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Abstract. Let h(x) be a polynomial with real coefficients. We introduce h(x)-
Fibonacci-Euler polynomials that generalize both Catalan’s Fibonacci polynomials
and Byrd’s Fibonacci polynomials and also the k-Fibonacci numbers, and we provide
properties and summation formulas for these polynomials. We also introduce h(x)-
Lucas-Euler polynomials that generalize the Lucas and Hermite polynomials and
present properties and symmetric identities of these polynomials by applying the
generating functions.
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1. Introduction

The Fibonacci numbers Fn are the terms of the sequence 0, 1, 2, 3, 5, · · · , where
Fn = Fn−1 + Fn−2, n ≥ 2 with the initial values F0 = 0 and F1 = 1. Fibonacci
numbers are ubiquitous in nature: from petal arrangements in flowers to the pat-
terns on the surface of a pineapple (see [1, 7, 8, 13, 14, 19]). They also have many
applications, such as the ”Fibonacci retracement” in the technical analysis of stock
trading. For some more applications (see [2-5]).

Falcon and Plaza [3] introduced a general Fibonacci sequence that generalizes
among others both the classical Fibonacci sequence and the pell sequence. These
general k-Fibonacci numbers Fk,n are defined by Fk,n = kFk,n−1 + Fk,n−2, n ≥ 2
with the initial values F0 = 0 and F1 = 1. The Pell numbers are the 2-Fibonacci
numbers. In [4] the k-Fibonacci numbers were defined in explicit way and many
properties were given. In particular, the k-Fibonacci numbers were shown to be
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related with the so called Pascal 2-triangle.

The polynomials Fn(x) studied by Catalan are defined by the recurrence relation

Fn(x) = xFn−1(x) + Fn−2(x), n ≥ 3, (1.1)

where F1(x) = 1, F2(x) = x. The Fibonacci polynomials studied by Jacobsthal are
defined by

Jn(x) = Jn−1(x) + xJn−2(x), n ≥ 3, (1.2)

where J1(x) = J2(x) = 1. The Fibonacci polynomials studied by P.F.Byrd are
defined by

φn(x) = 2xφn−1(x) + φn−2(x), n ≥ 2, (1.3)

where φ0(x) = 0, φ1(x) = 1. The Lucas polynomials Ln(x) originally studied in
1970 by Bicknell are defined by

Ln(x) = xLn−1(x) + Ln−2(x), n ≥ 2, (1.4)

where L0(x) = 2, L1(x) = x.

The generalized Bernoulli polynomials B
(α)
n (x) of order α ∈ C, the generalized

Euler polynomials E
(α)
n (x) of order α ∈ C and the generalized Genocchi polynomials

G
(α)
n (x) of order α ∈ C, each of degree n as well as well as α ∈ C are defined

respectively by the following generating functions (see [15-18]):(
t

et − 1

)α
ext =

∞∑
n=0

B(α)
n (x)

tn

n!
, (|t| < 2π, 1α = 1), (1.5)

(
2

et + 1

)α
ext =

∞∑
n=0

E(α)
n (x)

tn

n!
, (|t| < π, 1α = 1), (1.6)

and (
2t

et + 1

)α
ext =

∞∑
n=0

G(α)
n (x)

tn

n!
, (|t| < π, 1α = 1). (1.7)

Taking x = 0 in generating functions (1.5)-(1.7), we find(
t

et − 1

)α
=
∞∑
n=0

B(α)
n

tn

n!
, (|t| < 2π, 1α = 1), (1.8)

(
2

et + 1

)α
=

∞∑
n=0

E(α)
n

tn

n!
, (|t| < π, 1α = 1), (1.9)
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(
2t

et + 1

)α
=
∞∑
n=0

G(α)
n

tn

n!
, (|t| < π, 1α = 1), (1.10)

where
B(α)
n = B(α)

n (0);E(α)
n = E(α)

n (0);G(α)
n = G(α)

n (0), (1.11)

are the corresponding numbers.

It is easy to see that Bn(x), En(x) and Gn(x) are given respectively by

B(1)
n (x) = Bn(x);E(1)

n = En(x);G(1)
n (x) = Gn(x), n ∈ N0 = N ∪ {0}. (1.12)

The classical Bernoulli numbers Bn, the classical Euler numbers En and the
classical Genocchi numbers Gn of order n are given as

Bn = Bn(0) = B(1)
n (0);En = En(0) = E(1)

n (0);Gn = Gn(0) = G(1)
n (0), (1.13)

respectively.

For each k ∈ N0, the sum Mk(n) =
n∑
i=0

(−1)kik is known as the sum of alternative

integer powers defined by the generating relation:

∞∑
k=0

Mk(n)
tk

k!
=

1− (−et)(n+1)

et + 1
. (1.14)

In [9], Nalli and Haukkanen introduced the h(x)-Fibonacci polynomials. That
generalize Catalan’s Fibonacci polynomials Fn(x) and the k-Fibonacci numbers Fk,n.
In this paper, we introduce Fibonacci-Euler numbers, h(x)-Fibonacci-Euler polyno-
mials, Lucas-Euler numbers and h(x)-Lucas-Euler polynomials and then we obtain
new sums and identities. The resulting formulas allow a considerable unification of
various special results which appear in the literature.

2. The h(x)-Fibonacci-Euler numbers and polynomials

Define h(x)-Fibonacci-Euler polynomials EFh,n(x) by

2t

(1− h(x)t− t2)(et + 1)
=

∞∑
n=0

EFh,n(x)
tn

n!
. (2.1)
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For h(x) = x, we obtain Catalan’s Fibonacci-Euler polynomials and for h(x) = 2x,
we obtain Byrd’s Fibonacci-Euler polynomials. For h(x) = k, we obtain the k-
Fibonacci-Euler numbers. For k = 1 and k = 2, we obtain the usual Fibonacci-Euler
numbers and the Pell-Euler numbers.

Equation (2.1) is

t

1− h(x)t− t2
2

et + 1
=
∞∑
n=0

EFh,n(x)
tn

n!
=
∞∑
n=0

Fh,n(x)tn
∞∑
m=0

Em
tm

m!
.

Comparing the coefficients of tn, we get

EFh,n(x) = n!

n∑
m=0

1

m!
Fh,n−m(x)Em. (2.2)

Theorem 2.1. For n ≥ 1, we have

Gn
n!

= EFh,n(x)
1

n!
− EFh,n−1(x)

h(x)

(n− 1)!
− EFh,n−2(x)

1

(n− 2)!
. (2.3)

Fh,n(x) =
1

2

n∑
m=0

(
n
m

)
EFh,n−m(x) +

1

2
EFh,n(x)

1

n!
. (2.4)

Proof. From (2.1), we have

2t

et + 1
= (1− h(x)t− t2)

∞∑
n=0

EFh,n(x)tn

∞∑
n=0

Gn
tn

n!
= (1− h(x)t− t2)

∞∑
n=0

EFh,n(x)tn

∞∑
n=0

Gn
tn

n!
=
∞∑
n=0

EFh,n(x)
tn

n!
−
∞∑
n=0

EFh,n−1(x)
h(x)tn

(n− 1)!
−
∞∑
n=0

EFh,n−2(x)
tn

(n− 2)!
.

Comparing the coefficients of tn, we get the result (2.3).

Again equation (2.1) can be written as

2t

1− h(x)t− t2
= (et + 1)

∞∑
n=0

EFh,n(x)
tn

n!
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2
∞∑
n=0

Fh,n(x)tn =
∞∑
m=0

tm

m!

∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

EFh,n(x)
tn

n!

2

∞∑
n=0

Fh,n(x)tn =

n∑
m=0

(
n
m

)
EFh,n−m(x)tn +

∞∑
n=0

EFh,n(x)
tn

n!
.

Comparing the coefficients of tn, we get the result (2.4).

Theorem 2.2. For n ≥ 1, we have

EFh,n(x) = n!
n∑

m=0

[m−1
2

]∑
i=0

(
m− i− 1
i

)
En−m

(n−m)!
hm−2i−1(x). (2.5)

Proof. From (2.1), we have

t

1− h(x)t− t2
2

et + 1
= t

2

et + 1

∞∑
n=0

(h(x)t+ t2)n

= t
2

et + 1

∞∑
n=0

n∑
i=0

(
n
i

)
(h(x)t)n−i(t2)i (2.6)

=
2

et + 1

∞∑
n=0

n∑
i=0

(
n
i

)
(h(x)t)n−i(tn+i+1).

On writing n+ i+ 1 = m in R.H.S of the above equation, we get

t

1− h(x)t− t2
2

et + 1
=

2

et + 1

∞∑
m=0

[m−1
2

]∑
i=0

(
m− i− 1
i

)
hm−2i−1(x)

 tm

∞∑
n=0

EFh,n(x)
tn

n!
=
∞∑
n=0

En
tn

n!

∞∑
m=0

[m−1
2

]∑
i=0

(
m− i− 1
i

)
hm−2i−1(x)

 tm.
Replace n by n−m and compare the coefficients of tn to get the result (2.5).

Theorem 2.3. For n ≥ 1, we have

t(1 + t2)sint+ t2h(x)cost

(1 + t2)2 + ([h(x)t])2
=

∞∑
n=0

EFh,2n(x)(−1)n+1t2n. (2.7)
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(1 + t2)cost− th(x)sint

(1 + t2)2 + ([h(x)t])2
=
∞∑
n=0

EFh,2n+1(x)(−1)nt2n+1. (2.8)

Proof. Replacing t by it where t2 = −1 in (2.1), using eit = cost+ isint,

2

eit + 1
=

1 + cost− isint
1 + cost

and simplifying,we get

it(1 + t2 + ih(x)t)

(1 + t2)2 + ([h(x)t])2
1 + cost− isint

1 + cost
=
∞∑
n=0

EFh,n(x)(it)n.

Now separating real and imaginary parts, we get the theorem.

If in place of (2.1), we simply consider

t

(1− h(x)t− t2)
=
∞∑
n=0

Fh,n(x)tn (2.9)

and follow the procedure of the proof of the above theorem, then we get

Corollary 2.1. For n ≥ 1, we have

t2h(x)

(1 + t2)2 + ([h(x)t])2
=
∞∑
n=0

Fh,2n(x)(−1)n+1t2n. (2.10)

(1 + t2)

(1 + t2)2 + ([h(x)t])2
=

∞∑
n=0

Fh,2n+1(x)(−1)nt2n+1. (2.11)

Theorem 2.4. Representation of Euler polynomials in terms of h(x)-Fibonacci-
Euler polynomials is

En
n!

=
EFh,n+1(x)

(n+ 1)!
−
h(x)EFh,n(x)

n!
− EFh,n−1(x)

(n− 1)!
, n ≥ 1. (2.12)

Proof. Writing (2.1) in the form

2

et + 1
= (1− h(x)t− t2)

∞∑
n=0

EFh,n(x)
tn−1

n!
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∞∑
n=0

En
tn

n!
= (1− h(x)t− t2)

∞∑
n=0

EFh,n(x)
tn−1

n!
.

Comparing the coefficients of tn, we get the result (2.12).

Theorem 2.5. Suppose that h(x) is an odd polynomial (that is h(−x) = −h(x)).
Then for n ≥ 0

n∑
m=0

(
n

m

)
EFh,n−m(x) = (−1)nEFh,n(−x) (2.13)

EFh,n(x) =
1

2

n∑
m=0

(
n
m

)
Em[EFh,n−m(x) + (−1)nEFh,n−m(−x)]. (2.14)

Proof. From (2.1), we have

−t
1 + h(x)t− t2

2

e−t + 1
=
∞∑
n=0

EFh,n(x)
(−t)n

n!
,

which on replacing x by −x yields

t

1− h(x)t− t2
2

e−t + 1
=
∞∑
n=0

(−1)nEFh,n(−x)
tn

n!

et
∞∑
n=0

EFh,n(x)
tn

n!
=
∞∑
n=0

(−1)nEFh,n(−x)
tn

n!
. (2.15)

Now expanding et and comparing the coefficients of tn, we get the result (2.13).

Next we add (2.1) to (2.15)

(1 + et)

∞∑
n=0

EFh,n(x)
tn

n!
=

∞∑
n=0

EFh,n(x)
tn

n!
+

∞∑
n=0

(−1)nEFh,n(−x)
tn

n!
,

so that

∞∑
n=0

EFh,n(x)
tn

n!
=

1

1 + et

∞∑
n=0

[EFh,n(x)
tn

n!
+ (−1)nEFh,n(−x)

tn

n!
].

Now using the definition of Euler polynomials and comparing the coefficients of tn,
we get the result (2.14).
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Binet’s formulas are well known in the theory of Fibonacci numbers. These
formulas can also be carried out for the h(x)-Fibonacci polynomials. Let α(x) and
β(x) be the roots of the characteristic equation

ν2 − h(x)ν − 1 = 0 (2.16)

Then

α(x) =
h(x) +

√
h2(x) + 4

2
, β(x) =

h(x)−
√
h2(x) + 4

2
. (2.17)

Note that α(x) + β(x) = h(x), α(x)β(x) = 1 and α(x)− β(x) =
√
h2(x) + 4.

Theorem 2.6. For n ≥ 1, we have

EFh,n(x) =
21−n+mn!

m!

n∑
m=0

[n−m−1
2

]∑
i=0

(
n−m
2i+ 1

)
Emh

n−m−2i−1(x)(h2(x) + 4)i. (2.18)

Proof. By (2.15) and (2.16), we have

αn(x)− βn(x) = 2−n
[(
h(x) +

√
h2(x) + 4

)n
−
(
h(x)−

√
h2(x) + 4

)n]
= 2−n

[
n∑
i=0

(
n
i

)
hn−i(x)

(√
h2(x) + 4

)i
−

n∑
i=0

(
n
i

)
hn−i(x)

(
−
√
h2(x) + 4

)i]

= 2−n+1

[n−1
2

]∑
i=0

(
n
2i+ 1

)
hn−2i−1(x)

(√
h2(x) + 4

)2i+1
. (2.19)

Now
∞∑
n=0

EFh,n(x)
tn

n!
=

(
αn(x)− βn(x)

α(x)− β(x)

)
2

et + 1
(2.20)

and so by substituting from (2.20), we have

∞∑
n=0

EFh,n(x)
tn

n!
=

21−n+m

m!

∞∑
n=0

n∑
m=0

[n−m
2

]∑
i=0

(
n−m
2i+ 1

)
Emh

n−m−2i−1(x)(h2(x) + 4)itn.

Comparing the coefficients of tn, we get the result (2.18).
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3. The h(x)-Lucas-Euler numbers and polynomials

The h(x)-Lucas polynomials introduced by Nalli and Haukkanen [9, p.3183(3.6)] are

2− h(x)t

1− h(x)t− t2
=
∞∑
n=0

Lh,n(x)tn. (3.1)

For h(x) = x, we obtain the Lucas polynomials and for h(x) = 1, we obtain the
usual Lucas numbers.

Let h(x) be a polynomial with real coefficients.We define h(x)-Lucas-Euler poly-
nomials ELh,n(x) by the generating function

2− h(x)t

1− h(x)t− t2
2

et + 1
=
∞∑
n=0

ELh,n(x)
tn

n!
. (3.2)

We may now rewrite (3.2) as

∞∑
n=0

ELh,n(x)
tn

n!
=
∞∑
n=0

Lh,n(x)tn
∞∑
m=0

Em
tm

m!
.

Replace n by n − m in R.H.S and comparing the coefficients of tn to get the
following representation for h(x)-Lucas-Euler polynomials

ELh,n(x) = n!
n∑

m=0

Lh,n−m(x)
Em
m!

. (3.3)

Theorem 3.1. For n ≥ 1, we have

2En
1

n!
= EFh,n(x)

1

n!
− h(x)

[
h(x)EFh,n−1(x)

1

(n− 1)!
+ ELh,n−1(x)

1

(n− 1)!

]

−
[
h(x)EFh,n−2(x)

1

(n− 2)!
+ ELh,n−2(x)

1

(n− 2)!

]
. (3.4)

Fh,n(x) =
1

2

∞∑
m=0

(
n
m

)
ELh,n−m(x) +

1

2
ELh,n(x)

1

n!
. (3.5)

Proof. By using equation (3.2), we can write

2

1− h(x)t− t2
2

et + 1
= h(x)

∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

ELh,n(x)
tn

n!
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2

1− h(x)t− t2
∞∑
n=0

En
tn

n!
= h(x)

∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

ELh,n(x)
tn

n!

2
∞∑
n=0

En
tn

n!
= (1− h(x)t− t2)

[
h(x)

∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

ELh,n(x)
tn

n!

]

2
∞∑
n=0

En
tn

n!
=
∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

ELh,n(x)
tn

n!
−h(x)t

[
h(x)

∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

ELh,n(x)
tn

n!

]

−t2
[
h(x)

∞∑
n=0

EFh,n(x)
tn

n!
+
∞∑
n=0

ELh,n(x)
tn

n!

]
.

Comparing the coefficients of tn, we get the result (3.4).

Again we rewrite the equation (3.2) as

2
2− h(x)t

1− h(x)t− t2
= (et + 1)

∞∑
n=0

ELh,n(x)
tn

n!

2

∞∑
n=0

Fh,n(x)tn =

∞∑
m=0

tm

m!

∞∑
n=0

ELh,n(x)
tn

n!
+

∞∑
n=0

ELh,n(x)
tn

n!
.

Comparing the coefficients of tn, we get the result (3.5).

Theorem 3.2. For n ≥ 1, we have

ELh,n(x) =
n∑

m=0

[n−m
2

]∑
i=0

(
n−m− i
i

)
n−m

(n−m− i)!(m)!
hn−m−2i(x)Em. (3.6)

Proof. Let us write

2− h(x)t

1− h(x)t− t2
2

et + 1
=

2

et + 1
(2− h(x)t)

∞∑
n=0

(h(x)t+ t2)n

=
2

et + 1

∞∑
n=0

[n
2
]∑

i=0

(
n
i

)
(h(x)t)n−i(t2)i

=
2

et + 1

∞∑
n=0

[n
2
]∑

i=0

n

n− i

(
n− i
i

)
hn−2i(x)tn
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=
∞∑
m=0

Em
tm

m!

∞∑
n=0

[n
2
]∑

i=0

n

n− i

(
n− i
i

)
hn−2i(x)tn.

Replacing n by n−m and comparing the coefficients of tn, we get the result (3.6).

Remark 3.1. For m = 0 in equation (3.6), the result reduces to known result of
Nalli and Haukkanen [9, p.3183(3.11)].

Corollary 3.1. For n ≥ 1, we have

Lh,n(x) =

[n
2
]∑

i=0

(
n− i
i

)
n

n− i
hn−2i(x).

Theorem 3.3. For n ≥ 1, we have

ELh,n(x) =
m!

2n−m−1

n∑
m=0

[n−m
2

]∑
i=0

(
n−m
2i

)
hn−m−2i(x)(h2(x) + 4)iEm. (3.7)

Proof. Let

αn(x) + βn(x) = 2−n
[(
h(x) +

√
h2(x) + 4

)n
+
(
h(x)−

√
h2(x) + 4

)n]
= 2−n

[
n∑
i=0

(
n
i

)
hn−i(x)

(√
h2(x) + 4

)i
+

n∑
i=0

(
n
i

)
hn−i(x)

(√
h2(x) + 4

)i]

=
1

2−n+1

[n
2
]∑

i=0

(
n
2i

)
hn−2i(x)

(√
h2(x) + 4

)i
.

Now
∞∑
n=0

HLh,n(x, y, z)tn = (αn(x) + βn(x)) eyt+zt
2

∞∑
n=0

HLh,n(x, y, z)tn =
1

21−n+m

∞∑
n=0

n∑
m=0

[n−m
2

]∑
i=0

(
n−m
2i

)
Emh

n−m−2i(x)(h2(x)+4)itn.

Comparing the coefficients of tn, we get the result (3.7).
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Remark 3.2. For m = 0 in Equation (3.7), the result reduces to known result of
Nalli and Haukkanen [9, p.3183(3.12)].

Corollary 3.2. For n ≥ 1, we have

Lh,n(x) =
1

21−n

[n
2
]∑

i=0

(
n
2i

)
hn−2i(x)(h2(x) + 4)i.

4. Symmetric identities for h(x)-Fibonacci-Euler polynomials

In our previous articles (Pathan [10], Pathan and Khan [11, 12] and Khan [6]), it was
shown that symmetric identities for Hermite based generalized polynomials unified
many properties and identities of Hermite-Bernoulli and Hermite-Euler polynomi-
als. In this section, we give general symmetric identities for the generalized h(x)-
Fibonacci Euler polynomials EFh,n(x) by applying the generating functions (2.1)
and (1.14).

Theorem 4.1. Let n ≥ 0. Then the following identity holds true:

n∑
m=0

(
n
m

)
an−mbmEFh,n−m(x)EFh,m(x)

=
n∑

m=0

(
n
m

)
bn−mamEFh,n−m(x)EFh,m(x). (4.1)

Proof. Let

g(t) =

(
abt2

(1− ah(x)t− a2t2)(1− bh(x)t− b2t2)

)(
4

(eat + 1)(ebt + 1)

)
.

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into
series in two ways to obtain

g(t) =
∞∑
n=0

(
n∑

m=0

(
n
m

)
an−mbmEFh,n−m(x)EFh,m(x)

)
tn

n!
.

On the similar lines we can show that

g(t) =

∞∑
n=0

(
n∑

m=0

bn−mamEFh,n−m(x)EFh,m(x)

)
tn

n!
.
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Comparing the coefficients of tn on the right hand sides of the last two equations,
we arrive at the desired result.

Remark 4.1. By setting b = 1 in Theorem (4.1), we immediately get the following
corollary

Corollary 4.1. The following identity holds true:

n∑
m=0

(
n
m

)
an−mEFh,n−m(x)EFh,m(x)

=
n∑

m=0

(
n
m

)
amEFh,n−m(x)EFh,m(x).

Theorem 4.2. For each pair of integers a and b and all integers and n ≥ 1, the
following identity holds true:

n∑
k=0

(
n
k

)
an−kbkEFh,n−k(x)

k∑
l=0

(
k
l

)
Ml(a− 1)EFh,k−l(x)

=

n∑
k=0

(
n
k

)
bn−kakEFh,n−k(x)

k∑
l=0

(
k
l

)
Ml(b− 1)EFh,k−l(x). (4.2)

Proof. Let

g(t) =

(
abt2

(1− ah(x)t− at2)(1− bh(x)t− bt2)

)
(1 + eabt)

(ebt + 1)

(
4

(eat + 1)(ebt + 1)

)

=
∞∑
n=0

EFh,n(x)
(at)n

n!

∞∑
l=0

Ml(a− 1)
(bt)l

l!

∞∑
k=0

EFh,k(x)
(bt)k

k!
(4.3)

=

∞∑
n=0

(
n∑
k=0

(
n
k

)
an−kbkEFh,n−k(x)

k∑
l=0

(
k
l

)
Ml(a− 1)EFh,k−l(x)

)
tn

n!
.

On the other hand

g(t) =
∞∑
n=0

(
n∑
k=0

(
n
k

)
bn−kakEFh,n−k(x)

k∑
l=0

(
k
l

)
Ml(b− 1)EFh,k−l(x)

)
tn

n!
.

By comparing the coefficients of tn on the right hand sides of the last two equa-
tions, we arrive at the desired result.
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5. Symmetric identities for h(x)-Lucas Euler polynomials

In this section, we give general symmetric identities for the generalized h(x)-Lucas
Euler polynomials ELh,n(x) by applying the generating functions (3.2) and (1.14).
For some known symmetric identities for Hermite based generalized polynomials, we
refer (Pathan [10], Pathan and Khan [11, 12] and Khan [6]).

Theorem 5.1. Let n ≥ 0. Then the following identity holds true:

n∑
m=0

(
n
k

)
an−mbmELh,n−m(x)ELh,m(x)

=

n∑
m=0

(
n
m

)
bn−mamELh,n−m(x)ELh,m(x). (5.1)

Proof. Let

g(t) =

(
(2− ah(x)t)(2− bh(x)t)

(1− ah(x)t− a2t2)(1− bh(x)t− b2t2)

)(
4

(eat + 1)(ebt + 1)

)
.

Then the expression for g(t) is symmetric in a and b and we can expand g(t) into
series in two ways to obtain

g(t) =
∞∑
n=0

(
n∑

m=0

(
n
m

)
an−mbmELh,n−m(x)ELh,m(x)

)
tn

n!
.

On the similar lines we can show that

g(t) =
∞∑
n=0

(
n∑

m=0

(
n
m

)
bn−mamELh,n−m(x)ELh,m(x)

)
tn

n!
.

Comparing the coefficients of tn on the right hand sides of the last two equations,
we arrive at the desired result.

Remark 5.1. By setting b = 1 in Theorem (5.1), we immediately get the following
corollary

Corollary 5.1. The following identity holds true:

n∑
m=0

(
n
m

)
an−mELh,n−m(x)ELh,m(x)
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=
n∑

m=0

(
n
m

)
amELh,n−m(x)ELh,m(x).

Theorem 5.2. For each pair of integers a and b and all integers and n ≥ 1, the
following identity holds true:

n∑
k=0

(
n
k

)
an−kbkELh,n−k(x)

k∑
l=0

(
k
l

)
Ml(a− 1)ELh,k−l(x)

=

n∑
k=0

(
n
k

)
bn−kakELh,n−k(x)

k∑
l=0

(
k
l

)
Ml(b− 1)ELh,k−l(x). (5.2)

Proof. Let

g(t) =

(
(2− ah(x)t)(2− bh(x)t)

(1− ah(x)t− a2t2)(1− bh(x)t− b2t2)

)
(1 + eabt)

(ebt + 1)

(
4

(eat + 1)(ebt + 1)

)

=

∞∑
n=0

EFh,n(x)
(at)n

n!

∞∑
l=0

Ml(a− 1)
(bt)l

l!

∞∑
k=0

EFh,k(x)
(bt)k

k!
(5.3)

=

∞∑
n=0

(
n∑
k=0

(
n
k

)
an−kbkELh,n−k(x)

k∑
l=0

(
k
l

)
Ml(a− 1)ELh,k−l(x)

)
tn

n!
.

On the other hand, we have

g(t) =

∞∑
n=0

(
n∑
k=0

(
n
k

)
bn−kakELh,n−k(x)

k∑
l=0

(
k
l

)
Ml(b− 1)ELh,k−l(x)

)
tn

n!
.

By comparing the coefficients of tn on the right hand sides of the last two equations,
we arrive at the desired result.
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