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ON SOME DIFFERENTIAL SANDWICH THEOREMS USING A
MULTIPLIER TRANSFORMATION AND RUSCHEWEYH
DERIVATIVE
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ABSTRACT. In this work we study a new operator [ Ri\'fl’n defined as the Hadamard
product of the multiplier transformation I (m, A, ) and Ruscheweyh derivative R",
given by IRf\rfl’" t A = A, IRT’l’nf (z) = (L (m,\,))*R") f(2) and A, = {f €
HU): f(2) =2+ an12"t + ..., z € U} is the class of normalized analytic func-
tions with A; = A. The purpose of this paper is to derive certain subordination and
superordination results involving the operator [ RT;” and we establish differential
sandwich-type theorems.
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1. INTRODUCTION

Let H (U) be the class of analytic function in the open unit disc of the complex
plane U = {z € C : |z| < 1}. Let H (a,n) be the subclass of H (U) consisting of
functions of the form f(2) = a + an2" + apy12" 4. ...

Let A, = {f € HU): f(2) = 2+ anp12" ™+ ..., 2€ U} and A= A;.

Let the functions f and g be analytic in U. We say that the function f is
subordinate to g, written f < g, if there exists a Schwarz function w, analytic in
U, with w(0) = 0 and |w(z)| < 1, for all z € U, such that f(z) = g(w(z)), for all
z € U. In particular, if the function ¢ is univalent in U, the above subordination is
equivalent to f(0) = ¢g(0) and f(U) C ¢g(U).

Let ¢ : C> x U — C and h be an univalent function in U. If p is analytic in U
and satisfies the second order differential subordination

¥(p(2), 2p(2), z2p”(z); z) < h(z), forzeU, (1)
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then p is called a solution of the differential subordination. The univalent function ¢
is called a dominant of the solutions of the differential subordination, or more simply
a dominant, if p < ¢ for all p satisfying (1). A dominant ¢ that satisfies ¢ < ¢ for
all dominants ¢ of (1) is said to be the best dominant of (1). The best dominant is
unique up to a rotation of U.

Let ¢ : C* x U — C and h analytic in U. If p and ¢ (p (2), 2p (2),2%" (2) ; 2)
are univalent and if p satisfies the second order differential superordination

h(z) < ¢(p(2), 20'(2), 22" (2):2), 2z €U, (2)

then p is a solution of the differential superordination (2) (if f is subordinate to
F, then F is called to be superordinate to f). An analytic function ¢ is called a
subordinant if ¢ < p for all p satisfying (2). An univalent subordinant ¢ that satisfies
q < ¢ for all subordinants ¢ of (2) is said to be the best subordinant.

Miller and Mocanu [9] obtained conditions h, ¢ and ¢ for which the following
implication holds

h(z) < ¢(p(2), 20'(2), 2p" (2):2) = q(2) < p(2).

For two functions f(2) = 2+ 72, ajz) and g(z) = 2+ 72, bjz/ analytic in the
open unit disc U, the Hadamard product (or convolution) of f (z) and g (z), written
as (f x g) (z) is defined by

F(2)xg(z) = (Frg)( _Hz%bza

Definition 1. [7] For f € A, m € NU{0}, \,l > 0, the multiplier transformation
I (m, A1) f(z) is defined by the following infinite series

I(m,\1) f(z) = +Z<1+)\]_1)+l> ajzj.

1+1
Remark 1. We have
I+ I (m+1,00) f(2)=0+1 =X T (m,\1) f(2)+ 2 (I (m,\1) f(2)), z€U.

Remark 2. Forl = 0, A > 0, the operator DY' = I (m,\,0) was introduced and
studied by Al-Oboudi , which reduced to the Salagean differential operator S™ =
I(m,1,0) for A\ =1.
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Definition 2. (Ruscheweyh [11]) For f € A and n € N, the Ruscheweyh derivative
R" is defined by R" : A — A,

Rf(z) = [(2)
R'f(z) = zf'(2)

(n+1)R"™f(2) = 2(R"f(2)) +nR"f(z), zeU.

Remark 3. If f € A, f(2) = 2+ 3.2y a;27, then R"f (2) = 2+ 372 2%% J
for ze U.

Definition 3. Let \,l > 0 and n,m € N. Denote by IRTln A — A the operator
given by the Hadamard product of the multiplier tmnsformatwn I (m,\, 1) and the
Ruscheweyh derivative R,

IRV f(2) = (I (m, A )+ R") f (2)
for any z € U and each nonnegative integers m,n.

Remark 4. If f € A and f(z) =z + ZOO /', then

IRij"f () =2+35, <1+,\§i—11)+l> (:'ﬁ(;] 11))' GQZ] s eU.

Remark 5. For | = 0, A\ > 0, we obtain the Hadamard product IR;%"f(z) =
DR"" f (), which was introduced in [5].

Forl =0 and X\ = 1 we obtain the operator IR]'}" f (2) = SR™" f (z), which was
introduced in [8]. 7

For m = n, we obtain the Hadamard product IRY'; which was studied in [1], [2].

Using simple computation one obtains the next result.
Proposition 1. [3/For m,n € N and A > 0 we have

1+1-AX

m-+1,n
IR (2) = I+ 1

IR+ oz (IR () @)

’ I+1 ’

The purpose of this paper is to derive the several subordination and superordi-
nation results involving a differential operator. Furthermore, we studied the results
of Selvaraj and Karthikeyan [13], Shanmugam, Ramachandran, Darus and Sivasub-
ramanian [14] and Srivastava and Lashin [15].

In order to prove our subordination and superordination results, we make use of
the following known results.
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Definition 4. [10] Denote by Q the set of all functions f that are analytic and
injective on U\E (f), where E(f) = {¢ € oU : 1in%f (z) = oo}, and are such that
zZ—r

f'(Q) #0 for ¢ € OU\E (f).

Lemma 1. [10] Let the function q be univalent in the unit disc U and 6 and ¢
be analytic in a domain D containing q (U) with ¢ (w) # 0 when w € q(U). Set

Q(2) = 2q'(2) ¢(q(2)) and h(z) =0 (q(2)) + Q (2). Suppose that
1. @ is starlike univalent in U and

2. Re (Zg((:))> >0 forzeU.

If p is analytic with p (0) = ¢ (0), p(U) € D and

0(p(2) + 20" (2) 6 (p(2) < 0(q(2)) + 24 (2) ¢ (q (),
then p (z) < q (%) and q is the best dominant.

Lemma 2. [6] Let the function q be convex univalent in the open unit disc U and

v and ¢ be analytic in a domain D containing q (U). Suppose that
1. Re (;8{3;) >0 for ze U and
2. ¢ (2) = 2¢' (2) ¢ (q(2)) is starlike univalent in U.

If p(z) € Hig(0),1]NQ, with p(U) € D and v(p(2)) + 2p' (2) ¢ (p(2)) is

univalent in U and

v(q(2) +2¢' (2) ¢ (q(2)) < v (p(2) + 20" (2) ¢ (p (2)),
then q (z) < p(z) and q is the best subordinant.

2. MAIN RESULTS
We begin with the following

IRV f(2)
TR ()
univalent in U such that q(z) # 0, for all z € U. Suppose that Zg(S) is starlike

univalent in U. Let

Theorem 3. Let € H(U) and let the function q(z) be analytic and

atp 28 . 2" ()
Re( PR q’(Z))>O’ W

fora,B,ueC, u#0, z€ U and

p(l+ 1) IRV f (2)

wm’n 04,5,#;2 = m,n
A ) N IR (2)
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IR’ZTI’”f(z)+<5—u<l+1)> IR ()
IR (2) ) IRYTf (=) )

If q satisfies the following subordination

DR (s By 52) < aq (2) + B (g(2))* + nzd (2), (6)
fora,B,u € C, u+#0, then

IRV f (2)

G <1 (™)

and q is the best dominant.

TR L™ £ (2)
(RN Q) TRV (- IRY " F(IRY F() ( R"‘“ =)
(IR;'fl”f(z)) ml”f( )
2(IRY V" f(2)) L OREON IRV ()
TR f(z) IRV F(z) T IRYF(2)

Proof. Let the function p be defined by p(z) :=

We have p' (z) =

IRV f(2) (IRY F(2)) , B
TRTTG) TR IG) Then zp' (z) =

By using the identity (3), we obtain

m n m n 2
() L I E) i1 (IR (2)
A IRV (2) A IRV f (2)

(8)

By setting 6 (w) := aw + Bw? and ¢ (w) := u, it can be easily verified that 6 is
analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € (C\{O}

Also, by letting @ (2) = 2¢' (2) ¢ (¢ (2)) = pzq (2) and h(2) = 0(q(2)) +Q (2) =
aq (2) + B (q(2)* + pzq (2), we find that Q (z) is starlike univalent in U.

We have ' (2) = (o -+ p) ¢/ (2) + 284 (2) ¢/ (2) + g’ () and 55 = 750 =
OH-M + ,3 q(2) + q,(()).

We deduce that Re (Zh((z))> = Re (aTJru + %q (2) + Zq”(2)> > 0.

By using (8), we obtain

! IRerQ nf(z) IRm+1,nf(Z) IRm+1,nf(z) 2
o (28 (0 (41t () = SRR IO 0 Tt (5 — ) (1K
)

By using (6), we have ap (2)+ 5 (p (2 )) +uzp’ (2) < ag(2)+B (¢ (2))° +qu (2 )
TRT 1 f(2)
IRKTlnf(z)

By an application of Lemma 1, we have p(z) < q(z), z € U, i.e
q(z), z € U and q is the best dominant.
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Corollary 4. Let m,n € N, X\, > 0. Assume that (4) holds. If f € A and

1+ Az 1+ Az\? (A—B)z
B + 5,
1+ Bz 1+ Bz (1+ Bz)

fora,B,ueC, n#0, -1 < B< AL, where ¢¥\;" is defined in (5), then

IRV f (2) L 1+4:
IRV f (2) 1+ Bz’

YY" (B 2) < a

and iigz is the best dominant.
Proof. For q(z) = iigz, —1 < B < A<1in Theorem 3 we get the corollary.

Corollary 5. Let m,n € N, A\, > 0. Assume that (4) holds. If f € A and

mn ) 1+ 2\" 14 2\% 2uyz 142\t
¢)\,l (0[,B,,M,Z)'<Oé<1_z +ﬁ 1— 2 +(1_z)2 1— 2 )

fora,B,peC,0<y <1, u#0, where Y\;" is defined in (5), then

sz’;fl“”wf<2>< 1+ 2\"
IRV f (2) 1—2) 7

and (Hz) is the best dominant.

”
Proof. Corollary follows by using Theorem 3 for ¢ (z) = (%) ,0<~y <1,

Theorem 6. Let g be analytic and univalent in U such that q (z) # 0 and q(i)) be
starlike univalent in U. Assume that

Re <Zq’ (2) + qu (2)d (Z)> >0, fora,B,peC, p#0. (9)

m +1,n
If f e A, IRmin{Z()Z) € H[q(0),1]NQ and w;?l’n (o, B, p; 2) is univalent in U, where

" (v, B, s 2) is as defined in (5), then

aq(2) + B(q(2)* + pzd (2) < YY" (0, B, 5 2) (10)

implies
) IRV f (2)
TY IR ()

and q s the best subordinant.

zeU, (11)
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IRYTV" f(2)
W,ZEU,Z#O,]CGA.

By setting v (w) := aw + Bw? and ¢ (w) := p it can be easily verified that v is
analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.

Proof. Let the function p be defined by p (2) :=

Since £14) — q’(z)[a;Qﬁq(z)]’ it follows that Re (Vl(q(z))) = Re (%q' (2) + %q (2)¢ (Z)) >

o(a(z)) — $(q(2))

0, for o, B, u € C, u # 0.
By using (8) and (10) we obtain

aq () + p(q () + pzd (2) < ap (2) + B (p(2))” + pzp’ (2).

Using Lemma 2, we have

TR f (2)
q(z) <p(2) = —Smmr—, z2€U,
(2) <p(2) = ~ RITT (2)
and ¢ is the best subordinant.
IRV f(2)
Corollary 7. Let m,n € N, A\l > 0. Assume that (9) holds. If f € A, TR
Al

Hg(0),1]NQ and

SLtAz ﬁ<1+Az>2 (A-B)z
1+ B- 1+B2) M1+ B2

fora,B,ueC, n#0, -1 < B< AL, where ¢¥\;" is defined in (5), then

144z IRV f (2)
1+Bz * IRY"f(2)

= wzin (a767M; Z) )

and %ig‘z is the best subordinant.
Proof. For q(z) = %Igz, —1 < B < A<1in Theorem 6 we get the corollary.

IRY " f(2)

Corollary 8. Let m,n € N, \,l > 0. Assume that (9) holds. If f € A, TRTFG)
Al

Hg(0),1]NQ and

1+2\" 14+ 2\% 2uvz [(142\""! mn
a(l_z> +B<1—Z> +<1_Z)2 1—2 <1/))\71 (Oé,/B,M,Z),

fora,B,peC, p#0,0 <~y <1, where ¥\;" is defined in (5), then

<1 + ) IR f (2)
IR\ f(2)

1—2z

v
and (Hz) 1s the best subordinant.

1—2
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v
Proof. For q(z) = GZ) , 0 <~ <1 in Theorem 6 we get the corollary.
Combining Theorem 3 and Theorem 6, we state the following sandwich theorem.

Theorem 9. Let q1 and g2 be analytic and univalent in U such that ¢ (z) # 0 and

g2 (2) # 0, for all z € U, with th11’1(%) and Zq(f((zz)) being starlike univalent. Suppose

m+1,n P

that q1 satisfies (4) and qo satisfies (9). If f € A, %nfg))
AL

wfl’n (o, B, p; 2) is as defined in (5) univalent in U, then

€ Hq(0),1]NQ and

aqy (2) + B (91 (2)” + pad) (2) <YY" (0, B, 152) < age (2) + B (g2 (2))? + pegh (2)
fora, B, u € C, u+#0, implies

IR f (2)

W’<Q2(Z),

q (2) <

and q1 and qo are respectively the best subordinant and the best dominant.

For q1 (2) = }igij, g2 (2) = ﬁggi, where —1 < By < B < A1 < A3 < 1, we

have the following corollary.

Corollary 10. Let m,n € N, \,l > 0. Assume that (4) and (9) hold. If f € A,

IRYV" f(2)

14+ Az 8 <1+A12>2+ (A1 — By) 2

@ <y (o, By 2
1+ Bz 1+ Bz (1+ Byz)’ VAT (0 B p52)

14+ Aoz 14+ Asz 2 (A2 — BQ) z
<« B W3
1+ Byz 14+ Byz (1 + BQZ)
foro,B,ueC, p#0, =1 < By < By <Ay <Ay <1, where \;" is defined in (5),
then +1
1+A12’ < IRZ?[ 7nf(z) < 1+A22’
1+ Bz IRTénf (Z) 1+ BQZ,

1+ A2
1+B1z

1+Asz

and 5

hence

are the best subordinant and the best dominant, respectively.

gt 5
For q1 (z) = ij) 1, @ (2) = Gf;) 2, where 0 < 71 < 79 < 1, we have the
following corollary.
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Corollary 11. Let m,n € N, \;l > 0. Assume that (4) and (9) hold. If f € A,
m—+1,n
Mg TIE) gy [¢(0),1]NQ and

CIRTT ()
1+2\" 1+2\*"  2umz (1+2\"0
a<1—2’> +B<1—z> +(1—z)2 1—2 KOV CHENTE)

1+ 2\ 1+2\*"” 2z (142\77"
= )
a<1—z> +ﬂ<1—z> +(1—z)2 1—-2
fora,B,ueC, n#0,0<y <72 <1, where ¢¥\;" is defined in (5), then

1+z “{111331,?1’"1‘"(2)< 142\
1—2 IRV f (2) 1—2/) 7

hence (H'Z)71 and (1"'2)72 are the best subordinant and the best dominant, res
1—2 1—2z ’ pec-

tively.

‘We have also
1

IRV £(2)
EHWU),feA €U, 6€C,0#0, mneN,

IR f(2)
A1 >0 and let the function q(z) be convex and univalent in U such that q (0) =1,
z € U. Assume that

Theorem 12. Let

3 21 o q(z)  d'(2)
Re(l—i-ﬁq(z)—i-ﬂq (z)—zq(2)+zq,(2)>>0, (12)
fOT’ auéauaﬁ € (C7 B 7£ 07 z € U7 and
o L IRy f ()
¢/\,l (0,08, 1, B2) = a+¢§ (IRTlnf(Z)> (13)
RO\ gy [IRGT () IR )
IRV f (2) A IRV (2)  IRYS(2)
If q satisfies the following subordination
m,n . 2 qu, (Z)
Uni (00,8, B52) <+ 8q(2) + pg” (2) + 1) (14)
fora, &, u, 3 €C, B#0, z €U, then
IRy ()
(W> ‘<q(2), ZEU,(SG(C,(S#O, (15)

and q is the best dominant.
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IRnL+1 nf(z
Proof. Let the function p be defined by p(z IRm T ,z€e U, z#0,
f € A. The function p is analytic in U and p (0) =1
, B IRV V" f(2) (IRm+1"f( )’ IRY V" f(2) _ 2(IRY" f(2))'
We have zp/ (2) = ¢ < - > [ TR Ilenf( ) TR |

By using the identity (3), we obtain

zp’ (2) _ S(l+1)
p(2) A

(16)

IRV () IRY ™M (2)
IRV (2)  IRYf(2)

By setting 6 (w) := a+ &w + pw? and ¢ (w )= 'B it can be easily verified that 6 is
analytic in C, ¢ is analytic in C\{0} and that ( ) # 0, w e C\{0}.
q
(

Also, by letting Q (2) = 2¢' (2) ¢ (¢ (2)) = #, we find that @ (z) is starlike
univalent in U.

Let hi(2) = 0 (q(2) + Q () = a+ £q(2) + pg? (=) + 22,
We have Re (Zg((zz))> = Re (1 + %q () + 2;(12 (z) - q((z)) + z(gf/((zZ)) > 0.

m+1n >
By using (16), we obtain a+&p (2)+u (p (z))2+ﬁ'z§(g) =a+¢ ( s >

IRTl"f z)
m n 6 m n Y14 n
(IRM“' f(z))2 L o) [IRM“* /) IRTEY f(z)]

IR f(2) IRYT"f(z)  IRXF(2)

By using (14), we have a+£&p (2)+u (p (z))%—ﬁ% < a+&q (2)+pg? (z)—l—ﬁ%;()z).

(e

From Lemma 1, we have p(z) < ¢(z), z € U, i.e. T aTenll B q(z),
Al

zeU, 6 € C,0#0 and q is the best dominant.

Corollary 13. Let q(z) = %igz, zeU —-1<B<A<1 mmneN, \Il>0.
Assume that (12) holds. If f € A and

2
”‘/’;?in(@a,&u,ﬁ;z)<a+§1+AZ (1+AZ> 5 (A—B)=

1+ Bz 1+ Bz 14+ Az) (1+ Bz)’
for a, &, 8,0 €C, B,6 20, —1 < B < A <1, where @ZJZ?Z’" is defined in (13), then
m n 6
N e
IRi\rfl’"f (2) 1+ Bz’

and %L‘gz 1s the best dominant.

Proof. For q(z) = %igz, —1< B < A<1,in Theorem 12 we get the corollary.
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Corollary 14. Let q(z) = (%f;)v ,m,n € N, \;1 > 0. Assume that (12) holds. If
feAand

1 o9
(172) +i%

m,n . + 2
1/})\7l (5705757H)B7 )'<O[+§< Z> 1— 1*22’

fora, & u, 8,6 €C,0<~v<1, 3,0 #0, where@bmnzs defined in (13), then

IRIY )\ f142)
IR/ (2) <(1—z) ’

and (Hj) 1s the best dominant.

Proof. Corollary follows by using Theorem 12 for ¢ (z) = (%f‘z)v, 0<y<1.

Theorem 15. Let g be convex and univalent in U such that q (0) = 1. Assume that

Re (% ()¢ () + L ()¢ <z>) S0, forasemBEC, BA0.  (17)

B B
IRm+1"f(z) J o ) ) .
If f € A, W € Hlq(0),1]NQ and (W (6, , &, i, B; 2) is univalent in
U, where dj}wl (6,0, &, u, B; 2) is as defined in (13), then
2q (2 o
a-+a(:) + g (2) + 2L ) <y (5,006, 2) (18)

implies

LVREION 5EC, 640, 2€U (19)

gz W ) € ) , 2 €U,
IR f (2)

and q is the best subordinant.

. 1R )\
Proof. Let the function p be defined by p(z) := TRTFG) ) 0 ¢ € U, z # 0,
oW
0e€C,0#0, f € A. The function p is analytic in U and p (0) = 1.
By setting v (w) := a + fw + pw? and ¢ (w) := g it can be easily verified that

v is analytic in C, ¢ is analytic in C\{0} and that ¢ (w) # 0, w € C\{0}.
Since '/(qi((z))) = %q(z) q (z) + Z;qQ( )¢ (2), it follows that Re( v (a(z D) =

#(q(2))
Re (§a(2) ¢ (2) + %% ()4 () > 0, for a, &, BEC, B 0.
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Now, by using (18) we obtain

Bzq (2)
q(2)

a+&q(2) + pg® (2) + < o+ Ep(2) + pp® () +

From Lemma 2, we have

)
TR™Fmr (4
Al f”) . z€U §€C, §#0,

q(2) <p(2)= (IRTlnf(Z)

and ¢ is the best subordinant.

Corollary 16. Let q(z) = %Igi, —-1<B<A<L1,zeU mmneN, \l>0.

m—+1,n p 0
Assume that (17) holds. If f € A, (M) € H[q(0),1]NQ,6€C,6#0
Al

and

a+¢

2
1+AZ+ <1+AZ> ,3( (A—B)Z ‘<¢;\7in(57047£7:u’75;z)7

1+ Bz 1+ Bz 1+ Az) (14 Bz)
fora, & u,8€C, 3#0, -1 < B < A<1, where wﬁ’” is defined in (13), then

IRm+1,n P 4
Lt Az ( A f())> SEC, 540,

~
1+ Bz IRV f (2
and iig; 15 the best subordinant.
Proof. For q(z) = ﬁgz, —1< B < A<1,in Theorem 15 we get the corollary.

Corollary 17. Let q(z) = Giz)“’ ym,n € N, \,l > 0. Assume that (17) holds. If

z

IRYV™ f(2)

é
fGA;<W> €Hqg(0),1]NQ and

L+2z\7 1+2\%  2B8vz mn
a+£<1—z> +,LL<1_Z> +m—<w)\7l (57(1757”7/872)7

for a, &, 8,0 € C,0<~v<1, 3,0 #0, where @b;?l’n is defined in (13), then

142\7 (IRE ()N
<1z> S\ IR )

v
and (Hz) 1s the best subordinant.

1—2
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v
Proof. Corollary follows by using Theorem 15 for ¢ (z) = (}f;) ,0<y<1.

Combining Theorem 12 and Theorem 15, we state the following sandwich theo-
rem.

Theorem 18. Let g1 and g2 be convex and univalent in U such that ¢ (z) # 0 and
q2(2) # 0, for all z € U. Suppose that q1 satisfies (12) and qo satisfies (17). If

IRZTI’”]C(Z) 0 m,n . .
feA: W GH[q(O)71]mQ7(566767&0andw)\7l ((5,04,5,#,5,2) s

as defined in (13) univalent in U, then

Bz (2)

q (2) < Zb;?i” (8,0, &, B 2) < a+Eq (2)+ug (Z)+qu2 (2)

g2 (2)

atéqr (2)+pgt (2)+

)

Jor o, &, B € C, B#0, implies

m+1,n 4
q (2) < M <q(z), z€eU 6€C,0+#0
IRZfl,nf(z) ) ) ) b

and q1 and qo are respectively the best subordinant and the best dominant.

For ¢1 (2) = iigi;, @ (2) = %igi;, where —1 < By < B} < A1 < Ay < 1, we
have the following corollary.

Corollary 19. Let m,n € N, \,1 > 0. Assume that (12) and (17) hold for q1 (z) =

. IRV £(2)
iigii and q2 (z) = iigg;, respectively. If f € A, <H>%7Alnlnf(z) € Hlg(0),1]NQ

and

14+ Az 1+ Az 2 (AlfBl)Z m,n .
a+€1+Blz <1+Blz> 142 (LB <" (0, e, &, 1, B 2)
1+ Agz 1+ Ayz\? (Ay — By) 2
<a+fl+B2Z+ <1+Bgz> (1+ As2) (1 + Baz)’ zeU,

for a,&, 1, €C, B#0, =1 < By < By < Ay < Ay < 1, where )" is defined in
(5), then

m n 5
14+ Az <IR>\,1+L f(z)) 1+ Az

< 2eU, 0e€C,0#0
14+ Bz IRT}nf (Z) 1+ BQZ, ’ ’ 7& ’
hence %igiz and %igzi are the best subordinant and the best dominant, respectively.
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gl g
For ¢ (2) = Gfi) 1, @ (2) = (if;) 2, where 0 < 71 < 72 < 1, we have the
following corollary.

Corollary 20. Let m,n € N, A\l > 0. Assume that (12) and (17) hold for q; (z) =

2 " 2 Y2 ) IRm+1,nf(Z) é
(%J_“Z> and g2 (z) = (%fz) , respectively. If f € A, <I§;lnlnf(z) € Hlg(0),1]N

Q and

1+2z\™M 1+2\2" 2872 o
et () () i

1—2 11—z 1—22
142\ 142\ 2
<a+¢& T2 +p ki —i—ﬁLQz, zeU,
1—-=2 1-=2 1—=2
fora, &, BE€C, B#£0,0<y <~ <1, where @bgj’l’n is defined in (5), then

1
1+2\" (IR (2) 1+2\™
(1_Z> <<<IRTff@) <<1_z> , 2€U, 6€C,d#0,

M Y2
hence (}f;) and (%f;) are the best subordinant and the best dominant, respec-

tively.
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