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Abstract. The paper considers a general property of trichotomy with different
growth rates for dynamical systems in Banach spaces. The main aim is to give
necessary and sufficient conditions of this property in terms of Lyapunov functions.

As particular cases, criteria for exponential and respectively polynomial tri-
chotomy are obtained.
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1. Introduction and Basic Concepts

The study of the asymptotic properties for dynamical systems has a long and im-
pressive history. Of the most important contributions from the stability theory, we
emphasize the results of E. A. Barbashin ([5]), R. Datko ([13]), A. M. Lyapunov
([21]) and O. Perron ([32]), that represented important directions for the develop-
ment of the area.

The approach of the stability property for differential equations and difference
equations was extended to various concepts of dichotomy, treated in [1], [10], [12],
[15], [26], [33], [40] by different methods.

The property of trichotomy comes naturally, as a generalization of the dichotomy
and is studied in [14], [28]. The classical issues of exponential and polynomial
trichotomy approached in [19], [23], [29], [39] was extended to general forms ( see
for instance [18], [20], [35] ).

In what follows we recall the main concepts of dichotomy and trichotomy studied
for linear discrete-time systems.

Let X be a real or complex Banach space, B(X) the Banach algebra of all
bounded linear operators on X. We define the set

∆ = {(m,n) ∈ N2 : m ≥ n},
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C. L. Mihiţ, R. Lolea – Lyapunov functions for trichotomy . . .

where N is the set of natural numbers.
The norms on X and on B(X) will be denoted by || · || and I represents the identity
operator on X.
We consider the linear discrete-time system

(A) xn+1 = Anxn, n ∈ N,

where A : N→ B(X), A(n) = An.
Every solution of (A) is defined by

xm = Anmxn,

for all (m,n) ∈ ∆, where

Anm :=


Am−1...An, if m > n

I, if m = n.

It results that
AnmA

p
n = Apm, for all (m,n), (n, p) ∈ ∆.

Definition 1. A sequence P : N→ B(X), P (n) = Pn is called

(i) projections sequence on X if P 2
n = Pn, for all n ∈ N;

(ii) invariant for (A) if AnPn = Pn+1An, for all n ∈ N.

Remark 1. If (P 1
n)n is invariant for (A) then P 2

n = I − P 1
n is also a projections

sequence invariant for (A) (called the complementary of (P 1
n)n).

Remark 2. It is easy to see that (P 1
n)n is invariant for (A) if and only if

AnmP
1
n = P 1

mA
n
m, for all (m,n) ∈ ∆.

Definition 2. Three projections sequence P = {P 1
n , P

2
n , P

3
n} are said to be supple-

mentary if

(s1) P 1
n + P 2

n + P 3
n = I, for all n ∈ N;

(s2) P inP
j
n = 0, for all i 6= j, i, j ∈ {1, 2, 3}.

Definition 3. An increasing sequence h : N → [1,+∞), h(n) = hn is called a
growth rate if lim

n→∞
hn = +∞.
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An important concept of dichotomy that generalizes the exponential and the
polynomial dichotomy is treated in [2], [11] for the discrete case and in [17], [22] for
the continuous case. Also, we mention in this context the contributions from [3] and
[4].
Let h, k : N → [1,+∞) two growth rates and P = (P 1

n)n a projections sequence
invariant for (A), P 2

n = I − P 1
n .

Definition 4. The pair (A, P ) is called (h,k)-dichotomic if there exists a nonde-
creasing sequence (sn)n, sn ≥ 1 with

hm||AnmP 1
nx||+ km||P 2

nx|| ≤ hnsn||P 1
nx||+ knsm||AnmP 2

nx||,

for all (m,n, x) ∈ ∆×X.

As particular cases of (h,k)-dichotomy we have

(i) if (sn)n is a constant sequence, then we have the property of uniform (h,k)-
dichotomy ;

(ii) if hn = enα, kn = enβ, α, β > 0 we recover the notion of (nonuniform) expo-
nential dichotomy and if (sn)n is constant it results the property of uniform
exponential dichotomy ;

(iii) if hn = (n+ 1)α, kn = (n+ 1)β, α, β > 1 we obtain the property of (nonuni-
form) polynomial dichotomy and if (sn)n is constant it results the notion of
uniform polynomial dichotomy;

(iv) for P 2
n = 0 for all n ∈ N, we have the h-stability.

We present a general example of a pair (A, P ) that is (h,k)-dichotomic.

Example 1. Let X = R2 with the norm ||(x1, x2)|| = max{|x1|, |x2|}.
Also, (hn)n, (kn)n are growth rates and (sn)n is a nondecreasing sequence.
We consider the canonical projections sequence P 1

n , P
2
n and the linear discrete-time

system (A) is given by

An =
hn
hn+1

P 1
n +

kn+1

kn
P 2
n+1, n ∈ N.

Thus,

Anm =
hn
hm

P 1
n +

km
kn
P 2
m, for all (m.n) ∈ ∆.

A simple verification shows that the pair (A, P ) is (h, k)-dichotomic.
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Concerning this direction of study, we observe a large number of papers where
are obtained results of Datko type ([37], [43]), Lyapunov type ( [8], [9], [16], [24],
[25], [36], [38] ) and of Perron type ( [27], [41] ).

In this paper, we focus on the following concept of trichotomy
Let h, k, µ : N → [1,+∞) be growth rates and P = {P 1

n , P
2
n , P

3
n} three projec-

tions sequence invariant for (A).

Definition 5. We say that pair (A,P) is (h, k, µ)-trichotomic if there exists a non-
decreasing sequence (sn)n, sn ≥ 1, with

(t1)
hm||AnmP 1

nx||+ km||P 2
nx|| ≤ hnsn||P 1

nx||+ knsm||AnmP 2
nx||;

(t2)
1

sm

µn
µm
||P 3

nx|| ≤ ||AnmP 3
nx|| ≤

µm
µn

sn||AnmP 3
nx||,

for all (m,n, x) ∈ ∆×X.

As particular cases, we recall the following:

(i) if (sn)n is a constant sequence, then we obtain uniform (h, k, µ)-trichotomy ;

(ii) if hn = enα, kn = enβ, µn = enγ , α, β, γ > 0 we have the notion of (nonuni-
form) exponential trichotomy and if (sn)n is constant it results the concept of
uniform exponential trichotomy ;

(iii) if hn = (n+1)α, kn = (n+1)β, µn = (n+1)γ , α, β, γ > 1 it results the notion
of (nonuniform) polynomial trichotomy and if (sn)n is constant we have a
uniform polynomial trichotomy;

(iv) for P 3
n = 0 for all n ∈ N, we recover the notion of (h,k)-dichotomy.

Example 2. On the Banach space X = R3 with the norm

||(x1, x2, x3)|| = max{|x1|, |x2|, |x3|},

we consider the linear discrete-time system

(A)


x1n+1 =

hn
hn+1

eτn−τn+1x1n

x2n+1 =
kn+1

kn
eτn+1−τnx2n

x3n+1 =
µn+1

µn
eτn−τn+1x3n,
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with (hn)n, (kn)n, (µn)n arbitrary growth rates and τn = (n+1) cos ln(n+1), n ∈ N.
We have that

Anm =
hn
hm

eτn−τmP 1
n +

km
kn
eτm−τnP 2

m +
µm
µn

eτn−τmP 3
n ,

for all (m,n) ∈ ∆, where P 1
n , P

2
n , P

3
n are the canonical projections.

It it easy to check that the pair (A,P) is (h, k, µ)-trichotomic, with sn = en+1, n ∈ N.

On this direction we mention the papers [6], [7], [31] (with results of Lyapunov
type), [19], [30], [42] (with results of Datko type) and [39] (with results of Perron
type).

In the last period we remark a particular interest for the different notions of
nonuniform dichotomy and trichotomy for the continuous case and also for the dis-
crete case ( see [34], [44]-[46] ).

In this paper, we approach the property of (h, k, µ)-trichotomy, introduced in
Definition 5 for linear discrete-time systems in Banach spaces as a generalization of
the (h, k)-dichotomy. The main aim is to obtain necessary and sufficient conditions
of Datko and Lyapunov type for this notion.

Also, as consequences, are illustrated the results for the nonuniform exponential
trichotomy and nonuniform polynomial trichotomy.

2. Necessary conditions for (h, k, µ)-trichotomy

We denote by H the set of the growth rates h : N→ [1,+∞) with the property that
there exists (ϕn)n ∈ H and a constant B > 1 such that

+∞∑
j=0

ϕj
hj
≤ B.

Also, K represents the set of the growth rates k : N → [1,+∞) with the property
that there exists (ψn)n ∈ K, (rn)n ∈ K and a constant B > 1 with

+∞∑
j=0

ψj
kj
≤ B

and
m∑
j=n

kj
ψj
≤ Brm

km
ψm

, for all (m,n) ∈ ∆.
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Remark 3. Considering E the set of all sequences h, k : N → [1,+∞), hn =
enα, kn = enβ with α, β > 0, it is immediate that E ⊂ H and E ⊂ K.

Indeed, let hn = enα, kn = enβ with α, β > 0. Then ϕn = enγ , ψn = enδ, with
γ ∈ (0, α), δ ∈ (0, β) and rn = enε, ε > 0. We obtain

+∞∑
j=0

ϕj
hj

=

+∞∑
j=0

ej(γ−α) =
eα

eα − eγ
≤ B;

+∞∑
j=0

ψj
kj

=
+∞∑
j=0

ej(δ−β) =
eβ

eβ − eδ
≤ B,

where B = max

{
eα

eα − eγ
,

eβ

eβ − eδ

}
;

m∑
j=n

kj
ψj

=

m∑
j=n

ej(β−δ) ≤ e(β−δ)(m+1) − en(β−δ)

eβ−δ − 1
≤

≤ eβ

eβ − eδ
e(β−δ)m ≤ Brm

km
ψm

,

for all (m,n) ∈ ∆.

Remark 4. We denote by P the set of all sequences h, k : N → [1,+∞), hn =
(n+ 1)α, kn = (n+ 1)β, α, β > 1. It results that P ⊂ H and P ⊂ K.

Similar with the previous remark, let hn = (n+1)α, kn = (n+1)β, with α, β > 1.
Then ϕn = (n+ 1)γ−1, γ ∈ (1, α), ψn = (n+ 1)δ−1, δ ∈ (1, β), rn = (n+ 1)ε, ε > 1.
Thus,

+∞∑
j=0

ϕj
hj

=

+∞∑
j=0

1

(j + 1)α−γ+1
≤ B;

+∞∑
j=0

ψj
kj

=
+∞∑
j=0

1

(j + 1)β−δ+1
≤ B,

where B = max

{
+∞∑
j=0

1
(j+1)α−γ+1 ,

+∞∑
j=0

1
(j+1)β−δ+1

}
;

m∑
j=n

kj
ψj

=

m∑
j=n

(j + 1)β−δ+1 ≤ (m− n+ 1)(m+ 1)β−δ+1 ≤ Brm
km
ψm

,
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for all (m,n) ∈ ∆.
In the following, we consider a pair (A,P), where P = {P 1

n , P
2
n , P

3
n} are invariant

projections sequence for (A).
We illustrate a necessary condition for (h, k, µ)-trichotomy

Theorem 1. If (A,P) is (h, k, µ)-trichotomic and (hn)n ∈ H, (kn)n ∈ K then there
exists a growth rate (νn)n and a nondecreasing sequence (dn)n, dn ≥ 1 with the
properties:

(D1)

+∞∑
j=n

ϕj ||Anj P 1
nx||+

m∑
j=n

||Anj P 2
nx||

ψj
≤

≤ ϕndn||P 1
nx||+

dm
ψm
||AnmP 2

nx||, for all (m,n, x) ∈ ∆×X;

(D2)
+∞∑
j=n

1

νj
||Anj P 3

nx|| ≤
dn
νn
||P 3

nx||, for all (n, x) ∈ N×X;

(D3)
m∑
j=n

νj ||Anj P 3
nx|| ≤ νmdm||AnmP 3

nx||, for all (m,n, x) ∈ ∆×X.

Proof. Let dn = Bsn max{hn, kn, rn} and νn =
µnkn
ψn

. Then,

(D1)
+∞∑
j=n

ϕj ||Anj P 1
nx||+

m∑
j=n

||Anj P 2
nx||

ψj
≤

≤
+∞∑
j=n

ϕj
hj
hnsn||P 1

nx||+
m∑
j=n

||P 2
j A

n
j x||

ψj
≤

≤ Bhnsn||P 1
nx||+

m∑
j=n

kj
ψj

sm
km
||AjmAnj P 2

nx|| ≤

≤ Bhnsn||P 1
nx||+Brm

sm
ψm
||AnmP 2

nx|| ≤

≤ ϕndn||P 1
nx||+

dm
ψm
||AnmP 2

nx||, for all (m,n, x) ∈ ∆×X;

(D2)
+∞∑
j=n

1

νj
||Anj P 3

nx|| ≤
+∞∑
j=n

µj
νj

sn
µn
||P 3

nx|| =
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=
sn
µn

+∞∑
j=n

ψj
kj
||P 3

nx|| ≤ B
sn
µn
||P 3

nx|| ≤
dn
νn
||P 3

nx||,

for all (n, x) ∈ N×X;
(D3)

m∑
j=n

νj ||Anj P 3
nx|| =

m∑
j=n

νj ||P 3
j A

n
j x|| ≤

≤
m∑
j=n

νj
µj
µmsm||AjmAnj P 3

nx|| = µmsm

m∑
j=n

kj
ψj
||AnmP 3

nx|| ≤

≤ Bµmsmrm
km
ψm
||AnmP 3

nx|| ≤ dmνm||AnmP 3
nx||, for all (m,n, x) ∈ ∆×X.

Corollary 2. If the pair (A,P) is exponentially trichotomic then there exists the
constants a, b, c > 0 and a nondecresing sequence (dn)n, dn ≥ 1 with:

(eD1)
+∞∑
j=n

eja||Anj P 1
nx||+

m∑
j=n

e−jb||Anj P 2
nx|| ≤

≤ enadn||P 1
nx||+ e−mbdm||AnmP 2

nx||, for all (m,n, x) ∈ ∆×X;

(eD2)

+∞∑
j=n

e−cj ||Anj P 3
nx|| ≤ e−ncdn||P 3

nx||, for all (n, x) ∈ N×X;

(eD3)
m∑
j=n

ecj ||Anj P 3
nx|| ≤ ecmdm||AnmP 3

nx||, for all (m,n, x) ∈ ∆×X.

Proof. It is a particular case of Theorem 1 and Remark 3 for

hn = enα, ϕn = ena, a ∈ (0, α),

kn = enβ, ψn = enb, b ∈ (0, β),

µn = enγ , γ > 0, νn = enc, c = γ + β − b.
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Corollary 3. If the pair (A,P) is polynomially trichotomic then there exists the
constants a, b, c > 0 and a nondecresing sequence (dn)n, dn ≥ 1 with:

(pD1)

+∞∑
j=n

(j + 1)a||Anj P 1
nx||+

m∑
j=n

(j + 1)−b||Anj P 2
nx|| ≤

≤ (n+ 1)adn||P 1
nx||+ (m+ 1)−bdm||AnmP 2

nx||, for all (m,n, x) ∈ ∆×X;

(pD2)
+∞∑
j=n

(j + 1)−c||Anj P 3
nx|| ≤ (n+ 1)−cdn||P 3

nx||, for all (n, x) ∈ N×X;

(pD3)

m∑
j=n

(j + 1)c||Anj P 3
nx|| ≤ (m+ 1)cdm||AnmP 3

nx||, for all (m,n, x) ∈ ∆×X.

Proof. It is similar with Corollary 2, using Theorem 1 and Remark 4.

Definition 6. A mapping L = (L1, L2) : ∆×X → R2
+ is called (h, k, µ)-Lyapunov

function for the pair (A,P) if:

(Lh1) L1(m,n, P
1
nx)− L1(m+ 1, n, P 1

nx) ≥ hm||AnmP 1
nx||;

(Lk2) km+1L2(m+ 1, n, P 2
nx)− km+1L2(m,n, P

2
nx) ≥ ||Anm+1P

2
nx||;

(Lµ3) µmL1(m,n, P
3
nx)− µmL1(m+ 1, n, P 3

nx) ≥ ||AnmP 3
nx||;

(Lµ4) L2(m+ 1, n, P 3
nx)− L2(m,n, P

3
nx) ≥ µm+1||Anm+1P

3
nx||,

for all (m,n, x) ∈ ∆×X.

In particular, if

(i) hn = enα, kn = enβ, µn = enγ , with α, β, γ > 0 then the (h, k, µ)-Lyapunov
function is called exponential Lyapunov function;

(ii) hn = (n + 1)α, kn = (n + 1)β, µn = (n + 1)γ with α, β, γ > 1 then the
(h, k, µ)-Lyapunov function is called polynomial Lyapunov function.

Another necessary condition for (h, k, µ)-trichotomy is given by

Theorem 4. If (A,P) is (h, k, µ)-trichotomic with h ∈ H and k ∈ K, then there
exists L : ∆ × X → R2

+ a (ϕ,ψ, ν)-Lyapunov function for (A,P), where ϕ,ψ are
given by H, respectively K and ν by Theorem 1.

Proof. Let L = (L1, L2) : ∆×X → R2
+, where

L1(m,n, x) =

+∞∑
j=m

ϕj ||Anj P 1
nx||+

+∞∑
j=m

1

νj
||Anj P 3

nx||,
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respectively

L2(m,n, x) =

m∑
j=n

1

ψj
||Anj P 2

nx||+
m∑
j=n

νj ||Anj P 3
nx||.

A simple computation shows that the conditions from Definition 6 are verified.

As consequences of the above result, for h(t) = eαt, k(t) = eβt, α, β > 0 we
obtain

Corollary 5. If the pair (A,P) is exponentially trichotomic, then there exists an
exponential Lyapunov function for (A,P).

Proof. It results from Theorem 4.

In a similar manner, for h(t) = (t+ 1)α, k(t) = (t+ 1)β, α, β > 1 we give

Corollary 6. If the pair (A,P) is polynomially trichotomic then there exists an
polynomial Lyapunov function for (A,P).

Proof. It is immediate, using Theorem 4.

3. Sufficient conditions for (h, k, µ)-trichotomy

In this section we obtain sufficient criteria for the (h, k, µ)-trichotomy of a pair
(A,P), with P = {P 1

n , P
2
n , P

3
n} invariant projections sequence for the linear discrete-

time system (A).
A first result in this context is emphasized by

Theorem 7. If there exists a nondecreasing sequence (dn)n, with dn ≥ 1 such that

(i)

+∞∑
j=n

hj ||Anj P 1
nx||+

m∑
j=n

||Anj P 2
nx||

kj
≤

≤ hndn||P 1
nx||+

dm
km
||AnmP 2

nx||, for all (m,n, x) ∈ ∆×X;

(ii)
+∞∑
j=n

1

µj
||Anj P 3

nx|| ≤
dn
µn
||P 3

nx||, for all (n, x) ∈ N×X;

(iii)

m∑
j=n

µj ||Anj P 3
nx|| ≤ µmdm||AnmP 3

nx||, for all (m,n, x) ∈ ∆×X,

then (A,P) is (h, k, µ)-trichotomic.
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Proof. We show that the conditions from Definition 5 are satisfied.

(t1) hm||AnmP 1
nx||+ km||P 2

nx|| ≤
+∞∑
j=n

hj ||Anj P 1
nx||+ kmkn

m∑
j=n

||Anj P 2
nx||

kj
≤

≤ hndn||P 1
nx||+ kndm||AnmP 2

nx||, for all (m,n, x) ∈ ∆×X;

(t2) It results for j = m in (ii) and j = m in (iii).
So, (A,P) is (h, k, µ)-trichotomic.

Corollary 8. The pair (A,P) is exponentially trichotomic if and only if there exists
the constants a, b, c > 0 and a nondecreasing sequence (dn)n, dn ≥ 1 such that the
relations (eD1)− (eD3) from Corollary 2 are satisfied.

Proof. Necessity. It follows from Corollary 2.
Sufficiency. It results from Theorem 7, for hn = ena, kn = enb, µn = enc.

Corollary 9. If there exists a nondecreasing sequence (dn)n, dn ≥ 1 and the con-
stants a, b, c > 1 such that the conditions from Corollary 3 are verified, then (A,P)
is polynomially trichotomic.

Proof. It is immediate by Theorem 7.

Another sufficient condition for the (h, k, µ)-trichotomy is given by

Theorem 10. If there exists L : ∆ × X → R2
+, a (h, k, µ)-Lyapunov function for

(A,P) and there exists a nondecreasing sequence (un)n, with un ≥ 1 such that

(i) L1(m,n, P
1
nx) + µnL1(n, n, P

3
nx) ≤ un(||P 1

nx||+ ||P 3
nx||),

for all (m,n, x) ∈ ∆×X;

(ii) kmL2(m,n, P
2
nx) + L2(m,n, P

3
nx) ≤ um(||AnmP 2

nx||+ ||AnmP 3
nx||)

for all (m,n, x) ∈ ∆×X;

(iii) knL2(n, n, P
2
nx) ≥ ||P 2

nx||, L2(n, n, P
3
nx) ≥ µn||P 3

nx||,
for all (n, x) ∈ N×X,

then (A,P) is (h, k, µ)-trichotomic.

Proof. We use the inequalities from Definition 6 and (i)− (iii) from the hypothesis.
(t1) From (Lh1) we have

L1(n, n, P
1
nx)− L1(n+ 1, n, P 1

nx) ≥ hn||AnnP 1
nx||
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L1(n+ 1, n, P 1
nx)− L1(n+ 2, n, P 1

nx) ≥ hn+1||Ann+1P
1
nx||

L1(n+ 2, n, P 1
nx)− L1(n+ 3, n, P 1

nx) ≥ hn+2||Ann+2P
1
nx||

. . .

and then

L1(n, n, P
1
nx) ≥

+∞∑
j=n

hj ||Anj P 1
nx|| ≥ hm||AnmP 1

nx||.

From (i) we obtain
hm||AnmP 1

nx|| ≤ hnun||P 1
nx||, (1)

for all (m,n, x) ∈ ∆×X.
Now, by (Lk2) and (iii) we deduce

kmL2(m,n, P
2
nx)− kmL2(m− 1, n, P 2

nx) ≥ ||AnmP 2
nx||

km−1L2(m− 1, n, P 2
nx)− km−1L2(m− 2, n, P 2

nx) ≥ ||Anm−1P 2
nx||

. . .

knL2(n, n, P
2
nx) ≥ ||P 2

nx||,

which implies

L2(m,n, P
2
nx) ≥

m∑
j=n

1

kj
||Anj P 2

nx|| ≥
1

kn
||P 2

nx||

and by (ii) it follows that

km
kn
||P 2

nx|| ≤ um||AnmP 2
nx||, (2)

for all (m,n, x) ∈ ∆×X.

By the relations (1) and (2) it results the condition (t1).
(t2) According to (Lµ3) and (i) we obtain

µnL1(n, n, P
3
nx)− µnL1(n+ 1, n, P 3

nx) ≥ ||AnnP 3
nx||

µn+1L1(n+ 1, n, P 3
nx)− µn+1L1(n+ 2, n, P 3

nx) ≥ ||Ann+1P
3
nx||

. . .
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which imply
+∞∑
j=n

1

µj
||Anj P 3

nx|| ≤ L1(n, n, P
3
nx).

Then,
µn
µm
||AnmP 3

nx|| ≤ un||P 3
nx||, (3)

for all (m,n, x) ∈ N×X.
In an analog manner, as above, using (Lµ4) and (ii) we deduce

µn
µm

1

um
||P 3

nx|| ≤ ||AnmP 3
nx||, (4)

for all (m,n, x) ∈ ∆×X.
By (3) and (4) it follows (t2).
In conclusion, (A,P) is (h, k, µ)-trichotomic.

Corollary 11. The pair (A,P) is exponentially trichotomic if and only if there
exists an exponential Lyapunov function for (A,P).

Proof. Necessity. It results by Corollary 5.
Sufficiency. It is immediate from Theorem 10.

Corollary 12. If there exists a polynomial Lyapunov function for the pair (A,P),
then it is polynomially trichotomic.

Proof. It is a particular case of Theorem 10.
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[4] M. G. Babuţia, M. Megan, I.L. Popa, On (h,k)-dichotomies for nonautonomous
linear difference equations in Banach spaces, International Journal of Diff. Equations
(2013), Article ID 761680, 7 pages.

[5] E.A. Barbashin, Introduction to Stability Theory, Nauka, Moscow, 1967.

[6] L. Barreira, C. Valls, Lyapunov functions for trichotomies with growth rates,
Journal of Differential Equations 248, 1 (2010), 151183.

[7] L. Barreira, C. Valls, Lyapunov sequences for exponential trichotomies, Non-
linear Anal. 72 (2010), 192-203.

[8] L. Barreira, C. Valls, Lyapunov sequences for exponential dichotomies, J. Dif-
ferential Equations 246 (2009), 183-215.

[9] L. Barreira, C. Valls, Quadratic Lyapunov sequences and arbitrary growth rates,
Discrete Contin. Dyn. Syst. 22 (2008), 509-528.

[10] A. J. G. Bento, C. M. Silva, Nonuniform dichotomic behavior: Lipschitz invari-
ant manifolds for difference equations, Bull. Sci. Math. 138, 1 (2014), 89-109.

[11] A. J. G. Bento, C. Silva, Nonuniform (µ, ν)-dichotomies and local dynamics of
difference equations, Nonlinear Analysis 75, (2012) 78-90.
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Timişoara, Romania
email: mihit.claudia@yahoo.com

92
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