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HIGHER #-DERIVATIONS IN NON-ARCHIMEDEAN RANDOM
C*-ALGEBRAS AND LIE HIGHER *DERIVATIONS IN
NON-ARCHIMEDEAN RANDOM LIE C*-ALGEBRAS

A. EBADIAN, S. ZOLFAGHARI, S. OSTADBASHI

ABSTRACT. Using fixed point method, we establish the generalized Hyers-Ulam
stability of higher #-derivations in non-Archimedean random C*-algebras and Lie
higher *-derivations in non-Archimedean random Lie C*-algebras associated to the
following Cauchy-Jensen additive functional equation:

r—y+z

TR () = )+ 1(2).
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1. INTRODUCTION AND PRELIMINARIES

Let K denote a field and function (valuation absolute) | . | from K into [0, 00).
A non-Archimedean valuation is a function | . | that satisfies the strong triangle
inequality; namely, |z +y| < max{|z|, |y|} < |z|+ |y| for all z,y € K. The associated
field K is referred to as a non-Archimedean field. Clearly, |1| = |—1] = 1and |n| <1
for all n € N. A trivial example of a non-Archimedean valuation is the function | . |
taking everything except 0 into 1 and |0] = 0. We always assume in addition that
| . | is nontrivial, i.e., there is a z € K such that |z| # 0, 1.

Let X be a linear space over a field K with a non-Archimedean nontrivial valuation
| . |. A function || . || : X — [0,00) is said to be a non-Archimedean norm if it
is a norm over K with the strong triangle inequality (ultrametric); namely, ||z +
yll < max{||z|,||y||} for all z,y € X. Then (X,| - ||) is called a non-Archimedean
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normed space. In any such a space a sequence {z,}nen is Cauchy if and only if
{Zp+41—Tptnen converges to zero. By a complete non—Archimedean space, we mean
one in which every Cauchy sequence is convergent.

For any nonzero rational number z, there exists a unique integer n, € Z such that
xr = $p"*,where a and b are integers non divisible by p. Then |z|, := p™"+ defines
a non-Archimedean norm on Q. The completion of Q with respect to the metric
d(z,y) = |x — y|p is denoted by Qp, which is called the p-adic number field.

A non-Archimedean Banach algebra is a complete non-Archimedean algebra A which
satisfies ||zy|| < ||z|||ly|| for all z,y € A. For more detailed definitions of non-
Archimedean Banach algebras, we refer the reader to [6, 13].

If 7 is a non-Archimedean Banach algebra, then an involution on Z is a mapping
t — t* from Z into Z which satisfies

(i) t** =t for t € T,
(ii) (as + Bt)* = as* + Bt*;
(7i1) (st)* =t*s* for s, t € Z.
If, in addition, |[t*t| = ||#||? for t € T , then Z is a non-Archimedean C*-algebra.

The stability problem of functional equations was originated from a question of
Ulam [14] concerning the stability of group homomorphisms. Let (G, *) be a group
and let (Ga,©,d) be a metric group (a metric which is defined on a set with a group
property) with the metric d(-,-). Given € > 0, does there exist a §(e) > 0 such that
if a mapping h : G1 — Gy satisfies the inequality d(h(z * y),h(x) ¢ h(y)) < 0 for
all x,y € Gy, then there is a homomorphism H : G — G2 with d(h(z), H(x)) < €
for all x € G17 If the answer is affirmative, we would say that the equation of a
homomorphism H (z xy) = H(z) o H(y) is stable (see also [9, 10]).

Let X be a nonempty set and d : X x X — [0, 00| satisfying: d(x,y) = 0 if and only
if =y, d(z,y) = d(y,z) and d(z, 2) < d(z,y) +d(y, 2) (strong triangle inequality),
for all z,y,z € X. Then (X, d) is called a generalized metric space. (X,d) is called
complete if every d-Cauchy sequence in X is d-convergent.

Using the strong triangle inequality in the proof of the main result of [5], we get to
the following result:

Theorem 1. [5] Let (2, d) be a complete generalized metric space and let F : Q@ — Q
be a strictly contractive mapping with Lipschitz constant L € (0,1). Then, for a given
element x € ), exactly one of the following assertions is true:

either

(1) d(Fx, F*"*z) = oo for allm > 0 or

128



A. Ebadian, S. Zolfaghari, S. Ostadbashi — Higher *-derivations in ...

(2) there exists ng such that d(F"x, F*"*lx) < co for all n > ny.

Actually, if (2) holds, then the sequence {F"x} is convergent to a fixed point * of
F and

(3) «* is the unique fized point of F in A := {y € Q,d(F™x,y) < co};

(4) d(y,z*) < % for ally € A.

In this paper we consider a mapping f : X — Y satisfying the following Cauchy-
Jensen functional equation

r+y—+z
2

r—y—+=z

I .

)+ /( )= f(z) + f(2) (1)

for all z,y,z € X and establish the higher x-derivations in non-Archimedean ran-
dom C*-algebras and Lie higher *-derivations in non-Archimedean random Lie C*-
algebras for the functional equation (1).

2. RANDOM SPACES

In the section, we adopt the usual terminology, notations, and conventions of the
theory of random normed spaces as in [1, 2, 3, 4, 7, 11, 12]. Throughout this
paper, AT is the space of distribution functions, that is, the space of all mappings
F :RU{—00,00} — [0,1] such that F is left-continuous and non-decreasing on R,
F(0) =0 and F(+00) = 1. DT is a subset of AT consisting of all functions F' € AT
for which {7 F(400) = 1, where [~ f(x) denotes the left limit of the function f at
the point z, that is, I~ f(z) = lim,_,,~ f(¢) . The space AT is partially ordered by
the usual point-wise ordering of functions, i.e., F' < G if and only if F(t) < G(t) for
all ¢ in R.

Definition 1. [11] A mapping T : [0,1] x [0,1] — [0,1] is a continuous triangular
norm (briefly, a continuous t-norm) if T satisfies the following conditions:

(1) T is commutative and associative;

(2) T is continuous;

(3) T(a,1) = a for all a € [0,1];

(4) T(a,b) < T(c,d) whenever a < c and b <d for all a,b,c,d € [0,1].

Definition 2. [12] A non-Archimedean random normed space (briefly, NA-RN-
space) is a triple (X, p, T), where X is a vector space, T is a continuous t-norm,
and p is a mapping from X into DT such that the following conditions hold:
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(RN1) pg(t) =eo(t) for all t > 0 if and only if x = 0;
(RN2) piag(t) = ,ux(ﬁ) forallz € X, a # 0;

(RN3) frzy(ma{t,5}) > T 8), 1y (5).
It is easy to see that if (RN3) holds, then we have

(RN4) oyt +5) > T(pa(t), y (5)):

Definition 3. [8/ A non-Archimedean random normed algebra (X, u, T, T') is a
non-Archimedean random normed space (X, u,T) with an algebraic structure such
that

(RNS) fizy(t) > T" (112 (t), p1y (t))
for all x,y € X and all t > 0, in which T' is a continuous t-norm.

Definition 4. Let (X, u,T) and (Y, pn,T) be non-Archimedean random normed al-
gebras.

(1) An R-linear mapping f : X — Y is called a homomorphism if
flxy) = f(x)f(y) for all z,y € X.

(2) An R-linear mapping f : X — X is called a derivation if f(xy) =
f(@)y +xf(y) for all z,y € X.

Definition 5. Let (Z,u,T,T") be a non-Archimedean random Banach algebra, then
an involution on T is a mapping u — u* from T into T which satisfies

(1) u** =u foru eI

(i1) (qu + Bv)* = au* + fv*;

(7i7) (uv)* = v*u* for u,v € L.
If, in addition, s (t) = T (pu(t), pu(t)) for w € T and t > 0, then T is a non-
Archimedean random C*-algebra.
Definition 6. Let (X, u,T) be an NA-RN-space.

(1) A sequence {x,} in X is said to be convergent to x in X if, for every
e >0 and X\ > 0, there exists a positive integer N such that piy, —.(€) >
1 — X\ whenever n > N.

(2) A sequence {xy} in X is called a Cauchy sequence if, for every e > 0
and A > 0, there exists a positive integer N such that fiy, g, ,(€) > 1=\
whenever n > N.

(3) An RN-space (X, pu,T) is said to be complete if and only if every
Cauchy sequence in X s convergent to a point in X.
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3. HIGHER #-DERIVATIONS IN NON-ARCHIMEDEAN RANDOM C*-ALGEBRAS

In this section, we will assume that A and B are two non-Archimedean random
Banach C*-algebras with the norm g and p?, respectively. For convenience, for
each n € Ny, we use the following abbreviations for each given mapping f, : A — B :

r+y+=z
2

r—y+z

Dufn(xay7z) = an( 2

) + v fal ) = [n(vz) — fo(vz)

forally € T :={A € C: |\ =1} and all z,y,z € A.

Definition 7. Let N be the set of natural numbers. Form m € NU {0}, a sequence
H = {ho,h1,...,hn} (resp. H = {hg,h1,...,...}) of mappings from A into B is
called a higher x-derivation of rank m (resp. infinite rank) from A into B if

(i) fu(z*) = (fu(2))*, for all z € A and for each n € {0,1,...,m} (resp. n € Ny.)
(id) falzy) =Y iy fi(x) fa—i(y) holds for each n € {0,1,...,m} (resp. n € Ny) and
all x,y € A.

We are going to investigate the generalized Hyers-Ulam stability of higher -
derivations in non-Archimedean random C*-algebras for the functional equation

Dufn(-ryya Z) = 0.

Theorem 2. Let ¢ : Ax Ax A — and ¢ : Ax A — DT be functions. Suppose
that F' = {fo, f1,.- s fn,...} be a sequence of mappings from A into B such that for
each n € Ny, f,(0) =0,

Mgufn(x,y,z) (t) > Pxy,z (t); (2)
HF (@) puay (B) = @z00(b), (3)
M) S0 @) ) () = V(1) (4)

forallv € TV :={\ € C;|\| =1}, all z,y,2 € A and all t > 0. Assume that |2| < 1
is far from zero and there exists an 0 < L < 1 such that

©2,2y,22 (12| Lt) > @y 2 (t), (5)

Voz,29 (|27 Lt) > (1) (6)

for all x,y,z € A and t > 0. Then there exists a unique higher x-derivation H =
{ho,hi,...,hn,...} of any rank from A into B such that for each n € Ny,

12 (@) (8) = r2en (12101 — L)) (7)

holds for all x € A and t > 0.
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Proof. Fix n € Ny. Setting v = 1 and replacing (z,y, z) by (z,2z,z) in (2) implies

M?n(zx)_zfn(x) (1) = Po20,2(t) (8)
for all x € Aand ¢t > 0.
Let Z be the set of all functions g : A — B. We define the metric d on Z as follows:

d(g, h) = inf {k € (0,00) : 181y (o) (k) > Po20a(t), Vo € At > o}.

One has the operator J : Z — Z by (Jh)(z) := 3h(2z). Then J is a contraction

with Lipschitz constant L; in fact, for arbitrarily elements f,g € Z, we have

d(f,9) <k = 1F0) g (Ft) > Pu20a(1)
= /’L?(Qz)—g(Z:p)(kt) > P2z,2(22),22 (1)
= Mgf(gx)_%g(zx)(kt) > 0op2(22),22(12[t)
= Mgf(gx),%g(gx)(ku) > ¢ pea(t) = d(J f, Jg) < kL

for all x € A and ¢t > 0. Hence we see that

d(Jf,Jg) < Ld(f, ).
On the other hand, by (8) we have

1 1
'U’?fn(:v)*fn(x)(mt) > Ve 22,2(t) = d(J fn, fn) < m < Q.

Therefore, it follows from Theorem (1) that there exists a mapping h,, : A — B such
that h,, is a fixed point of J that is h,(2z) = 2h,(z) for all x € A. By Theorem (1)
limy, 00 d(J™ fry fr) = 0 we conclude that

. fa(2M2)

i 220 = o) ®
for all x € A. The mapping h,, is a unique fixed point of J in the set U,, = {g €
Z :d(fn,g9) < oco}. Thus, h, is a unique mapping such that there exists k € (0, c0)
satisfying 'U’?n(x)—hn(ac)(kt) > Ppor0(t) for all z € A and ¢t > 0.

Again, by Theorem (1), we have

1

1

SO
'u?n(i)—hn(x) (t) 2 @I,Zx,x<’2|(1 - L)t)
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This implies that the inequality (7) holds. Furthermore, it follows from (2), (5) and
(9) that

B . B :
Dy (ay,) () = 1121 1 s gy gy () 2 1 Qo ey am 2 ([28) = 1

for all x,y,z € A and t > 0. So the mapping h,, is additive. By a similar method
to the above, we have vh,(z) = h,(vz) for all v € T! and all z € A. Thus, one can
show that the mapping h,, : A — B is C-linear for each n € Ny. Using (4), (6) and
(9), we get

B 1 B 2m
P ()~ hi(@) o) () = T g2m () 530 g (amay g, (amy (121772

m—o0

> lim Pamy amy (|27™1) — 1
for all z,y € A and t > 0. So, hyp(zy) = Y i hi(x)hn—i(y) for all z,y € A. By (3),
Mlj%fyl(me*)—Q%fn(Qmm)* (t) > @27”$,0,0(|2|mt)

for all z € A and t > 0. Passing to the limit as m — oo, we get hy,(x*) = h,(x)* for
all x € A. This completes the proof.

Corollary 3. Letp > 1, £ be nonnegative real number and let F = { fo, f1i,..., fa,---}
be a sequence of mappings from A into B such that for each n € Ny, f,(0) =0,

t

B
HD, fo(z,y,2) (t) > )
t+ €[l + il + 1217

t
B

* * >7
Hinta=suer O 2 gy

t

B
F (@) =327 fi@) fri (1) =
fnl@y) =370 fi(2) fr—i(y) t+§[||a:\|f)4+ ||Z/”f)4}

for all v € T, all z,y,2 € A and all t > 0. Then there exists a unique higher
x-derivation H = {hg,h1,...,hn,...} of any rank from A into B such that for each

n € Ny,
(121 - I27)¢
>

B
Hpa(a)—ha(@) (1) ,
(121 = 127) ¢ + € (121 + 217) 2l

holds for all x € A and t > 0.
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Proof. Put ¢z, .(t) = ! y Ypy(t) = ——t——— and let L =
& |l + I+ 12015 t+£[|lﬂ?Hi+HyHi}

|2[P~! in the Theorem (2).
Then there exists a sequence H = {hg, h1, ..., hy,...} with the required properties.

Similar to Theorem (2), we can prove the following theorem:

Theorem 4. Let o : Ax Ax A— DV and ) : Ax A — DT be functions. Assume
that F' = {fo, fi,---s fn,...} be a sequence of mappings from A into B such that for
each n € Ny, f,(0) =0,
lu’gufn(x,y,z) (t) > Pa,y,z (t)v
M?n(z*)ffn(x)*(t) > ©2,0,0(t): (10)
B
Hfa(ay) =Sy fi(@) fi () () = Yy (1)

forallv € T, all z,y,z € A and all t > 0. Suppose that |2| < 1 is far from zero and
there exists an 0 < L < 1 such that

L
QP%,%é(mt) > @w,y,z(t)u (11)
L

for all x,y,z € A and t > 0. Then there exists a unique higher x-derivation H =
{ho, hi,... , hn,...} of any rank from A into B such that for each n € Ny,

2[(1 - L)
M]l?n(x)fhn(a:) (t) > Pz 2z,2 (Tt) (13)
holds for all z € A and t > 0.

Proof. Fix n € Ny. Putting v = 1in (10). Let Z be the set of all functions g : A — B.
We define the metric d on Z as in the proof of Theorem (2). One has the operator
J:Z — Z by (Jh)(x) = 2h(5) for all h € Z. For arbitrarily elements f,g € Z, we
have

d(f,9) <k = 150 g (KO) > @r20.2(t)
= 1f(5)-g(5) (K1) > 0502 ()

B
= Haf(2)—29(

[SIE]

1
) (kt) > @g,z,g(mt)
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Thus, J is a contraction with the Lipschitz constant L. Now, by Theorem (1) there
exists a unique mapping h,, : A — B such that h, is a fixed point of J that is
2h,(5) = hy(z) for all 2 € A. By Theorem (1),

lim 27, (o) = hy()

m—00 om

for all x € A. By Theorem (1), (8) and (11), we have

L L
'u?"(z)_2f"(%)(mt) =z (Px,2x7x(t) = d(fna an) < m < 0
for all z € A and all ¢ > 0. This implies that

L

1

that is

12[(1-1L)
'uj?’n(x)fhn(m) (t) > (P$,2m,m<Tt>

for all x € A and all ¢ > 0. The rest of the proof is similar to that of the proof of
Theorem (2).

The following corollary is similar to Corollary (3) for the case where 0 < p < 1.

Corollary 5. Let 0 < p < 1, £ be nonnegative real number and let F = { fo, f1, .., fn,---

be a sequence of mapping from A into B such that f,(0) =0 and

> ! )
t+ €[l + il + 1217

St

SRR EIA

HE g = 50 120 fsl) (E) 2 :
R t+ [l + Iyl

for all v € T, all z,y,2 € A and all t > 0. Then there exists a unique higher
x-derivation H = {hg,h1,...,hn,...} of any rank from A into B such that for each

n € Ny,
(121 = 121)¢
>

B
@) =haa) (£) = .
(121p = 121)t + € (121 + 217) 2l

B
'U’Dufn(%%z) (t)

B
Hof ()~ f () (1)

holds for all x € A and t > 0.
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Proof. Let g4 .(t) = ! , Yay(t) = ——1——~ and let L =
t+¢ [IlepAJr||ny4+HZIIZ t+¢ {leliﬂlylli}

|2/17P in the Theorem (4).

Then there exists a sequence H = {hg, h1, ..., hy,...} with the required properties.

4. LIE HIGHER *-DERIVATIONS IN NON-ARCHIMEDEAN RANDOM LIE
C*-ALGEBRAS

A non-Archimedean random C*-algebra N, endowed with the Lie product [z,y] :=

Y2 on N, is called a non-Archimedean random Lie C*-algebra.

Definition 8. Let A and B be non-Archimedean random Lie C*-algebras. Let N be
the set of natural numbers. Form m € N U {0}, a sequence H = {hg,hi,...,hn}
(resp. H = {hg,h1,...,...}) of mappings from A into B is called a Lie higher -
derivation of rank m (resp. infinite rank) from A into B if

(i) fu(z*) = (fu(2))*, for all z € A and for each n € {0,1,...,m} (resp. n € Ny.)
(it) folz,y] = i olfi(x), fn—i(y)] holds for each n € {0,1,...,m} (resp. n € Ny)
and all z,y € A.

In this section, assume that A is a non-Archimedean random Lie C*-algebra
with norm g and that B is a non-Archimedean random Lie C*-algebra with norm
1B, We are going to investigate the generalized Hyers-Ulam stability of Lie higher
x-derivations in non-Archimedean random Lie C*-algebras for the functional equa-
tion D, fn(x,y,2) = 0.

Theorem 6. Let o : Ax Ax A— DV and ) : Ax A— DV be functions such that
(2) and (3) hold. Suppose that F = {fo, fi,..., fn,...} be a sequence of mappings
from A into B such that for each n € Ny, f,(0) =0,

B
B ()= ST o fi (@) i) (B) = Py (2) (14)

for allv € T, all x,y,2 € A and all t > 0. Assume that |2| < 1 is far from zero and
there exists an 0 < L < 1 and (5), (6) hold. Then there exists a unique Lie higher
x-derivation H = {hg,h1,...,hn,...} of any rank from A into B such that for each
n € No, (7) holds.

Proof. By the same reasoning as in the proof of Theorem (2), there is a mapping
hn : A — B which is x-preserving for each n € Ny and satisfy (7). The mapping
hn : A — B is given by
2m
hn(x) = lim 7‘7%( ?)

m—o0 om
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for all z € A. By (6) and (14),

B
/J/fn (22m

2m
) - S Lfs@ma) fas(2my)] (12177)

> ’[p2m$’2my(’2‘2mt) =1 when m — oo

for all z,y € A and all

t > 0. Therefore,

n

hn[wv y] = Z[hl(ﬁi), hn—l(y)]

=0

for all z,y € A. Thus H = {ho, h1,...,hy,...} is Lie higher *-derivation.

Corollary 7. Letp > 1, £ be nonnegative real numbers and let F' = { fo, f1,..., fn,--
be a sequence of mappings from A into B such that for each n € Ny, f,(0) =0,
t
B
/’LDan(:r,y,z) (t) > )
t+ €[l + il + 1217
t
B
Hhuter-sutor O 2 e 1
t
B
H ()=o) sl () =

for allv € T, all x,y,2 € A and all t > 0. Then there exists a unique Lie higher

IR TA

x-derivation H = {hg,h1,...,hn,...} of any rank from A into B such that for each

n € Ny,

B

—hn(x) (t) >

(121 - [27)¢

(121 = 127)t + € (121 + 217) 2l

forallz e A andt > 0.

Proof. The proof follows from Theorem (6) by taking ¢, , -(t) = L

Vay(t) = ————+

t+¢ [Hzlliﬂlylli
the desired result.

Theorem 8. Let p: A

t+¢ [HJ»‘II’LJrIIyII’LJrIIZHZ]
} for all z,y,2 € A and t > 0. Then L = |2|P~! and we get

XAx A— DV and: Ax A— DT be functions such that

(2) and (3) hold. Suppose that F = {fo, fi,..., fn,...} be a sequence of mappings

from A into B satisfyin,

g fn(0) =0, for each n € Ny, and (14). Assume that |2| < 1

is far from zero and there exists an 0 < L < 1 and (11), (12) hold. Then there exists
a unique Lie higher x-derivation H = {ho, h1,...,hn,...} of any rank from A into
B such that for each n € Ny, (13) holds.
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Corollary 9. Let 0 < p < 1, £ be nonnegative real numbers and let F' = { fo, f1,. -, fn, -

be a sequence of mappings from A into B such that satisfying f,(0) = 0, for
each n € Ny, and (15). Then there exists a unique Lie higher x-derivation H =
{ho, hi,... ,hn,...} of any rank from A into B such that for each n € Ny,

HE (@)= () (8) = (|2‘p _ ‘2|)t
n (@) —hn (!2IP - |2\)t + 5(\2] + |2|p) [ETiA

forallz € A andt > 0.

t
)
t+¢ [Hfrllf’ﬁllyllfﬁllzl\i]

Vpy(t) = —+—t——— forall 2,y € Aand t > 0. Then L = |2|'"? and we get the
t+& |5+ 1yl

desired result.

Proof. The proof follows from Theorem (8) by taking ¢, , .(t) =
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