefore there exists a ﬁeighborhood O, of (y,(0),u“(y,(0),0)) such that in
this neighborhood W', is a graph of a C"~! function; i.e.,

Wie N 0w = {(z,u): 2 € (40(0) — 1 (w), 4 (0) + a2(w)), v =u(2)},

where a;(w), ag(w) > 0, and @(x) is a C"~! function. Now choose a so small
that Mo C W' N O,. It follows that for z € (y.(0) — o, y,(0) + @), u(z) =
u¥ (x,0), which proves b. O

COROLLARY 6.3. There exists o(w) > 0 such that there are no shocks
inside the interval (y.,(0) — o, Y, (0) + ). Moreover,

© e C" N yy(0) — o, 4 (0) + ) .
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7. Regularity of solutions

In this section, we give a complete description of the solution u% in terms
of the unstable manifold W*", and prove that the number of shocks is finite for
almost all w. We also prove a stronger version of Lemma 5.8, namely, that all
shocks except the main shock have finite prehistory. We will start with the
latter statement.

THEOREM 7.1. Fiz arbitrary to € RY. With probability 1 there exists a
random constant Ty, (w) such that all shocks at time tgy, except the main shock,
are generated after the time to — Ty (w). In other words, all shocks at time
to — Tyo(w) merge with the main shock before t = to.

Proof. Fix any t € R!. It follows from Theorem 6.2 that there exists
e1(t,w) > 0 such that the velocities of all one-sided minimizers in
(Yo (t) — €1, Yo (t) +£1) lie on a C"~! curve. Hence there are no shocks in the
e1-neighborhood of y,,(t). Notice that the random constant 1 (¢, w) has station-
ary distribution. We can choose an a > 0 so small that P(w: £1(t,w) > «) > 0.
Then there exists an infinite sequence t; — —oo, such that &1 (¢;,w) > «,i € N.
Since minimizers at t = tg converge uniformly to the two-sided minimizer as
t — —o0, there exists Iy, (w) such that for i > I;,(w), all minimizers starting at
t = to pass through the £1-neighborhood of y,,(¢;). Now let Ty, (w) = to 1, (w)-
We conclude that the complement (on S!) of the e1-neighborhood of y,, (¢ Ly (@)
will merge into the main shock before time ty3. Since the ¢;-neighborhood of
Y (t I (w)) contains no shocks, this completes the proof of Theorem 7.1. O

Let s be the signed arc-length parameter for the unstable manifold W* of
the two-sided minimizer at ¢ = 0:

(7.1) W = {(x(s),u(s)), z(s) €S, u(s) € R},

with s = 0 at (y.,(0), u*(y.,(0),0)). From the proof of Theorem 6.2, 92 (0) # 0.
We will fix orientation of the parameter s by the assumption g—"g(()) > 0. Let

T be the lifting of W*" to the universal cover
(7.2) To = {(Z(s),u(s)), @(s) € R, u(s) € R'}.

Also, denote by (zs(t,w),vs(t,w)) the solution of (2.3) with initial data
x5(0,w) = z(s), vs(0,w) = u(s). Since for all s, the solutions (z4(t,w), vs(t,w))
converge exponentially fast to (y,(t),9.(t)) as t — —oo, we can define the
function

0

13 A6 = [ {50200 - O+ (Fltol) - Flu0.0) .

— 00
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Since W* is almost surely a C"~! manifold, A(s) is almost surely a C"~!
function. Let
(7.4) A(r) = min A(s).

sixz(s)=x
In the following, we will enumerate the shocks as in Section 5, except we
number the main shock (which is not necessarily the strongest shock at a
given time) as the zeroth shock.

Our next theorem describes the following picture. When we view the
unstable manifold W* as a curve on the cylinder {z € S!, u € R}, the two-
sided minimizer divides W" into left and right pieces. It turns out that all
shocks correspond to double folds of W%, i.e., graphs of a multi-valued function.
A single-valued function is obtained by introducing jump discontinuities which
are vertical cuts on the double fold. These are the shocks in the solution. The
end points of the cut define two points on W* with the same x-coordinate
(namely the position of the shock) and the same value of the action A in
(7.3). If = denotes the position of the shock, then the end points of the cut
are (z,u%(x,0)) and (z,u*(x,0)). Except for the main shock, the one-sided
minimizers starting from (z,us (,0)) and (z,u* (x,0)) approach the two-sided
minimizer as { — —oo from the same side. However, for the main shock, they
approach the two-sided minimizer from different sides. We formulate this as:

THEOREM 7.2. Fiz arbitrary to € R,

I Let (x(s),u(s)) € W". Now (x(s),u(s)) gives rise to a one-sided mini-
mizer if and only if A(s) = A(x(s)). With probability 1, A(z) is defined
for all x € S i.e., the minimum in (7.4) is attained. Moreover A is a

continuous function on S'.

1. Let x; be the position of the i™™ shock, i > 1 (not the main shock!). Then
there exists an interval {; = [s;,S;] such that

s; = min{s: z(s) = z;, A(s) = A(x;)},
3 = max{s: z(s) = x;, A(s) = A(x;)}.
Also, ¥; lies either to the left or to the right of the two-sided minimizer, i.e.
s=0¢4,i>1and {;Nl; =0, j. If T is the z-coordinate of points
on the unstable manifold lifted to the universal cover, then T(s;) = Z(S;).
III. The main shock corresponds to the only point z(tg,w) € S' such that
there exist s1) < 0, s > 0 for which A(sM) = A(s®?) = A(z(to,w)),
z(sM) = 2(s?)) = 2(tg,w). Denote

S =max{s < 0: z(s) = z(to,w), A(s) = A(z(to,w))}
S =min{s > 0: z(s) = 2(tp,w), A(s) = A(2(tp,w))}.
Then, 2(S) — 2(S) = 1.
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IV. Let A¥ =[S, 9)\ -L>Jl[§i’§i)' Then for almost all w the graph of u(z,0),
z €S, coincides with {(z(s),u(s)), s € A¥}.

Proof. 1. Clearly minimizers correspond to minima of A when the x coor-
dinate is fixed. Since with probability 1, minimizers exist for all € S!, A(x)
attains its minimum. Since the set of minimizers is closed, A(z) is continuous.

II. For every shock (except the main shock), denote by s;, S; the values
of the parameter s corresponding to the left-most and right-most minimizers.
Since both the left-most and right-most minimizers approach the two-sided
minimizer from the same side, the interval l; = [s;,s;] does not contain s = 0.
Since minimizers do not intersect, the intervals ¢; do not intersect. It follows
from Theorem 7.1 that all shocks, except the main shock, have finite past
history. Notice that, at the moment of creation of a shock, s; = 5;. Hence,
Z(s;) = Z(8;). Since Z(s;) — Z(3;) is a continuous function of time between
merges and it takes only integer values, Z(s;) — Z(3;) = 0 for all shocks except
the main shock.

ITI. The main shock is the only shock for which the two extreme one-sided
minimizers approach the two-sided minimizer from different sides. Thus [S, 5]
has nonempty interior. Clearly the intervals ¢; constructed above belong to
[S,S]. As a consequence of periodicity, we have Z(S) = 1 + Z(S).

IV. 1V follows easily from I-III. O

We next prove that for fixed time ¢ty the number of shocks is finite. Con-
sider time tg — 1. Although the position of the two-sided minimizer at time
top — 1 is not measurable with respect to 9@;01, the position of the main shock
and the unstable manifold are measurable with respect to 5", Consider the
unstable manifold W*(ty) at time o as the image of W"(typ — 1) under the

time-1 stochastic flow G, = G§"° '«

(7.5)

W (to) = {(x(s),v(s)) = G1(y(s),w(s)), (y(s),w(s)) € W"(to —1),s € R'}.
Let E be the event that there exists so € R! such that %(so) = %(30) =0.

LEMMA 7.3.
P{E|F" '}y =0

for almost all conditions.

Proof. Consider an arbitrary interval [s1, s2], 51,52 € RL. Denote by Ej

the event that there exists sg € [s1, 2] such that ‘é—ﬁ(so) = %(so) =0. It is

enough to show that P{E;|F"° '} = 0 for all s, s9. Let G1 = (Ggl), GgQ)). We
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have
76) dr 96" dy . 06" dw dv 9GP dy  9G dw
’ ds Oy ds ow ds’ ds Oy ds ow ds
Pr_ PGV (dy\* PG dydw G (dw)?
ds? oy? \ds Oyow ds ds ow? \ ds
06" y | 0GY) P
Oy ds? ow ds?’
Denote by
(7.7) h(12) ke (1:2)
- oGL d (G
Aw) = max {|5E 006w |5 (G e w) )|

1<k<2 i+j=k, i207j20}7

d*w

ds? 1|~

Notice that B(w) is measurable with respect to !, Take a small ¢ > 0

and divide the interval [s1, s3] into subintervals of length €. Denote by s(j),
1<5< [%} + 2, the end-points of the elements of the partition. Assume

that there exists so € [s(j), s(j + 1)], such that 2Z(sg) = @2 (50) = 0. Then

ds?

s1<s<s9 d82 ’

2
B(w) = max {1, ‘d Y

Xz T 233 2.’,1;'
(78) |5 s()] = | S (s0) + T2 (€)(5(G) — 50)] = | T3 €)(5(5) — 50)

)

where & € (s(7), so). Denote by

7.9)
dy, , dy , , dw, , dw, ,
V = i _ 7 - _ =
e, e %0 - L), |60 - ).
d?y d?y d>w d>w

@(S/) . @(SH) : W(S/) . @(S//)

b

Obviously V(e,w) is measurable with respect to F° ! and V(e,w) — 0 as
2

e — 0. Using (g—g) + (%)2 = 1 and (7.6) it is easy to show that for all

51 < 8,8 <9, |8 =" <e,

d2z A2z

(7.10) @(s’) - @(3”)

< A(w)(10V (e,w) + 2e B(w) + 4¢) .
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Notice that |£ — so| < €. Hence, using (7.8), (7.9), we have
d
(7.11) d—x(s(j))‘ < A(W)(10V (2,w) + 26 B(w) + 4e)e .
s
Fix arbitrary 6 > 0. We will show that the conditional probability that sg
exists is less than 6 for almost all conditions. Clearly there exists a random
constant K (w) > 0 which is measurable with respect to Stﬁ);ol such that

0
(7.12) P(A(w) > K(w)|F01) < 3
for almost all conditions. If A(w) < K(w) then

dx

S

(7.13) (s(j))‘ < Tle,w) = K(W)(10V (e, w) + 2eB(w) + 4e)e,

where T'(e,w) is measurable with respect to F%°_*.

Fix § € [s1, s2] and consider the random process z4(t) = %(t, 3), vs(t) =
%(t, 5), where (z(t,s),v(t,s)) = Gftofl‘“(y(s),w(s)). Clearly (x4(t), vs(t)) sat-
isfies the stochastic differential equations

(7.14) is(t) = vs(t), 5(0) = %(5),
ba(1) = 3 Fhalt ) (0Bu(1), v,(0) = 22(5).
k

It follows from Lemma B.9 that the joint probability distribution for (%(1, 5)

= x5(1), g—g(l,é) = vs(l)) has density p(zs,vs) which is uniformly bounded

inside any compact set for all § € [sy,s2]. If A(w) < K(w) then, as follows
from (7.6),

d d
(7.15) max max(‘—x , d—ZD <2K(w).

s1<s<s9 ds

Denote by

O(w) = {(zs,vs) € R? : 2?2 + 02 < 8K?%(w)},

I (w) = {(zs,vs) € R?: |z4| < T(e,w)}.

Let R(w) = max sup  p(xs,vs). Then, for any § € [sq1, s2],

5158582 (3, v,)€0(w)
(7.16)
Ox, _ Ov, _ to—1
P((g(l,s), %(1,3)> € O(w) NI (w)|FO ) < R(w)(4K (w))2T(g,w) .
Clearly, R(w) is measurable with respect to F°_'. Using (7.12), (7.16),
we have

(7.17) P(Ey|Fh < g+ 8K(w)R(u))T(€,w)<{82€;§1] + 1) )
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Choose € so small that

s R |

§2 — 851

] + 1> (10V(e,w) + 2eB(w) + 4¢) < g

Then, P(E;|F") < 6 for almost all conditions. O
Lemma 7.3 easily implies the following theorem.

THEOREM 7.4. Fiz ty € RY. With probability 1, the number of shocks at
time tg is finite.

Proof. As above, consider the unstable manifold W*(ty) parametrized by

the arc-length parameter of the unstable manifold W*(tp—1). Denote by S '7§/
the values of the parameter corresponding to the main shock. For every shock
at time to (except the main shock) there exists an interval £ = [/, "] C [S’, ?l],
such that x(s’) = z(s”). Thus there exists a point § € (s,s”) for which
%(é) = 0. Notice that the intervals ¢ corresponding to different shocks do
not intersect. If there are infinitely many shocks, then there exists an infinite
sequence of §;’s in [ﬁ/,g/], such that %(éi) = 0. Let so be an accumulation
point for the sequence {3;}. Obviously, %£(sg) = ‘(%;‘(so) = 0. It follows from
Lemma 7.3 that the conditional probability for the existence of such an sq is
equal to zero. This immediately implies the theorem. O

8. The zero viscosity limit

In this section, we study the limit as € — 0 of the invariant measures for
the viscous equation
8u+ 0 (uz)_€82u+8F
ot ox 2’ 2022 Ox
Under the same assumptions on F', it was proved in [S2] that for £ > 0, there
exists a unique invariant measure k. defined on the o-algebra of Borel sets

(8.1)

of Dy. Furthermore, as in the inviscid case studied in this paper, k. can be
constructed as the probability distribution of an invariant functional

(8.2) ug(-,0) = ®5(w)(")

such that u¢ is a solution of (8.1) when the realization of the forces is given
by w. The main result of this section is the following:

THEOREM 8.1. With probability 1,

ug (2,0) — u(x,0),



INVARIANT MEASURES FOR BURGERS EQUATION 923

for almost all z € S', as e — 0. More precisely, let x € I(w) = {y € [0,1]:
there exists a unique one-sided minimizer passing through (y,0)}. Then

(8.3) u? (z,0) — u”(z,0) as e—0.

As a simple corollary, we have:
THEOREM 8.2. k. converges weakly to k as € — 0.

Our proof of Theorem 8.1 relies on the Hopf-Cole transformation: uy =
—e(log ), where ¢ satisfies the stochastic heat equation

dp €% 1
8.4 L=-_T_°Z F.
(8.4) ot 202 77
As explained in Appendix C, the product F' o ¢ should be understood in the

Stratonovich sense. The solution of (8.4) has the Feynman-Kac representation

(8.5) go(sc,w:E{e LI P Tar <x+ﬂ<s>,s>}

for s < t, where E denotes expectation with respect to the Wiener measure
with variance e, 3(t) = 0, and

(8.6) /F(g;+ﬁ( dT_ZFkx+ﬁ ZFkHﬁ Bi(s)

- [ e+ BB
k S

The integrals in (8.6) are understood in the Ito sense.
For z,y € R', 71 > 79, define

(EFk a:)Bk ’7’1) ZFk Bk 7’2))
K (z,m,y,72) =€ \Fk

12] f1(B(5)) B (s)dB(s)
x/ d

where dW((;’;l))(ﬁ) is the probability measure defined by the Brownian bridge:

B(m1) =z, B(12) = y, with variance . Using (8.5), for s < ¢, we can write the
solution of (8.1) as

fOl %M(% t,y, s)e_%hs(yﬁ)dy
—€
fol M(z,t,y, s)e—éhg(y,s)dy
where hf(y,s) = 0 Yu ¢(z,s)dz, and

(8.7) u®(z,t) =

M(z,71,y,72) Z K.(z, 11,y +m, )

m=—00

for z,y € [0,1]. M is the transfer matrix for Brownian motion on the circle S!.
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Define also

Alx,m,y,T2) = inf A - .
(x, 71,9, T2) R 2, (§)

LEMMA 8.1. For almost every w € S, there ezists a T = 7(w) > 0, and
Co = Co(w) > 0, such that

(8.8) gi < Kg(.%',’i', Z+ m70)6%A(ﬂc,T,z+m,0) < gm

for all x,z € [0,1], m € N, where

59) C1(w), if (Im|+1) | Fl- < Co(w)
Cofw)e™ =N if (jm| £ 1) | > Co(w).

C1(w) and Cy(w) are constants depending only on w and ||F || is defined as in
Appendiz B.

Proof. We will assume m > 0. Let 4: [0,7] — R! be a minimizer such
that v(0) = z +m, v(7) = z, and

Az, 7,2+ m,0) = Ao, (7).

Now, ~ satisfies the Euler-Lagrange equation:
g0 [ s - [ 52 B (66 + A (6)(e) =0

for test functions n on [0, 7]. Performing a change of variable 3 = v + /en in
the functional integral in K, we obtain, using (8.10) and the Cameron-Martin-
Girsanov formula:

(8.11) K (z, 7,2+ m,0) = e_iA(x’T’Z+m’0)]Ene% =
where the exponent H is given by

(8.12)
H = Hl + \/EHQ )

H, = / ' D {fi (-4 Van) = o) = KODVEN) Bi(s)3 (o),

/ZBk ) {fi (4 vEn) = ful)} dn(s)

.11), E,, denotes expectation with respect to the standard Brownian bridge
n(0) =0, n(r) = 0. O

[—
=
—~
oo
[

We now estimate H. A simple Taylor expansion to second order gives:

(8.13) Hy| < | Flls max [3(s)] / 72 (s)ds
0<s<t 0
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Using Lemma B.1, we get for 7 = 7(w),
Cw)(Im[+1) [T .
(8.14) |Hy| < el Fll,——= == /0 7’ (s)ds < CW)el|Fll-(Jm| + 1)(n")*,

where n* = Jnax n(s). For Ha, we use the mean value theorem to write
SSST

(8.15) % H, = /0 ' 52 B (Ve (s)ints) = H + Ha

where Hk (S [0, 1], Ho = % Hy — Hyo with

(8.16)  Hyy = %/0 (; Bu(s)ff (v + VE0in) ) m(s)ds < SIFIEr)?.

We will choose the value of « later (v = 3 will suffice). Note that (8.14) and
(8.16) can be combined to give:

]' *
S|+ [Ha| < C)Fll-(jm] +1)(n )%

The constant C(w) is changed to a different value in the last step. Now we

have
(8.17)
Eyet H = E,et Hi+Ha+Hz < (]E,]ec(w)IIFIIT(ImIJrl)(n*)?)1/ * (B, )Y

Using the fact that for a > 0

+o0o 2
(8.18) P{n*>a} < \/%/a e~ 2 d\
we have
(8.19) E, eC@IFI-(m+10)? < Constant
if

1

(8.20) CWIF 7 (Im| +1) < o
For the second factor in (8.17), we use the inequality (see [McK])
(8.21) P{Hy > 3} < e .
Then

0 00
(8.22) E, e/ < Z 2N PLHN, > N} < Z 2N+ —aN |
N=0 N=1

if we choose o > 2.
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When m violates (8.20), we estimate H; using Lemma B.1:

(8.23)
H) =z /O S Bu(s)(f1 (v + VEOkn) — (0 ) n(s)i(s)ds
k

(8.24)

) < 2211 D [l < 2E 1P + 1
Hence
829 () o) [

16(|m|+1)2
e

< C(w)e

As before we have then

1 8(jm|+1)?
E,e:f < C(w)e sl M E

These give the upper bounds. )
Similarly we can prove the same bounds for (E,e= Hy=1 This completes
the proof of Lemma 8.1. O

It is easy to see that for fixed 7, z and m, A(z, 7, z+m, 0) is differentiable at
x, if and only if there exists a unique minimizer v such that A(z, 7,z +m,0) =
Ao ~(v) and (1) = z, ¥(0) = z + m. In this case we have

0
(8.26) (1) = =— A(z, 7,2+ m,0).
Ox
When the minimizer is not unique, A(z, 7,z + m,0) has both left and right
derivatives. Moreover
D;'_A(CE, T,z + m,O) = ﬁ/Jr(T) ’
Dy A(z, 7,2 +m,0) =y_(7)
where vy and y_ are the right-most and left-most minimizers. In either case,

let us define
v(x,z4+m,7) =D Az, 7,z +m,0).

LEMMA 8.2. The following inequality holds:

(8.27)
1

K (x,7,2+m,0)

0K
(5 5 (x, 7,2 +m,0) —I—U(w,z—i—m,T)Ke(x,T,z—i—m,O))’
x

< VEFl7gm

where gy, is as defined in Lemma 8.1.
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Proof. For simplicity, we will write
Ky, =K (z,7,24+m,0), v, =v(x,z+m,T).

A straightforward computation gives

(8.28)
OK,, i Fr@)Bu(n) 22 o feBE)B)dBs)
gy =¢ /G(ﬁ)e B AW 0)(B)
where
—(z+
62) GO)= - L Ao -

and
—1 37 Fr(@)B(7)
0K Ko o—e i
Oz
30 Jo eB)Br()dBs)
< [©18) - Glrpe W (9).

Performing a change of variables 3 = v_ + \/en, we get

m —LA(z,7,2 1
(8.30) oy = e HAETHMOE, (G- + a7 - Glro)et )

o
where H is defined as before. Write G(v— + v/en) — G(y-) as

G(y- +Ven) —G(y-)
\[Z[/ ) f (7= + OkV/En)sn(s)y—(s)ds

[ B+ VEmsdn(s) + [ B i + 6uvEna(s)ds
0 0
We can then follow the steps in the proof of Lemma 8.1 to establish (8.27). O

Remark. The estimates in Lemmas 8.1 and 8.2 are proved for the time
interval [0, 7]. We see easily that they hold for arbitrary intervals of the type
[t,t+ 7] and [t — T, t] by choosing suitable 7 which in general depend on ¢. For ¢
in a compact set, we can choose 7 to be independent of ¢ such that (8.8) holds.

Our next lemma gives uniform estimates of u®.
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LEMMA 8.3. There exist positive constants o(w,t), C(w,t), such that
(8:31) 45 (2, 1)] < C(w, )

forz €[0,1], 0 < € < gp(w,t). Furthermore, eo( -,t) and C( -,t) are station-
ary random processes in t.

Proof. The basic idea is to use the fact that for € small, the functional inte-
gral is concentrated near minimizers whose velocities are estimated in Lemma
B.1. We will prove (8.31) for ¢ = 0 by working on the time interval [—T,0]
where 7 is as defined in Lemma 8.1. It will be clear that the proof works with
little change for arbitrary ¢. O

Let N = ﬁ%(u ) where Cj (w) is as defined in Lemma 8.1. Denote A*(x, z, T)
= IH%A(LU, 0,z +m,—7) for z,z € [0, 1]. It is easy to see that for 7 < 1,
me

(Im + 1)

(8.32) A(z,0,z+m,—71) — A" (z,2,7) > % - C(w)
T

for |m| > N.
Again for simplicity of notation, we will denote K,,, = K.(x,0,y+m, —71),
p(dy) = e~z W0 dy Using Lemma 8.2 and (8.7), we have

[ (2,0)] < I + V|1
where
Z fol VU Ko p(dy)
zfo mi(dy)

Zfo ImKmp(dy)
Zfo mp dy

(8.33) L=

9

IL=="

For |m| > N, we can use (8.32) and Lemma 8.1 to get

1
Km S eigA('r707y+m’7T)gm

* m 12 8(|m 2
< C(w)e tA @) o= 3 I BB P2

2
< Ofw) #A"@wema:
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if 7 is small enough. Hence we get, using the fact that |v,,| < w

| szJ [0 K pa(dy) | zN Jif [vm | Eompe(dy)
m|< m>
_|_
Zfo mit(dy) Zfo mii(dy)
w)(lm _ 1 M _1 ,
( S C( )(IT |+1) )fo A*(z,y,T) w(dy)

Im|>N
Jo e FA @0 (dy)

)

|| <

< C(w)N - % + C(w)

< C(w).
In the last step we used the fact that 7 depends only on w. Similarly

Y o gmEmp(dy)

Im|>N

L] < C(w
=l Zfo K pi(dy)

< C(w)
where we used ,
1 A% 1 (Im|+1)

for small enough 7. This completes the proof of Lemma 8.3. O

Define for C' > 0
(8.34) Qc = {h € Lip[0,1], such that

h(y) = / u(z)dz, \u|<c/ dz_O

Take z € I(w). Denote the unique minimizer that passes through (zx,0)
by &*. For h € Q¢, T < 0, define the modified action as

(8.35) A:’ho(f) = Aro(§) + h(&(T))

and denote by £* the minimizer of .A%O. Obviously &;* in general depends on
h and T

LEMMA 8.4. Fixz a constant C' > 0. For any 6 > 0, there exists T* =

T*(6) <0, such that
. : S
(8.36) [€47(0) = €7(0)| < 5

for T <T* and all h € Q¢ (T* in general depends on C').

Proof. Assume to the contrary that there exists a sequence T; — —oo,
hj € Qc, such that

l\DIOa

[655(0) — £°(0)| >
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Then from Lemma 3.3, the {57;;‘ (0)}’s are uniformly bounded and we can choose
a subsequence, still denoted by {f;;;‘}, such that f;;;‘ converges (uniformly on

compact sets of (—oo,0] and 523‘(0) — £(0) to a limiting path € defined on

(—00,0]. From Lemma 3.6, € is also a one-sided minimizer. Since 5(0) =z,
and

)

N

£(0) — €%(0)| >

this violates the assumption that there exists a unique one-sided minimizer
passing through (z,0). O

LEMMA 8.5. Fizx a constant C > 0. There ezists a function a(-) defined
on (0,+00), a > 0, with the following properties: For any 6 > 0, one can find
a T* =T*(6) <0, such that for any path & defined on [T™*,0], with £(0) = x,
the inequality |£(0) — £*(0)| > 6 implies

(8.37) (A 0(6) = Al o (€71)] > a(6)
for all h € Qc¢.

Proof. Assume to the contrary that there exist a § > 0, and a sequence
{T;}, T; — —o0, h;j € Qc, and &; defined on [—Tj, 0], such that |£;(0) — £*(0)]
> 6, and

h; h; . 1
(8.38) Azh (&) — Az o(&7)] < 5

From the estimates proved in Section 3, {¢;(0)} are uniformly bounded. There-
fore we can choose a subsequence, still denoted by {&;}, such that &; con-
verges (uniformly on compact sets of (—oo,0] and £;(0) — £(0)) to € defined
on (—o0,0]. From (8.38), £ is also a one-sided minimizer. Since £(0) = z,
I£(0) — €%(0)| > 6, we arrive at a contradiction to the assumption that there
exists a unique one-sided minimizer passing through (z,0). O

Now we are ready to prove Theorem 8.1.

Proof of Theorem 8.1. Fix an x € I(w). Denote by £* the unique one-
sided minimizer passing through (z,0). Take 6 > 0. From Lemmas 8.4 and
8.5 we can find a T* < 0, such that (8.36) and (8.37) hold.

Let n be a sufficiently large integer (depending only on w and 7™), such
that the estimates in Lemma 8.1 hold on the intervals [(k + 1)s, ks] where
s = %, k=0,1,...,,n— 1. Using Lemma 8.2, we have 7 = —s, for,

e i M (x,0,y, T u(dy)
fol M(I7 07 y7 T*)M(dy)

ut(z,0) =
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where ) )
u(dy) = —=h(y). hy) = /O W (2, T*)dz.

Hence

u(x,0) = _Efo fl O M(x,0,21,8)M (21, s,y, T*)dz p(dy)

fo f() x,O,zl,s)M(zl,s,y,T*)dzl,u(dy)
fO fo ( (x,0,21 +m,s)K.(x,0,2z1 +m, s))M(zl, s,y, T*)dz p(dy)

o Ji (S Kelar.0.21 4+ m.5) ) M (e, 9. T*)dza ()
o Ji (X 90 el 0.2+ m. ) M (21,9, 7))
o Ji (S K07 4+ m.5)) M (21, 5,y ")z u(dy)

= I+ O(VE| Fll Ly

where O(1) denotes a uniformly bounded quantity. As in the proof of Lemma
8.3, we can show:

O(1)VellFl|-

C(w)C
4] < C(w)N = Cw)Colw)
1F]l
For zj, zi4+1 € [0,1] we have, using Lemma 8.1,
M(zkv kS, Zk+1, (k + 1)8)

= Z Kg(Zk,kS,Zk+1+m,(k+1)$)

m|<N
+ Z o(zx, ks, zkr1 +m, (kE+1)s)
|m|>N
< o £ A% (21 ks 2041, (K+1)s) (C(w)N i Z e_(\mzla-:l)2+8(|m\5+l)2 HFllzT)
|m|>N
< C(w)Ne A" Grks zien (k41)s)
Letting = = 29, y = 2y, we obtain for fixed {zo, 21, 22,...,2n},
n—1
n—l —% E A* (zp,ks,zk41,(k+1)s)
T Mz, ks, zeqa, (k+1)s) < (C(w)N)"e =0

k=1
Denote by [ "dz Y and S "dz ¥" summation and integration over the sets of
m m

(21, m) such that v, —€*(0)| > 6 and |v,,, —£*(0)| < & respectively, where v,, =

v(z,0,21 +m,s). From Lemma 8.4, the second sum and integral f// dz Y
m
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cover the set |v,, — £(0)] < 8. We have

/ /
-[5 = / le Z KE(-T7O) z1 +m, S)M(Zlv&?/,T*)H(d?/)

!/
= / dz Z/ K (2,0,2z1 +m,s)
m

n—1
X / H M (2, kS, zg41, (k+1)s)dza . . . dzpp(dy)
0,1]n—1 k=1

<y [ e

—L1(A(x,0,214m,8)+ Y A*(2k,ks,241,(k+1)s)+h(2n)
X / e k=1 dzo...dzy,

0,1]7=1

n—1
' —1 > A(zoks,zip1,(k+1)s)+h(zn)
< (C(w)N)n / dzy Z/ / e k=0 dzodzs ... dzy,
m [071}77,—1
< (C(w)N)re™ s W= ol&iD+a0)
In the last step, we used (8.39). On the other hand, there exists a 62 > 0, such
that if |z — &*(s)| < &2, then
|U($707Za 5) - é-h (O)’ < 5 .

Choose a 61 > 0, such that 61 < 69, 61 < #f()w), with C3(w) to be defined
later. Using Lemma 8.4 we get

" "
16 = / dzlz KE($70721 + m, S)M(zlvsay7T*)M(dy)
m

n

> / HKE(Zkfh(k_ 1)872k7k3>67%h(2n)dzl~--dzn

2o~ (ks) <81 P
1 *% (Zn: A*(zk71,(k*l)s,zk,ks)+h(zn)) d d
> k:I .« e n .
— Cw)” ° 21...dz

|zkf§;‘1(ks)\<51
It is easy to see that if |z, — & (ks)| < 61, |2k—1 — & ((k — 1)s)| < 61, then
|A*(Zk71> (k—1)s, 2k, ks) — ‘Aks,(kfl)s( Z*)| < C3(w)én,
and if |z, — §*(T™)| < 61, then
h(zn) = W& (TT))] < Ca(w)én,
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with C3(w) defined by the above estimates. Hence we have

1 n —l(/lh (&5*)+nCs(w)br)
I > s = g (& )
6= Clwynt°

Therefore
I
5‘ < C( )2n . Z\Znéfne 21504(6) ]

Similarly, if we define

/
I7 :/ ClZl Z/v(xaoazl +m, S)Ké(x707 Z1+m7$)M(z178 y7 ) (dy)

" "
I8 = / dzlz ’U(ZL‘,O,Zl —|—m,S)K5(1’,O, z1 +m, S)M(Z1737y7T*)M(dy)7
then we can also get

‘16)<C W) N e 2e(0)

Finally we obtain

: I7 + I — £°(0) (15 + I,
‘us(x,())—g*(oﬂg‘ 7+ I3 155+(I)6( 5+ Ig)

=t 0| U7l e >|—5 + VEIFCw)
6

< 8+ Cw)" N8 e 5 ) 4 VIR C)
<54+6=26

|+ VECW)IFI,
117\

IN

if we choose ¢ sufficiently small. This completes the proof of Theorem 8.1. O
Appendix A. Proof of Lemma 2.1 for the random case

In this appendix we comment on the proof of Lemma 2.1 for the random
case. Let Fo(z,t) =372 Fi.(x)B{(t), where BY is the standard mollification
of Bj. Denote by u‘s(;v, t) the unique entropy solution of

ou N 0 (u2) B OF°

ot 0z 2’ Oz

with the initial data u(z,ty) = up(x). We will assume that ||ug||r < Const,
fol ug(z)dz = 0. From classical results [Li] we know that u®(z,t) is given by

(A1)

b £(to)
6 6
(A.2) u’(x,t) = 9 £1(rlg)f x{Atmt(f) —I—/O uo(z)dz},
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1.
AL (6) = /5 )2ds + ZFk ))dB(s)

to p=1

= D FrlEM)(BA®) — Bi(to))

+ / (% E(s) =3 FulE(s)Es)(Bs) - Bi(to») ds.
to k=1

It is easy to see that the boundary terms at the right hand side of (A.3) resulted
from integration by parts do not affect the variational formula (A.2) and can
be neglected. Denote

£(to)
(A.4) Uz, t) = ‘. gi(r;)f:m{/-ltoﬂt(ﬁ) + /0 uo(z)dz}
and
(A.5) US(z,t) = inf {Afo () + / o uo(z)dz} .
§:&(t)=z ’ 0

It is clear that U(x,t) is well-defined; i.e., the variational problem in (A.4)
does have a solution. We will show that u®(z,t) — wu(x,t) = %U(x t) in
Ll (S' x [tg,00)) as § — 0 and consequently u(z,t) is a weak entropy solution

of (1.1). This follows from:

LEMMA A.l1. For almost all w, there exist c1, co, c3, depending only on
w, t and ty, such that

(A.6) U, 8) = U (-0l (ery < ealw, t,10)8",
(A7) [u® (-, 8)]| oo gery < calw, t, o),
and

(A.8) [u( - 1) Iyt < es(w,t,to)

where BV (S!) is the space of functions on S' with bounded variation.

Proof. For any & € Cl[tg,t] we have

450 = A < 3 / (€] )] 1BA(s) — Bi(s)\ds.
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For almost every w, {By( - )} is C 3 for all k. Hence
|BR(s) = Bi(s)| < C(w)o'’?.
This gives

(A.9) A5 1(6) = Arg 2(€)] < uax, €(5)|Cw)8"3(t — to).

Denote by & and £* the minimizers in (A.5) and (A.4) respectively. We
have, using Lemma B.1,

&5 (to) £ (to)
U (x,t) — Uz, t) = A (& dz — (Ag (€7 d
(@) = UGt) = A(&)+ [ o)z = (Auale)+ [ w(z)az)

0

to)

& ( £*(to)
<€)+ [ e = (ke + [ wz)az)

< max [€(s)|C(w)8" [t — tol

T to<s<t
< Cw, t,t)6'3.

Similarly,
Uz, t) — Ul(x,t) < C(w,t,10)5'3.

To prove (A.7) we use the theory of backward characteristics (see [D]). If
(x,t) is a point of continuity of u®( -, t), then there exists a unique backward
characteristic v coming to (z,t) and, for s € [to, ],

(A.10)

Nk

u(1(s),5) = uo(1(to), to) + . (Fu(3(5) Bi(s) = Fi((t0)) B (to)

=
Il

S R ), B

o k=1

Hence

s

(A.11) [u® (7(5), 8)| < |uo(y(to), to)| + e(w) + ¢(w) ) [u® (y(r),r)|dr

and |u®(y(t),t)| < ca(w,t —to). Since the points of continuity form a set of full
measure in S', we have (A.7).

Now consider two points of continuity for «®( - ,t), 1 and 2, and let v (s)
and 72(s) be the characteristics coming to (x1,t) and (z2,t) respectively. For
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i = 1,2 denote u;(s) = u®(v;(s),s). Then
(A.12)

d ul—u2> <U1—UQ>2 1 d
— = - + — (U1 —u
ds (71—72 =2 =72 dS(l 2)

__ (w>2 ; ﬁ( / fin 41— ))dr ) Bir)

72
. .Ul — U2 . .
by the mean value theorem and (2.3). This implies < ¢(w) since it
1= 72
solves an equation of the form gy = —y2 + C. This, together with (A.7), gives
(A.8). O

LEMMA A.2. For almost every w, the sequence u® converges in
LL (S' x [to,o0)) to a limit u as § — 0. Moreover u(z,t) = %U(x,t) and
u is an entropy-weak solution of (1.4).

Proof. Integrating (A.1) on S! x [t,t + 7], we get

1 1 t+7
| dalit @t vr) - wta) < g [ dsl v
0 t

1
+zk:|Bk(t+T)—Bk(t)!/0 | fi(2)|dz

< Cy(w)T + Co(w)r/3.

In the last step, we used Lemma A.1 and Holder continuity of the Wiener
process. Hence uf is uniformly continuous in ¢, viewed as a function of ¢ in
LY(S'). Therefore there exists a subsequence, still denoted by u®, and u €
L™ ([to, ), BV(S1)) N C([te, o), L' (S')) such that

loc
uw —u in L (S x [tg,00)),

as 6 — 0. From (A.6), we have

_oau
u= o
From (A.8), the convergence also takes place in L _(S! x [tg, 00)) for p < +o0.
Hence u is an entropy weak solution of (1.4). O

Finally, observe that the solution operator for the mollified problem is
order-preserving; i.e., u{( -, to) < u( -, to) implies us( -t) < u§( -,t) for t > to.
Therefore the limiting solution, as 6 — 0, is also order-preserving. Together
with the conservation properties, we see that the solution operator is contrac-
tive in L*(S!) by the Crandall-Tartar lemma [CM]

(A.13) lur (- ) —ua (- E)ll Ly ey < flua( s to) = ual - to)llrsr) -
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This implies uniqueness of order-preserving weak solutions. In particular,
since the solutions obtained in the zero-viscosity limit of (1.1) is also order-
preserving, as a consequence of the comparison principle, we conclude that
U= 8% U is the viscosity limit.

Appendix B. Some technical estimates

Denote by (z(t; zo,vo),v(t; xo,v0)) the solution of (2.3) with initial data
x(0; g, v9) = xo, v(0; 0, v0) = vo. Sometimes we will also use the abbreviation
(z(t),v(t)). Consider the stochastic low GY defined by

(B.1) GY (x0,v0) = (z(t; x0,v0), v(t; 20, v0)) -

Since fr € C" the stochastic flow GY is C" smooth with probability 1. For
7> 0 and w € (), define I';- to be the set of 7-minimizers,
(B.2)

FT = {fy € Cl[_Tﬂ 0]7 7(0)77(_7—) € Sl?‘A—T,O("Y) = ‘A—T,O(g)} .

min
£(0)=>(0)
§(=m)=y(-7)
We shall also consider the case when endpoints belong to the universal cover
R, rather than S!. Denote

(B.3)
Lrm ={7y € C'-7,0; 0 <~(0) < 1,m < y(—7) < (m+1),
A_; = min  A_; .
o) = min - A-ro(€)}
§=m)=1(=7)

Of course I'+,I'; ;, depend on w. Let

Vr(w) = sup [3(0)],
vel'~

Vem(w) = sup |7(0)],
Y€l m
VT = ) 5
(w) jélrriflglge}éolv@)l

Vem(w) = S _mex, 17(s)]-
In Lemma 3.3 it was shown that V;(w) < C(w) for 7 > T'(w). We consider
now the case of small 7.

LEMMA B.1. There exists a constant 7(w) such that for 0 < 7 < 7(w)

NN

(B.4) Vi(w) < Vio(w) <
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Furthermore, for any m € Z
2(|m| + 1)

(B.5) Ven(w) < Vrm(w) € ==

Proof. The proof is similar to the proof of Lemma 3.3. Let

(B.6) 1E]r = max > |[E()llcsen|Br(s) — Br(0)].

For arbitrary solutions of (2.3), (z(t),v(t)), t € [—,0], if we denote y(t) = x(t),
vo = |Y(0)|, v = max |9(¢)|, then we have

(B.7) v < v+ |Flly + | Fllro
or
vo + || Pl
B.8 < 02T
2 ST |[Fr
provided that || F||;7 < 1. Now
Fll-(1
(B.9) () = (0 < 1], + |1l or < Il E00T)
1 | F[l,7

Assume that 7 < 1 is small enough so that ||F||; < € (to be chosen later).
Then we have

Vg + €
B.10
( ) ~1—€’

1
(B11) (1) (0] < Lt D
Thus, provided that vy > 1, we have
. 1 —3e

(B.12) O 2 T

for t € [-7,0]. From (B.12), we get

1/1—3€e\2
Aro() 2 5(7==) v = I Fllrrv — | Fl-
1/1—-3e\2 , €
> = - 1).
2 5(Tc) - )
Let 1 be the straight line such that v;(0) = v(0), y1(—7) = v(—7). Then

l2 l2
Aro(n) < o HUIF - + |l < o=+ (4 De,

where [ = |v1(0)

(0) = y1(—7)|. Since A_;o(y1) > A_ro(7), one can easily show
thatvog%'fZZI

and e < 45. If [ < 1, then

1 1
A_ < —+2||F|, < — +2
7_70(71) — 27_ + H HT — 27_ + €,
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which together with A_, (1) > A_+o(7) gives vy < 2 ife < 4i and 7 < 1. It
follows that V;(w) < 2, Vy(w) < 2 and Vi (w) < 25V () < 2L,

In summary 7(w) < 1 can be chosen such that ||F||; ., < +. O

LEMMA B.2. For any K > 1, there exists T(w) > 0, such that for all
0<7<7(w)

(B.13) ID'GY (z,v)|| < K
for1<i<r |v|<Vy(w)+1,xeS te[-70].

Proof. We will prove Lemma B.2 for ¢ = 1. For 2 < ¢ < r the proof is
similar.
Consider the Jacobi matrix

where
) = S, o) = S () = 200, ey = S
Obviously (th Jlg) and (ng, JQQ) satisfy
Jia(t) = Jan (¢)
(314 { Fat) = 5 felar@) () By(1).
J11(0) =1, J21(0) = 0; and
Jra(t) = Jaa(t)
(B15) { Flt) = 2 fela@) ha(1) By(1).
J12(0) =0, JQQ(O) =1.
Consider first (B.14). Let J(7) = _max |J21(s)]. Then
(B.16) |J11(s)| < 1+ J(7)T
for s € [—,0].
(B.17)
0
Ta(s) = [ 3 ula() I (0B (0
Sk
= =3 fela(s) s / ILEORCERCEICE
k

_ /O Z fk(:x(t))ng (t)Bk(t)dt .

k
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Using (B.8), (B.4) we have

v + ||l HT 3
B.1 m < = - < -
(B.18) —Tgaé}éo|v<8)| “1—||F|l,m T

if 7 is sufficiently small. Therefore
(B19)  J(r) < |l (14 J()7) + 3IFl (1 + J(7)7) + |Fll, 7 (7).

It follows from (B.19) that

Iy < A

el | Y
— 15| Fer

and
[J11(s) = 1] < J(m)7 — 0
as 7 — 0. Hence we have
[J1(s)], [Jar(s)] < K
for s € [—7,0], if 7 is sufficiently small. In the same way, we can prove
[J12(s)], [Joa(s)] < K

for s € [—7,0] if 7 is sufficiently small. This completes the proof of Lemma
B.2. O

Denote B, = {(z,v), z € S!, |v| < V.(w) + 1}, and B,(t) = GYB,, for
t € [-7,0]. Then, similar to Lemma B.2, we have:

LEMMA B.3. For any K > 1, there exists 7(w) > 0, such that for all
0<7<7(w)

(B.20) ID(GE) " (@)l < K
for1<i<r, (z,v) € B:(t), t € [-7,0].

Proof. Lemma B.3 follows immediately from Lemma B.2 together with
the estimate

5|1 T )
B.21 DGY (x,v) — I < max < )
B2 ey =l T=5[Fl7 T=5[Fr

for t € [-T(w),0], (z,v) € B;. (B.21) can be proved in the same way as
(B.19). O

We will denote by 7, x(w) the maximum value of 7(w) such that both
(B.13) and (B.20) hold for all 7 < 7(w).
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Let Or(w) = {(z0,v0), |v(t; zo,v0)| < sup |vy(t)] +1, for t € [-T,0]} and
yel'~
Or(t,w) = G¥Or(w). Define

(B22) Drw) = s sup  maxlogt [D'GE(a.0)]
—T<t<0 (z,0) €07 (w) 1<i<r
DT,r(w) = sup sup max log™ HDZ(G“’) (:L‘ V)|l
—T<t<0 (z,0)€07(tw) LSIST

LEMMA B.4. For any positive integer m,

(B.23) /DTT P(dw) < oo, /DTT " P(dw) < 00

Proof. The proof is similar to the proofs of similar statements in [Bax],
[K2]. Define a sequence of stopping times 7,,:

70=0, 71 = Tk (W), Tiy1 = T (0" w),
i
where ¢; is defined by t9 = 0, t; = —71, t; = — ) 7;. Choose n such that
7=0
[th(w)] < T < |tps1(w)]. Then

(B.24) Gp(z,v) = foy10 fao...0 fi(z,v)

where fi = G¥_, fo = GUl% . fi =GP for 1 < i < m, and fry1 =
G‘):(L:j) +- Notice that for all (z,v) € Op(w),

(B.25) Sup 1D fi((fj=1 0. 0 fi)(z,0)| < K,

for 1 <j <n+1,since fj_10...0 fi(z,v) € Br;. We now use the following
fact. Consider f o g(z,v). Assume that

sup [|D'g(x,v)|| < My and sup [[D'f(g(x,v))|| < Ms.
1<i<r 1<i<r

Then there exists a constant C). depending only on r such that

sup || D'(f o g)(x,v)|| < CrMyMy .
1<i<lr

Using (B.24) and (B.25), we obtain

(B.26) wwp DG (. v)]| < K(CET)"
(z,0)EO0T (W)

provided that [t,(w)| < T < [tp41(w)].

Since for any t € [T, 0], we can write

(B27) G;J(xvv):flofl—lo-nofl(xvv)
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for some [, 1 <1 <n+ 1 and (B.25) holds, we get

(B.28) sup |D'GY (z,v)|| < K(C,K")"
—T<t<0, (z,0)EO0T (w)

We now have
/D Jmdp < Zlog K(Co K™Y P{[tn(w)] < T < [tns1 ()]}

Let ¢ = P{r, g(w) < T}. Obviously ¢ < 1 since there exists a set of w’s with
positive probability such that 7, x(w) > 1. Using the strong Markov property
we have

Pllta(@)| < T < |tus1(@)[} < P(r; T, 1< j < n)
=[[PmH=<T)=¢"
j=1
Thus,
o
/DT(w)mdP < Z(log K +nlog(C, K"))™q¢" < +00.
The other estimate can be proved in the same way. O

A stronger estimate holds for the first derivative DGY. For T' > 0, define

(B.29) dr(w)= sup sup log" || DG¥(z,v)|,
—T<t<0 (z,v)€Br

(B.30) dr(w) = sup sup logt ||DGY(z,v)].
0<t<T (z,v)EBr

LEMMA B.5. Let m be a positive integer, then

(B.31) (dp(w))"dP < 400, (dr(w))™dP < 4+00.
Q/ /

Remark. Lemma B.5 is stronger than Lemma B.4 for r=1 since By D Op.

Proof. Let x(t) = z(t; zo,v0), v(t) = v(t; xo,v9). Now,

—Uo—/ ka ))dBy(t)
= — Z fr(2(t))B(t) +/t Z fi(@(s))Br(s)v(s)ds .

Let M¥(t) = Jnax, lu(s )\ then for ¢t € [T, 0]

0
M2(t) < [vo] + | Fll, + / | F|l, M (s)ds
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This implies, for t € [T, 0],
M¥(t) < (Jvol + ||| )el ¥l
Consider next (B.14) and (B.15). Let J“(t) = tglgg((]ué"l(s)h Atrp =
sup |Bg(s) —Bg(t)|, for 7 > 0, and || fx|| = 021;21 | fx(z)|. Since

t—7<s<t
5 ( / ka u))Ji1 (u)dBy(u) ,

we have (without loss of generality, we can assume By(t) = 0)

JUt—1) < JUt t iligq‘sz (s)J11(s )‘
/ ka Jo(u)Ji (u ‘du
/ w)) Bio(w) %, (u ‘du

< e (Z kauam)u + (= 7)T)

+(1+ Jw(t —)T)M (2| F 7+ J9( = 7)2| Fll,7

Choosing 7 small enough so that

1 1 1
(B.32) D Ikl Ak < e TME(DIFlm <&, 2| Fll7 < &
k
we get
1
B.33 JYt—T)<2(JM)+—= ) .
(B.33) t-m) <2 (0 + 37
Define a sequence of stopping times 7;, ¢ > 1, by
71 = inf{r: Z | fill Ao = },
et = it { S el Ak = o}
k
i
where t; = — Y 7;. Assume that |t,_1| < T < |tg|. We can divide [t;41, 1],

0 < ¢ < k — 1, into subintervals such that (B.32) holds on each subinterval.
The total number of these subintervals can be estimated from above by

R(k,T) = k + 12T||F||, (1 + TM“(T)).
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From (B.33) we get

2 2

(B.34) J¥(T) < 2Rk.T) (Jw(o) n 3_T> == gR(kT)

We now show that
(B.35) / R(k,T)™dP < +o0.

Denote ¢ = P(7; < T) < 1. Using the strong Markov property, we have
(B.36) P{lte—a| ST < [t} <"
Hence
(B.37) /ka(dw) < ik’"P{ltH\ ST <t} < ikmqk” < 0.

k=1 k=1

On the other hand, since M“(T) < (|vo| + || F||,.)el =T,
JOr@IFL) P < [ (ol + 1 ])Pmem 0T P
< / (Ve(w) + 1+ [F]l, 2" eI FIeT p(dw)
Recall that || F||, =Y || Fkllcs max | Br.(t)|. There exist constants A, B > 0,
A —T<i<
such that
(B.38) P(|F|, > z) < Ae”B*"
Therefore for any positive integers [ and m
(B.39) / 1F|L emIFleT pdw) < oo
We also have from Lemma 3.3 and (B.38) that

/VT(w)lem”F”TTP(dw) < +00.

Hence we obtain
/ (M (T)[| F||,)™ P(dw) < +00.

An estimate for Jyj(t) follows from (B.16). Similar estimates can also be
proved for Ji(t) and Js,(t). Together we obtain the first inequality in (B.31).
The second inequality can be proved in the same way. O

Consider two minimizers v; and 2 on (—00,0], 71(0) = y, 12(0) = =.
Denote v1 (1) = A1(7), v2(T) = 2(7).
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LEMMA B.6. Assume y — xz > 0, v1(0) — 1(0) = L(y — z) and
L > 4||F[[1(6 + 21||F||1). Then

(B.40) Ul(t) — Uz(t) Z 0

fort € [—79,0], where 19 = min (1, L ) and

(B.41) Ul(t) - Uz(t) >

. 1
for t € [=71,0], where 71 = min (17 4HF|\1)'

Proof. We first prove (B.40). We shall consider 71,72 as curves on the
universal cover. Suppose that for some —7p <t <0, v1(t) — va(t) = 0. Denote
by

tl = max{—To S t S O:vl(t) — Ug(t) = 0},
ty = min{t: —t; <t < 0,v1(t) —va(t) = Ly — 2)}.

Clearly 0 < v1(t) — va(t) < L(y — ), t1 < t < t5. Also, since minimizers do
not intersect, 0 < v1(t) — y2(t) < 71(0) —2(0) = y — z. Now,

vi(t) = vit2) + > fr(1(t2)) Be(tr) ka V2(t2)) Bi(t2)

k

+ / > fin(s)vi(s)Br(s)ds,
ok
va(t1) = va(te) + ka(Vz(tl))Bk(tl) — kaWz(tz))Bk(tg)

k %
+ / Z T1.(v2(s))va(s)Bi(s)ds .
K

Thus, 0 = v1(t1) — va(t1) = v1(t2) — va(t2) + Av, where

Av =" (fln(tr) = fe(r2(t)) Br(t) = > (fe(n(t2) — fe(r2(t2))) Br(to)

k k

/an ~ Fia(s)))er(s) Bals)ds

+ /Zfl/g(VQ(s))(Ul(s) — v2(s))Bg(s)ds.
t, K
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t Cp = % + ||F|l1, C = 20C,. It follows from Lemma 3.3 and (B.8) that
|v1(0)], |v2(0)] < C and for all =19 < s < 0:

[v1(s)], |va(s)] < 2(C + [|[Fl1) <10+ 42[[F]; .
Thus,
|Av| < 2||F|[1(y — ) + (t2 — t1)|| F||1(10 + 42| F||1) (y — =)

+ (12 = t)IF - E(y — o) < (124420 Fll) + L) [ Flly - 2).

Since 19 < 2H1171||’ (12 + 42||F||[)||F |l < % we have from the estimate

above:

A0 < (§+§> (v-2) < by 1),

which contradicts the fact that |Av| = L(y — ).

Next we prove (B.41). Suppose —7; < ¢t < 0. Then vy(t) — v2(t) > 0.
L
4

Suppose for some —11 <t < 0: v1(t) —v2(t) = Z(y — x). Denote

[

Clearly, £(y — z) < vi(t) —va(t) < L(y — ), 0 < 7(t) — n(t) < y — =,
ts <t < t4. Using the same estimates as above, we have

(y — x) = v1(t3) — va(ts) = v1(ts) — v2(ts) + Av,

"N Eal

where

[Av| < 2| Flli(y — ) + (ta — t3) [ FIl1 (10 + 42| F[[1)(y — =)

+ (ts — t3) || F|1 L(y — )

2

W

< (124 42| Fl) + n D) Flh(y - 2) < (5 v 5) -2 =2l —a).

On the other hand, vy (t4) — va(ts) = L(y — ), and Av = —%E(y — x), which
contradicts the estimate above. O

LEMMA B.7. Let y —x > 0, v1(0) — v2(0) = L(y — x). Then, with
P-probability 1, L < max (4||F||1(6 + 21| F||1), 4).
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Proof. Suppose L > 4||F||1(6 4+ 21||F||l1). Then, for all -7 < t < 0,
vy (t) —va(t) > %(y — x). Thus the two minimizers would intersect before the

time 7, = —% = —%, where —7; < 7, < 0 since
L > max (4]|F[|1(6 + 21| F 1), 4) .
This contradiction proves Lemma B.7. O
Denote

1£]-11 = max ZHFk )les|Bi(s) — Br(0)]-

Let Lo =4+ 24||F||—11 + 84||F||2_1’1. Obviously,
Lo > max (4]|F||1(6 + 21| F||1), 4) .

Consider two minimizers at time ¢t = 1: ~1(7),72(7), —o0o < 7 < 1. Denote
y =71(0), v(y) = 71(0), z = 72(0), v(x) = ¥2(0).

LEMMA B.8. With P-probability 1,
[v(y) —v(2)] < Loly — =
Proof. Suppose y —x > 0. Then, it follows from Lemma B.7 that: v(y) —
v(z) < Lo(y — x). Similarly we can prove an estimate from the other side. O

LEmMA B.9. Consider the process

dxr = vdt
dv = ka t))dBy(t),
da = bdt

db=a Z Fi(x(t))dBy(t)
and let a(0), b(0) satisfy a(0)2+b(0)? = 1. Assume that there exists a constant

ag > 0, such that
E fi(z)? > ag
k

for all x € [0,1]. Then the joint probability distribution of (a(1),b(1)) has
density p(a,b) which is uniformly bounded (with respect to (a(0),b(0))) on any
compact domain.

Proof. We will give only an outline for the proof. The generator L for the
diffusion process can be written as

Lo=Lop+ L
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where
0 1, . o) 02
Lap=by -+ 50 (Z fi(@) ) 552

82
_”_“‘Zf’f ) 5ha0

+3 ka 81}2

The operator L, is hypoelliptic on R? \ {(0,0)} for each fixed z € [0,1]
(see [IK]). Therefore for each fixed x € [0, 1], the solution of

8tpm = L:’;bpz }
px(a’ b, 0) = (5(& - (I(O), b— b(O))

is smooth for ¢ > 0, except at (a,b) = (0,0) [IK]. Since the delta function
p®(-,0) is concentrated on the unit circle, we have that for 0 < ¢ < 1, p*
uniformly bounded (with respect to x and (a(0),b(0))) on the circle

0 < p*(a,b,t) <C*

if a2 +b% = —, and 0 <t < 1 Using the maximum principle for the operator
Lqp on the domain { a,b),a® +b? < 4} 0, 1], we conclude that

p(a,b,t) < C*
if >+ b? < 1, and t < 1. Since C* is independent of (z,v) and (a(0),5(0)),

and since p” is smooth away from the origin, we obtain the desired result. O

Appendix C. Hopf-Cole transformation
and the Feynman-Kac formula

The Hopf-Cole transform and the Feynman-Kac formula are standard
tools used in the analysis of (1.1). In the random case, some care has to
be taken because of the appearance of stochastic integrals [S2].

Consider the stochastic PDE

(C.1) dip = —82—wdt + (—— ZFk )dBy(t c(a:)dt)w

(the function c¢(x) to be defined later). In the following, stochastic integrals
will be understood in the Ito sense.

Let v = —eIn %. Using the Ito formula, we have
£2 1 0% 1
(C.2) dv = TR dt + > Fi(x)dBg(t) + c(z)dt + 5o a(@)dt
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where
(ZFk )dBy(t ) (ZFk ) dt .
Choosing c(z) = —5- a(z), we get
€21 0%y
(C.3) dv = — 2w82dt+ZFk 2)dBy(t)
Let u = —wv,. It is straightforward to verify that u satisfies
ou €0%u
4 )d By (
(C.4) du—i—(ax 28x2>dt ka )dBy(t

The Feynman-Kac formula for (C.1) takes the form

—%ft ZFk(x—l—\/gﬂ(s))dBk(s)
(C5)  dlz,t) =Egi (x + VEB(t) to) e :
where Eg denotes expectation with respect to the Wiener process on [ty, t] such
that 5(t) = 0. It is easy to verify that the extra terms that occur in the Ito
formula for the exponential function in (C.5) are accounted for by the last term
c(x)ydt in (C.1).

(C.1) can also be rewritten as
£ 0%

(C.6) d =S5

dt — —¢02Fk )dBy(t)

where “o” denotes product in the Stratonovich sense.

Appendix D. The basic collision lemma

This appendix is devoted to the proof and discussion of Lemma 5.2. We
will use the notion of the backward Lagrangian map. It will be convenient
to work with R! instead of S'. Fix t,s € R, ¢t > s, and « € R'. Let &,
¢_ be the maximal and minimal backward characteristics (see [D]) such that
Ex(t) = (1) = 7. We define Yo5(2) = &4.(s), Yoglx) = £ ().

We will study the case of

F(z,t) = —% cos(2mx)dB(t),
f(z,t) = sin(2mx)dB(t) .

It will be clear that the general situation follows from the same argument. From
Lemma B.1, we can assume, without loss of generality, that ||u(-,0)||ze~ < C
for some random constant C. Otherwise we change the initial time from

= 0 to some positive number, say %. It follows from Lemma B.1, that
u (

o 1—16) H 10 < C1 for some random constant €y depending on the forces on
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[0, %] In addition, we will consider a particular case when m? = %, xg = %.

It is easy to see from the proof that the argument works in the general case as
well. We will use the notation O(6) to denote quantities that are bounded in
absolute value by A§, where A is an absolute constant.

The basic strategy is to construct forces that are large on [0, 1] and small
on [t1,1] for some ¢; in order to set up approximately the following picture:
At t = t1, u is very positive for z € [0, %] and very negative for x € [%, 1]. If
the forcing is small on [¢1, 1], a shock must form which will absorb a sufficient
amount of mass, if we imagine that there is a uniform distribution of masses
on [0,1] at ¢ = ¢;. In order to make this intuitive picture rigorous, we must
carefully control the value of u when the forcing is small.

On B and t1, assume

(D 1) B(O) = 0, max ’B(S)| § 2B(t1), 471‘7513(251) < 60,B(t1) > é
: 0<s<ty

with C, 8g as chosen below. We will show that if B satisfies (D.1), then 2 and
xJ merge before ¢ = 1. Therefore the probability of merging is no less than the
probability of the Brownian paths satisfying (D.1) which is positive.

Fix x € [0,1]. Let £ be a genuine backward characteristic emanating from

x at t =t1; £(t1) = . Denote y = £(0); then

(D.2)  wu(z,t1) =u(y,0) + sin(2rx)B(t1) — /0 1 om cos(2mE(s))E(s)B(s)ds .

Hence |u|oo = (nax |u(z, t)| satisfies
0<t<ty

t1
e < C 4 B(t2) + 20fuloc [ BGs)lds.
0

Therefore
C + B(t1)

1— &g

We now estimate u(-, ;). The idea is that on the set where the force is bounded
away from zero, u is either very negative or very positive, reflected by the term
involving 62 below. We will bound v on the complement of this set. For

T € [1—16, % — 5], 0 < e < 1, € to be fixed later, we have

[uloo < M =

t1
u(z,t1) > —C+ 61B(t1) — 27rM/ |B(s)|ds
0

v

—C +61B(t1) — oM

with 61 = sin (27r (% — 5)) = sin(2we). For x € [1—16, 1—76], with 62 = sin g, this

can be improved to

u(;v,tl) Z -C + 52B(t1) — (SOM.
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The size of € is chosen such that there is a finite gap between 62 and 6;. For
T € [% —&, %], we have
lu(z,t1)| < C + 61 B(t1) + 6o M .
Similarly on [%, 1] we have the estimates

]u(x,tl)] <C+ 51B(t1) + 6o M ,

u(:c,tl) <(C - 6QB<t1) + 6o M

u(a:,tl) <C - 5lB(t1) + 6o M

for x € [%4—5,%].
Next on [t1, 1] we will choose B(t) to be so small that

(D.3) max |B(s) — B(t1)] < 6.

t1<s<1
The value of § will be chosen later. We first prove the following approximate

monotonicity lemma.

LEMMA D.1. Let x* be a point of shock att = 1, y1 = Y;;l(m*)’ Yo =
Y[ (x*) and y € (y1,y2). Then

Yy
/ (2 + tu(z t1))dz — 2*(y — 1) > —CBluloo

Y1
2

y
x(y2 —y) — / (z + tu(z,t1))dz > —Co|u|oo ,
y

where t =1 —t1, [ufoo = [|u(:,t1)||Lo.

Remark. In the absence of forces, the correct statement is
y
[+ tute iz = 5"y - ) 2 0.
Y1

These statements were used in [ERS] as the basis for an alternative formulation
of the variational principle. In the presence of force, similar statements appear
to be invalid due to the presence of conjugate points. However, when the force
is small, the error is also small, as claimed in Lemma D.1.

Proof of Lemma D.1. Define y* by:

(D.4) Yy Ftu(y*,t) = a*.
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Denote by &4, £ the maximal and minimal backward characteristics such
that £4(1) = &-(1) = z*. Then

1
U1 +/ u(g— (3)7 S)ds =z",

t1

1
Y2 + / u(€4(s), s)ds = z*.

t1

Furthermore, for s € [t1, 1], we have
(D.5)  ulé(s),s) = ulya, t1) +sin(21&4 (5))(B(s) — B(t1))
— [ 2 cos(enes () (5)(Bs) — Blta)ds.

t1

Hence

(D.6) [u(&+(s), 8) — ulyz, t1)] < O(8)]ule
and

(D.7) Y2 +tu(yz, t1) = 2" + O(6)ulco -
Similarly

(D.8) y1 + tu(yr, t) = 2" + O(6) |uloo
and

(D.9) [u(€-(s),8) = u(yr, t1)] < O(6)|uloo -

From the action minimizing property of £&_, we get, by comparing the
action of £_ and £(s) = y* + (s — t1)u(y™, t1),

2 2w
1
+ £ (s)sin(2mE_(s))(B(s) — B(t1))ds

Wyt h) 1 )
gtTl — 5 cos(2mz")(B(1) ~ B(ty))

1
+ / uw(y®, t1) sin 27 (y* + (s — t1)u(y*, t1))(B(s) — B(t1))ds

t1

12(¢ (s). s
/t Mds 1 cos(2mz™)(B(1) — B(t1))

*

Yy

Y1
This gives

u2(y*v tl)
2 - 2

y*
+ / u(y, t1)dy + O(6)|u]so -

1
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Finally, we get, using (D.4),

—~

D.7) and (D.8):

*

)
/ u(y, t1)dy >

1

(WP (y1,t1) — P (y* 1)) + O(8)|uloo ;

N | o+

*

/y (z + tu(z,t1))dz — (y* — y1)x™

91
*\ 2 2 Y
Y1
*)2 2 t2 * * *
(y2) -5 5 Wy, t) = (", 1)) = (" = y)z” + O(6)]ulc

= 0(8)]ulos . 0

*

>

[\

Proof of Lemma 5.2. Let 29 and 2§ be the Eulerian positions of z{ and x93
respectively at time ¢; following the forward characteristics defined by u. They
are well-defined if the forward characteristics are continued properly by shocks
[D]. Moreover, |29 — 29| < O(&), |25 — 28| < O(8p), since t is small. Assume to
the contrary that 29 and 29 do not merge until time 1. Then there exist 21 and
T, such that 71 < @9, and 2V € [nl_g(xl%yiﬂxl)], 2) € [Y;l_l(xg),YtJlrl(:m)]
Let oy = Yth(ffl), Qz = Y151+,1($1)a p1 = 5/;517,1@2)7 P2 = Ytir1($2) We have
a1 < ag < 1 < P2. Using the estimates obtained earlier on u(-,¢1), we have
the following:

If as < %, then

(D.10) z1 = az + (1 —t1)u(az, t1) + O(6)|ulo
> a9+ (1 —t1)(—C + 62B(t1) — 6o M) + O(6)|u] o -
Similarly, if 81 > 2, then
(D.11) x2 = f1+ (1 = t1)u(Br, t1) + O(8)|uloo
<B1+ (1 —t1)(C = 62B(t1) + 6o M) + O(6)|u| o - O

To deal with the case when either §; < g, or ag > %, we introduce the
parametrized measure dQs(-) which is the pullback of Lebesgue measure by
the backward Lagrangian map from ¢t =t to t = s: Qs[r1,22) = Yt;rs(:z:g) -
Y;;,s(‘rl)'

If we define p = dQs, u(z,t) = L(u(z+,t) + u(z—, 1)), then it is easy to
see that (p,u) satisfies

in the distributional sense.
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Let &1, & be two genuine backward characteristics defined on [t1, 1], such
that & < &. Multiplying the above equation by x and integrating over the
region: t; < s <1, &1(s) <z < &(s), we get

&(1) £2(t1) 1 &2(s)
(D.13) / xdQq(x) — / xdx:/ds / u(zx, s)dQs(x) .
&1(1) &1(t1) t1 &i(s)
LEMMA D.2. For s € [t1,1],
£2(s) 2(t1)
/ u(z, $)dQu(z) = / wly, t1)dy + O(8)uloe
£1(s) &1(t1)

Proof. First we assume that z is a point of continuity of u(-,s). Then
from the arguments presented earlier, we have

(D.14) u(z,s) =u(y,t1) + O(0)|u|oo

where y = ¥;7,(2) = Yir ,(a).
If x is a point of discontinuity of u(- ,s), let y1 =Y ((2), yo = Y;rs(a:)
We then have
u(z,s) = = (u(x—, s) + u(xz+, s))

N = N =

(u(yr, t1) + u(yz, 1)) + O(6)|ulso -

On the other hand, similar to the proof of Lemma D.1, we also have

_ u?(y1,t1)
Y1+ (s —t)u(yr, t1) = y2 + (s — ty)u(yz, t1) + O(é)fu\ooT@ —t1)
2 1 Y2
=+ [T gty + OG-
Y1
Hence
Y2 S — t]_ 2 2
uy, t1)dy = —5—(u”(y1,01) = u(y2,11)) + O(8)[uloo
Y1
S — tl

= (u(yr, t1) — u(yz, t1))(u(yr, t1) + uye, t1)) + O(0)|ulx

_ (y2 o yl)u(ylatl) ;—U(yg,tg) + 0(6)‘u|oo )
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This can be written as

Y2
(D.15) (e 5)Qu({ah) = [ uly.t1)dy + 0@ ful.

Y1
Now Lemma D.2 follows from (D.14) and (D.15) when we use a standard
approximation argument. O

We now continue with the proof of Lemma 5.2. Using Lemma D.2, we can
rewrite (D.13) as

£2(1) €2(t1) €a(t1)
/ xdPy(x) — / xdr = (1 —t1) / u(y, t1)dy + O(6)|uoo -
&i(1) €1(t1) €1(t)
Applying this to Ytil(ﬂcl), Y;il(m), we get

i O(6) )
x1 — po— /{:c + (1 = ty)u(z, t1) }de = % ,
L7 0(6
9 — 5 B/{x + (1 —t))u(z, ty) }de = % .

Assume that ag > %. Then ag — 2 > % —O(bp). Integrating both sides of
the equation u; + (“;) = —F, over the region: 0 <t <tq, &(t) <z < &(t),
where & (t) = Y, (21), &(t) = Yy, (a2), we get
(D.16)

£2(0) t
/ (t)ds = [ uw0)ds =5 [luea(0) 02 - u(ea(o). 0l
af £1(0) 0
- é;;zz(t1)<cos(27r52(tl))-— Cos(27r§1(t1))>
t1
+ [ B (&0 sinfznea(v) - & (@) sin(znes (1)) .
0
This implies that
/u(w,tl)dx > — %B(tl)(cos(%rag) - cos(27rx(1)))

0

Ty

—c—hm;—wm/wgma
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Hence, using Lemma D.1, we obtain
a2

5 /(z + (1 —t)u(z,t1))dz + O(8)|u|oo

Q9 — T

(D.17) x>

0

Ty

2 (1 —t1)B(t1) (cos(?wag) — Cos(27ra:?))

Cor
— C — 4751”U/|go - 46O‘U|oo + 0(6)|u‘00 .
Similarly, if ) < g,

0

7
(D.18) < fhﬁ/(H 1 —tl)u(z,t1)>dz+0(5)|u]oo

2
32—(1 —t1)B(t1)(cos 2mxy — cos 271)
T

+ C 4 4ty |ul?, 4 460|u| oo + O(8) |t 0o -

If g1 > %, we have cos(27x9) — cos(2rB31) > 0, and if az < g, we have
cos(2mag) — cos(2mz) < 0. Otherwise, we can use (D.10) and (D.11). In

any case, we always have, for some positive constant C*,
(D.lg) Tr1 — T2 Z C*B(tl) — C()(l + tl\ulgo + 50‘11’00 + 5‘11‘00)
> C*"B(t1) — Co — Co(460 + 6)|u)co
2Cy (469 + 0)
1— 6
The constants C*, Cy, C; do not depend on &y, §, B(t1).
If we choose &y, 6, such that

~ 2Co(460 +9)
1— 6o

> o - B(t) - C; .

(D.20) Cc* >0

we can then choose C, such that
r1—x9 >0,

contradicting the assumption that z; < xz5. This completes the proof of
Lemma 5.2.

We now estimate the location of the shock z* where 29 and 29 have merged
at t = 1, assuming that the forces are chosen as in the proof of Lemma 5.2.
Let y1 = Yt;ﬂx*)a Y2 = Y151+71($*) Now,
1 Y2
- [+ = tuty. )y + 0@l

B Y2 — Y1
Y1
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Also,
(D.21)

Y2

Y2
| [ v tryds] < (1= o+ ) fut- O)] -+ tlul
Y1

1
+ %l(cos 2mys — cos 2my1) B(t1)] + 60|t ,

where we used an analog of (D.16). The factors 1 — 29 + 2, $(1 — 29 + )
can be made arbitrarily small by choosing x{ close to 0, and xJ close to 1.

Notice that in (D.21) the coefficient in front of B(t;) is approximately
equal to |y; + 1 — yo|sin 27y for some § € (y2,y1 + 1), whereas C* in (D.19)
is bounded from below by min(sin 2729, sin 2729). Therefore by choosing z{
close to 0, 2§ close to 1, and B(t;) such that (D.20) holds but |cos2wys —
cos 2my1 | B(t1) is small, we can make x* arbitrarily close to % We have arrived
at:

LEMMA D.3. Assume that F(z,t) = —5= cos(2rx)dB(t). Fiz any e,
gg > 0. Then the following event has positive probability po(e1,e2). There
erists ¥ € [§ —e1,5 +¢e1], such that [ea,1 — 9] C [Y()_I(J:*),Y()Jrl(x*)] In
other words, the interval [e2,1 — €3] is mapped to a point x* € [% — €1, % + 61]
by the forward Lagrangian map.

To prove this, we just have to take an €3 < €2, and 29 = €3, 2 = 1 — &3
and use the argument outlined above. We omit the details.
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