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REMARKS ON EXTENDED GAUSS HYPERGEOMETRIC
FUNCTIONS
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ABSTRACT. Recently, Singh [1] established some interesting results for the ex-
tended Gauss hypergeometric function (EGHF) due to Ozergin et al. [7]. Motivated
by the work of Singh [1], in this paper, we further establish some interesting theo-
rems for the extended Gauss hypergeometric function (EGHF) defined by Srivastava
et al. [9]. Some deductions of our main results are also considered.
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1. INTRODUCTION

In recent years, a number of authors namely, Chaudhry et al. [11], Chaudhry et al.
[12], Lee et al. [2], Ozergin et al. [7], Parmar [14], Srivastava et al. [9], Liu and
Wang [8], Khan and Ghayasuddin [13], Choi et al. [10] etcetera have introduced and
investigated various extension of some well-known special functions.

In particular, among several interesting and potentially useful properties of the
extended Gauss hypergeometric functions, very recently, Singh [1] derived some
other interesting results for the extended Gauss hypergeometric function (EGHF)
defined by Ozergin et al. [7]. In a sequel of above-mentioned works, in the present
note, we further derive various (presumably) new and potentially useful properties
of the extended Gauss hypergeometric function (EGHF) defined by Srivastava et al.
[9].

For the purposes of our present study, we begin by recalling here the following
definitions of some known special functions:

Recently, Srivastava et al. [9] introduced a new generalization of Gauss hyper-
geometric function as follows:
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(2] <1; min{R(a), R(B), R(k), R(w)} > 0; R(c) > R(b) > 0; R(p) = 0),
where B,Sa’ﬁ F1) s the generalized beta function defined as follows:
1
(OZ,,B;]C,}L) — z—1 — y_l . . p
B, (z,y) /0 (1=t P (a,ﬁ, nF— t)/‘> dt (2)

(R(p) = 0; min{R(x), R(y), R(a), R(H)} > 0; min{R(k), R(u)} > 0).

By using (2), we can obtain the following integral representation of the extended

Gauss hypergeometric function Féa’ﬁ hon).,
. I'(c)
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P (@.5:62) = T re =)
1
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(R(p) > 0; |arg(1 - 2)| < m R(c) > R(B) > 0; min{R(k), R(w)} > 0).

On setting k& = p in (3), we get the extended Gauss hypergeometric function
defined by Parmar [14], which further gives the known generalization of Gauss hy-
pergeometric function given by OZergin et al. [7] by taking p = 1. Also, it is noticed
that, if we set & = f and k = p in (3) then we get the extended Gauss hypergeo-
metric function defined by Lee et al. [2] and if we set « = f and k = =1 in (3)
then we get the extended Gauss hypergeometric function defined by Chaudhry et
al. [12].

For p = 0, (3) reduces obviously to the classical Gauss hypergeometric function
oF1(a,b;c; z) (see [3]).

The generalized Wright hypergeometric function is defined by (see [4], [5] and

p
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where the coefficients Ay, --- , A4, and By, - - , B, are positive real numbers such that
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j=1 j=1
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2. MAIN RESULTS

This section deals with some interesting results for the various extended Gauss
hypergeometric functions.

Theorem 1. The following result holds true: For ®(a) > 0, R(8) > 0 and R(c) >
R(b) >0,

L(B)T(c)
['(a)L'(b)T(c—b)

(a7 1)’ (b7 _k)v (C -b- a, _/‘);
X3\I/2 —P|, (6)
(ﬁ’l)’ (C_av_k;_:u);

where Féa’ﬁ;k’“) is the EGHF' defined by Srivastava et al. [9] and 3V is the Wright
hypergeometric function defined by (4) satisfied the condition (5).

Féa’ﬁ;k’“) (a,b;¢;1) =

Proof. Using (3) on the left-hand side of (6), to get

R i) =
1
- c—b— —a . 3. p
></0 A ) e (S P o <a”8’_tk(1—t)ﬂ> dt. (7)

On expanding 1 F} in its defining series, changing the order of summation and inte-
gration (which is guaranteed under the conditions), we obtain

o, Bk, 1) I'(c) . (@)r (=p)"
Ey 08 (a,b;¢;1) = L(b)(c —b) z:;) @) !

1
% / tb—kr—l(l _ t)c—b—a—ur—ldt' (8)
0

Evaluating the above integral with the help of beta function and after some simpli-
fication, we arrive at

a,Bik, ca 1) —
Fp( M (a,b;c;1) =

2 T(a+rT(b—EkrT(c—b—a—pur)(—p)"
Z LB+rI(c—a—kr—pur) r!

; (9)

r=0

which upon using the definition (4), yields (6). This completes the proof.
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Remark 1. If we set k = p in (6) then we obtain the following result for the EGHF
defined by Parmar [14)]:

a,Bip, e 1) = s c 1) —
F;g ““)(a,b,c,l)—FIS #)(avbacal)_

(avl)v (bv _/1’)7 (C_b_av _M);
X 3\112 —pl - (10)
(671)7 (c—a, —Qﬂ)a
Remark 2. If we set k = p =1 in (6) then we get the following known result of
Singh [1, p.2, Theorem 2.1] for the EGHF defined by Ozergin et al. [7]:

L'(c)T(8)
L')(e—b)I'(a)

a,B;1,1 e 1) = ey ca 1) —
Fzg )a,b;e;1) = F;S Aa,bye;1) =
(Oé, 1)7 (bv_]-)v (C_b_av_]-);
X 3\112 —pf - (11)
(57 1)’ (C*CL, *2)7
Remark 3. If we consider 5 = « and k = p in (6) then we obtain the following
result for the EGHF defined by Lee et al. [2]:

. I'(c)
F(Oévohlhﬂ) . e 1 — F:u . e 1 —
P (a7b7 G ) P ((L, b7 & ) F(b)F(C— b)
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X 2\111 —pl - (12)
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Remark 4. If we put f = a and k = p = 1 in (6) then we obtain the following
known result of Singh [1, p.3, Eq.(2.5)] for the EGHF defined by Chaudhry et al.

[12]:

. I'(c)
F(a,a,l,l) 1) = F e 1) =
p (CL, b7 & ) p(aa ba G ) F(b)F(C — b)
(b,—1), (c—b—a,—1);
X oWy —p] . (13)
(c—a,—2);

Remark 5. On setting p =0 in (9), after little simplification, we get the following
known result due to Rainville [3, p.49]:

L)' (c—b—a)
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Theorem 2. The following result holds true: For R(a) > 0, R(B) > 0 and R(c) >
R(a+mn) >0 (n is non-negative integer),

T'(B)L(e)

(e, Bsk, ) (_ cer 1) =
£y (=n,a+n;cil) I'(a)T(a+n)T'(c—a—n)

(a,1), (a+n,—k), (c—a,—p);
<ot ~p|. (15)
8,1, (et n—k—p)

where Féa’ﬁ;k’“) is the EGHF defined by Srivastava et al. [9] and 3WUy is the Wright
hypergeometric function defined by (4) satisfied the condition (5).

Proof. On using (3) on the left-hand side of (15), expanding 1 F} in its defining series,
and changing the order of summation and integration (which is guaranteed under
the conditions), and after little simplification, we get

(@) (_ T I'(c) (@) (—p)"
B ) = B e —a ) 25 ()
1
ta—i—n—k'r’—l 1—¢ C_a_IJ'T_ldt. 16
x /0 (1-1t) (16)

Evaluating the above integral with the help of beta function and after some simpli-
fication, we get

T N G I8 ()
Ep PR (natmicl) = I'(a+n)T(c—a—n)l'(a)
2 T(a+rT(a+n—kr)l(c—a—pr)(—p)
. Tz:(; LB+rT(c+n—kr—pur) rl (17)

which upon using the definition (4), yields (15). This completes the proof.

Remark 6. If we set k = p in (15) then we obtain the following result for the EGHF
defined by Parmar [14)]:

F}gaﬁ;#,n)(,n’ a+ncl) = FZSQ’B;“)(*n, a+nicl) =

(av 1)7 (a+na _N)v (C_ a, _:u)§
x 3y —pl. (18)
(67 1)) (C+n7 _2:“);
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Remark 7. If we set k = =1 in (15) then we get the following known result of
Singh [1, p.3, Theorem 2.5] for the EGHF' defined by Ozergin et al. [7]:

; ['(c)l'(B)
(a755171) _ . e — (a,,B) o . e —
F, (—n,a+n;c;1) F, (—n,a+n;¢; 1) T(atn)T(e—a—ma)

(,1), (a+mn,-1), (c—a,—1);
X 3\112 — P - (19)
(/87 1)7 (C+n7 _2);
Remark 8. If we consider f = « and k = p in (15) then we obtain the following
result for the EGHE defined by Lee et al. [2]:

Féa’o‘;“’“)(—n, a+mn;cl)=Ff(-na+n;cl) =

(a+n7 _:u)v (C_ a, —f1);
X oW -p|. (20)
(C +n, _2:U');

Remark 9. If we consider B =« and k = p =1 in (15) then we get the following
known result of Singh [1, p.4, Eq.(2.10)] for the EGHF defined by Chaudhry et al.

[12]:

Féa’a;l’l)(—n, a+mn;c;l) = Fy(—n,a+n;c;1) =

(a+n,—-1), (c—a,—1);
X 2\111 —pf - (21)
(C + n, _2)7
Remark 10. On settingp = 0 in (17), after little simplification, we get the following
known result due to Rainville [3, p.69]:

(=)™l —=cH+a),
(©)n '

Theorem 3. The following result holds true: For R(a) > 0, () > 0, R(b) > 0
and R(3 — %) > 0 (n is non-negative integer),

FPR (_n a4 nye;l) = oFy (—nya+ nje; 1) = (22)

n n 1
posn [ 70 Ly 1T 2TEIN0+ S+ D)
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(Oé,l), (%_%7_k)7 (b+n7_:u);
X 3Wo -l (23)

where FISO"&’“’“) is the EGHF defined by Srivastava et al. [9] and 3V is the Wright
hypergeometric function defined by (4) satisfied the condition (5).

Proof. On applying (3) on the left-hand side of (23), expanding 1 F} in its defining
series, and changing the order of summation and integration (which is guaranteed
under the conditions), and after little simplification, we get

. 11 L+ 3)
JalCHERD) [_n’_n_{_;b_'_;l] = :
P 2772 97T I(3—5r0+%)
o0 _ T 1 n
SO s o
r 0
r=0

Evaluating the above integral with the help of beta function and after some simpli-
fication, we get

1
Féa”g;k’u) [_n7_n+1;b+1;1] = '+ Q)F(B
5 5 T5ib+s (L - 2Tk + 2)0(a)
Tty o) o )
~ TB+IT0+ 5+ —kr—pr) 7!

By using the Legendre’s duplication formula, T(b)I'(b+ 3) = 2'72°7['(2b), in the
above equation, we get

F(aﬂ;kyu)[ non 1. 1.7 2"T(20)L (b + 2 + 3)I(B)
p 55 Tt - 1 n
27 22 2 ()20 + n)T(3 — 2)(w)

XiF(a—l—r)F(%—%—k (b +n—pr) (—p)"

PB+IT(b+ 5+ 1 —hr—pr) 7 (26)

r=0
which upon using the definition (4), yields (23). This completes the proof.
Remark 11. If we set k = pu in (23) then we obtain the following result for the
EGHF defined by Parmar [14)]:

1 1
plafpp) |2 Tl o plesfin)
P [ 2 g Tty
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2"T(20)[(b+ 2 + $)T(B) v (1), (53— 5 —n), (b+mn,—p);
L0020 +n)I(3 — #)l(a) *

-p

(27)
Remark 12. If we put k = p =1 in (23) then we get the following known result of
Singh [1, p.4, Theorem 2.9] for the EGHF defined by Ozergin et al. [7]:

(pny | _m L L pes | 1
Fp 27 2 +2,b+2,1 Fp 2 2 —|— b+2
TG+ 5 +3)T(B) (1), (3-%-1, (b+n,-1)
= po 3Wo —p
LB)L(2b +n)T(5 = 5)T(e)

(ﬁ) l)a (b+%+%7_2);
(28)

Remark 13. If we set f =« and k = p in (23) then we get the following result for
the EGHF defined by Lee et al. [2]:

(o) |0 1, Lol oo om 11
F, 5 2—1—2,17—1—2,1 F} 5 2+27b+271
1 n X
2T (2b)1(b + 2 + 1) (3—%—m,  (b+n,—p);
oy 2 Y —p|. (29)
L2+ n)I(5 - 5)

Remark 14. If we set § = o and k = p = 1 in (23) then we get the following

known result of Singh [1, p.6, Eq.(2.16)] for the EGHF defined by Chaudhry et al.
[12]:

a1 n n 1 | n n 1 1
Fzgaa )_7_+2,b+2»1}—Fp[_ 5

— _ b 7.1
27 2 27 2 + 2’ * 2’
1 n .
oy 2Y1 —-p|-
I'(b)r (26+n) (% —3)

Remark 15. On setting p = 0 in (26), after little simplification, we get the following
known result due to Rainville [3, p.50]:

. 1 1 n n 1 1 2"(b)
F(a,ﬁ,k,u) nn Zoht 1l =R | —— e Zop 21| = n
0 27 9 + 27 + 27 241 27 + 27 + =

2 2 (20),, (31)
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Theorem 4. The following result holds true: For R(a) > 0, R(8) > 0 and R(c) >
R(1—b—n) >0 (n is non-negative integer),

['(e)T(8)
F1—=b—n)I'(c—1+b+n)'(a)

F}SO"&’“’“)(—n, 1-b—n;¢1) =

(Ol,l), (1_b_n’_k)a (C_1+b+2na_u);
><3\I/2 —DP|, (32)
(/85]-)7 (C"’na_k_#)a

where Flgaﬁ;k’”) is the EGHF' defined by Srivastava et al. [9] and 3Uy is the Wright
hypergeometric function defined by (4) satisfied the condition (5).

Proof. On using (3) on the left-hand side of (32), expanding 1 F} in its defining series,
changing the order of summation and integration (which is guaranteed under the
conditions), and after little simplification, we get

. I'(c)
(a’/B’k7#) — — p— . . —
BS e L =bmmia ) = s e = T b )
— (@), (=p)" /1 1—b—n—kr—1 1b2n—pr—1
X t IR — ¢)© TRt 33
g(ﬁ)r r! 0 ( ) ( )

Evaluating the above integral with the help of beta function and after some simpli-
fication, we get

I'(e)T(8)
Fr1—=b—n)I'(c—1+b+n)I'(a)

Féa’ﬁ?k’“)(—n, 1-b—n;¢1) =

ATl —b—n—kr)['(c—1+b+2n—pr)T(a+7)(—p)"
8 ;) Tlc+n—pr—kr)I'(B+T) rl (34)

which upon using the definition (4), yields (32). This completes the proof.

Remark 16. If we set k = p in (32) then we get the following result for the EGHF
defined by Parmar [14]:

Flga’ﬂ?“’“)(—n, 1-b—mn;¢1) = Flgo"ﬁ;“)(—n, 1-b—mn;¢1)
_ NCINE)
'1—b—n)'(c—1+b+n)'(a)

(a,1), 1=b—n,—pn), (c=14+b+2n,—p);
X 3Ws -pl. (35)
(/871)7 (c—i—n, _2M);
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Remark 17. If we set k = p =1 in (32) then we get the following known result of
Singh [1, p.6, Theorem 2.13] for the EGHF defined by Ozergin et al. [7]:

«, ,1,1 . e — «, cC
Flg B N*ﬂ,l*b*?’b,C,l)-Fz& ﬂ)(—n,l—b—n,c,l)
_ NCING)
'1—b—n)'(c—1+b+n)'(a)

(,1);, 1=b—n,—1), (c—14+b+2n,—1);
x 3Wg —p|. (36)
(67 1)a (c+n,—2);

Remark 18. If we set f =« and k = p in (32) then we get the following result for
the EGHF defined by Lee et al. [2]:

I'(c)
FNl1—=b—n)'(c—14+b+n)

F]§O‘7O‘W’“)(—n, 1—=b=mn;¢1) = Ff{(=n,1-b—n;¢;1) =
(1_b_n>_u)a (C_1+b+2n>_u)7
X oWy 4R (37)
(C+7’L, _2,U‘)a

Remark 19. If we consider 5 = a and k = p =1 in (32) then we get the following
known result of Singh [1, p.7, Eq.(2.21)] for the EGHF defined by Chaudhry et al.

[12]:
I'(c)
(I1-b—n)'(c—=14+b+n)

Féo"a;l’l)(—n, 1-b—n5¢;1) = Fp(—n,1-b—mn;c;1) = T

(I1-b—n,-1), (c=1+b+2n,—1);
XQ‘Ifl —pl - (38)
(C + n, _2)a

Remark 20. If we set p = 0 and ¢ = a in (84), after little simplification, we get
the following known result due to Rainville [3, p.69]:

(a4+b—1)2,
(@)pla+b—1),"

FPFM (1 —b—nsa;1) = oFy(—n, 1 —b—mn;a; 1) = (39)

Theorem 5. The following result holds true: For ®(«) > 0, R(8) > 0 and R(c) >
R(b) >0,

Féa’ﬁ;k’”)(—n, b;c;1) =

10
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(a,1), (b,—k), (c—b+4+n,—p);
X 3Wo -pl, (40)
(53 1)7 (C—I—’I’L,—k‘—,u);

where n is non-negative integer, Féaﬂ;’“’“) is the EGHF defined by Srivastava et
al. [9] and 3y is the Wright hypergeometric function defined by (4) satisfied the
condition (5).

Proof. On using (3) on the left-hand side of (40), expanding 1 F} in its defining series,
changing the order of summation and integration (which is guaranteed under the
conditions), and after little simplification, we get

a7 ; ) . . _— F(C)
Fzg Bik u)(_n’ bic;1) = OIS
% S (a)T (_p)r ! b—kr—1/1 _ p\e—btn—pr—1
Zgw% ! At (1—1) dt. (41)

In the above equation, using the definition of beta function and after some simplifi-
cation, equation (41) reduces to

Flga’ﬁ;k’“)(—n, byc;1) =

o0

XEzrw—kmr@—b+n—uﬂﬂa+rﬂ—mr

D(c+n—pr—kr)T(B+r) o (42)

r=0
which upon using the definition (4), yields (40). This completes the proof.

Remark 21. If we set k = p in (40) then we get the following result for the EGHF
defined by Parmar [14]:

Féa’ﬁ;“’“)(—n, byc;1) = Féo"ﬁ;“)(—n, byc;1) =

(Ck, 1)7 (b7 —,U,), (C_ b+n7 _lu’)7
X 3\1’2 — P - (43)
(57 1)7 <C+n7 _2/1')7
Remark 22. If we set k = p =1 in (40) then we get the following known result of
Singh [1, p.7, Theorem 2.17] for the EGHF defined by Ozergin et al. [7]:

L'(e)I'(8)
r'O)I(c—b)I'(a)

a,B;1,1 . e — Q, . o
F]S A )(_nabvc,l)—FZS ﬁ)(—n,bm,l)_

11
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(o, 1), (b,—1), (c—b+n,—1);
X 3W3 -p|. (44)
(/871)> (C—I—TL, _2);

Remark 23. If we put f = o and k = p in (40) then we get the following result for
the EGHF defined by Lee et al. [2]:

. I'(c)
Fleestt) (_p b c;1) = FF(—n, b; ;1) =
P ( n? ’ C’ ) P ( n? Y C’ ) F(b)l—\(c _ b)
(b7 _H)u (C_ b+n7 _H)a
x oWy -p|- (45)

(C =+ n, _2/1’)7

Remark 24. If we set B =« and k = p =1 in (40) then we obtain the following
known result of Singh [1, p.8, Eq.(2.26)] for the EGHF defined by Chaudhry et al.

[12]:

: I'(c)
F(a7a7171) _ . e 1 — F _ . e 1 —
P ( n, b7 &) ) p( n, b7 (X ) F(b)F(c— b)
(b,-1), (e=b+mn,—1);
x oW -p|. (46)

(C + n, _2);

Remark 25. If we consider p = 0 in (42), after some simplification, we get the
following known result due to Rainville [3, p.69]:

Féa’ﬁ;k’“)(fn, byc;1) = o F1(—n,b;c; 1) = (47)
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