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The instability of naked singularities in
the gravitational collapse of a scalar field

By DEMETRIOS CHRISTODOULOU

1. Introduction

One of the fundamental unanswered questions in the general theory of
relativity is whether “naked” singularities, that is singular events which are
visible from infinity, may form with positive probability in the process of grav-
itational collapse. The conjecture that the answer to this question is in the
negative has been called “cosmic censorship.” The present paper, which is a
continuation of the work in [1], [2], [3] and [4] addresses this question in the
context of the spherical gravitational collapse of a scalar field.

The problem of a spherically symmetric self-gravitating scalar field is for-
mulated in terms of a 2-dimensional quotient space-time manifold © with
boundary (see [1]). The boundary of Q corresponds to the set of fixed points of
the group action, the center of symmetry, which is a timelike geodesic I'. The
manifold Q is endowed with a Lorentzian metric gq3, an area radius function
r and a wave function ¢ satisfying the following nonlinear system of partial
differential equations:

(1.1a) rVoVpr = %gab(l — 0T 0er) — 12Ty,

1
Tab = 8a¢8b¢_§gabac¢ac¢

(1.1b) Ve (r20,¢4) = 0.
These imply the following equation for the Gauss curvature of Q:
(1.1c) K =772(1 — 0% 0,7) + 0°¢0a¢.

The mass function m is defined by:

2
(1.2) - gL, rOyr.
r
In [2] it was shown that given an initial future light cone with vertex at
the center of symmetry and with a region bounded by two spheres such that
the ratio of the mass contained in the region to the largest radius is large in
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comparison to the ratio of the radii minus 1, then a trapped region, namely
a region where the future light cones have negative expansion, forms in the
future terminating at a strictly spacelike singular boundary. The trapped
region contains a sphere whose mass is bounded from below by a positive
number depending only on the two initial radii. The results of [2] shall be used
in an essential way in the present paper.

Solutions with initial data of bounded variation were considered in [1] and
a sharp sufficient condition on the initial data was found for the avoidance of
singularities, namely that the total variation be sufficiently small, as well as
another condition implying the formation of singularities, complementing the
results in [2]. Also, a sharp extension criterion was established, namely that
if the ratio of mass to radius of spheres tends to zero as we approach a point
at the center of symmetry from its causal past, then the solution extends as a
regular solution to include a full neighborhood of the point. The structure of
bounded variation solutions was studied and it was shown that at each point
in the center of symmetry the solutions are locally scale invariant. Also, the
behaviour of the solutions at the singular boundary was analyzed. The present
paper relies on the results of [1] as well.

In [3] it was shown that when the final Bondi mass, that is, the infimum
of the mass at future null infinity, is different from zero, a black hole forms
of mass equal to the final Bondi mass surrounded by vacuum. The rate of
growth of the redshift of light seen by faraway observers was determined and
the asymptotic wave behaviour at timelike infinity and along the event horizon,
the boundary of the past of future null infinity, was analyzed.

In [4] we constructed examples of solutions corresponding to regular asymp-
totically flat initial data which develop singularities which are not preceeded
by a trapped region but have future light cones expanding to infinity. Thus
naked singularities do, in fact, occur in the spherical gravitational collapse of
a scalar field.

The present paper nevertheless supports the cosmic censorship conjecture.
For, we shall show in the following that in the space of initial conditions the
subset of initial conditions leading to the formation of naked singularities has,
in a certain sense, positive codimension, consequently the occurence of naked
singularities is an unstable phenomenon in the context of the spherical self-
gravitating scalar field model.

We shall be concerned here with the part of the space-time manifold which
lies in the past of the apparent horizon, the past boundary of the trapped
region. This part includes the causal past of " (see [1]). Consequently, in the
region of interest the gradient of the function r is a spacelike outward- directed
vectorfield and we may use r as a coordinate. We also use a null coordinate
u which is constant along the future-directed null curve from each point on
I' = 0Q and increases toward the future. In terms of the Bondi coordinates u
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and r the metric assumes the form:
ag..b __ 2052 o v+
) o .
(1.3) Gapdx®dz’ = —edu” — 2e"dudr

We shall express the system of equations (1.1a), (1.1b) in Bondi coordi-
nates. It is advantageous to use the pair of null future-directed vectorfields n
and [,

ou or or
(g(nv l) = _2)7
the integral curves of which are the outgoing and incoming null curves, respec-
tively. We have:

n = 2e

Ir=e¢?, nr=—e".

We note that the metric function A has an invariant geometric meaning,
for A
e 2)
is the square of the length of the mean curvature vector of the spheres which
are the orbits of the rotation group in the 4-dimensional space-time manifold.
It is also advantageous to express the derivatives of the wave function in terms
of

(1.4) 9:7“([[—?), C:r<2—f)
We have

¢ A 09 09
1. 0=r— =2 vZ¥ -,
(15) "or ¢ re 8u+r8r
The mass function m, defined, in general, by (1.2), is, in terms of Bondi coor-
dinates, given by:
2
(1.6) UL
r

The components of the energy tensor T,; are:
T(n,n) = (ng)*, T(1) = (1)’
T(n,l) = —trT =0.
The trace of equation (1.1a) is
v 0N\ o)

while the trace-free part of equation (1.1a) reduces to the following pair of
equations for m:

nm = —(1/2)r2(Ilr)T(n,n) = —(1/2)re~(ng)?
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Im = —(1/2)r2(nr)T(l,l) = (1/2)r26_’\(l¢)2;

that is,
(1.8a) 26A_V86—ZL _ %—T _ _%6—2>\<2
(1.8b) om e

By virtue of (1.7) this last equation can be written as:
(1.9) (G 5) =

Finally, the wave equation (1.1b) takes in Bondi coordinates the form:

2 2
_2<a¢ +1%>+e”4[@+<2+@—@)6—ﬂ:0

oudr ' rou or2 r ' or Or) or

In view of (1.7), the wave equation is equivalent to the following pair of equa-
tions for 6, (:

(1.10a) r <2€)‘V% — %) = (e -1)0+¢
(1.10b) r% = (P -1)¢ -0

Thus ¢ is eliminated and we have a first-order system in the unknowns A, v, 0, C.

Given initial data of bounded variation (see [1]) on a future light cone
C’J with vertex at the center of symmetry), we consider the maximal sphere
So in C(]L such that for each sphere S in Cg“ within Sy there is a point P on
the central geodesic I' whose past light cone C' intersects C'J at S, and we
have a development of bounded variation in the region bounded by Cp and
Ci. Let Cj be the incoming null hypersurface through Sy in the future of
Cg . Then, as we have shown in [1], the solution extends to Cj, however Cj
cannot terminate at a regular vertex on I'. We can choose the coordinate u so
that

U= —2r

along the incoming null curve corresponding to €, in the quotient space-time
Q. The incoming null curves satisfy the equation:

dr 1
1.11 — = eV
( ) du 26
Therefore we have
(1.12) eV =1.



GRAVITATIONAL COLLAPSE OF A SCALAR FIELD 187

The origin (0,0) in the coordinates u,r set up in this way cannot correspond
to a regular point. Let the sphere Sy correspond to r = a (u = —2a). We
define dimensionless coordinates ¢, s by:

(1.13) u=—2ae"", r=ae""
Then ¢t is constant along the outgoing null curves while
ds
1.14 — = =170
(1.14) TeB Beloe
along the incoming null curves. Since s = 0 corresponds to Cj,
(1.15) A, =0

The future of CJ corresponds to ¢ > 0, and the interior of C|; corresponds to
s < 0, the exterior to s > 0. We have:

B, 0

(116&) 'I“E = a,

o 0 1 B B,
1.1 2NV L _ ) — < v
(1.16b) T( “ o 87") 1-5) (aﬁﬁas)’
while

B, B, B

1.1 o__,2_,9
(1.16¢) ot~ “ou or
With
(1.17) k= e,

equations (1.6), (1.8a), 1.8b), (1.10a), (1.10b) take in the dimensionless coor-
dinates of the form:

(1.182) B = (- els—1-)
(1.18b) % = k(1 —r+6%
(1.18¢c) g—f = (1-8)2-k)
(1184) D Be = =Bk
(1.18¢) % = —(k—1)(—0.

Let us denote by a subscript 0 the restriction to s = 0. Then by virtue of
(1.15), that is

(1.19) Bo =0,
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the restrictions of equations (1.18a) and (1.18d) to s = 0 are:

dro

(1.20a) — = ol —1-¢)
(1.20b) % = (ko — 1) + Co.

Equations (1.18b) and (1.18c) are equivalent to equations (1.9) and (1.7)
for v and A, which in the dimensionless coordinates read:

ov O\

1.21 — 4+ = = ¢
( 2) 0s + 0s

6V 8)\ 2\
1.21 e — 1.
( b) 0s 0s €

By (1.14), (1.17) and (1.19),

(1.22) Vg =N\ = %log KQ-

Hence integrating (1.21a) from s = 0 yields:

(1.23) (v + N)(t, 5) = log Ko(t) + /O 62, ') ds'.

Also, writing (1.21b) in the form

v—2XA
Je v+ v—XA

5. — ¢ ¢
S
or \
Qe ¢ _ eu+/\+s

Os
and integrating from s = 0 yields:
(1.23b) e(y—)\)(t,s)—i-s — 14 /5 6(V+>\)(t’8/)+8/d5/'

0

Using (1.21b) we can write (1.18e) in the form:
(")

s = —e" .
Hence, integrating from s = 0 we obtain
(1.24a) (20t 5) = Golt) + £(t, 5)
where
(1.24b) £(t, ) = — /0 Y0 (¢, o).
Let us define the mass ratio
(1.25) p=2m
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We then have,

1
(1.26) e
(see (1.6)). The fact that p is nonnegative (see [1]) implies:
(1.27a) k> 1.
In particular,
(1.27b) Ko > 1.

2. The first instability theorem

In the following we confine attention to the exterior of C;; and the future
of CJ . s,t > 0. Let us define

1) 30 = [ o)~ ).

LEMMA 1.
ko(t) < 260(0)e7®,

Proof. According to (1.8a), m is nonincreasing along incoming null curves.
Consequently, by (1.13) and (1.25) the function pge™! is nondecreasing; hence,
by (1.26),

1
(2.2a) ko(t) <
1
1= (1 N HO(O)) ¢
provided that
‘ 1
e < :
= o

On the other hand, since t’ < ¢ implies
po(t)e™" > po(t)e™,
we also have that

po(t') > po(t)e!
L—po(t) = 1= po(t)e! =t

t t'—t
:U*O(t)e /
t) > ————dt
v =z /0 1 — po(t)et'—t

1— po(t)e™® 1—et
os | 2280 7o £

Iig(t/) —1=

Hence,
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since po < 1; that is,

2.2b H< -
(. ) Iio()<1_€7t.
By setting
L=3 3 0)
t; = log — 1 Hol( )
k0(0)
we see that (2.2a) holds for ¢ € [0, ¢1], which yields
1
ro(t) < = 2r0(0)

1
1- (1 B 50(0)> et
for t € [0, 1], while by (2.2b)
V)

T o=t = (260(0) = 1)e7®

Ko(t) <

for t € (t1,00).

Since « is a nondecreasing function, either ~ is bounded, in which case
it tends to a finite limit y(c0) as t — oo, or 7 is unbounded, in which case
~v(t) — oo as t — oc.

LEMMA 2. If v is bounded then py(t) — 0 as t — oo.

Proof. Let t > ty. Following the proof of Lemma 1 we obtain
t uo(t)etl_t
to 1 — po(t)et’—t
1 — po(t)eo |
L—po(t) |

dt’

v

~(t) —(to)

that is,

po(t)(1 —efo?) < YO=Y(t0) _q
L—po(t)  —
which implies
eY@O=7({) _ 1
The result follows by setting tg = t — 1 in (2.3), in view of the fact that v
bounded implies y(t) —v(t —1) — 0 as t — oo.

As we have noted, the incoming null hypersurface C; cannot terminate
at a regular vertex on I'. The past of Cjj is a terminal indecomposable past set
in the terminology of [5]. In view of Lemma 2 and the extension criterion men-
tioned in the introduction, we shall assume in the following that the function

(2.3) po(t) <
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~ is unbounded. Defining another null coordinate v which is constant along
the incoming null curves and satisfies

v=2(r—a)

along the outgoing null curve corresponding to Cf, we see that Q becomes a
domain in the u,v plane in which v < 0, Cj corresponds to the line v = 0
in @, and the terminal indecomposable past set to the origin O which lies on
the boundary of Q in the u,v plane. The point O is the past end point of the
central component By of the singular boundary B of Q (see [1]). The function
r extends continuously to O where it vanishes.

The apparent horizon A is the set of points of Q at which dr/dv = 0.
Each point of A corresponds to a sphere which has maximal area in the future
light cone with vertex on I' in which it is contained. According to the results
of [1], A, if nonempty, is a spacelike curve which may contain outgoing null
segments but does not contain incoming null segments. In fact A is given by

(2.4a) A= {(u,vo(w)) : u € (g*,O)}U <U{un} X In> ,

where vy is a strictly decreasing function in (u*,0), u* > —2a, and the intervals

+

U— Uy, U— Uy,

(2.4b) I, = < lim vp(u), lim vo(u)>

correspond to the (denumerable) points of discontinuity of vy. Also,
(2.4c) vo(u) — 00 as u — u*.

The future light cone, with vertex on I'; which corresponds to the outgoing
null curve v = u* is the event horizon H (see [2]).

Moreover, A can equivalently be defined as the set of points of Q at which
i = 1. The past of A in @, the domain of the u,r coordinates, is the region
where p1 < 1 and the future light cones have positive expansion: dr/dv > 0,
while the future of A in Q is the trapped region 7, where u > 1 and the future
light cones have negative expansion: dr/dv < 0. The future boundary of 7 is
the noncentral component B\ By of the singular boundary B. The function r
extends continuously to B\ By where it vanishes. According to the results of
[1], B\ By is a strictly spacelike C'! curve, given by

(2.5) B\ By = {(u,v*(u)) : ue(u0)}.
Here v* is a strictly decreasing C! function in (u*,0), v* > vg. Letting
(2.6) v* = lim v*(u),

u—0

the central component By of the singular boundary B is given by

(2.7a) By = {(0,v) : v e[0,v*]}
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if A is nonempty, and
(2.7b) By ={(0,v) : ve0,00)}
if A is empty. Also, if A is nonempty we have:

(2.8) vy = lir% vo(u) € 10,v"].

In [4] we constructed examples where A is empty and the solutions have
a regular extension to By \ O, with r — 0o as v — oo on By. Then O is a
naked singularity. We also constructed examples where By \ O is nonempty
with r extending continuously to By where it vanishes. Then By corresponds
to a singular future null cone which has collapsed to a line (see [4]).
Integrating equation (1.20b) yields:

(2.92) Oo(t) = €7 (66(0) — I())

where

(2.9D) I(t) =— / t e Yo (t)dt'.
0

The aim of the present section is the proof of the following theorem.

THEOREM 2.1. Let v be unbounded. Suppose that either I does not tend
to a finite limit as t — oo or, otherwise,

00(0) # lim I(t).

Then A is nonempty,
vy =v" =0,

so that By = O and both A and B\ By issue from O.

We recall the following theorem, which was proved in [2].

THEOREM®. Let C’J be a future light cone with vertex on I' and consider
the annular region in C’S‘ bounded by two spheres S1,0 and So, with Sa0 in
the exterior of S1,0. Let dg and 1o be the dimensionless size and dimensionless
mass content of the region, defined by:

72,0 2(ma,0 — M1y
oo = — — 1, ﬁozg-
71,0 72,0
Let C; and C5 be the incoming null hypersurfaces through S1 o9 and Sz
and consider the spheres S1 and Sz at which C| and C; intersect future light
cones CT with vertices on T in the future of Cy. Then there are positive

constants co < 1/e and ¢1 > 1 such that if §o < co and

1
no > 180 log (5—0) ,
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then So intersects an apparent horizon before Sy reduces to a point on I', that
is, there is a future light cone C} such that So. is a mazimal sphere in CF
while r1x > 0.

In the present context we may apply Theorem™ with C{ in the role of C7,
any future light cone C" intersecting C in the future of Car in the role of Car ,
and any incoming null hypersurface C~, respecting the spherical symmetry in
the exterior of C; in the role of Cy . Denoting
2(m —my)

(2.10) = = e

we conclude that there are positive constants ¢y and ¢; such that if at some
(to, so) with ¢y > 0 and sg € (0, ¢g] we have

1
n(to, so) > c180 log <—) ,
S0

then there is a t, € (tp, 00) such that the incoming null curve through (%o, so)
intersects an apparent horizon at t = t,, so kK — oo along this curve as t — t,.

Now if Theorem 2.1 is not true then there is an € > 0 such that for each
sp € [0,¢] the incoming null curve s = x(¢;s9) through s = sp at ¢ = 0 does
not intersect an apparent horizon at finite ¢. Let us denote by R. the region
in the half-plane ¢ > 0,

(2.11a) R ={(t,s) : t€[0,00)&s € [0, x(t;¢)]}

bounded by the incoming null curves s = 0 and s = x(¢;¢). Given any positive
constant ¢ let us set

(2.11b) RE={(t,s) € Re : s <c}.

Then according to the above,

(2.12) n < cislog (%) in R,
Let us now consider equation (1.18d) and define:

(2.13a) P =e"T(0e® — ).

Using (1.24a) and (1.14) we derive from (1.18d) and (1.20b) the following
equation of evolution of ¢ along incoming null curves:

oY Y

0
(2.13b) ot TBas =WVt
where
(2.13¢c) w=(1-0)(k-2)— (ko —2)
and

(2.13d) p=ce T(why+€).
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We shall presently derive estimates for w and &, making use of Lemma 1
as well as the bound (2.12). We begin with an upper bound for . We have:

(t,5) 1 1
R\l, S = =
L—p(t,s) 1—po(t)e™® —nl(t,s)
< 1 < 1
S R S o
ro(D) n(t,s) 0 (0) c1slog (%)
in R%. Thus (t,s) € R and
1 e_PY(t)

2.14 1 )< —
( ) 5208 (s) ~ 4e1k0(0)
implies
(2.15) K(t,s) < ko(0)eV®.

Next, we obtain bounds for #. From (1.21b) and the boundary condition
vg — Ao = 0 (see (1.22)),

(2.16) (v = N)(t,s) = / (k(t,s') — 1)ds.
0

Substituting the estimate (2.15) we obtain, for (¢,s) € R,
(2.17a) (v —N)(t, s) < 4rp(0)eV Vs
provided that (2.14) holds. Hence,
(2.17D) N5 =s < (Aro (T,
and since for = € [0, c], ¢ > 0, we have

c_

e’ <ef, e —-1< (e 1)1',
c

while (2.14) implies

1
(2.18) 4ko(0)eT s < —

c1

(recall that s < ¢y < 1/e), also the following hold:
(2.19a) VN —s < o1/

(2.19D) W NE)=S 1 < ey (e — 1)k (0)eTWs.
On the other hand for s > 0, we have

(2.20a) (v —A)(t,s) > 0;

hence,

(220b) 1 — e(V_A)(tvs)_s S 1 _ e—S S s.
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From (2.19a), (2.19b), (2.20b) we conclude, recalling (1.14), that if (¢,s) € R
and (2.14) holds, then

(2.21a) 0<1—p(ts)<e/a

(2:21b) 1B(t, 5)| < 4er (e — 1)rg(0)e? Vs,
To obtain an estimate for w (see (2.13c)), we write:

(2.22) w=(1-PB)(k— ko) + B(2— ko).
We have,

K — ko = kko(p — po) = kro(n — po(1 —e™%)).
Using Lemma 1 and estimates (2.12), (2.15), yields:

1

(2.23) (k= ko)(t,8)| < 8ko(0)cre? TP slog (;)

for (t,s) € RS where (2.16) holds. Estimates (2.21a), (2.21b), (2.23), allow us
to conclude, in view of the expression (2.22) that:

1
(2.24) lw(t,s)] < cz(ﬂo(O))2e27(t)slog<;)
cs = 16c1et/@

for (t,s) € R where (2.14) holds.
To obtain an estimate for £ we consider the expression (1.24b). By the
Schwarz inequality,

(225) 52(1;’3) < / es'—2>\(t,s/)92(t, S/)dsl / 6_S/+2y(t’s/)d8,,
0 0

Now according to (1.18b),

(2.26a) —8(28“ ) _ g2,

thus, in view of the definition (2.10),
(2.26b) e’n(t,s) = /OS e "N 02(1 ¢
This is the first integral on the right in (2.25). Let us define
(2.27a) §(t,s) = s~ 2(ts) /S e s gyl
0
By (1.21a), (1.21b),
ov 1

(2.27b) 5= 5(6” —146% >0;
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hence for s > 0

(2.27¢) o(t,s) <e’ /OS eds' =e* — 1
and the second integral on the right in (2.25),
(2.27d) /08 e T2t g < e2u(t’s)(1 —e’).
From (2.25), (2.26b), (2.27d), we conclude that

(2.28) €2 <ne?(e® —1).
Writing

2 = e2vX),
and using (2.15) and the fact that by (2.17a), (2.18),
(2.29a) eV < et/
we obtain
(2.29b) e? < 46?1k (0)eT®)

in R where (2.14) holds. Hence, using in addition estimate (2.12) we conclude
that

(2.30a) €2 < 4e1 ek (0)eY D (e* — 1)slog (1> )
s

This also implies that

(2:300) €(6,9)] < ealro(0))%63 Vo ;)

(see (2.24)) for (t,s) € R where (2.14) holds.

We now begin the proof of Theorem 2.1. Since nothing a priori is known
about the asymptotic behaviour of the integral I defined by (2.9b), we must
consider all possibilities. Let

(2.31) I+ = limsup I(t) [_ =liminf I(t).

t—o0 t—o0

Then any [ € [I—,[4] is a limit value of I. The following seven cases exhaust
all possibilities:

Case 1: —oo < l_ =14 < oco. In this case
I(t) =1 as t—oo (I=1_-=14)
and the hypothesis of Theorem 2.1 states that
00(0) # L.

Case 2: l_ =14 = 0.
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Case 3: I =14 = —o0.

Case 4: —oo < l_ <l < o0.
Case 5: —oo < I_ <} = o0.
Case 6: —oo =1_ <} < o0.
Case 7: —oo =1_ <} = o0.

In Cases 1 and 4 the integral I is bounded, hence so is #ge~"7. Let us set,
in these cases,

(2.32) b= sup ‘Ho(t)e_wt)‘.
te[0,00)

In Case 1, setting

(2.33a) h =160(0) — |
we can find a T' > 0 such that

To(t) — 1] < % . forall £ > T
hence,
(2.33D) y%uﬂzgﬂ@ . forallt>T.
In Case 4, setting
(2.34a) h=1y—1_

we have

max{|0y(0) — I_|,|00(0) — I4|} >

| S

It follows that there is an increasing sequence (t, : n =1,2,...), t, — o0 as
n — 00, such that

h
60(0) = I(tn)] = 3
hence,
h ()
(2.34Db) |%@Nz§ﬂn n=1,2,...

We shall treat Cases 1 and 4 first. From (2.13d) and estimates (2.24) and
(2.30b) we have, in view of (2.32),

(2.35) p(t,5)] < calra(0)2(b+ De? Vo ;)
in R where (2.14) holds. Denoting by

d 0 0

at = ot
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the derivative along incoming null curves with respect to the parameter ¢, we
then obtain from (2.13b),

d 1
(236) A < camo(@)2e Ostog (1) (ol +0+1)
along the incoming null curve
(2.37) s=x(t;s0)  (x(0;80) = s0)

through s = sp € [0,¢] at t = 0, provided that s < ¢y and (2.14) holds. Let us
define:

t / 1
(2.38)  o(t:so) = ea(k0(0))’ / 27 [s log <—>] .
0 8/ Ls=x(t';50)
Integrating (2.36) along the incoming null curve (2.37) then yields:

(239)  Jb(t x(ts0))] < PEDp(0, s0)| + (b + 1)(ePE) - 1)
provided that

(2.40a) x(t'ss0) < co
and (condition 2.14)

1 eiry(t/)
2.40b [s lo <—)] <
( ) & 8/ Js=x(t';50) 4e1£0(0)

hold for all ¢ € [0, ¢].
To proceed we must estimate (¢; sg). This requires the bound

3
(2.41a) K(t,s) < §/$0(t) : for all s e [0, x(¢t; s0)]-
Now, by (2.12),
u(t,s) = po(t)e™ +n(t,s)
1
< po(t) + cslog <;>
for (t,s) € R%, while (2.41a) is equivalent to:

1 2
p(t,s) < 3 + g,ug(t) : for all s €0, x(¢s0)]

Consequently, (2.41a) holds when

rstog () < 51— () = 35;@)'

Thus, by Lemma 1, the bound (2.41a) follows if

(2.41b) [ 1 (1” e
. S 10 — P
&\ s=x(t';s0)  6c1k0(0)
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We note that condition (2.41b) is stronger than condition (2.40b), so only
condition (2.41b) together with condition (2.40a) need be considered from this
point.

Substituting the bound (2.41a) in (2.16) yields:

(2.2 = Nexltis0)) < (Gmo(t) 1) x(ti o)
hence,

(2.43) @ = B(t, x(t;50)) > 1 — e(%ﬁo(t)—2)x(t;50)‘
Now,

f(e*=1-x)/2® 1 x#£0
f(@_{ 1/2 x=0

is a continuous strictly increasing function on the real line. Thus z < 1 implies

flx) < f(1) =e—=2;

that is,
e —1<x+(e—2)2°

Since condition (2.41b) implies that

(;mo(t) — 2> x(t;s0) <1,

it follows that

2
1 — e(3m0—2)x > — (gﬁo — 2) x—(e—2) (glio — 2) X2,

and from (2.43),

dx 3 3 2,
. s (Zho—2)x—(e—2) (ko —
(2.44a) i (2/-@0 2))( (e 2)(2/-@0 2) X,
or
d 1 : 3 2
(2.44b) o (e_%7+%t;) < (e— 2)6_%7+%t (§m0 — 2) .
Let 0 < tg < t;. Integrating (2.44b) on [to, t1] yields:
3 1 1 3 1
2.44c e 3Vttt _— =57 (t)+3to < g(to, 1),
(2] ) ) =0t
where
t1 3 2
(2.44d) g(to,t1) = (e — 2)/ e 27 +at (5@ - 2) dt
to
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We have

(245a) (gﬁo - 2>2 < %(no —1)% + i

and

(2.45D) /: eV F3tdt < 27370 (e%tl - e%to)

while, by Lemma 1,

t1 . d
/ (ko — 1)’ 37 +adi = / (ko — l)d—Ze_%’YJr%tdt

to to
t1 d
<20 [* e Db
to dt
t
= 4k(0) {e_%V(tOH%tO — e~ 3Vt +5t 4 %/ ! 6—%7+%tdt} 7
to

which, since

t
l ' 6_%’Y+%tdt S e_l (to) (e%tl — e%t0>
2 Ji,
implies
t
(2.45¢) / “(ko — 1)%e 3751t < dgo(0)esh (e—%wo) - e—%’ﬂtl)) .
to
By (2.45b) and (2.45¢c) we conclude, in view of (2.45a), that

(2.46a) glto,t1) < (e_z){%e—%wo) (3 — cho)

+9r0(0)e " (6—%7@0) — 6_%7(“))} ;

which implies

19

(2.46b) g(to,t1) < 03,‘<;0(0)e%t1 c3 = 7(6 —2).
Consequently,

1 _3 1 1
247 to, 1) < se 2Vt ___—
(2 Aot =5 2 o
provided that

b 67%7(“)
247 t1;80) < ————.
We conclude from (2.44c) that under this condition
1 1 1

e~ 37 (to)+35to - 3Vt)+it

> —
2 x(t1;50)

X (to; s0)
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that is,
(2.48) X(to: s0) < 2e3 (VED=V(E0)=5(t1=t0)y (4. 50

holds.
We turn to the estimation of ¢(t;sg) defined by (2.38). Setting tg = t/,
t;1 =t in (2.48) and noting that for x > 0 we have

1 2
g (1) < 2
T e

and we obtain

/ 1 ) / 1/2
. : - < = .
2a49m) x(t's0)log () < (i)
3/2
< 2 e (YO=YEN=3E=t) (y (1, 50))1/2
e
Hence,
(2.49D)
b 1 23/2 bty
29(t') (4. < ) / _Q,W)/ “LE—) g L (4 s )12
e t'; s0) lo dt" < e e dt t;s
[ O soptos (s 10| (x(t: 50))
27/2
< P (x(t;50)) 2,
e
and
(2.50) p(t;s0) < ealro(0))%e®7D (x(t; 50))"/2
27/2
C4 = —Co.
e

This estimate holds provided that condition (2.40a), condition (2.41b) with ¢
replaced by #/, that is,

1 ) e_y(t)
< )

X(t';80)/) ~ 6¢1k0(0)

is satisfied for all ¢’ € [0,¢] and condition (2.47b) with ¢; replaced by ¢, that is,

(2.51a) x(t'; 50) log (

2.51b e 10
. t: < —
( ) x(t;50) < Searo(0);

is satisfied as well.
By virtue of estimate (2.50), if

. L 2 )
(2.52) X(t; s0) < (mm {logQ’ 48(b+ 1)}> ci(r0(0))*

then we have

(2.53a) e?tis0) < 9,
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and
(2.53b) e?B%0) 1 < 20(t; 50) < _h
- T 24(b+ 1)
Therefore, if also
h
(2.54a) sup [¥(0;5)] < —
s€]0,s0] 48
then from (2.39) we conclude that
h
(2540) 0 x(t: 50)] < o
By (2.13a) and (2.34b) this implies:
h
(2.55a) 10(tn, s)e’| > Zefy(t") cn=1,2,..

for all s € [0, sp,], where
(2.55b) Sn = X(tn; S0)-

For, if conditions (2.40a), (2.51a), (2.51b), (2.52), (2.54a) hold for sg, then
they hold a fortiori if sg is replaced by s; € [0, sp]; thus (2.54b) also holds
with sg replaced by s{,. Since for each s € [0, s,] there is a s, € [0, sg] such
that x(tn;sp) = s, the result follows. We remark that in Case 1, the sequence
(tn, : n =1,2,...) can be chosen to be an arbitrary increasing sequence con-
tained in [T, 00) such that ¢, — oo as n — oo. Now, (2.55a) implies (see
(2.26b)):

sn _02(ty, s)
2.56 tn, = e °n / S0 d
( a‘) 77( n STL) € 0 € H(tn,S) S
h2e (tn) .
64rk0(0) )
where we have used the bound (2.15). Since s,, < ¢¢ and the function
1—e"
x

is decreasing for x > 0, we have

1—e5n 1—e €

Sn Co
Thus (2.56a) implies:
csh?
2.56b tn,Sn) > —e’W")sn
11—
5 = —————

64 Co
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The lower bound (2.56b) contadicts the upper bound (2.12) if we choose

(257) Sy = efc6h267(tn)/no(0)
where cg is some constant such that
c
cg > —5
c1

We shall show that the choice (2.57) is, for sufficiently large n, consistent with
conditions (2.40a), (2.51a), (2.51b), (2.52), (2.54a).

We note that in the above conditions ¢ stands for ¢,. Thus conditions
(2.51b) and (2.52) read:

e~ 37 (tn)
(2.580) " = earol0)
and
. L 2 —4Y(tn)
(2.58) Sn < (mm {1°g2’ 48(b+ 1) }) ci(k0(0))*”

respectively. Since, according to the hypotheses of Theorem 2.1,
v(tn) — 00 asn — oo,

both these conditions are satisfied by the choice (2.57) if n is sufficiently large.
Also, conditions (2.40a) and (2.51a) are satisfied at t’ = ¢, if n is sufficiently
large:

(2.59a) sn < o

1 efy(tn)
2.59b nl — |
( ) on 08 <3n) = 6c1ko(0)

Let ¢, be the least value of ¢ € [0, ¢,,] such that (2.40a) and (2.51a) are satisfied
for all ¢’ € [t,¢,]. Then if t, > 0, either

(2.60a) X(t«;50) = co

or

(2.60b) X (t«; 50) log( ! ) = e 70 .
X(t+; 50) 6c1£0(0)

However under these circumstances estimate (2.48) holds with tg, ¢; replaced
by ts, t,, respectively

X(te: 50) < 263Vt =Vt =5 (ta=t)
so, a fortiori,

(2.61) X(ts; s0) < 2e3V(tn)g,,.
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We see that the choice (2.57) contradicts both (2.60a), (2.60b), if n is suffi-
ciently large. We conclude that t. = 0 so conditions (2.40a) and (2.51a) are
satisfied for all ¢ € [0,t,] and (2.61) reads

(2.62) s0 < 2637('5")8” — 0 asn — oo.

In view of the fact that solutions of bounded variation have the property that
0(t, s) is at each t, in particular at t = 0, continuous from the right with respect
to s, condition (2.54a) also follows for sufficiently large n. We conclude that
the choice (2.57) is, for sufficiently large n, consistent with all conditions. We
therefore reach a contradiction if we suppose Theorem 2.1 to be false in Cases
1 and 4.

To treat the remaining Cases 2, 3, 5, 6, 7, in which I is unbounded, we
set:

(2.63a) b(t) = sup 'eo(t’)e*W’) .
t'€(0,t]

Then b is a nondecreasing function tending to infinity as ¢ — oo, and there is
an increasing sequence (t, : n=1,2,...), t, — 00 as n — oo, such that

(2.63b) \eo(tn)e—%n)

= by(tn) — 00 asn — oo.
In [0, ¢,] we have, as in (2.36),

M<c

< ealro(0)e Vslog () (4] + bita) + 1)

s
hence integrating we obtain
(2.64) 9ty sn)] < P30 |4h(0, 50)| 4 (b(tn) 4 1) (ewn%%) - 1)

where again
Sn = X(tn; s0).

As before, the conditions

(2.65a) X(t;s0) < ¢ @ forallte|0,t,],
1 e~ (@)
(2.65b)  (t: 50) log <X G 80)> < Gy ¢ orallte 0a),
and
e— 37V (tn)
(2.65¢) S gy
imply

2.66 tn:50) < ca(ro(0))2e2V(tn) g1/2
(2.66) @(tn; s0) < ca(k0(0)) "
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(see (2.50)). Thus if

(2.67) Sn < (min {10g2’ 4(b(tn1) +1) })2 c?f(_:;(;);

then we have

(2.68a) e#(tniso) < 9
and

. 1
(2.68D) e?(tnis0) _ 1 < 20(t,; 50) <

20b(tn) + 1)

Therefore if also

AN

(2.69) sup [(0,s)| <
s€[0,s0]

we conclude from (2.64) that
(2.70a) W (tn, $0)| < 1.

In fact, since conditions (2.65a)—(2.65¢), (2.67), (2.69), hold a fortiori if s¢ is
replaced by s € [0, sg], we conclude that

(2.70b) sup |¢(tn,s)| < 1.
s€[0,sn]

Hence,

(2.71) 0tas5)e| = [Bo(tn)] — €V |(tn, 5)

v

(b(ta) ~ DV > Lp(ta)e7)

for all s € [0, sy], if n is large enough. It follows that (see (2.56a), (2.56b))

(b(tn))?
2.72 tn,Sn) > o2l Vg,
272 Mons) > et
11—e e
g = —=——
16 1/60
The lower bound (2.72) contradicts the upper bound (2.12) if we choose
(2.73) sy = e~ C80(En))2T ) J10 (0)
where cg is some constant such that
cg > ﬁ
1

Since
b(t,) — o0 as n — oo,
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as well as

Y(tn) — 00 as n — oo,

the conditions (2.65¢), (2.67) are satisfied by the choice (2.73) if n is sufficiently
large. Also, the conditions (2.65a), (2.65b) are satisfied at ¢t = ¢,,. The continu-
ity argument which we applied previously then shows that conditions (2.65a),
(2.65b) are satisfied for all ¢ € [0, ¢,] and, moreover, (2.62) holds, which implies
that condition (2.69) is verified as well. We conclude that the choice (2.73)
is, for sufficiently large n, consistent with all conditions. We therefore again
reach a contradiction if we suppose Theorem 2.1 to be false in the remaining
Cases 2, 3, 5, 6, 7. This completes the proof of Theorem 2.1.

3. The second instability theorem

In the following we confine attention to the case not covered by Theorem
2.1, the case where I tends to a finite limit as ¢ — oo and

(3.1a) 0(0) = lim I(t).

t—o0

Following the proof of Theorem 2.1 we see that the argument of Cases 1 and
4 still applies if there is a positive constant p < 1 such that

limsup {109(0) — I()]e2"7®} 0.
t—o0
Therefore we can assume in the following that
(3.1b) (00(0) — I(£))e2?7® — 0 as t — oo

for all positive constants p < 1.
Let us define a function 7 by

or or
2 AN —o.

(3.2a) 5 + 683 w, 7(0,8) =0
We then have

t
(3.2b) Tt x(t: 50)) = / w(t! (s 50))de.

0
Let us also define the functions
(3.32) b= ey
(3.3b) p = e p.
Then, from (2.13b) we have

ob o . B

(3.3¢) 3t T =P ¥(0,8)=4(0,5).
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Thus, if we also define a function o by

(3.3d)
that is,
(3.3¢)

then
(3.3f)

where 1[1 satisfies

(3.3g)
so that
(3.3h)
Let us fix

do Jo

t

o (t, x(t: 50)) = /0 At x (V' s0))dt,

~

Yv=1+o

o A
ot Pas T

0, ¥(0,5) =¢(0,5)

@Zﬁ(t, X(t; 50)) = 1/)(0, 50)'

p:§

in (3.1b). Then from (2.9a) there is a constant b such that

(3.4)

100(t)] < bet7® : for all ¢ > 0.

207

If the conclusion of Theorem 2.1 is false, there is an € > 0 such that for each
so € [0, €] the incoming null curve s = x(¢;s0) through s = sy at t = 0 does
not intersect an apparent horizon at finite ¢. Estimates (2.24) and (2.30b) then
hold in RS where condition (2.14) holds. It follows that:

(3.5)

p(t,5)| < cali(0) 0+ e Vs log (1)

S

in RS where (2.14) holds. Also, conditions (2.51a) and (2.51b) imply (2.48)
with ¢, to replaced by t¢,t' € [0, ], respectively, that is

(3.6)

with

s < 2e3VO=TEN—F(=t) g

s'=x(t';50), s =x(t;s0).

The same conditions imply estimate (2.50), which if

(3.7)

674’}/(1‘/)
X(t;50) < (log2)? o ——or

then it, in turn, implies

(3.8)
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Hence, in view of the fact that by estimate (2.24),

(3.9) |7(t, x (8 50))| < @(t; 50)
we have
(3.10a) Pts) < 2p(ts)]
7 1
< 2e2(k0(0))2(b + 1)eiT®slog <g) :

Moreover, if (2.51b) and (3.7) hold with ¢ replaced by t', for all ¢’ € [0, ¢], then
also (3.8) and (3.10a) hold with t, s = x(t; so), replaced by t',s" = x('; s0), for
all t' € [0,¢]. It follows that:

(3.10b)  |o(t,s)| < /Ot|ﬁ(t’,s’)|dt’

t / 1
< 2e9(k0(0))%(b+ 1)/ ei VW) g log (;) dt’.
0
Now, by virtue of (3.6) we have (see (2.49a))
vog(L) < 2o
s e
23/2 4

< e1(VO=YEN -3 (-t g1/2,
(&

hence

t
ei 1)y log (l,) at’
S

0
3/2
< 23/ o3V /t e Tt gyt . G1/2
<= i
7/2
BN STORY.)
e
Thus we obtain
(3.10c) |0(t, 5)| < 2e4(r0(0))2e1V (D) 51/2

(see (2.50)), which, being valid for all s € [0, s,] implies

(3.10d) ol = 1 [ (ks
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where
s =x(t;s0), s« = x(t;504)-

Now, differentiating the equation

D) _ g0, x 50, x(0:50) = 5
with respect to sg yields:
Gz 4 (e ) O xltss0) g 50)s 5 (0550) =
By equations (1.18¢) and (2.13c),
(3.12b) a—f =2~ Ky —w.
Thus, substituting in (3.12a) and integrating,

t

g; (t 50) = exp [/0 (2 — ko() — w(t', X(t'; 50)))dt
or, in view of (2.1) and (3.2b), we see that

9x
880
By (3.8), (3.9) we then have

(3.12¢) —2(t;59) = €™ Y@®)=7(tx(t50))

ox 1,
12 > 7,
(3.12d) Bsg —=(t; s0) 3¢
Substituting in (3.11) we conclude that
- 1 1,1 1/2
(3.13) 19Ol = grme2' 27050 hs00),
where
1 S
(3.14) h(s) = \/; / $2(0, )ds’
0
Now we wish to achieve
(3.15a) 1) 22(0,5.) = 2llo]lL2(0,5.)
so that
(3.15b) 10205 = 19®O200,5.) = ol £2(0,6.)

1 -
> S I9O B
(see (3.3f)). In view of estimates (3.10d) and (3.13), this requires an upper
bound for s, in terms of sg«, which in turn requires an upper bound for .
Since 1 > 0, we have

k(t,s) = !

T—ults) — 1= (b
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hence (see (2.16)),

(v =N(t,s) > /0 (# _ 1) o5’
= log (—1 _ Mo(t)6_8> )

1 — po(t)
and
(3.16a) B(t,s) = 1-— e(V=A)(t:5)—s
< 1—e ¥ — (e —e*)ro(t).
Since

3
1—6_25§25—552 2 if s < cp,

3.16a) implies
( ) imp

3
(3.16b) B(t,s) < (2 —ko(t))s + §(m0(t) —1)s%
Thus,
d 3
(3.17a) X < (2= ko)x + S (ko — 1)y
dt 2
or
d 1 3
1 — (7T =) > (ko — 1) 7.
(3.17) : (e X) > (ko — e
Integrating (3.17b) on [0, ] yields
=@ 1 t i
@ie) L1 §/ (ko(t') — D)e! Vg
S S0 2 0
3 td")/ t— ’
_2 [ St =) gy
5 ), dt’e dt
3 t / /
_ 3 <1 _ 0 4 / o=t )dt/>
2 0
> —get(l—e*’w)) > —get,
where s = x(¢; sg). It follows that if
1
(3.18a) s0 < ge_t,
then
(3.18b) s < 2e VW
In particular, if
1
(3.19a) sor < ze ',
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then

(3.19D) sy < 26tV W g, .

Substituting this in (3.10d) we conclude that under condition (3.19a),
(3.20) h(s0x) > 29/2c4(r0(0))2ezt 37 (D) gh/2

implies (3.15a), hence also (3.15b).
Now, we have (see (2.56a)):

8% 02(15 s)
21 x) = S 5 :
(3.21) n(t, sx) e /0 e (t,3) ds

e e 7 /S* e*0%(t, s)ds
2k0(0) 0 ’

where we have used the bound (2.15) and the condition

Sy < Cg-
From (2.13a) and (3.3a), we have
(3.22a) €0 =0y + V7.
It follows that
(3.22b) 1200 120,00y > 11V B O 22000y — 0602200,
By (3.8) and (3.15b),

(3.23a) 17D | 120,50y = _67 18] 12(0.0.)
while by (3.4) and (3.19b),
(3.23Db) 100 ()] 12(0,5,) = \90(t)|8i/2 < 21/26%t+%’}/(t)b8(1)42.

In view of the lower bound (3.13) we conclude that

(3.24a) h(s0x) > 16be=37()
implies
(3.24b) o220y < 57Ol
and
(3.24c¢) e*0)|z2(0,6.) = —67 |’7/}()HL2(0,5*)
> 1 65”57(’5)3542}1(30*).

27/2
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Substituting this in (3.21) yields:

—2co

(3.25) n(t, s.) > metso*h2(so*).

On the other hand, the bound (2.12) at (¢, s.) reads
(3.26a) n(t, s«) < c154log (s_l*) ,
which by (3.19b) implies
(3.26b) n(t, s.) < 2c1et" W, {log (i) +7(t) — t} .
This contradicts (3.25) if
(3.27) h2(s0s) > coko(0)e”T® {log (%) +y(t) — t}

cg = 2%*0¢y.

Summarizing, the hypothesis that the conclusion of Theorem 2.1 is false
leads to a contradiction if for every ¢ > 0 there is a so. € (0,¢] and a t €
[0, 00) such that the requirements (3.20), (3.24a) and (3.27) are satisfied, and,
moreover, the conditions (2.40a), (2.51a), (2.51b), (3.7), that is, with

s, = x(t'; s04),

the conditions:

(3.284a) st < ¢ :forall ¥ €]0,1]

1 6_7(#)
3.28b "1 — < ———— :forall ¥ €[0,t
) slog(G) < g cforall Y €[00

3y
(3.28¢) st < ﬂ : for all ¢ € [0,
T 2e3k0(0) ’
(3.28d) st < (log 2)2;_L(ﬂ)4 : for all ¢ € 0,1],
c1(r0(0))

respectively, hold, and, finally, condition (3.19a) holds as well.
Given sp4, let us define ¢ by

1
(3.29a) t+5v(t) = log (S—> ;
0%
i.e.
(3.29b) Sox = € 1OV,

Then if ¢ is large enough so that

(3.30) v(t) >
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then condition (3.19a) is verified. This implies (3.19b) with ¢ replaced by any
t' € [0,¢], that is:

(3.31a) sl <2e" T, forall ¢ €[0,¢].
Substituting (3.29b) we obtain
(3.31D) sl <2e7°70  for all ' € [0,1).
It follows that (3.28a), (3.28¢c), (3.28d) are verified if ¢ is large enough so that

1 2
3.32 t)y > =1 —
(3.32a) W0 = s (2 )

2
(3.32b) y(t) > - log(4esk0(0))

ca(0(0))

3.32 t)y > 21 —_— log 2
(3.32¢) v(t) > 2log ( g2 ) T8

respectively. Also, since

1 2
s, log (—/> < —5;1/2,
s e

*

(3.28b) holds a fortiori if

(3.330) ;. e2e—27()
. S 5, 95
* 7 1443 (ko(0))2

which by virtue of (3.31b) is verified if ¢ is large enough so that

: for all ¢ €0,¢]

(3.33D) (1) > %{210g(120m0(0)) Flog2— 2}

We turn to the requirements (3.20), (3.24a) and (3.27). Substituting the defi-
nition (3.29b), these requirements read

5

(3.34a) h(e YWY > 2526, (ko (0))2e7 17O
(334b) h(e_t_57(t)) > 16b6—%’}/(t)
(3:34)  h(e ) > (Ge)(0(0)2((1) eI,

respectively. For large ¢, (3.34b) is the strongest requirement. Let us assume
that

(3.35) lim sup {eiwt)h(e_t_m(t))} = 00.

t—oo

\%

Then given any T" € (0,00) we can find a ¢ € [T, 00) such that with sg, defined
by (3.29b) all conditions and requirements are satisfied. We have therefore
proved:

THEOREM 3.1. Let v be unbounded and let
I(t) — 0p(0) ast — oo.
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Let g(s) be the function on (0,1) defined by
g(s) = e_i’Y(t) s = @_t_57(t).

Consider the function

h(s) = \/ % / T (e90(0, ') — 6(0,0))? ds’
0
defined for s > 0. Then if
lim sup {@} = oQ,

s—0+ Lg(s)

then the conclusion of Theorem 2.1 holds.

4. The exceptional set

We now investigate the subset £ of the space of initial conditions of
bounded variation on Cy, which lead to the formation of a singular boundary
B, with the function v, defined along C|,, the past light cone of O, the past end
point of the central component By of B, being unbounded, while the conclusion
of Theorem 2.1 fails.

According to the definitions of [1] initial conditions of bounded variation
means that

(4.1) a:%(r¢):0+¢

is a function of bounded variation along C’ar . This is equivalent to both 8 and
¢ being functions of bounded variation along C’J . The total variation of ¢
along C’J is equal to the integral
e dr
|
0 r

along Cy . In terms of the coordinates (¢, s) defined in Section 1 we have

[e.o]

(4.2) TV.[¢ieo = / 10(0, 5)|ds.

—o
Thus ay—o being a function of bounded variation is equivalent to 6;—y being
a function of bounded variation which is integrable on the real line. Here, we
shall characterize initial conditions in terms of the function 8;—g = 9.
Suppose then that ¢ belongs to the set £. Then according to Theorems
2.1 and 3.1, we have

(4.3) I(t) — 9(0) as t — oo,
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and with
h(s) = \/ % /0 (e 0(s") — 9(0))2ds’
(s >0),
: h(s)
(4.4) hsniglip {@} < 00,

where ¢(s) is the function defined in Theorem 3.1. Let f; be a nonnegative
integrable function on the real line, vanishing on (—o0,0), whose restriction to
[0, 00) is absolutely continuous and

(4.5) Sli%1+ fi(s) =1.

Let also fo be a nonnegative integrable absolutely continuous function on the
real line, vanishing on (—o0, 0], such that

i 1 L Ed Nde! \ —
(4.6) llggtip{@\/g/o e2s' f2(s')ds } = 0.

For example, we may define fo on (0,1) so that

1[5 50
g/ e* f2(s)ds' = g(s) : forall se (0,1);
0
that is,
d
fa(s) =e7® d(s9(s)) for all s € (0,1).
ds

Given real parameters A1, A2 we then consider the initial data given by:
(4.7) 15()\17/\2) =04+ A\ f1+ Aafo.

Since the restrictions of 19()\1’)\2) and 9 to the interval (—oo,0) coincide, the
corresponding solutions coincide in the interior of Cj” (domain of dependence)
and define the same functions () and I(t). Since by (4.3) and (4.5)

(48) Fay i (0) = Jim 1(5) + Ay

if A1 # 0, then Theorem 2.1 applies so that 190\17,\2) ¢ &, while if Ay = 0,
A2 # 0, then by (4.4) and (4.6),

h
lim sup M = 00.
s—0+ g(s)

Hence Theorem 3.1 applies and again 19( AL A2) ¢ E. Therefore the 2-dimensional
linear subspace Ily of the space of initial data defined by

(4.9) Hﬂ = {g(k1,kz) : (/\1,)\2) S §R2}
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intersects £ at only one point, the point corresponding to (A1, A2) = (0,0),
that is o itself.
Suppose next that 1,9’ € £. Then

Iy ﬂHﬂ, =@ unless ¥ =.
For, if
(4.10) U0 = Vi)

then ¥ and ¥ coincide on (—o0, 0); thus they define the same functions v(t), I(t)
and ¢(s), and the same functions fi(s), fa(s). By (4.3),

9(0) = 9'(0) = tlim I(t).
Equality (4.10) at s = 0 then yields
A= AL
Thus (4.10) becomes
9= =Ny — ) fo
and since by (4.4)
/
lim sup {@} < 00, limsup{h (8)} < 00
s—0+ Lg(s) s—0+

we obtain, in view of (4.6),

Ny =Xy, =4
We have thus proved:
THEOREM 4.1. Consider the exceptional set € in the space of initial data

BV L' on the real line. Then for each ¥ € & there is a 2-dimensional linear
subspace Iy such that

(ILy \ {9} (€ = 0.
Moreover, if 9,9 € £, then
Iy (g =0

unless ¥ and ¥’ coincide. We may therefore say that € has positive codimension
in the space of initial data.
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