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UNIVALENCE CRITERIA FOR INTEGRAL OPERATORS ON THE
BESSEL AND STRUVE CLASS OF FUNCTIONS
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ABSTRACT. In this paper we consider the class of Bessel and Struve functions.
First we obtain an univalence criteria for the integral operator

Fio= [ (E0) <g”t(t)>ﬁdt

then for the integral operator

1
6 = [ IGICOR <gv;t>)5dt] 7,
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1. INTRODUCTION AND PRELIMINARIES

Let

U(zg,7) ={2€C:|z—2| <1}
be the disc with center zp and and of radius r, the particular case U(0, 1) will be
denote by U. Let H(U) be the set of functions which are regular in the unit disc U.
Consider A = {f € H(U) : f(2) = 2z + a22® + a3gz® + ...,z € U} be the class of
analytic functions in U and S = {f € A: f is univalent in U}

Theorem 1.1. [1] If the function f is regular in unit disc U, f(z) = z + a22® + ...
and

f'(2)
f(2)

for all z € U, then the function is univalent in U.

(1|2 <1 1)
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Theorem 1.2. [5] Let @ be a complex number, Rea > 0, and f(2) = 2z + agz? + ...
be a regular function in U. If

1— |2’Reoz
Rea

2f ()
f(2)

<1 2)

for all z € U, then for any complex number 5, Re 8 > Re «, the function

1
Rt = | [0 ) ? 3)

0

is in the class S.

Theorem 1.3. [3] If the function g is regular in U and |g(2)| < 1 in U, then for all
& € Uand z € U the following inequalities hold

1—g(z)-g(&) " 11—7-¢
" )P
/ 1—1g(z
< - =
g2 < 0 )
o . z+u
the equalities hold in case g(z) = e——— where |¢| =1 and |u| < 1.
1+uz
Remark 1.1. [2] For z = 0 from inequality (4) we obtain for every { € U
9(&) —9(0
S A (©
1—9(0)g(¢)
and hence €]+ 19(0)]
t19
9| < = =i 7
S EVOIl )
Considering ¢(0) = a and £ = z, then
2| + la]
< — 8
90 < 1t ®)

for all z € U.
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Let us consider the second-order inhomogeneous differential equation(([7]), p.341)
4( E )v+1
2, " ! 2 2 _ 2
zw (2) + 2w (2) + (2° —v*)w(z) = —
whose homogeneous part is Bessel’s equation, where v is an unrestricted real(or

complex) number. The function H,, which is called the Struve function of order v,
is defined as a particular solution of (9). This function has the form

9)

> —1)" 2n+u+1
Hy(2) = Z (=1) . <E> for all z € C (10)
3 3 2
We consider the transformation
5 —v—1
gu(z) =2V +5) 5 2 H(V3) (1)
After some calculus we obtain
3 3
o (C)TGITe+S)
gu(z) = 3 57 (12)
n=0 4" - F(TL + 5)F(’U +n+ 5)

3
Using Theorem 2.1 ([4]) for our case withb=c=1,k =v + 5 we obtain that:

Theorem 1.4. [4] If v > V3T

then the function g, is univalent in U.

The Bessel function of the first kind is defined by

> (_1)n 2\ 2n+v
W= Y e @) (13)

n=0
We consider the transformation
v
Fol2) = 2T(1+0)2 2J,(V7) (14)

After some calculus we obtain

o0

-1)"I'(1 +v n
folz) = Z né‘(n)+ v(—l- 1) -)4” -z (15)

n=0

Theorem 1.5. [6] If v > —2 then Ref,(z) < 0 for z € U;(0,4(v + 2)) and f, is
univalent in U1(0,4(v + 2)).
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2. MAIN RESuLT

Theorem 2.1. Let o, € C, f, a Bessel function and g, a Struve function. If
zeUiNU,ve(—2,—1) and

2fo(2) = fu(2)
el (V) ze Uy UU (16)
29,(2) — gu(2)
By e (V) ze Uy UU (17)
la| + 18]
e <! .
1
- Bl < 19)
EESE
Dex [“ ~ )4l mM
h = - ’ :
where Je| = ‘32(2+v)(1+v) " 15<2v+3)<2v+5)" o Bl

then F(z) = /0 ’ (f”t(t)>a . <9vt(t)>5 dt is univalent.

Proof.
We have f, € S, g, € S and fviz) #£0, 90(2) #0.

For 0wt () (gv<z>>i .

z z
Consider the function

The function h has the form:

L RO -RE 1 2000 al)
a- B 2 fo(2) +a-,8 b 29y (2)

By using the relations (16), (18) and (17) we obtain

h(z) =

|h(z)] <1

and
|\a-a2+ﬂ-b2! _

(o)) = [

]
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Whe_re (-1)2-T(1+v)  T(l+v) v-T'(v) B 1
T T+ 142 32.T(3+v) 32-(2+0)(L+vl(v) 322+ v)(1+0)
and
3 3 3 3
b (—1)2'F(§)‘F(U+§) _ F(g)‘r(v+§)

3 3 7 7
42-F(2+§) T+ §+2) 16~I‘(§)I’(v+§)
We calculate

') VA

7. 15 ~ 15
F(§) g\/%

1 2n —1)!
Using the formula I'(n + 5) = M we calculate

3
1—‘ _
(U+2): 4

F(U—I-%) (2v+3)(2v+5)

Toen I = | sy ) * BT @S

Applying Remark 1.1 for the function h we obtain

1

1 |F(2)

|- B

2| + |c|
1+ x| |z]

el + e

1— |z -z —_—,
(1 —[2[%) T ]

—

<l Bl (1~ |2%) - []

for all z € U.
Let’s consider the function H : [0,1] — R

H(z)=(1-2%x

[t
+
o

1
H(=)=
()
We obtain

[

el > 0 then max H(x) > 0.
+ |c| €[0,1]

ool w
[\]

zl + |c
<la-8- max [(1—[oP)- |2 - L

1—121%) 2z — .
( 1#1%) z€[0,1] 1+ |c||#]

(20)
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Applying the condition (19) we obtain:

2F"(2)

(-1 | s

— )

for all z € U and from Theorem 1.1 F' is univalent.
Considering in Theorem 2.1 o« = 1 and 8 = 1 we obtain the following corollary:

Corollary 2.1. Let f, a Bessel function and g, a Struve function. If z € U3 N U,
v e (—2,—1) and

W<;, (V) ze Uy UU (21)

W <5 B)zetiuU (22)
21 + e

s [0 -5 < )

1 1
3202+ 0)(1+0) 1520+ 3)(20 1 5) ‘

o) gult)
t t

where |c| = ‘

dt is univalent.

then F(2) = /0 ’

Theorem 2.2. Let o, 5,7v,0 € C, f, a Bessel function, g, a Struve function. If
zelUiNU,ve(-2,-1) and

2fo(2) = ful2) B
0 <1, (V)zelU,uU (24)

29,(2) — gu(2) ;
)| Sh Wzetiuv (25)

| + 8]
o] <1 (26)
Rey>Red >0 (27)
1

o= EEaE 2%)

max |(1—[z]?)|z] —— L
Jax | (=120 12l =
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where |c| = ‘

« I3 1
32(2+v)(1 + ) + 15(2v + 3)(20 + 5 ’ - B

then G(z) = [,Y/OZ T (“f“t(t))a (gvft)ydt

Proof.
We consider the function

h(z) = /0 <f”t(t)>a . (”vt(t)y dt

T a8l K (z)

L O -RE) L1 z0() —al)
S N N e
By using the relations (24), (25) and (26) we obtain

~—

==

is univalent.

p(2)] <1

lac-az + B - b
and p(0) = T c]

Applying Remark 1.1 for the function p we obtain

"

W@ e+
&) | = 1]

1 .
|- B

1— |Z|2Re6 . h//(z)
Red R (2)
for all z € U.

1— |z 2] + |e|

Res T3 Al

= <le- Bl

Let’s consider the function @ : [0,1] - R

1—m2Re5$ z + |al o=
Red "1+ |ajz’”

Q(r) =

Q <1> > 0= max Q(z)> 0.

2 z€[0,1]

Using this result we have:
1— | Z|2Re6

Red

zh" (2)
B (2)
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1— |z |21 + ]
<la-f|- —_— 2|/ v U.
< lo-4l Tnii‘{ Res Vi) 7€
Applying the condition (28) we obtain:
zh" (2)
1— [z <1, V)zeU
el e E U
and from Theorem 1.2, G € S.
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