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1. INTRODUCTION

Let S denote the class of functions of the form:
o0

(1.1) FE) =2+t
k=2

that are analytic and univalent in the open unit disk U = {z : |z| < 1}.
Let T denote the subclass of S consisting of functions of the form:

(1.2) flz)=2-=Y az", (ar >0).
k=2

Definition 1.1. [5] Let 14 be a Alexander integral operator defined as:

Ip:A— A, I5(F)=f, where
[ ()
(1.3) f(2) :/tdt.
0

o1
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Definition 1.2. [1] Let I, be a Bernardi integral operator defined as:
I,:A— A I,(F)=f, a=1,2,3,..., where

(1.4) f(z) = 41 /F(t) 9L,

20
0

Definition 1.3. [1] Let L, be a generalization of the previously integral operator
defined as:

Ly:A— A, Ly(F)=f, a€ C,Rea >0, where

(1.5) f(z) = 41 /F(t) 9L,

0
0

Definition 1.4. [5] Let I. 5 be the integral operator defined as: I..s : A —
A O0<u<1,1<d<00,0<c< 00,

1
(1.6) f(2) =1Ias(F)(2) = (c+ 5)/0 w2 F (uz)du.

Remark 1.1. [5] For 6 =1 and ¢=1,2,..., from the integral operator I. 5 we
obtain the Bernardi integral operator defined by (1.4).

Definition 1.5. [5]/ Let F € A, F(2) = 2+ by2® + - + b,2" + ..., and a € R*.
We define the integral operator L : A — A by

(1.7) () = L(F)(z) = =2 /OZF(t) (1 40+ i,

Za

2. PRELIMINARY RESULTS

Lemma 2.1. [38/ For -1 <a<1,0<y <1 and B >0, we let Sy(f,g;a,B)
be the subclass of S consisting of functions f(z) of the form (1.1) and functions g(z)
given by

(2.1) 9(2) =2+ > bz (bx > 0),
=2
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and satisfying the analytic criterion:

U DU ()
(22) R{(l—)(f PICERTETING) }>

>6’ f*g ) (2) +722 (f x9)" (2)
) (f*9)(2) +72(f x9) (2)
Further, we define the class TS,(f,g;0,08) by
TSy(f,g:c,8) = Sy(f. g, B) N T

Lemma 2.2. [3] A function f(z) of the form (1.1) is in the class T'Sy(f, g; o, B)

-1.

if

(2.3) S [k (a+ B [L+ 0k — 1)) faxlbe < 1 - o
k=2

where —1 <a <1, >20and0 <~ <1.
Lemma 2.3. [3] A necessary and sufficient condition for f(z) of the form (1.2)
to be in the class T'S,(f, g; o, ) is that

[e.e]

(2.4) SO+ 8) — (a+ B)] [L+~(k - D] axdy < 1 — o

k=2
Corollary 2.1. [3] Let the function f(z) be defined by (1.2) be in the class
T7S,(f,g;a,B). Then

11—«

(2.5) US04 B) — (@t B[+ k= Dby

(k > 2).

3. MAIN RESULTS

Theorem 3.1. The Alexander integral operator defined by (1.3) preserves
the class T'Sy(f,g;, B), that is: If FeTS,(f,g;0,p), then f(z) = I4F(z) €

TS“/(f?.g;O%B) fOTF —Z—Zakz ak>0

Proof. Let FeT, F(z)=2z— Zakzk, ar > 0. Then

k=2
£ = 14k = [l

0
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Zl 00

— _ k —

/t(t Zm)a
o0

=z
k=2 k
:szckzk, with
k=2
ag

k= > 0, k > 2. It follows that f € T. We have now to prove that f €
TSy(f,g;c,B). Using Lemma 2.3 we need to prove that:

WE

(3.1) [k(1+B) = (a+ B)] [L+~v(k = D]exbr <1—a.

i
[\

fork>2 —1<a<1, >0and0 <~ <1. This means:

(3.2)

NE

[k:(1+ﬁ)—(a+5)][1+7(k—1)]%bkg1—a.

i
[\o}

But we have a—kk < ag, for k > 2, and by using (2.4) and (3.2), we observe that

inequality (3.1) is fulfilled. This means that f € T'S,(f, g; o, 3).
Theorem 3.2. The integral operator I..s defined by (1.6) preserves the class

TS"/(f?Q;a75)7 to}iat 7;3: If F € TS’Y(fag;aaﬁ)f then f( ) - c+5(F)(Z) € TS’Y(fvg;avﬁ);

for F(z) :Z—Zakzk, ar > 0.
k=2

Proof. Let Fe€TS,(f,g;,8), F(2) =2 — Zakzk, ag > 0.

k=2
We have, from Lemma 2.3:
(3.3) D k(14 B) = (a+ B[+ (k- 1D]apby <1 - a.
k=2
From (1.6) we obtain f(z) = (F)(z) = z—i _ o ay 2%, where 0 <
' T e T etk 1 "

c<oo, 1< <.
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We also remark that for 0 < ¢ < oo, k> 2 and 1 < 4§ < 0o, we have

c+o
4 _— <1
(3-4) O<c+k—|—5—1<

Thus f € T and by using Lemma 2.3 we have only to prove that.

o0

(3.5) k(14 8) = (a+B)][1+ (k= 1)]

k=2

where —1 <a<1l, f>0and 0<~v<1, 0<c< oo and 1< < o0.
By using the relation (3.4) we have

c+o

— 7% b <l-a
ctkto—1R="T¢

c+9
ct+tk+6-1
for 0 < ¢ < oo, k>2,1<§ < o0, and thus from (3.3) we conclude that the
condition (3.5) take place and thus the proof it is complete.

cap < ag,

The following theorem is proved similarly (see Remark 1.1):

Corollary 3.1. The Bernardi integral operator defined by (1.4) preserves the
class T'S (f,g;a,ﬁ); that is: If F € T'Sy(f,g;c, B), then f(z) = I.F'(z) € TS,(f, g5, B),

for F(z —z—Zakz ar > 0.

Theorem 3.3. Let FeTS,(f,g9;0,08) with -1 <a<1, >0 and0<7< 1,
—Z—Zbkz by > 0. For f(z) = Lo(F)(2), f —Z—Zakz ap >

0, zeU, where the integral operator L, it is defined by (1.5), we hcwe

l—«o a+1

0+ 8) — (@t DI+ k—1lbx atk| "=%

aké'

Proof. For f = L,(F)(z) with F(z) =z — Zbkz and f(z) =z — Zakz we
have
0 a+1
Matk

where a € C, Rea > 0, k > 2.
The coefficient bounds for the functions belonging to the class T'S,(f, g; o, 5) are
11—«

S R B~ at B L0k = Db

(k> 2).
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For k£ > 2 we obtain

o=l |2 <
<‘ l—a ‘a—i—l'_
= |ROT 8 (v AT+ 01| fav k|~

B 1-« a—i—l‘
k(1 +8) = (@+ B [1+~v(k—1)]bx a+k|
Hence the theorem is proved.
Theorem 34 Let F € TS, (f,9;c,8) with -1 < a <1, >0 andO <7
1, = Z—Zbkz b > 0. For f(z) = L(F)(2), f —Z—Zakz ar >

0, zeU, where the integral operator L it is defined by (1.7), we have

IN

11—« a+1
2—a+B)(1+7)by a+2”

as <

" <[ 1—o ] a+1
P 1B —a+28)(1+27)bs a+3

1—a)la+1
ak<(a)+(k)'("”k+7“k—2),

where
1

[(E(148) = (a+ B)][1+v(k —1)] by
1

PTG (ot AT Ak )b

TR =

Proof. For f = L(F)(z) with F(z —Z—Zbkz and f(z —Z—Zakz we
k=2

4y = by - a+1
a+2
a+1
a+3’
a+1
atk’

have:

a3:(b3+1)-

ap = (b + br—2) -
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where a € R*, k > 4.
The coefficient bounds for the functions belonging to the class T'S,(f, g; a, 3) are :

1l -«

R P ) iy TR iy Pl
For k£ > 4 we obtain:
ak:(bk‘{’bk—Q)'Z::__]iS
< 11—« .a—i-l
TRA+B) —(a+ B[ +y(k—-1)]bp a+k
n 1l -« ‘a—l—l
[(k—2)1+8)— (a+ AL +~(k—3)by—2 atk
(I1—a)(a+1) 1
) (U ) N ey N Wy
N 1 ]:(1—04)((1—1—1)‘(7“ o)
[(k—2)(1+B) = (a+B)][L+~7(k—3)] by a+k S
where - )
TR+ B) — (a+ B [L+ (k- 1)] by
1

Th—2 = [(k=2)(1+4+8) — (a+B)][1+~(k—3)]bx_2

For k = 2 we have:
a—+1 <

a+2
< 11—« a+1
T2-a+B)(1+7)b a+2

Similarly for & = 3 we have:

as = by -

" <[ j —Y ] a+1
5= (3= a+28)(1+2y)bs a+3

Hence the theorem is proved.

We remark that for suitable values of the functions f and g and the parameters
« and B we obtain similarly results for the following subclasses:

i) T'Sy (f, ﬂiiz);a’ 1> = S,T(a) and T'Sy (f, ﬁ;a, 1> =
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=T5 (f, Fzz);a’ 1) =UCT(a) (-1 < a < 1) (see Bharati et al. [4]);

i) T'Sq (f, (i);O,B> =UCT(S) (B > 0) (see Subramanian et al. [12]);

iii) 7'y (f,z+Z ot o, ,/3> TS(@.B8) (-1 <a <1,8>0c#
0,-1,-2,...) (see Murugusundaramoorthy and Magesh [6] and [7]);
iv) T'Sy (f,z+2k”zk;a,6> =TSn,a,B) (-1 <a<1,8>0,ne Ny =

k=2
NU{0},N ={1,2,...}) (see Rosy and Murugusundaramoorthy [10]);

v) TS (f,z+Z (k“_l )z’“;a,ﬁ) — D(@,BN) (-1 <a<1,82
0, A > —1) (see Shams et al. [11]);

vi) T'Sy (f,z—i—Z[l + Ak — 1)]”zk;a,ﬁ> =TS\n,a,8) (-1 <a<1,8 >
k=2
0, A>0), n € Ny (see Aouf and Mostafa [2]);

VH) TS (faz+z k ! ka 7/B> (770[7/8) (_1§a<1)ﬁ2070§
-1

v<1,¢#0,—-1,-2,...) (see Murugusundaramoorthy et al. [8]);
viii) TSy (f,g;a,ﬁ) = Hp(g,0,8) (-1 < a <1, 8> 0) (see Raina and Bansal
[91);
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