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GROWTH OF MEROMORPHIC SOLUTIONS OF GENERAL
COMPLEX LINEAR DIFFERENTIAL-DIFFERENCE EQUATION

ZHEN CHEN, XIU-MIN ZHENG

ABSTRACT. In this paper, we investigate the ralations between the growth of
entire or meromorphic coefficients and the growth of meromorphic solutions of gen-
eral complex linear differential-difference equation, and obtain the lower bound of
the order of meromorphic solutions by comparing the (lower) orders or the (lower)
types of the coefficients. Our results can be seen as generalizations for both the
case of complex linear differential equation and the case of complex linear difference
equation.
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1. INTRODUCTION AND MAIN RESULTS

Throughout this paper, we assume that f(z) is a meromorphic function in the
whole complex plane, and use standard notations, such as m(r, f), T'(r, f), M(r, f),
in the classic Nevanlinna theory [>713]. And we also use the notations o( f) and u(f)
to denote respectively the order and the lower order of f(z). Moreover, we give the
definitions of the type and the lower type as follows.

Definition 1. (see[5,6]) Let f(z) be a meromorphic function with the order o(f)(0 <
o(f) < oo0) and the lower order p(f)(0 < u(f) < o0), then the type and the lower
type of f(z) are defined respectively by

_ %T(’I", f) T(n f)
T(f) - rhﬁrgo ra(f) d T(f) a rhﬂrgo rﬂ(f)
If f(2) is also an entire function, then we denote
_ ———log M(r, f) . log M(r, f)
ma(f) = lim == and 1y (f) = Jim == s
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Many scholars applied Nevanlinna theory and its difference analogues to study
the properties of meromorphic solutions of complex linear differential equation

FO 4+ Ap 1 (2) 7Y 4+ Ar(2) f 4 Ao(2)f =0 (1)
and complex linear difference equation
An(2)f(z+cn) + -+ Ai(2) (2 + 1) + Ao(2) f(2) = 0, (2)

and obtained fruitful results (see e.g. [1,2,8,9,11,12,14]). Interestingly, we find there
are many similar properties for both the case of complex linear differential equation
(1) and the case of complex linear difference equation (2). We give examples on this
topic as follows.

For the case of complex linear differential equation (1), Wu and Zheng [12]
weakened the normal condition (see e.g. [1,11]) that only one dominant coefficient
of (1) has the (lower) order or the (lower) type strictly greater than the order or the
type of other coefficients, and obtained the following Theorems 1 and 2.

Theorem 1. (see[12]) Let A;(z),i = 0,1,---,n — 1 be entire functions and j €
{1,2,--+ ,n —1}. If the following three assumptions hold simultaneously:

(1) max{pp(A;), 0p(Ai), i #0,j} = 0 < pp(Ao) < 00, pp(Ao) > 0;

(2) 7,(A0) > 7,(Ay), when juy(Ao) = ppl(Ay);

5)5Ch) > w5, ) ) = 170,51, e ) = (o),
i 40,5},
Then any solution f(z)(# 0) of (1) satisfies op+1(f) > pp(Ao).

Theorem 2. (see[12]) Let Ai(z),i = 0,1,---,n — 1 be entire functions and j €
{1,2,--- ,n—1}. If the following three assumptions hold simultaneously:

(1) ma{jiy(Ao), op(Ai),i 7 0,5} = 8 < piy(A;) < 00, pyl(4;) > 0;

(2) 7,(A) > T,(Ao). when 1y(Ay) = 1y(Ay);

L) > ma(4) 0540 = ()1 0.7), when o 4) = ms{e(4),

1#0,75}.
Then any transcendental solution f(z) of (1) satisfies max{opi1(f), A\p(f)} > 1p(A4;),
and the non-transcendental solution can only be polynomials that have degree no more
than 7 — 1.

For the case of complex linear difference equation (2), Luo and Zheng [9] obtained
the similar results as Theorems 1 and 2, which also generalize the acknowledged good
results (see e.g. [2, 8]) in the field of complex linear difference equations.

Theorem 3. (see[9]) Let Aj(z),5 =0,1,--- ,n be entire functions and k,l(# k) €
{0,1,--- ,n}. If the following three assumptions hold simultaneously:
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(1) max{ﬂ(Ak>va(Aj)7j # kvl} =0< M(Al) < 00, :U(Al) >0;
(2) Tar(A) > 1o (Ar), when p(Ar) = p(Ay);
#(3) ;M(Al) > maX{TM(Aj) : J(Aj) = :U(Al)7j #k, l}: when ,U(Al) = maX{U<Aj)v
i k1)
Then any meromorphic solution f(z)(# 0) of (2) satisfies o(f) > u(A;) + 1.

Theorem 4. (see[9]) Let Aj(2),j =0,1,--- ,n be meromorphic functions and k, l(#
k) € {0,1,--- ,n}. If the following four assumptions hold simultaneously:
(1) max{p(Ay), 0(A),§ £ b1} = 0 < p(Ar) < 00, p(Ag) > 0;
(2) (A1) > 7(Ag), when p(A;) = p(Ag);
92080) > (o) () = AT 1) b () = a4 7
k,l};
(4) 6(c0, Aj) =6 > 0.
Then any meromorphic solution f(z)(# 0) of (2) satisfies o(f) > u(A;) + 1.

Remark 1. By a careful examination of the proof of Theorem /4, we note that
“r(A;)” in Theorem 4 should be replaced by “67(A;)”.

Inspired by the above results, we proceed to investigate the more general case
than (1) and (2), that is, complex linear differential-difference equation

DY A(2)fP(z 4 a) =0, (3)

i=0 j=0

This is an interesting and meaningful topic. Not only for the sake that (3) is a
combination of (1) and (2), and consequently inherits some common properties from
(1) and (2). But also for the sake that (3) has its own application fields distinct from
(1) and (2), and consequently (3) is of importance. There are already some results
on this topic (see e.g. [10, 15]). As generalizations of Theorems 1-4, we obtain the
following two results in the filed of complex linear differential-difference equations.

Theorem 5. Let A;j(z),i = 0,1,---,n,j = 0,1,---m be entire functions, and
a,l € {0,1,--- ,n},be{0,1,--- ;m} such that (a,b) # (1,0). If the following three
assumptions hold simultaneously:

(1) maX{N(Aab)70(Aij)v (Z7]) # (av b)> L 0)} =0< ILL(AIO) < 00, :U(Alo) > 0;

(2) Trr(Ao) > Tpr(Aap), when p(Ap) = p(Aab);

(3) IM(AIO) > maX{TM(Aij) : J(Aij) = N(Al0)>(iaj) 7& (a7 b),(l,O)}, when
1(Ap) = maX{U(Aij)v (%]) # (a,b), (I, 0)}
Then any meromorphic solution f(z)(# 0) of (3) satisfies o(f) > u(Ap) + 1.

Theorem 6. Let A;j(z),i = 0,1,--- ,n,j = 0,1,---m be meromorphic functions,
and a,l € {0,1,--- ,n},b € {0,1,--- ,m} such that (a,b) # (1,0). If the following

four assumptions hold simultaneously:
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(1) §(o00, Ajg) =0 > 0;

(2) maX{IU’(Aab)’O-(Aij)v (Zvj) 7& (CL, b)’ (lv 0)} =0 < :u(AlO) < 09, :U’(Alo) > 0;

(3) 67(Aio) > 1(Aab), when p(Aw) = p(Aap);

(4) 7( A1) > max{r(Ay) : o(Aij) = pu(A), (5,7) # (a,b), (1,0)}, when ju( Arg) =
maX{U(Aij)a (27]) # (aa b)a (l> O)}
Then any meromorphic solution f(z)(# 0) of (3) satisfies o(f) > u(Ap) + 1.

Remark 2. The assumption (1) in Theorem 6 can be replaced by one of A(A%O) <

log m(r,Ai0)

/‘(AZO); or N(T, AZO) = o(m(r, Alo)) (T’ — oo)z or M(Al0> = rliimoo logr

Remark 3. It is obvious that Theorems 1-4 are special cases of Theorems 5 and 6.

2. LEMMAS FOR PROOFS OF MAIN RESULTS

Lemma 7. (see/2]) Let f(z) be a meromorphic function, n(z 0), n1,n2(n1 # n2) be
arbitrary complex numbers, and let v(> 1) and (> 0) be given real constants. Then
there exists a subset E C (1,+00) with finite logarithmic measure,

(1) and a constant A depending only on v and n, such that for all |z| = r &
[0,1] U E, we have

)log ’WH <4 <T(W’ )y ”(:’") log” rlog™* n('yr)) :

r

(2) and if in addition that f(z) has finite order o, and such that for all |z| =1 ¢
[0,1] U E, we have

_ f(Z + 771) o—1+¢
exp{—r?717F} < ‘ < exp{r? "¢},
f(z+m2)
Lemma 8. (seef}]) (1) Let f(z) be a transcendental meromorphic function, T' =
{(k1,51), -+, (kg,dq)} be a finite set of distinct pairs of integers such that k; >
Ji > 0,i =1,---,q, a(> 1) be a given real constant. Then there exists a subset

E C (1,400) with finite logarithmic measure, and there exists a constant B(> 0)
that depend only on « and T', such that for all z satisfying |z| & [0,1] U E and for
all (k,j) € ', we have

FO(z)
fO)(2)

.
<B (T(af’f)log“ rlog T'(ar, f)) g

(2) if o(f) = 0 < oo, then for any given (> 0), there exists a subset E C
(1, +00) with finite logarithmic measure such that for all z satisfying |z| ¢ [0,1]U E
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and for all (k,j) € T', we have
ARC)

Lemma 9. (see/3]) Let f(z) be a meromorphic function, ¢ is a non-zero complex
constant. Then the following inequalities

(L+o(W)T(r —lcl, /) <T(r, f(z+¢)) < (L4 0(1)T(r + ], f)
hold as r — oco. Therefore, it is easy to obtain that

o(f(z+¢) =a(f), wu(f(z+c)) = pulf)

Lemma 10. (seef2]) Let n1,m2 be distinct complex numbers, and let f(z) be a finite
order meromorphic function. Let o be the order of f(z). Then for each (> 0), we

have
m(r f(z+771> _ Ta—l—&-a
<’f(z+772)) ol -

The following two lemmas are the special case p = 1 of the original ones in [6]
and [12] respectively.

< |z| kD)o —14e)

Lemma 11. (see[6]) Let f(z) be an entire function with u(f) < oo, then for any

given (> 0), there exists a subset H C (1,400) with infinite logarithmic measure
such that for oll r € H, we have

. loglog M(r, f

u(f) = lim o8BV )

00
on logr

and  M(r, f) < exp{riH+e},

Lemma 12. (see[12]) Let f(z) be an entire function with 0 < p(f) < oo, then
for any given (> 0), there exists a subset H C (1,400) with infinite logarithmic
measure such that for all v € H, we have

r() = lim ENLS)

roeo pilf)

and M(r, f) < exp{(zp;(f) —i—E)r“(f)}.

We also have the similar two lemmas for the case of meromorphic functions.

Lemma 13. (see[14]) Let f(z) be a meromorphic function with u(f) < co. Then
for any given (> 0), there exists a subset H C (1,400) with infinite logarithmic
measure such that for all r € H, we have

T(r, f) < rHH+e,
Lemma 14. (see[9]) Let f(z) be a meromorphic function with 0 < u(f) < co. Then

for any given (> 0), there exists a subset H C (1,400) with infinite logarithmic
measure such that for all r € H, we have

T(r, f) < (z(f) +e)rf).
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3. PROOFS OF THEOREMS 5 AND 6

3.1 Proof of Theorem 5

Suppose that f(z) is a non-zero meromorphic solution of (3). If f(z) has infinite
order, the result holds yet. Then we assume that f(z) has finite order without loss
of generality.

We divide (3) by f(z + ¢) to get

() = O3 Ay It e) fete) ZA@ fheva)

i=0 j=0 Z+C) (z+a) fz+¢a)
1#£L
consequently
UL U) (z+¢; +ci
o)< 55 55 4o | Sress | e
i

(5)

m
FD (z4¢)
+ 22 M@ [l

It follows by Lemma 7 that for any given (> 0), there exists a subset F; C
(1,+00) with finite logarithmic measure such that for all |z| = r & [0,1] U Eq, we
have

<exp{ro71EY i 1L (6)

f
z—l—c

It follows by Lemmas 8 and 9 that for the above e, there exists a subset Fo C (1,400)
with finite logarithmic measure such that for all |z| =7 ¢ [0, 1] U E5, we have

9z +a)

e < ploUte))=1te) — pila(N)=1+e) (5 5) £ (1,0). (7)

In the following, we divide the proof into four cases.

Case (i) We suppose that o < u(A;).

By the definitions of o(A;j), (4,j) # (a,b),(l,0), we have for the above ¢ and
sufficiently large r,

M(T, Alj) < eXp{TU(AU)Jra} < eXp{r(H_a}a (Zaj) 7& (av b)7 (lv 0) (8)
By the definition of p(A4;p), we have for sufficiently small e and sufficiently large r,

M(r, Ay) > exp{rAw)=e}, (9)
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By the definition of p(Agp) and Lemma 11, there exists a subset Hy C (1, +00) with
infinite logarithmic measure such that for all » € H;, we have

M (r, Agy) < exp{riAa)tey. (10)

Then for all z satisfying |z| = r € H1\([0,1] U E1 U E3), r — oo and |A4;p(2)| =
M (r, Ajp), we deduce from (5)-(10) that

exp{/r/‘(AZO)fe}
< [exp{r”+25} +exp{T”(Aab)+6}] exp{r‘f(f)_l"'E}Tm(U(f)_1+6). (11)

Now, we may choose sufficiently small e satisfying 0 < 3¢ < u(4y) — o and
deduce from (11) that for r € H;\([0,1] U Ey U Es), r — o0,

exp{r“<AlO)_25} < exp{rﬂ(f)—lJre}7

that is, o(f) > u(Ay) + 1 — 3e. Since ¢ is arbitrary, we have o(f) > pu(Ayp) + 1.
Case (ii) We suppose that max{c(A;;), (¢,7) # (a,b),(,0)} = o < p(Ag) =
1(A) and 7, (Ao) > 7 (Aab)-
By the definitions of o(A;j), (4,4) # (a,b),(l,0), we have for the above ¢ and
sufficiently large r,

M(Tv Al]) < eXp{TU(Aij)+E} < eXp{TOH_a}’ (Z’]) 7& (CL, b)7 (la O) (12)

By the definition of 7,,(A;y), we have for sufficiently small ¢ and sufficiently large
T?

M (r, Ag) > exp{(zp;(Ap) — )r#A0)}. (13)

By the definition of 7,,(Aq) and Lemma 12, there exists a subset Hy C (1,400)
with infinite logarithmic measure such that for all » € Hy, we have

M (r, Aw) < exp{(Tps(Aaw) + )} = exp{(Tps (Aap) + ) A0} (14)

Then for all z satisfying |z| = r € Ha\([0,1] U E1 U E3), 7 — oo and |A4;p(2)| =
M (r, Ajp), we deduce from (5)-(7), (12)-(14) that

exp{(zyr(Ai) —e)r A0} < fexp{r* 2} + exp{(za(Aa) +e)r 0}
eXp{’I“U(f)_1+8}’I"m(a(f)_1+£). ( )
Now, we may choose sufficiently small ¢ satisfying 0 < 3e < min{u(Aj;) —
a, Ty (A) — 7a(Agp)} and deduce from (15) that for » € Ho\([0,1] U By U Ey),
r — 00,
exp{ (T (Ai0) = Tar(Aap) — 3e)r A0} < exp{r7 =1y,
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that is, o(f) > u(Ap) + 1 — e. Since ¢ is arbitrary, we have o(f) > u(Ap) + 1.
Case (iii) We suppose that 1(Aup) < max{o(A4;;), (i,7) # (a,b), (1,0)} = u(Ap)
and 74, (Aip) > 71 = max{rar(Ay) : o(Ag) = p(Aw). (i, ]) £ (a,0), (1, 0)}.
By the definitions of o(A;;) and mas(Ai5), (4,75) # (a,b), (1,0), we have for suffi-
ciently small € and sufficiently large r,

. eXp{TM(AIO)isL lf U(AZJ) < ,LL(A 0)7 (Z7]) 7& (av b)? (l> O)a
M(r, 4is) < { exp{(r1 4 e)r*A0)}if o(Ay) = ]
(16
Then for all z satisfying |z| = r € H1\([0,1] U E1 U E3), r — oo and |4;p(2)| =
M (r, Ajp), we deduce from (5)-(7), (10), (13) and (16) that

exp{ (T (Aiw) — )riho)}
S [exp{/r”(AlO)_%} _|_ exp{r.u‘(Aab)+€} + eXp{<T1 + QE)T”(AZO)}] (17)
eXp{TU(f)—1+€}7,,m(0(f)—1+6)‘

~—

Now, we may choose sufficiently small € satisfying 0 < 4e < min{u(A;0)—u(Aa),
T (A) — 71} and deduce from (17) that for r € H;\([0,1] U By U E3), r — oo,

exp{(zy(Ap) — 11 — 4£)T”(Al°)} < exp{TU(f)fHE},

that is, o(f) > p(Ay) + 1 — . Since ¢ is arbitrary, we have o(f) > u(Ap) + 1.
Case (iv) We suppose that max{c(A4;;), (4,7) # (a,b), (1,0)} = p(Aaw) = p(Aw)
and 74, (Aig) > 72 = max{zyy (Aw), TarlAy) : 0(Aig) = p(Aw), (5,7) # (a,0), (1, 0)}.
Then for all z satisfying |z| = r € H2\([0,1] U By U E3), r — oo and |Ajp(2)| =
M (r, Ajp), we deduce from (5)-(7), (13), (14) and (16) that

exp{(zas(Aip) — )0} < [exp (7 + 26)rH A0 4 exp{riAn) =5

exp{ro ()~ pm(o(f)-L+e) (18)

Now, we may choose sufficiently small e satisfying 0 < 4e < 7,,(A;9) — 72 and
deduce from (18) that for r € Ho\([0,1] U Ey U E3), r — o0,

exp{ (T, (Ap) — 72 — 45)r“<AlO)} < exp{rg(f)_1+€},
that is, o(f) > pu(Ap) + 1 — e. Since ¢ is arbitrary, we have o(f) > u(A4p) +1
Therefore, the proof of Theorem 5 is complete.

3.2 Proof of Theorem 6

Suppose that f(z) is a non-zero meromorphic solution of (3). If f(z) has infinite
order, the result holds yet. Then we assume that f(z) has finite order without loss
of generality.
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It follows by (4) that

m(rAw) < 3> 3 mnAg) + 3 m Ay) + 3 m (r )
(19)

It follows by Lemmas 9 and 10 and the lemma of logarithmic derivative that for
any given (> 0), we have

m (r, 4 ) = 0o 1), i £,

) (2t .
m (r, %) =O(logr), j#0.

(20)

In the following, we divide the proof into four cases.

Case (i) We suppose that o < u(A;).

By the definitions of o(A;j), (4,j) # (a,b),(l,0), we have for the above ¢ and
sufficiently large r,

m(r, Ayj) < T(r, Ayg) < 7% (i, §) # (a,b), (1,0). (21)

By the definition of p(Aj) and the assumption 6(co, 4;9) = 6 > 0, we have for
sufficiently small € and sufficiently large r,

m(r, Aw) > gT(r, Ap) > gr#(Alo)*% > pi(Aw)—¢ (22)

By the definition of ju(Ag) and Lemma 13, there exists a subset H; C (1,400)
with infinite logarithmic measure such that for all » € Hy, we have

m(r, Agy) < T(r, Agp) < riAar)¥e, (23)
Then it follows by (19)-(23) that for sufficiently large r € Hy, we have

TN(AZO)_‘E S TH(Aab)+5 + O(TU+E) —|— O(Ta(f)_1+6) + O(log T)

< rot2e + rd(f)—1+28' (24)

Now, we may choose sufficiently small e satisfying 0 < 3¢ < u(4y) — o and
deduce from (24) that for sufficiently large r € Hy,

ri(A)—2¢ < r<7(f)*1+2€7



Zhen Chen, Xiu-Min Zheng — Meromorphic solutions of differential-difference ...

that is, o(f) > u(Ap) + 1 — 4e. Since € is arbitrary, we have o(f) > (Alo) + 1.
Case (ii) We suppose that max{o(A4;;), (i,7) # (a,b),(1,0)} = w(Agp) =
M(AZO) and (51(14[0) > I(Aab)'
By the definition of 7(A;y) and the assumption §(oco, Ajg) = 6 > 0, we have for
sufficiently small ¢ and sufficiently large r,

> (6 —&)T(r, Arg) > (86 — &) ((Ay) — &)r#(A)
> (07(A) — (T(Ay) + 1)e)rHAwo),

By the definition of 7(A,p) and Lemma 14, there exists a subset Hy C (1, +00)
with infinite logarithmic measure such that for all » € Ho, we have

m(r, AZO) (25)

m(r, Aap) < T(r, Agy) < (T(Agp) + €)1 Aab) = (7(Agy) + g)r#(A), (26)

Then it follows by (19)-(21), (25) and (26) that for sufficiently large r € Ha, we
have

( (AIO) ( (Alo) =+ 1)5)7"“(‘%0)
((Agp) + &)rtA0) 4 O(r+2) 4 O(r7U)=142) 4 O(log ) (27)
(r

<
< (Aab) + g)rﬂ(Alo) + pot2e 4 rg(f),prgg.

Now, we may choose sufficiently small e satisfying 0 < (7(A;0)+3)e < min{u(Ayp)—
a, 07 (Aj) — 7(Aap) } and deduce from (27) that for sufficiently large r € Ha,

(07(Ap) — (Aap) — (£(Ap) + 3)e)r#Aw) < po(f)=1+2e

that is, o(f) > p(A) + 1 — 2. Since ¢ is arbitrary, we have o(f) > pu(Ap) + 1.
Case (iii) We suppose that p1(Agy) < max{o(Aj), (i,7) # (a,b), (1,0)} = p(Aw)
and 07(Aj) > 71 = max{7(A4;;) : 0(Ai;j) = u(Aw), (,7) # (a,b),(1,0)}.
By the definitions of o(A;;) and 7(A;;), (i,7) # (a,b),(,0), we have for suffi-
ciently small € and sufficiently large r,

. ritAn)=e, if o(Aij) < u(An), (i,4) # (a,b), (1,0);
T(’“’A”)S{ (1 + 20, it oAy — (A (19) £ (a.b). (L.0)

Then it follows by (19), (20), (23), (25) and (28) that for sufficiently large r € Hy,
we have

(28)

(67(Arw) — (z(Ap) + 1)e)rrtAo)
ri(Aap)te L O((r1 + g)ri(Aw)y 4 O(TH(AZO)*E) + O(Ta(f)*1+5) + O(logr) (29)
T#(Aab)+€ —+ (7-1 -+ QE)T'LL(AZO) + fro'(f)_l""QE‘

IAIN

10
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Now, we may choose sufficiently small e satisfying 0 < (7(A;0)+3)e < min{u(Ay)—
w(Aap),07(A)) — 71} and deduce from (29) that for sufficiently large r € Hy,

(O7(Ajp) — 11 — (T(Ag) + 3)e)riAn) < polf) =142

that is, o(f) > pu(Ap) + 1 — 2e. Since ¢ is arbitrary, we have o(f) > u(Ayp) + 1.
Case (iv) We suppose that max{c(A4;;), (4, j) # (a,b), (1,0)} = p(Aaw) = p(Aw)
and 07(Aj) > 1 = max{7(Aw), 7(Ai;) : 0(Ai;) = u(Aw), (i,7) # (a,b), (1,0)}.
Then it follows by (19), (20), (25), (26) and (28) that for sufficiently large r € Ha,
we have

(07 (Aw) — (r(Ap) + 1)e)r#Aw)
< O((1y + )r#A)) 4 O(rHAw) =) 4 O(ro(N=1+2) 1 O(log ) (30)
S (7-2 _|_ QE)TM(AZO) + To(f)71+2€.

Now, we may choose sufficiently small € satisfying 0 < (7(A;0)+3)e < d7(A;0)—T72
and deduce from (30) that for sufficiently large r € Ha,

(67(A) — 72 — (T(A) + 3)e)rHA0) < polf)=142e

that is, o(f) > u(Ap) + 1 — 2¢. Since ¢ is arbitrary, we have o(f) > u(Ap) + 1.
Therefore, the proof of Theorem 6 is complete.
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