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INCLUSION RELATIONSHIPS PROPERTIES FOR CERTAIN
CLASSES OF P-VALENT MEROMORPHIC FUNCTIONS
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ABSTRACT. In this paper we investigate a family of linear operator defined on the
space of p-valent meromorphic functions. By making use of this linear operator, we
introduce and investigate some new subclasses of p-valent starlike, p-valent convex,
p-valent close-to-convex and p-valent quasi-convex meromorphic functions. Also
we establish some inclusion relationships associated with the aforementioned linear
operator. Some interesting integral-preserving properties are also considered.
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1. INTRODUCTION

Let X, denote the class of functions of the form

fR) =27+ anp2" P (peN={12,.1}), (1)
n=1

which are analytic and p-valent in the punctured unit disc U* = {z : z € C and
0 < |2] < 1} = U\{0}. A function f € ¥, is said to be in the class 3S;(a) of
meromorphic p-valent starlike functions of order « in U* if and only if

2f (2) i
Re<f(z)><—a 0<a<pzeU"). (2)

Also a function f € ¥, is said to be in the class ¥Cp(a) of meromorphic p-valent
convex functions of order « in U* if and only if

Re(l—l—zf,(z)><—a O0<a<pzel?). (3)
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It is easy to observe from (2) and (3) that

f(z) € 2Cp(a) & —Zf;;Z) € XS, (a). (4)

For a function f € ¥,, we say that f € XK,(3,a) if there exists a function
g € XS () such that

Re 2/ ) <-0 0<a,B<p;zeU"). (5)
9(2)

Functions in the class YK, (3, a) are called meromorphic p-valent close-to-convex

functions of order 5 and type a. We also say that a function f € 3, is in the class

YK} (B, ) of meromorphic quasi-convex functions of order 8 and type « if there

exists a function g € ¥Cp(a) such that

Re<w><—6 0<ao,B<pzeU"). (6)

It follows from (5) and (6) that

f(2) € SKZ(B,0) & 2 ;)(Z) € YK, (B, ). (7)

Meromorphically multivalent functions have been extensively studied by several
authors, see for example, Aouf and Hossen [3], Aouf [1], Joshi and Srivastava [9],
Mogra [12], Owa et al. [13], Raina and Srivastava [14], Ibrahim [7] and Aouf and
Xu [2].

For two functions f;(z) € ¥,(j = 1,2) are given by
1 —
fi(2) = 5+ =1%a 52"
we define the Hadamard product (or convolution) of f,(z) and f,(z) in ¥, by

(i £ () =y + = 1% paan 2" P = (% £,) ().

El-Ashwah and Bulboaca [6] defined the linear operator as follows:

£y =Ly e () e
pd Zp n+d

(seC;deC"=C\{0,—-1,-2,...};2 € U)
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by setting
S 1 [e’e) n+d ° n—
%Ad:ﬁ+n—1<(i) .
and
(7:2572,) () = — (A > 0)
pod pod 2P (1 — z)/\ ’
we, obtain the linear operator
1 d \*Nn ,_
S,A [e'S) n
s —_ n = 1 p
Ty ) R <n+d> ()n ’
which is defined by
1 d \°(\)n _
S, A _ = n—p

(A>0,s€C;deC*zeU"),

where f € 3, is in the form (1) and (), denotes the Pochhammer symbol given

by
) _F(l/—i—n)_{l (n=0)
Ty T v+ ) ev+n—1) (neN).
It is readily verified from (8) that
AT () = AT () = A+ p) TN (2) (A>0) (9)
and
AT (2) = AT (2) — (d+p) T f(2) (10)

We now define the following subclasses of the meromorphic function class ¥, by
means of the linear operator jps;i’\(z) given by (8).

Definition 1. In conjunction with (2) and (8),

3$jggz{ﬁfezpmdzyfezgm%oga<npeN}. (11)
Definition 2. In conjunction with (3) and (8),

EC;:?Z‘(a) = {f cfex, and jps’;;‘f €XCp(a),0<a<ppe N} . (12)
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Definition 3. In conjunction with (5) and (8),

SE;(B,0) = {1 f €%, and T5N € DKy(B,0),0< 0, B <ppeN| . (13)
Definition 4. In conjunction with (6) and (8),

SE B a) = {f: [ €%, and T3 € SKj(8,0),0< 0,8 <pp eNf . (14)

In order to establish our main results, we need the following lemma due to Miller
and Mocanu [11].

Lemma 1. [11]. Let 6(u,v) be a complez-valued function such that
0:D—C,DcCcCxC (C is the complex plane)

and let w = uy + tug and v = vy + ivy. Suppose that O(u,v) satisfies the following
conditions :

(i) 6(u,v) is continuous in D;
(ii) (1,0) € D and Re{6(1,0)} > 0;
(iii) for all (dug,v1) € D such that

1
v < —5(1 +u2) , Re{f(iug,v1)} <0.

Let
q(2) =14 qz+ @+ .. (15)

be analytic in U such that (q(2),zq (2)) € D (z € U). If

Re {G(q(z),zq/(z))} >0 (z€U),

then
Re{q(2)} >0 (z€U).

2. THE MAIN RESULTS

In this section, we give several inclusion relationships for p-valent meromorphic
function classes, which are associated with the linear operator jp‘*’d)‘.

Unless otherwise mentioned we assume throughout the papér that A > 0,s €
C,d e C*.
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Theorem 2. Letd; = Re(d) > a—p,p € N and 0 < a < p. Then
LS (@) € 285N @) € B85 a).
Proof. (i) We begin by showing the second inclusion relationship:
*8,\ *5+1,\
B8 @) € B9 @) (16)

Let f(z) € ES;:Z/\(O&) and set

AT3 A (=)
W =—a—(p—a)g(z), (17)
where ¢(z) is given by (15). By using the identity (10), we obtain
T f(2)
Eﬁﬁj}@g::*a‘(p*%ﬂQQ)+(d+p% (18)

Differentiating (18) logarithmically with respect to z, we obtain
M — Z<‘7:jl’>\f(z))/ " (p — a)zq (2)
TN (2) Ty (- a)e(x) +a— (d+p)

(p— @)zq (2)
p—a)g(z) —d—p+a

= —a—(p—a)g(z)+ (

Let

bu,0) = (p — au — (19)

with u = q(2) = u1 + iup and v = 2¢ (z) = vy + iva. Then
(i) O(u,v) is continuous in D = ((C\ {d;f_a }) x C;

«
(ii) (1,0) € D with {6(1,0)} =p—a > 0.
(iii) for all (iug,v1) € D such that vy < —% (1 + u%) we have

_ B —(p—)u
Re{0(iug,v1)} = Re { (p— a)iug + a — (d+p) }

(p—a)(di+p—a)u
((p — Q)ug + do)* + (o — dy — p)?
 (p—a)(di+p—a)(l+uj)
2(((p = a)uz +d2)” + (dy —p— @)?)
< 0,

IN
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which shows that 0(u,v) satisfies the hypotheses of Lemma 1.1. Consequently, we
easily obtain the inclusion relationship (16).
(ii) By using arguments similar to those detailed above, together with (9) and

0(u,v) is continuous in D = (C\ {’\;f%a}) x C, we can also prove the left part of
Theorem 2.1, that is, that

£S5 (@) € B85 a) (20)

Combining the inclusion relationships (16) and (20), we complete the proof of The-
orem 2.1.

Theorem 3. Let di = Re(d) > a—p,p e N and 0 < a < p. Then
A+1 A 1,2
SC @) C 2O () C 2O ().
Proof. Let f € EC;’Q(O&). Then, by Definition 1.2, we have

TN f(2) € BCy(a) .

Furthermore, in view of the relationship (4), we find that

— (M) €285,
that is, that
T (—pr(z)> € £5%(a).

Thus, by Definition 1.1 and Theorem 2.1, we have
—]fg f(2) € 855 @) € £575 M a) |
which implies that

A 1,A
SC (@) € SCH (a)

The left part of Theorem 2.2 can be proved by using similar arguments. The proof
of Theorem 2.2 is thus completed.

Theorem 4. Let di = Re(d) > a—p,p € N and 0 < «a, B < p. Then

S (B,a) C K (8,0) € SKIEA (B a).

160



R.M.El-Ashwah, M.K.Aouf, M.E.Drbuk — Inclusion Relationships ...

Proof. Let us begin by proving that
A
LK (B,0) C SKIE(B,a). (21)
Let f(z) € EK;’C)I‘(B, ). Then there exists a function ¥(z) € X5 («) such that

AT (=) .
Re<\11(z)) <—p (2€U").
We put

T(z) = 0(z)

so that we have

s 2T f(2) \
9(2) € Esp,a}/A(a) and Re <m> <—p (z€U").
We next put
(T3 (2)
W =—B—(p—B(2), (22)

where ¢(z) is given by (15). Thus, by using the identity (10), we obtain
Toig(2) T5R(2)
[T @] + @+ PTG (2)
AT5A () + (d+p)Td g (2)
z [Jp‘f’d’\(zf/(z))} jsjl)‘(zf/(z))
1, + (d+ p)pﬁ
T (2) T g(2)

X
T g(z)

+ (d+ p)

Since g(z) € ZS;Z/\(O(), by Theorem 2.1, we can put

2T g(2)))

1A
T g(z)

=—a—(p—a)G(z),

where

G(2) = 91(x,y) +ig2(2,y) and Re(G(2)) = g1(z,y) >0 (2 € U).
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Then )
2 | TS (2)
z(js”\f(z))/ js’Ag(z) —(d+p)[B+(p—B)q(2)]
T —a--a)0E + @) - &
We thus find from (22) that
AT () = =T g(2) [B+ (0 — B)a(2)] - (24)

Differentiating both sides of (24) with respect to z, we obtain

<[] |
=—(p—B)zq (2) +[a+ (p— )G ()] [B+ (p— B)g(2)] . (25)

Toi " g(2)
By substituting (25) into (23), we have
AT @) (v~ B)zq(2)
.ﬁ%@>+ﬁ‘_{@_m“”‘@—we@+a—w+m |

Taking u = q(2z) = u1 +iug and v = 2q (z) = v1 +ivy, we define the function ®(u,v)

by
(p— B
(p—a)G(z) +a—(d+p)’

®(u,v) = (p— Plu —

where (u,v) € D = (C\D*) x C and

(26)

Re(d
D* = {z :z € Cand Re(G(z2)) = g1(z,y) > 1+ pe—(of} .
Then it follows from (26) that
(i) ®(u,v) is continuous in D;
(ii) (1,0) € D and Re {®(1,0)} = p — 8 > 0;

(iii) for all (dug,v1) € D such that vy < —%(1 + u3), we have

(p— B)n }
(p—a)G(z)+a—d—p

Re {®(iug,v1)} = Re {—

(p—Buildi +p—a—(p—a)g(z,y)

[(p— a)gr(z,y) + o —di — p|* + [(p — a)ga(x,y) — do]?
< _ (p—=B)(L+u3)[di +p—a—(p—a)g(ey)
T 2[(p-a)gi(@y) +a—di—p] +2[(p— a)ga(x,y) — da]?
<0,

162



R.M.El-Ashwah, M.K.Aouf, M.E.Drbuk — Inclusion Relationships ...

which shows that ®(u,v) satisfies the hypotheses of Lemma 1.1. Thus, in light of
(22), we easily deduce the inclusion relationship (21).
The remainder of our proof of Theorem 2.3 would make use of the identity (9)
in an analogous manner and assume that
A
p—a}'

Theorem 5. Let dy = Re(d) > a—p,p e N0 <« and < p. Then

D* = {z :z € Cand Re(G(2)) = g1(z,y) > 1+

We, therefore, choose to omit details involved.

SKM (B, 0) € SKINB,a) € SEIST(B,a) .

Proof. Just as we derived Theorem 2.2 as a consequence of Theorem 2.1 by using the
equivalence (4), we can also prove Theorem 2.4 by using Theorem 2.3 in conjunction
with the equivalence (7).

3. A SET OF INTEGRAL-PRESERVING PROPERTIES

In this section, we present several integral-preserving properties of the meromorphic
function classes introduced here. We first recall a familiar integral operator J.,
defined by (see [10])

z

T D)D) = S5 [0 (> opeNifes,), (21)

0

which satisfies the following relationship :

!/

2 (TMep(NR)) = TN () = e+ DTN e () - (28)
In order to obtain the integral-preserving properties involving the integral operator
Jep, we also need the following lemma which is popularly known as Jack’s lemma.
Lemma 6. [8]. Let w(z) be a non-constant function analytic in U* with w(0) = 0.

If |w(2)| attains its mazimum value on the circle |z| =1 < 1 at 2y, then

20w (20) = Cw(z0) ,

where ¢ > 1 s a real number.
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Theorem 7. Let¢c>0,peNand 0 < a<p. If f(2) € ES’;SCQA(a), then

Jep()(2) € B85 @).

Proof. Suppose that f(z) € ES;fd’)‘(a) and let

!

z (%S,’j‘Jc,p(f)(Z)) _pt (p —2a)w(2)

Tt Jep(£)(2) 1-w(z) 7

where w(0) = 0. Then, by using (28) and (29), we have

jps,’d)‘f(z) c—(c+2p—2a)w(z)

TMep((z)  cl-w(2))

Differentiating (30) logarithmically with respect to z, we obtain

I

() Pt p-20w() |, W)

Lij{\f(z) 1—w(2) 1—w(2)
~ (e+2p-— 2a) 2w (2)
c—(c+2p—2a)w(z)

9

so that

H(TME) | aeprue) | )
j:;\f(z) 1—w(z) 1—w(z)
~ (e+2p-— 20) 2w’ (%)
c—(c+2p—2a)w(z)’

(29)

(30)

(32)

Now, assuming that max |w(z)| = |w(20)| = 1 (20 € U) and applying Jack’s lemma,

|2|<|z0]
we have

200 (20) = (w(z0) (¢ =1).
If we set w(zg) = € (§ € R) in (32) and observe that

R
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then we obtain

’

20 (jpkaf(ZU)) tab — e zow (20) ~ (e+2p— 20) 20w (20)
‘st,,j\f(zo) 1 —w(zg) ¢—(c+2p—20)w(zp)

_ 2(p — a)¢e”
= fe {_(1 —ef)[c— (c+2p— 2a)ei9]}
20(p—a)(c+tp—a)
2 —2¢(c+ 2p —2a) cos b + (¢ + 2p — 2a)?
> 0,

which obviously contradicts the hypothesis f(z) € ES;Sd”\ (o). Consequently, we can
deduce that |w(z)| < 1(z € U), which, in view of (29), proves the integral-preserving
property asserted by Theorem 3.1.

Theorem 8. Let ¢ > 0,pe N and 0 < a <p. If f(z) € EC;’C)I‘(a), then
Tep(f)(2) € £Cy(a) .
Proof. By applying Theorem 3.1, it follows that

!/

fz) € ECH) & _Zi(z) € 255N )

= Jep (_Z‘; (Z)> € B8N )

& (e (2) €28} @)
= Jep(f)(2) € BC (@),
which proves Theorem 3.2.
Theorem 9. Let ¢ > 0,pe N and 0 < o, B <p. If f(2) € ZK;”;Z\(B,Q), then
Tep(f)(2) € SK; (8, ).

Proof. Suppose that f(z) € EK;’;‘. Then, by Definition 1.3, there exists a function
g(z) € ES;Z)‘ such that
2 (720(2)

Re 5
T 9(2)

<-B (:€U").
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Thus, upon setting

’

2 (T30 enf(2))
T Jepg(2)
where ¢(z) is given by (15), we find from (28) that

+6=—(—Ba(z), (34)

2 (7224(2) TN=2f'(2)
Te(2) T
(c+p) TN ep(=2F (2) + 2(T5 M ep(—21 (2)))
(c+P) T Jepg(2) + 2(T5i Jep(9(2)))
AT N ep(—2F (2))) TeM ep(=2f (2)

+ (c+p)

o Tyadepalz) T3 Jepg(2)
- AT Jewg(2))
Tiops) T EHD)
Since g(z) € ES;SC;)‘, we know from Theorem 3.1 that J. ,g(2) € ES;‘B)‘. So we can
set \ ,
2( TN e pg(z
e O (35)
Tyt Jepg(2)
where

G(z) = g1z, y) +ig2(x, y) and Re(G(2)) = gi(z,y) >0 (2 €U).
Then we have

AT en(—2f () B
ATME) e TP B A

p

TiNg(z) a+(p—a)G(z)— (c+p)

We also find from (34) that
Z(*Zf?t]c,pf(z))/ = (_‘7:11)\']6,109(2)) B+ (p—B)q(2)] . (37)

Differentiating both sides of (37) with respect to z, we obtain

’

e (Fraar@) | = 2320 B+ 0 Do)
~(p— B)2q (2) TN epg(2), (38)
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that is,

2 [z (I (A 0) e f(z))'}
I 00 D e (2)
Fla+(p-a)GE] B+ (- Ba2)] - (39)
Substituting (39) into (36), we find that

= —(p—B)zq (2)

(72256)
T g(z)

(p— B)zq'(2)
(P—a)G(z) +a—(c+p)

+B8=—(p—Ba(z) + (40)

Then, by setting
u=¢q(z) =up +iuy and v = qu(z) = v + vy ,
we can define the function 6(u,v) by

(p— B
(p—a)G(z) +a—(c+p)’

0(u,v) = (p — B)u—

The remainder of our proof of Theorem 3.3 is similar to that of Theorem 2.3, so we
choose to omit the analogous details involved.

Theorem 10. Let ¢ > 0,peNand 0 <« , B<p. If f(2) € EK;:Z)‘(B,&), then

Jep(f)(2) € EK;iz)‘(ﬁ, Q).

Proof. Just as we derived Theorem 3.2 from Theorem 3.1, we easily deduce the
integral-preserving property asserted by Theorem 3.4 from Theorem 3.3.

Remark 1. Putting p = 1, replacing a = A(A > 0) and ¢ = 1 in the above results
we obtain results obtained by El-Ashwah [4].
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