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GROWTH RATES
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ABSTRACT. The paper considers a general property of trichotomy with different
growth rates for dynamical systems in Banach spaces. The main aim is to give
necessary and sufficient conditions of this property in terms of Lyapunov functions.

As particular cases, criteria for exponential and respectively polynomial tri-
chotomy are obtained.
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1. INTRODUCTION AND BAsic CONCEPTS

The study of the asymptotic properties for dynamical systems has a long and im-
pressive history. Of the most important contributions from the stability theory, we
emphasize the results of E. A. Barbashin ([5]), R. Datko ([13]), A. M. Lyapunov
([21]) and O. Perron ([32]), that represented important directions for the develop-
ment of the area.

The approach of the stability property for differential equations and difference
equations was extended to various concepts of dichotomy, treated in [1], [10], [12],
[15], [26], [33], [40] by different methods.

The property of trichotomy comes naturally, as a generalization of the dichotomy
and is studied in [14], [28]. The classical issues of exponential and polynomial
trichotomy approached in [19], [23], [29], [39] was extended to general forms ( see
for instance [18], [20], [35] ).

In what follows we recall the main concepts of dichotomy and trichotomy studied
for linear discrete-time systems.

Let X be a real or complex Banach space, B(X) the Banach algebra of all
bounded linear operators on X. We define the set

A = {(m,n) € N> :m >n},
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where N is the set of natural numbers.

The norms on X and on B(X) will be denoted by || - || and I represents the identity
operator on X.

We consider the linear discrete-time system

(A) Tn+1 = Anxﬂn n e N7

where A: N — B(X), A(n) = A,.
Every solution of (\A) is defined by

Ty, = Ap T,
for all (m,n) € A, where

A1 Ay, ifm>n
Al =

m
I, ifm=n.

It results that
Ap AL = Ap, forall (m,n),(n,p) € A.

Definition 1. A sequence P : N — B(X), P(n) = P, is called
(i) projections sequence on X if P2 = P,, for all n € N;
(it) invariant for (A) if APy, = Ppi1An, for all neN.

Remark 1. If (Pl), is invariant for (A) then P? = I — P} is also a projections
sequence invariant for (A) (called the complementary of (Pl),).
Remark 2. [t is easy to see that (P}), is invariant for (A) if and only if

Ap P, = P, A}

m*-m?

for all (m,n) € A.

Definition 2. Three projections sequence P = {P}, P2, P3} are said to be supple-
mentary if

(s1) P+ P>+ P3=1, forall neN;
(s9) PIPl =0, forall i+#3j, i,je€{l1,2,3}.

Definition 3. An increasing sequence h : N — [1,4+00), h(n) = h, is called a
growth rate if li_}rn hy, = 4o0.
n—,oo
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An important concept of dichotomy that generalizes the exponential and the
polynomial dichotomy is treated in [2], [11] for the discrete case and in [17], [22] for
the continuous case. Also, we mention in this context the contributions from [3] and

[4].
Let h,k : N = [1,400) two growth rates and P = (P!), a projections sequence
invariant for (A), P2 =1— P}

Definition 4. The pair (A, P) is called (h,k)-dichotomic if there exists a nonde-
creasing sequence (Sp)n, Sp > 1 with

ha|| AR Pl + k|| Prce]| < Byl | Pal| + knsm|| AR, PRzl
for all (m,n,x) € A x X.
As particular cases of (h,k)-dichotomy we have

(i) if (sp)n is a constant sequence, then we have the property of uniform (h,k)-
dichotomy;

(ii) if by = €™, k, = €™, a, B > 0 we recover the notion of (nonuniform,) expo-
nential dichotomy and if (s,), is constant it results the property of uniform
exponential dichotomy;

(iii) if by = (n +1)%, ky = (n+1)%, a, 8 > 1 we obtain the property of (nonuni-
form) polynomial dichotomy and if (s,), is constant it results the notion of
uniform polynomial dichotomy;

(iv) for P? =0 for all n € N, we have the h-stability.
We present a general example of a pair (A, P) that is (h,k)-dichotomic.

Example 1. Let X = R? with the norm ||(z1,22)|| = max{|x1], |z2|}.

Also, (hp)n, (kn)n are growth rates and (sy,)y is a nondecreasing sequence.

We consider the canonical projections sequence Pl, P? and the linear discrete-time
system (A) is given by

h kpa1
A, = —2-pl4 2l p? N.
hn+1 n + kn n+1» ne
Thus,
n h’n 1 km 2
Al = h—Pn + k—Pm, for all (m.n) € A.

A simple verification shows that the pair (A, P) is (h, k)-dichotomic.
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Concerning this direction of study, we observe a large number of papers where
are obtained results of Datko type ([37], [43]), Lyapunov type ( [8], [9], [16], [24],
[25], [36], [38] ) and of Perron type ( [27], [41] ).

In this paper, we focus on the following concept of trichotomy

Let h,k,pu: N — [1,+00) be growth rates and P = {P}, P2, P3} three projec-
tions sequence invariant for (A).

Definition 5. We say that pair (A, P) is (h, k, u)-trichotomic if there exists a non-
decreasing sequence (Sp)n, Sp > 1, with

(t1)
hmHA%Prh’H + Iqung;H < hnanPrh’H + knsmHA”mPst;

(t2)

1
— 1 P3al < (|47, PRa|| < s, | AT, P22,

m Pm n
for all (m,n,z) € A x X.
As particular cases, we recall the following:
(i) if (sn)n is a constant sequence, then we obtain wuniform (h,k, u)-trichotomy;

(ii) if hy, = ™, ky, = e, =€, a,B,7 > 0 we have the notion of (nonuni-
form) exponential trichotomy and if (s,), is constant it results the concept of
uniform exponential trichotomy;

(iii) if hp = (R+1)%, ky = (n+1)%, py, = (n+1)7, a, B, > 1 it results the notion
of (nonuniform) polynomial trichotomy and if (s,), is constant we have a
uniform polynomial trichotomy;

(iv) for P3 =0 for all n € N, we recover the notion of (h,k)-dichotomy.
Example 2. On the Banach space X = R? with the norm
(1, 22, x3)[| = max{|z1], w2, [x3]},

we consider the linear discrete-time system

h _
Thiy =€
anJrl
2 _ Pn+l 7 4+1—Tn 5.2
(A) xn_;’_]_ = 7]{: e nl'n
n
1 —
x%+1 — Hn+ e Tn+1x§”

Un
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with (hp)n, (kn)n, (n)n arbitrary growth rates and 7, = (n+1) cosln(n+1), n € N.
We have that

h k
A:Ln — ieTn—TmP% + ?meTm—TnP% + uﬂeTn—TmPg’
m n Hn
for all (m,n) € A, where PL, P2, P3 are the canonical projections.
It it easy to check that the pair (A, P) is (h, k, p)-trichotomic, with s, = "', n € N.

On this direction we mention the papers [6], [7], [31] (with results of Lyapunov
type), [19], [30], [42] (with results of Datko type) and [39] (with results of Perron
type).

In the last period we remark a particular interest for the different notions of
nonuniform dichotomy and trichotomy for the continuous case and also for the dis-
crete case ( see [34], [44]-[46] ).

In this paper, we approach the property of (h, k, u)-trichotomy, introduced in
Definition 5 for linear discrete-time systems in Banach spaces as a generalization of
the (h, k)-dichotomy. The main aim is to obtain necessary and sufficient conditions
of Datko and Lyapunov type for this notion.

Also, as consequences, are illustrated the results for the nonuniform exponential
trichotomy and nonuniform polynomial trichotomy.

2. NECESSARY CONDITIONS FOR (h, k, ;t)-TRICHOTOMY

We denote by H the set of the growth rates h : N — [1,400) with the property that
there exists (¢n)n € H and a constant B > 1 such that

+oo
ZQSB.

|
Jj=0

Also, K represents the set of the growth rates k : N — [1,400) with the property
that there exists (¢n)n € K, (mn)n € K and a constant B > 1 with

400

Zﬁ < B
” k:j

j=0

and

o k; Ko
Z —+ < Brp—=, forall (m,n)eA.
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Remark 3. Considering £ the set of all sequences h,k : N — [1,400), h, =
e ky, = e’ with o, f > 0, it is immediate that € C H and £ C K.

Indeed, let h,, = e, k, = ™ with a, 8 > 0. Then ¢, = €™, 1, = ™, with
€ (0,a), 6 € (0,8) and r, = €"¢, ¢ > 0. We obtain

Ot

+OOQO
]Z%h] Z:J'yazeo‘—e‘YSB;

400 eﬁ

Z ~ U _ 36 = S5 <B,

aoJ j=0

@ eB
ea—e’y’eﬁ—e‘s};
(B-8)(m+1) _ yn(8-0)

m
Z¢ Zejﬁ 6)§e o <

J j=n

where B = max {

B k
e

<& m <, Sm
— 66 _ 66 i m m

for all (m,n) € A.

Remark 4. We denote by P the set of all sequences h,k : N — [1,4+00), h, =
(n+1)2 ky=n+17° a,f>1. It results that P C H and P C K.

Similar with the previous remark, let h,, = (n+1)%, k, = (n+1)?, with a, 8 > 1.
Then gy = (n+ 17,7 € (1,a), G = (n+ 1)1, € (1,6), rn = (n+ 1), € > 1.

Thus,
—+00

1
Z%—ZWSB%
—+o00
Zk Zj+165+1§B’

j=0 7 =0

+oo 1 +o00 1
where B =max | 2, Gty 2 G (
J= J=

m m km
Zj Zyﬂﬁ“l (m —n+1)(m+1)5_6+1§3rmw—,

m
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for all (m,n) € A.

In the following, we consider a pair (A, P), where P = {PL, P2, P3} are invariant
projections sequence for (A).

We illustrate a necessary condition for (h, k, u)-trichotomy

Theorem 1. If (A, P) is (h, k, p)-trichotomic and (hy)n € H, (kn)n € K then there

exists a growth rate (vy), and a nondecreasing sequence (dp)p, d, > 1 with the
properties:

A "P%H

Z% |47 Pyl + Z

Ssondn\|P5x|\+¢—mr|AzP3x||, for all (m,n,z) € A x X;

+oo
(D) Z—\|A”P3 || < ||P3x|\ for all (n,z) € Nx X;
j=n
m
(D3) Y _villA} Plx|| < vindm||Ap, Piz||,  for all (m,n,z) € Ax X,
j=n
Mnkn
Proof. Let d,, = Bs, max{hy, ky,r,} and v, = . Then,
n
(D1)
IIA"P%II
Zso]IIA"P1 |I+Z
Pj 1 H P?A n
< Z hnsn||P || +Z
k; s
<Bhnsn|\P1xll+Z bk mllAﬁnA?PﬁwH <
< BhnanP;xH + Brm—mHA%Png <
m
< ndy||Plz|| + HA” P2g||, forall (m,n,z)€AxX;
(D2)
+oo
Z | A7 P3a|| < Z &fIIP%H =
j:n
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Sn +o0 Vi s Sn |53 dp 3
= 20N || Plal| < B[ Pla|| < || Plal],
j=n
for all (n,z) € N x X;
(Ds) -~ i
Y vl Pl = vl PP AT <
Jj=n j=n

m m
Vi j k;j
< D2 ol |45, A Plall = s D 1145, P <
j=n 17 =

k.
< Bﬂmsmrmf|\A”mPg$]| < dpvm||AL P3|, for all (m,n,z) € A x X.
m

Corollary 2. If the pair (A, P) is exponentially trichotomic then there exists the
constants a,b,c > 0 and a nondecresing sequence (dy,)p, dn > 1 with:

J

+o0o m
(eD1) Y A} Pyl + ) e A} Plal| <
j=n j=n
< €"d,||Pla|| + e ™ d,y || A" P2x||,  for all (m,n,z) € A x X;
+o00 '
(eD3) Ze_CJHA?Ps’mH < e "d,||P3x||, forall (n,z)€NxX;
j=n

(eD3) > e9||ATPx|| < e dp||Ap, Pixll,  for all (m,n,x) € Ax X.

j=n
Proof. 1t is a particular case of Theorem 1 and Remark 3 for
hp = €™, o, =€, a€ (0,a),

kn = enﬁa ¢n = enb, be (075)7
anen’ya ’Y>07 V’n:enca C:’Y‘i‘ﬁ_b
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Corollary 3. If the pair (A, P) is polynomially trichotomic then there exists the
constants a,b,c > 0 and a nondecresing sequence (dp)n, d, > 1 with:

+o0
(pD1) Y (G + 1A Pyall + Z (7 + 1)) A}PRal| <
i=n j=n
< (n4 1)%,||Pre|| + (m + 1) bd,,||[A™ P2z||,  for all (m,n,z) € A x X;
+o0

(pD2) D GG+ 1) WA Pl < (n+ 1) "“dn||Pzll, for all (n,z) €N x X;
]:

(pDs3) Z j+1) HA”P?’xH < (m+ 1%, ||A" P3z||, for all (m,n,z) € Ax X.

Proof. 1t is similar with Corollary 2, using Theorem 1 and Remark 4.

Definition 6. A mapping L = (L1, L) : A x X — R2 s called (h, k, u)-Lyapunov
function for the pair (A, P) if:
(Lh1)  Li(m,n, Pyx) — Li(m + 1,0, Pyx) > hy|| A}, P, ;
(Lk2)  kmy1La(m+1,n, PYx) — ki1 Lo(m,n, Piz) > ||Ap, o Plz||;
( ) ule(m,n,ng)—ule(erl,n,P,::’w) > ||A:)LlP'r?sz7
(Lpa)  Lo(m+1,n, Pjx) — La(m,n, Pix) > pm1||Afy oy Pzl

Lps

Ly

for all (m,n,z) € A x X.
In particular, if

(i) hy = €™, k, = €™, p, = ", with a, 8,7 > 0 then the (h, k, u)-Lyapunov
function is called exponential Lyapunov function;

(i) hp = (n4+ 1) ky = (n + 1P, pp = (n +1)Y with o, 3,7 > 1 then the
(h, k, u)-Lyapunov function is called polynomial Lyapunov function.

Another necessary condition for (h, k, p)-trichotomy is given by

Theorem 4. If (A, P) is (h,k,u)-trichotomic with h € H and k € K, then there
erists L : A x X — Ra_ a (@, ¥, v)-Lyapunov function for (A, P), where ¢, are
given by H, respectively K and v by Theorem 1.

Proof. Let L = (L1, L) : A x X — R?%, where
+oo 1
(m,n, z) Z ill A7 Paall + D — (1A P,
—m I
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respectively
m

m
Ly(m,n,z) = JHA”P%H +_vill A} P,
J j=

A simple computation shows that the conditions from Definition 6 are verified.

j=n

As consequences of the above result, for h(t) = e, k(t) = €%, a,8 > 0 we

obtain

Corollary 5. If the pair (A, P) is exponentially trichotomic, then there exists an
exponential Lyapunov function for (A, P).

Proof. It results from Theorem 4.
In a similar manner, for h(t) = (¢t + 1), k() = (t +1)?, a,3 > 1 we give

Corollary 6. If the pair (A, P) is polynomially trichotomic then there erists an
polynomial Lyapunov function for (A, P).

Proof. 1t is immediate, using Theorem 4.

3. SUFFICIENT CONDITIONS FOR (h, k, t)-TRICHOTOMY

In this section we obtain sufficient criteria for the (h,k, u)-trichotomy of a pair
(A, P), with P = {P}, P2, P3} invariant projections sequence for the linear discrete-
time system (A).

A first result in this context is emphasized by

Theorem 7. If there exists a nondecreasing sequence (dy)n, with dy, > 1 such that

Zh | AP PLa|| +Z

< hpdy,||Plz]| + HA” P2x||, for all (m,n,z) €A x X;

| "Pz:vll

“+o00
1 n
(i) Y —I||A7P3z|| < —HPSJ:H, forall (n,z) e Nx X;
Hn

j=n "7
(1) iy llAG Pal| € | A Pixll. for all (m.n.z) € Ax X,
then (A, P) is (h, k, p)-trichotomic.
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Proof. We show that the conditions from Definition 5 are satisfied.

n pl 2 = npl 1 nP%H
(t1)  hal A Pral| + k| | P2l <) hyl|AF Prac]| + kB Z
j=n

< hpdp||Pra|| 4 kndm|| A P2x||,  for all (m,n,z) € A x X;

(t2) It results for j = m in (i7) and j = m in (di7).

So, (A, P) is (h, k, p)-trichotomic.

Corollary 8. The pair (A, P) is exponentially trichotomic if and only if there exists
the constants a,b,c > 0 and a nondecreasing sequence (d)n, d, > 1 such that the
relations (eD1) — (eD3) from Corollary 2 are satisfied.

Proof. Necessity. It follows from Corollary 2.
Sufficiency. It results from Theorem 7, for h, = e"®, k, = ™, p, = e"°.

Corollary 9. If there exists a nondecreasing sequence (dp)n, dn, > 1 and the con-
stants a,b,c > 1 such that the conditions from Corollary 3 are verified, then (A, P)
18 polynomially trichotomic.

Proof. 1t is immediate by Theorem 7.
Another sufficient condition for the (h, k, u)-trichotomy is given by

Theorem 10. If there exists L : A x X — R%, a (h, k, p)-Lyapunov function for
(A, P) and there exists a nondecreasing sequence (uy)n, with u, > 1 such that

(i) Li(m,n, Pyx) + ppLa(n, n, Piz) < up(||Pyzl| + || Piz)),
for all (m,n,x) € A x X;

(i) kmLa(m,n, Pyx) + Lo(m,n, Piz) < un(||A}, Pre|| + || A7, Poxl])
for all (m,n,z) € A x X;

(ZIZ‘Z.) knL?(nvnv ng) 2 ”szH? Lg(n,n, Pg.%‘) > /j’n”PSxH?
for all (n,x) € Nx X,

then (A, P) is (h, k, p)-trichotomic.

Proof. We use the inequalities from Definition 6 and (7) — (i47) from the hypothesis.
(t1) From (Lh;) we have

Li(n,n, PL2) = Li(n+ 1,n, PX) > hl|AZ P2l
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Li(n+1,n, Plx) — Li(n+2,n, Pra) > hyy||AY Pro|
Li(n+2,n, Prx) — Li(n + 3,n, Ppx) > hpiol| Al o Pra|

and then

+oo
Li(n,n, Pyz) > Y hil|AFPa|| > ol | Ar Pr]|.
j=n

From (i) we obtain
han| A Pae|| < B || Py

for all (m,n,z) € A x X.
Now, by (Lks) and (iii) we deduce

kLo (m,n, P2x) — kpLa(m — 1,n, P2x) > ||A” P2z||

Em-1La(m — 1,n, P2x) — kp_1Lo(m — 2,n, P?x) > ||A",_ P2z||

knL?(”?”? ng) > ”PT%[BH?
which implies
1 1
almm, Pl 2 3 43 Plell 2 1Pl

and by (i) it follows that
km 2 n p2
n

for all (m,n,z) € A x X.

By the relations (1) and (2) it results the condition (¢1).
(t2) According to (Lus) and (i) we obtain

pint1Li(n+1,n, Ppx) = ping1Li(n + 2,n, Pox) > [|Ap Pla||

88



C. L. Mihit, R. Lolea — Lyapunov functions for trichotomy ...

which imply

+o00 1
Z M—j||A§-LP3x|| < Li(n,n, P3z).
Jj=n
Then,
AP < Bl (3)

for all (m,n,z) € N x X.
In an analog manner, as above, using (Luy) and (i) we deduce

J |
| [Pa]| < |G B, (4)

for all (m,n,z) € A x X.
By (3) and (4) it follows (t2).
In conclusion, (A, P) is (h, k, pu)-trichotomic.

Corollary 11. The pair (A, P) is exponentially trichotomic if and only if there
exists an exponential Lyapunov function for (A, P).

Proof. Necessity. It results by Corollary 5.
Sufficiency. It is immediate from Theorem 10.

Corollary 12. If there exists a polynomial Lyapunov function for the pair (A, P),
then it is polynomially trichotomic.

Proof. 1t is a particular case of Theorem 10.
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